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Abstract. — 1t is an intriguing question to see what kind of information on the
structure of an oriented graph D one can obtain if D does not contain a fixed
oriented graph H as a subgraph. The related question in the unoriented case has
been an active area of research, and is relatively well-understood in the theory of
quasi-random graphs and extremal combinatorics.

In this paper, we consider the simplest cases of such a general question for
oriented graphs, and provide some results on the global behavior of the orientation
of D. For the case that H is an oriented four-cycle we prove: in every H-free
oriented graph D, there is a pair A, B C V(D) such that e(A4, B) > e(D)?/32|D|?
and e(B, A) < e(A, B)/2. We give a random construction which shows that this
bound on e(A, B) is best possible (up to the constant). In addition, we prove a
similar result for the case H is an oriented six-cycle, and a more precise result
in the case D is dense and H is arbitrary. We also consider the related extremal
question in which no condition is put on the oriented graph D, and provide an
answer that is best possible up to a multiplicative constant. Finally, we raise a
number of related questions and conjectures.

1. Introduction

Many results in graph theory show that local properties of a graph have global
consequences. An example, which is particularly relevant to us, comes from the
theory of quasi-randomness [7], and shows that if a large dense graph G does
not contain a fixed graph H as a subgraph, then it must contain a large (linear-
size) subgraph whose density is significantly different from that of the original
graph. Thus, the restriction that G does not contain H as a subgraph forces G
to exhibit irregular behaviour on a global scale. In another direction, it has been
conjectured by Erdds and Hajnal [10] that for each graph H, there is a constant
« > 0 such that every graph G that does not contain an induced copy of H, must
have a clique or independent set of size at least n®. A partial result, proving the
existence of a clique or independent set of size exp(cy/logn), has been given [10]
(see also [9]).



We prove results for oriented graphs which also show that large scale irreg-
ularities can be deduced from local properties. In this sense our results are
quasi-randomness type results for oriented graphs. That said, they differ sig-
nificantly in style from the work on quasi-randomness by Thomason [23, 24];
Chung, Graham and Wilson [7]; and Chung and Graham [6], which is of a more
precise form and applies to dense graphs only. In fact, [6] is concerned with tour-
naments (orientations of complete graphs), and does indeed include a proof that
excluding a fixed tournament as a subgraph (or even bounding the number of
copies away from the expected value) does lead to consequences on a global scale
(for example, vertex subsets X,Y with |e(X,Y) —e(Y, X)| = Q(n?)). They ac-
tually prove much more — that eleven separate quasi-randomness conditions are
equivalent. A more direct analogue of these results for general (dense) oriented
graphs has been considered by the second author [15].

Throughout the article we write D for an oriented graph, n for the number of
vertices of D, and e(D) for the number of arcs (oriented edges) in D. For a pair of
(non-necessarily disjoint) subsets A, B C V', we write e(4, B) for the number of
arcs from A to B, i.e., the size of the set E(A, B) = {a#y € E(D) : x € A,y € B}.
We say that a subgraph F(A, B) is biased if e(B, A) < e(A, B)/2. (The choice of
the fraction % is rather arbitrary, it could be replaced by any n € (0, 1) without
any significant effect on our results.) We write bias(D) for the size of the largest

biased subgraph in D:

bias(D) := max {e(A,B) : A, B C Vsuch thate(B, A) < 6(142’B>} .

The parameter bias(D) measures irregularities in the orientation of D. If
bias(D) is small, then one might say that D has a random-like orientation. For
example, if D is obtained by orienting edges at random, then bias(D) = O(n)
with high probability (see Lemma 4.1). In general, however, bias(D) may be as
large as e(D), the number of arcs of D. We now state our main result.

Theorem 1.1. — There exists a constant € > 0 such that every oriented graph
D with bias(D) < ge(D)?/n? contains an oriented four-cycle.

Remark. — This result is best possible, up to the choice of €. In Section 4 we
construct a family of oriented graphs D which have bias(D) < Ke(D)?/n? but
do not contain oriented four-cycles, where K is a fixed constant.

Theorem 1.2. — There exists a constant € > 0 such that every oriented graph
D with bias(D) < ee(D)?/n? contains an oriented siz-cycle.

We have no reason to believe that this result is best possible. In fact we
conjecture a stronger result.

Conjecture 1.3. — There exists a constant € > 0 such that every oriented
graph D with bias(D) < ee(D)%?/n contains an oriented siz-cycle.



We also have a more general conjecture concerning oriented cycles of all even
lengths.

Congecture 1.4. — For each k > 2, there exists a constant € > 0 such that ev-
ery oriented graph D with bias(D) < ee(D)* =1 /n2/6=1) contains an oriented
cycle of length 2k.

Remark. — The analogous question for oriented cycles of odd length is not
so interesting. Indeed, a random orientation D of the complete bipartite graph
with parts of order |n/2| and [n/2] has bias(D) very small (of order n) while
D does not contain any oriented cycle of odd length. Looking for odd length
cycles may become interesting in the case the underlying graph is not arbitrary,
cf. Concluding Remarks (Section 7).

In addition to guaranteeing the presence of an oriented cycle of prescribed
length, the above conditions can also be used to guarantee many such cycles.

Theorem 1.5. — There exist constants c,e > 0 such that every oriented graph
D with bias(D) < ee(D)?/n? contains at least ce(D)*/n* oriented four-cycles.

Theorem 1.6. — There exist constants c,e > 0 such that every oriented graph
D with bias(D) < ee(D)?/n? contains at least ce(D)%/nb oriented siz-cycles.

Remark. — The number of cycles obtained is (up to the constant) best possible.
A random orientation of the random graph G(n, e) (recall that G(n, e) is a graph
selected uniformly at random from the class of all graphs on n vertices with e
edges) will generally obey the bias condition (see Lemma 4.1), and have ©(e#/n%)
oriented four-cycles and ©(e®/n%) oriented six-cycles.

The above results are relatively general in the sense that they apply in the
case D is sparse as well as the case D is dense, while they are restrictive in the
sense that they only look for oriented four-cycles and oriented six-cycles. The
next theorem does the opposite — restricting to the case D is dense, it counts
copies of any oriented graph H.

In what follows we count homomorphic copies of subgraphs. Let H be an ori-
ented graph on k vertices. We write hom(H, D) for the number of homomorphic
copies of H in D, i.e., the number of functions ¢ : V(H) — V(D) such that
gb(:n)?b(y) € E(D) for every arc 2y € E(H). Likewise, we write hom(H, D) for
the number of homomorphic copies of the unoriented graph H in D, i.e., the

number of functions ¢ : V(H) — V(D) such that for every edge {z,y} € E(H)

—

either ¢(z)p(y) or ¢(y)o(z) is an arc of D.

Theorem 1.7. — Let H be an oriented graph on k wvertices and let D be an
oriented graph with bias(D) < en?. Then
hom(H,D) &



Since one may easily bound the number of degenerate homomorphic copies of
H, one easily deduces the following corollary.

Corollary 1.8. — Let H be an oriented graph on k vertices and let D be an
oriented graph with bias(D) < en®. If hom(H, D) > 3*Henk and n > 4e71,
then D contains H as a subgraph.

Since the main results of the article may be viewed as lower bounds on bias(D)
for H-free oriented graphs D (for given choices of H), it is natural to also consider
the related extremal question:

What is the minimum value of bias(D) over oriented graphs on n
(non-isolated) vertices?

It will be seen from the results we obtain that this is indeed the most natural
form of the extremal question. This question will be considered in detail in
Section 6. The main results establish that the minimum value of bias(D) over
oriented graphs on n non-isolated vertices is ©(n/logn). We also prove that the
answer is larger, ©(n), in the case that the oriented graph is regular, or close to
regular. In addition, we provide an algorithmic proof of the lower bound in the
case D is regular.

The layout of the article is as follows. In Section 2 we prove Theorem 1.1
and Theorem 1.5. In Section 3 we prove Theorem 1.2 and Theorem 1.6. In
Section 4 we describe a family of oriented graphs which show that Theorem 1.1
is best possible (up to the choice of €). In Section 5 we consider the case of dense
oriented graphs, and provide a proof of Theorem 1.7. In Section 6 we discuss
extremal questions concerning the parameter bias(D). Finally, we give in Section
7 a number of concluding remarks. These remarks include new questions and
conjectures, together with further discussion of the conjectures stated above. We
should note here that it is possible to obtain another proof of Corollary 1.8 (with
some different (worse) constants) using Szemerédi’s regularity lemma. This is
discussed in Appendix A.

2. Oriented Four-Cycles

We begin by defining some notation. Let z be a vertex of an oriented graph
D. We shall use the following notation:

I'M(z)={yeV:ay€ E(D)},
={y eV yz e ED)},
={yeV:3zeVaz zjec ED)},
I () ={yeV:3zeVyt 7t € E(D)}.



We let dt(z) = [T (z)| and d~(z) = |~ (x)|. We also define the following
notation for joint-degrees, we let d**(z,u) = [T (z) N T (u)| and d*~(x,u) =
ITF(z) N T (u)]-

We now prove a useful lemma. Recall that throughout D denotes an oriented
graph on n vertices with e arcs.

Lemma 2.1. — Let D be an oriented graph with bias(D) < e(D)/2. Then D
contains at least e(D)?/8n paths of length two.

Proof. — The number of paths of length two in D is

> dt(y)d(y).

yev

Denote by Z the set of vertices y for which d~(y) > 2d™ (y). By summing over
vertices y € Z one finds that e(V,Z) > 2e(Z,V), and so, by the definition of
bias(D), we have that e(V,Z) < bias(D) < e/2. Therefore e(V,Y) > e(D)/2,
where Y = V' \ Z. We also have that d*(y) > d(y)/2 for all y € Y, so that
1
~2n

Ytz 33wz oo (Y dw)
yev yey yey

where the final inequality follows from an application of the Cauchy-Schwarz
inequality. The proof is now complete, as }_ oy d™(y) = e(V.Y) > e(D)/2. O

We now turn to the proof of Theorem 1.1. We shall prove this theorem
with ¢ = 1/32. Thus, throughout the proof we may assume that D has
bias(D) < e(D)?/32n?. Note also the following useful formulation of the
bias(D) < ee(D)?/n? property:

e(B,A) > e(A,B)/2 whenever e(A,B) > ee(D)?/n?. (%)

Also we introduce a final piece of notation. For each vertex x, we write e,
for the number of paths of length two in D which start at z. Equivalently,
er = e(TT(z), [T (x)).

Proof of Theorem 1.1. — Let D be an oriented graph with bias(D) <
e(D)?/32n?. By Lemma 2.1, we know that there are at least e(D)?/8n paths
of length two in D. Denote by W the set of vertices z with e, > e(D)?/16n2.
Since at most e(D)?/16n paths of length two start at vertices outside of W, we
have that Y, .y €2 > e(D)?/16n.

For each vertex € W, we have e(I't (), T+ (2)) = e, > e(D)?/16n2 and so,
by (%), we have that e(I'"(z), " (x)) > e, /2. Equivalently

Z dt(z,u) > %m.

uel++(z)



Summing over x € W, we obtain

er e 2
NPUEEIN L

€W uelt+(z)

We now consider a change in the order of summation.

e 2
Z Z d++(m,u)22 Z dt(x,u) > 5,12)73

ueV zel'——(u) zeW uwel++(z)

In particular this implies that for some u € V one has 37, p—— () d" " (z,u) >
e(D)?/32n2. Equivalently, e(I'~~ (u),['*(u)) > e(D)?/32n%. A final application
of (x) gives that

e(T(u), T~ (u)) > e(D)?/64n? > 0.

This precisely gives us an oriented four-cycle. O

In the above proof we use the property (x), together with the trick of chang-
ing the order of summation, to deduce the existence of a pair of vertices x,u
between which there is a path of length two in each direction. This is not a rare
occurrence, rather it is typical. Further, it is typical that the number of paths of
length two in the two directions is of the same order. The following lemma proves
this fact and allows us to deduce Theorem 1.5. Recall that d*~ (z,u) denotes
the number of paths of length two from x to u. Say that (x,u) is unbalanced if
At (z,u) > 16d"~ (u, ), otherwise it is balanced. A path of length two zY, yu is
called unbalanced if (x,u) is unbalanced, otherwise it is balanced.

Lemma 2.2. — Let D be an oriented graph with bias(D) < ee(D)?/n%. Then
the number of unbalanced paths of length two in D is at most 8ce(D)?/n.

Proof of Theorem 1.5. — Let ¢ = 1/4.16% and ¢ = 1/128. By Lemma 2.1,
there are at least e(D)?/8n paths of length two in D. By Lemma 2.2, at most
8ee(D)?/n < e(D)?/16n of these paths are unbalanced. Therefore there are at
least e(D)?/16n balanced paths in D. Let C, denote the number of oriented
four-cycles containing the vertex zx.

_ _ 1 _
Cy = Z d* (z,u)d (2, u) > 16 Z d(z,u)?.
ueV u:(z,u) balanced

Summing this quantity over x, and applying the Cauchy-Schwarz inequality, one
obtains

1 _ 1 _ 2
%:Cx > 16 Z dr(z,u)? > 16n2< Z d* (x,u)) :

z,u:(z,u) balanced (z,u) balanced

This sum counts exactly the number of balanced paths of length two and so is
at least e(D)?/16n. Thus, Y., Cy > e(D)*/163n*. The proof is now complete as
this sum counts each oriented four-cycle four times. O



Proof of Lemma 2.2. — Denote by f the number of unbalanced paths of length
two, and suppose that f > 8ce(D)?/n. Let f, denote the number of unbalanced
paths of length two starting at x, and let W denote the set of vertices x for which
fz > f/2n. Since at most f/2 unbalanced paths of length two start at vertices
outside of W, we have that at least f/2 unbalanced paths start inside W, i.e.,
Y wew Jz = f/2. For each vertex x € W, we denote by U, the set of vertices u
for which (z,u) is unbalanced, we have that e(I'"(z),U,) = f, > ce(D)?/n?. By
(*) we have that e(U$7F+(x)) = f$/27 i‘e'7 Zu: (z,u) unbalanced d++(x7u) > fx/z
Thus,
1
A (x,u) > = x> f/4.
(x,u)u%lanced ( ) 2 :CEZVV f f/

Alternatively, denoting by X, the set of vertices = for which (x, u) is unbalanced,

S e(Xu,TH(w) = f/4.

u

Let U denote those vertices u for which e(X,,['"(u)) > f/8n, and note that
> (X, TH(u) > f/8.
uelU

However, for each u € U, we have by (%) that e(T"(u), Xy) > e(Xy, I (u))/2.
And so

> e (u), Xu) > f/16.

uelU
Reinterpreting this sum in terms of d™~(x,u) and recalling that

f= ). d7(zuw),
(z,u) unbalanced
we have that

Z dt (u,z) > % Z dt (z,u).

(z,u) unbalanced (z,u) unbalanced

Thus, there exists an unbalanced pair (z,u) with d*~(u,z) > d*~(z,u)/16, a
contradiction. O

3. Oriented Six-Cycles

In this section we prove Theorem 1.6. Note that this immediately implies
Theorem 1.2. First, a lemma showing that there are many paths of length two
ending at vertices with out-degree at least e(D)/8n.

Lemma 3.1. — Let D be an oriented graph with bias(D) < e(D)/8. Then
D contains at least e(D)?/8n oriented paths of length two whose end point has
out-degree at least e(D)/8n.



Proof. — We say that an arc zj is good if d~(z) > d*(z)/2 and d*(y) >
d=(y)/2. Tt is very good if in addition d~(y) > e(D)/4n. We first show that
at least e(D)/2 arcs are very good. Let Z; = {z : d*(x) > 2d™(z)}, Zy = {y :
d=(y) >2d"(y)} and Z3 = {y : d” (y) < e(D)/4n}. An arc is very good unless
its start point is in Z; or its end point is in Zy U Z3. Since e(Z1, V) > 2e(V, Z1)
we have from (%) that e(Z1,V) < e(D)/8. Similarly e(V, Z3) < e(D)/8. Trivially
e(V,Z3) < e(D)/4. Hence, at least e(D)/2 arcs are very good. For each vertex
x € V\ Z1, let df (z) denote the number of very good arcs with start point z.

Thus, the number of paths of length two the second arc of which is very good,

is at least
_ 1 1 2 _e(D)?
+ + ()2 +
Y @) >3 Y di@?= (Y dy@) =S
zeV\Z1 zeV\Z1 zeV\Z;

where the second inequality follows from the Cauchy-Schwarz inequality. The

proof is now complete, as a path of length two whose second arc x¥ is very good
has that d*(y) > d~(y)/2 > e(D)/8n. O

For our proof of Theorem 1.6 we shall need some new notation. This notation
will allow us to prove the existence of the constants ¢,e > 0 without explicitly
calculating them. Specifically, v(¢) denotes any decreasing function of € which
is positive for all sufficiently small ¢ > 0. While d(¢) denotes any increasing
function of £ which has limit 0 as ¢ — 0. It should be understood that (&)
and d(e) are not functions, but rather classes of functions, in the sense that
the commonly used O(-) notation represents a class of functions rather than an
individual function. To give some examples to clarify this notation, we note that
for two arbitrary constants ci,c2 > 0, the function —cje + ¢2 is (of class) 7(e),
while —cye is not y(e) since for all non-negative (even sufficiently small) values
of €, —cie is negative. In the same way, for two arbitrary constants ci,cs > 0,
the function cje is (of class) d(e) while the function cje+ ¢z is not d(€). It should
be now clear that v(e) —d(e) = y(g) and 7(g)/C = ~(e) for any constant C, and
also that y(e)y(e) = y(e).

In this terminology, to prove Theorem 1.6 it suffices to show that every oriented
graph D with bias(D) < ee(D)?/n? contains at least v(g)e(D)% /n® oriented six-
cycles.

Let D be such that bias(D) < ee(D)?/n?. We state some consequences of
previous results in our new notation. Lemma 3.1 tells us that D contains at
least y(g)e(D)?/n paths of length two whose end point has out-degree at least
y(e)e(D)/n. While Lemma 2.2 tells us that D contains at most d(¢)e(D)?/n
unbalanced paths of length two. Together, these results imply that D contains
v(¢)e(D)?/n paths of length two which are balanced and which have end points
of out-degree at least y(g)e(D)/n.

We are now in position to start our proof.



Proof of Theorem 1.6. — Let D be an oriented graph with bias(D) <
ce(D)?/n?. Say that a path of length two which is balanced and whose
end point has out-degree at least y(¢)e(D)/n is a great path. We found above
that D contains at least y(g)e(D)?/n great paths. We now form a weighted
directed graph H on the same vertex set V as follows. Start with the complete
directed graph (i.e., the directed graph with arcs 2y (and y) for all  # y),
weight each arc i by w,;, the number of great paths from x to u, and delete
arcs of weight zero. By the above result, the total weight of arcs in H is at least
v(g)e(D)?/n. Now divide the set of arcs of H into two categories of heavy and
light arcs: a heavy arc is an arc of weight at least e(D)/n while a light arc has
weight less than e(D)/n. Since the total weight in H is at least y(g)e(D)?/n,
either the total weight of heavy arcs or the total weight of the light arcs is at
least v(g)e(D)?/n. We shall refer to these as Case I and Case II respectively,
and denote by H' the subgraph consisting of arcs of appropriate weight (heavy
arcs of weight > e(D)/n in Case I and light arcs of weight < e(D)/n in Case
IT), although for the time being the proof continues for the two cases in parallel.

For a weighted oriented graph and a vertex v, the out-weight (resp. in-weight)
of v is the total weight of the out-going (resp. in-coming) arcs of v. Let H” be
the subgraph of H’' consisting of all the arcs whose start vertex has out-weight at
least v(g)e(D)?/n?. Since to total weight in H' is at least y(e)e(D)?/n, a simple
averaging argument shows that there is a function 7y(g) such that the total weight
of arcs of H" is at least y(¢)e(D)?/n. For each vertex = with positive out-weight
in H"”, we denote by e, its out-weight; in particular, note that by the definition
of H" e, > ~y(g)e(D)?/n.

Our proof will be based on a local argument concerning the distribution of
weights of H” around each vertex of positive out-weight. To simplify the presen-
tation, fix such a vertex z and define a new (induced) weighting w®, or simply w
if there is no risk of confusion, on the vertices by setting w,, equal to the weight
of the arc 2t in H” (if Zu is not an arc of H”, simply define w,, = 0). Define the
weight of a path of length two u¥, 0 in D to be wyw,. We note again that the
weighting w depends on the choice of z and is simply induced from the weighting
of out-going arcs from z.

Claim. Under this weighting of the vertices, the total weight of paths of
length two in D is at least y(g)e2e(D)?/n3.

Before presenting the proof of this Claim, and to keep the continuity of the
proof, we show how the Claim allows to finish the proof of Theorem 1.6. We
will deduce from the Claim that there are at least v(g)e(D)%/nS oriented six-
cycles in D. We recall that, for a fixed vertex x and in terms of the original
weighting of the arcs of H”, the Claim is discussing the total weight of paths
of length two in D where the weight of the path uy, 1v is defined to be wz,wz,
(this now being the weight in H”; recall that w, = w,). Recall also that,



by the definition of the weighting of the arcs, if wy > 0, then there are wg,
great paths of length two from x to v in D, and in particular this tells us that
(x,v) is balanced, and so that in addition there are at least y(e)w, paths of
length two from v to x. This in turn implies that each path of length two uj, o
allows us to find y(e)w,zwz oriented six-cycles containing = (simply combine
each of the wy; paths of length two from x to w with the path uy, yv followed
by each of the v(¢)w., paths of length two from v to ). Thus, writing C, for
the number of oriented six-cycles in D which contain x and using the Claim, we
have that C, > v(g)e2e(D)?/n®. Summing C, over all vertices z with positive
out-weight in H”, we obtain that Y. C, > v(e) Y., e2e(D)?/n3. By Cauchy-
Scwartz, this is at least y(e)(3>_, ex)?e(D)?/n*, and so, since the sum expresses
the total weight of the arcs of H”, > C, > 7(g)e(D)%/n®. This sum counts
each oriented six-cycle at most six times, so the number of oriented six-cycles in
D is y(g)e(D)%/nb, and Theorem 1.6 follows.

Thus, we are only left to prove the above Claim.

Proof of Claim. We recall that the weighting of vertices (induced by the fixed
vertex z of positive out-weight) is simply defined in such a way that the weight
wy, of a vertex w is the weight w,z, of the arc ¥u. We will divide the proof into
two parts, depending on whether we are in Case I or in Case II.

(Recall that in Case I, the subgraph H' consists of all the heavy arcs, i.e., all the
arcs of weight > ~(e)e(D)/n, while in Case II, H' is the subgraph containing all
the light arcs.)

The proof is simpler if we are in Case 1. In this case, every vertex with positive
weight has weight at least e(D)/n, so that every path of length two with positive
weight has weight at least e(D)?/n%. It thus suffices to find at least vy(¢)e2/n
paths of length two of positive weight. We denote by U the set of vertices of
positive weight, i.e.,

U:={ueV(D)|w, >0}
Since z has positive out-weight in H”, by the definition of H”, it has out-weight
ex > v(e)e(D)?/n?. This implies that e(I't(z),U) = e, > 7v(e)e(D)?/n? and
so, trivially, e(V,U) > e, > v(c)e(D)?/n?. Let now Z be the set of all vertices
which are “unbalanced “ with respect to U, namely, let

Z =y | e{y},U) > 2e(U,{y})}.

Our condition on bias(D) implies that e(Z,U) < ee(D)?/n?. We infer that
e(Y,U) > ~(e)es, where Y = V' \ Z, and so the number of paths of length two
from U to U is at least

S ellyh Ve () = 5 3 ellwh, U 2 5 (3 ellwh, 1) 2 (o) /.

yey yey yey

Which completes the proof in Case I.
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For Case II, we divide the vertex set according to weights. For each ¢ > 1,
define

e(D) e(D)
2in 2"*1n) }

Since we are in Case II, all the weights w,, are less than e(D)/n and thus, V} =
|_|Z21 Vi, where V is the set of all the vertices of positive weight.

Vi::{u\wue[

The idea in this case is roughly speaking as follows (to make this idea work,
we have to restrict the subset of indices to some subset I, see below): To prove
the claim, that the total weight of paths of length two in D with respect to the
weighting w is at least y(¢)e2e(D)?/n3, we will only consider a subset of all the
paths of length two from Vy to V., and decompose the set of all such paths into
different sorts depending on the starting point of the path being in V; and the
end point of the path being in Vj, for 4, j € I (for a subset I of the index set that
we will define below). Let e2(V;, V;) be the number of paths of length two from
Vi to Vj. By the definition of V;, all the weights w, are “almost” uniform for

u € V;, namely, & e(D) <wy < (D) 1t follows that the total contribution of the

27n 2-Tn"

paths of length two from Vj to V}, for i,j € I, is 9(2”61 %@(VZ,V))
D

and thus, we only need to show that >, ;. Qﬁ(] )n2 e2(Vi, Vi) > y(e)e2e(D)? /n.
This is exactly what we will do in the following.

For each i, let s; = |V;|. Since by our assumption, = has positive out-weight
in H"”, it must have out-weight e, > y(¢)e(D)?/n?. This implies that
e(T*(2),V4) = ex > y(e)e(D)? /n.
Given that for each 7, w, is at most %, a simple summation shows that at
most ce(D)?/n? of these arcs go to sets V; for which s; < ce(D)/n, this for
any constant ¢ > 0. We infer, by the definition of the class (), that for some
sufficiently small constant ¢, we have

e(T"(z), Vi) > y(e)es,
Where I = {’L |8i Z ce(D)/n} and ‘/[ = U’iel ‘/;,

Since 2., 5162(113) > e(I't(z), V7), it follows that

1) > 5D > (e)e
el

For every vertex u € V., the arc 2t has positive weight in H” C H, and by
the definition of H, we know that u must have out-degree at least y(g)e(D)/n
in D. Therefor, for each i € I, one has

Vi) = Y2 dH(w) > [Vila()e(D)/n > ev(e)e(D)/n? = 5()e(D)? .
ueV;
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Define Y; to be the set of “balanced” vertices with respect to V;, namely,

Yi={y | eVify}) < 2e({y}. Vi) }.

Using the definition of bias, we may bound by ce(D)?/n? the number of arcs
going to vertices y € Y;, deducing that

(2) e(Vi,Yi) = y(e)sie(D)/n (= y(e)e(D)?/n?).

Consider the weighted bipartite simple graph F' which has parts I and V,
has an edge iy whenever y € Y;, and has a weight 7;, on the edge iy given by
niy = min{ e({y}, Vi), e(V;, {y}) }. Now for each walk of length two iy,yj in F,
we know there are at least 7,yn;, paths of length two from V; to V; in D passing
through y (there paths are constructed by e(V;, {y}) > n;, from V; to y and
e({y}, Vj) = mjy arcs from y to Vj). It follows that ea(V;, Vj) > 32 oy Miyjy-

Thus, to finish the proof of the claim, given that the weight w, of a vertex u
62(?” ) , ;(B)n), and that the total weight of paths of length

2
two from | |;c; Vi to | ];c; Vi is G)(Zi,jel %@(Vi, V])), it suffices to prove
that

in V; is in the interval [

e(D)?
Q S % P wn 2 2D
i,jeEl yeV

Define the weight of a walk iy,yj in F to be e(D)*niyn;, /277 72n%. so that
we will have to show that the total weight of walks of length two in F' is at least
y(e)e2e(D)?/n3. This follows immediately from the more general result (itself a
trivial consequence of the Cauchy-Schwarz inequality) that for any graph with
weighted vertices and edges, the total weight of walks of length two (where the
walk wy, yv is assigned weight 7,7uy1ny0ny) is at least W?2/n, where W denotes

D ou Zy Nuy- In our case, in the bipartite graph F, the edge weights are 7, for

1 € I and y € Y}, and the vertex weights are defined by 7; = 261(,D121 for i € I and
n(y) =0 for y € V. We have
W = Z Ui Z Tiy
i€l Y
e(D .
> Z 2"(—121 e(Vi, Ys) (by the definition of 7;,)
el
Y(e)e(D) <~ sie(D) :
> - ; 51, (by Inequality (2))
> y(e)eze(D)/n (by Inequality (1))

12



The left term of (3) is at least W?2/n > ~(g)%e2e(D)?/n3 = v(e)e2e(D)?/n® and
Inequality (3) follows. This completes the proof of the Claim (and so the proof
of the theorem). O

4. Examples

To prove that a result such as Theorem 1.1 is best possible up to the choice of
constant, it would not suffice to produce just one oriented graph which does not
contain an oriented four-cycle and has bias(D) = Ke(D)?/n?, for some constant
K. Nor would it suffice to produce a class of examples that were all of the
same density. The theorem applies across a large range of densities, so one must
produce examples across a large range of densities. We provide in this section
a wide class of examples of oriented graphs which do not contain oriented four-
cycles and which have bias(D) < Ke(D)?/n?, where K is some fixed constant.

Our initial examples are obtained as random orientations of four-cycle free
simple graphs. These will have approximately n3/2 arcs. We will then obtain
more dense examples as blow ups of these initial examples. Before we do this,
we first prove a lemma concerning the value of bias(D) (and certain variants)
for randomly oriented graphs, prove a lemma concerning the value of bias(D)
when D is blow up of some other oriented graph, and recall a result concerning

four-cycle free simple graphs.

We define a more general concept of bias. For v € (0,1), we say that a
subgraph E(A, B) is v-biased if e(B, A) < ve(A, B), and we write bias, (D) for
the size of the largest «-biased subgraph of D, so that,

biasy(D) = max{e(A,B): A,BCV with e(B,A) <ve(A,B)}.
Note that bias(D) is of course bias; jo(D).

Lemma 4.1. — Giveny € (0,1), there exists K, € R such that for every simple
graph G on n wvertices, there exists an oriented graph D obtained by orienting
the edges of G with bias, (D) < Kyn. Furthermore, a random orientation D of
G has bias, (D) < Kyn with high probability.

Proof. — For a pair A, B C V(G) we write e4p for the number of edges between
A and B in the graph G. Let D be obtained from G by orienting its edges at
random. From Chernoff’s inequality [5] (see Lemma 6.6) we have

P(e(B,A) < ve(A, B)) < exp(—c(y)ean) < exp(—c(y)Kyn),

where ¢(7) is a positive constant dependent on . We set K, = 2/c(y). We
shall prove that P(bias,(D) > Kyn) < 1.87". This proves the lemma. The
event biasy(D) > K.,n can occur only if there is a pair A,B C V(G) with
eq(A,B) > Kyn for which e(B,A) < ve(A,B). There are at most 4" such
pairs (A, B) and for each such pair the probability that e(B, A) < ve(A, B) is at
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most exp(—c(v)ean) < exp(—c(7)K.

n) = exp(—2n). Thus, by the union bound,
P(biasy(D) > Kyn) < 4™ exp(—2n n

1.87". O

IN =

If an oriented graph D’ contains no large biased subgraphs, then this property
carries over, in a weakened form, to a blow-up D of D’. A blow-up of an oriented
graph D' is defined as follows.

Definition. — Let D’ be an oriented graph on {1,...,m} and let [ € N. The
lI-blow-up of D’ is the oriented graph D with vertex set V = V3 U --- U Vj,,
where the sets V; are disjoint and each of cardinality [, and with arc set E(D) =
UijeennB(Vi, V), where B(V;,V;) represents the complete bipartite oriented
graph on V; UV} with all arcs going from V; to V;. Each V; is called a cell of the
blow-up.

The key result we need about blow-ups is,

Lemma 4.2. — Ifbiasoo(D’) < f and D is an l-blow-up of D', then bias(D) <
16 f12.

Proof. — Let D be an I-blow-up of D’. We suppose that bias(D) > 16fI? and
use this to show that biasgg(D’) > f. Our assumption gives us that there
exist sets A, B C V(D) with e(A, B) > 16fI1?> and e(B,A) < e(A,B)/2. We
use this irregularity between A and B, this bias in the direction from A to B,
to find subsets I,J C {1,...,m} such that in D’ we have ep/(I,J) > f and
epr(J,I) < 0.9¢e(I,J), this will prove biasgg(D’) > f and so will complete the
proof.

As a warm-up, we first consider the easier case when A and B are both unions
of cells of the blow-up. In this case A = U;V; and B = U;V;. Which gives

e(A,B) _ 16f1>
e(l,J) = 12 = 12 =16/ =1,
while
e(B,A) _e(B,A) e(l,J)
W) =" = e 2

Now for the general case, if there is a relative deficiency in the number of arcs
from B to A, we identify the vertices of A responsible for this. Let

A={reca:e(a).B)> ;e(B, @)}
Note that e(B, A\ A’) > 2¢(A\ A’, B)/3 so that
¢(A, B) > 2¢(B, A) > 2¢(B, A\ A') > ge(A \ 4, B).
Thus, e(A\ A’, B) < 3e(A, B)/4, and so e(A’, B) > e(A, B)/4 > 4fI?. Now, let

I={i:V;nA # ¢} and let A” = U;V;. By the homogeneity of parts of the
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blow-up, we have for all z € A” that

3
({z}.B) > Se(B.{z}).
Also e(A”,B) > e(A’, B) > 4fI?>. We now begin a similar procedure to find B”.
We let 0
B ={yeB:e(d" {y}) > ey} A}
This implies that e(B\ B’, A”) > 9e(A”, B\ B’)/10, so that

(A" B) > ge(B,A”) > ge(B \ B, A") > %e(A",B \B)).

Thus, e(A”, B\ B’) < 20e(A”, B)/27, and so

7 1
e(A”,B") > 2—76(A”,B) > ZG(AH’B) > fl?.
Let J ={j: V;N B’ # ¢}, and set B” = U;V;. With a similar argument to that
given previously we obtain that e(A”, B") > e(A”, B') > fI? and

e(B", A") < %e(A”,B”).

This tells us that in D’ we have e(I,J) > fI?/I?> = f, while

e(B", A" _ 9e(A”,B")  9e(1,J)
12 02 10

e(J,I) =
O

The final piece of information we need before stating our examples concerns
the existence of large four-cycle free simple graphs. Let g be a prime power.
The Erdés-Rényi graph G [12] has V(G) being the set of points of the finite
projective plane PG(2,q) over the field of order q (so that n = ¢? + ¢+ 1), and
an edge between (z,y, z) and (2/,y/, 2’) if and only if 22’ 4+ yy' + 22’ = 0. In fact
this implies e(G) = %q(q +1)2 and this graph does not contain a four-cycle. So
for all n of the form ¢? + ¢ + 1 (where ¢ is a prime power), there is a graph G
on n vertices with at least %n?’/ 2 edges which does not contain a four-cycle. We
would like a result which holds for all n. We recall that Bertrand’s Postulate
states that for all £ > 2, there is a prime between k and 2k, combining this with
the above example one may deduce the following.

Lemma 4.3. — Given n > 2, there exists a graph G on n vertices with at least

%n:"ﬂ edges which does not contain a four cycle. -

We may now state examples of oriented graphs with bias(D) < Ke?/n? which
do not contain an oriented four-cycle. Our first examples are obtained by consid-
ering random orientations of four-cycle free simple graphs. By the above lemma,
there exists, for each n, a simple graph G on n vertices which is four-cycle free
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and has e(G) > n®/2/20. Let D be obtained by orienting the edges of G at ran-
dom. Then D certainly cannot contain an oriented four-cycle and, by Lemma
4.1, with positive probability bias(D) < Kjjon < 400K j2e(D)?/n?. In particu-
lar this gives us for all n an oriented graph on n vertices which does not contain
an oriented four-cycle and for which bias(D) < 400K j5e(D)?/n?.

Our more general class of examples is obtained by considering blow-ups of the
above examples. For a fixed constant K (in fact we take K = 6400Kg9), we
define for each pair of natural numbers m and [ an oriented graph D,,; which
contains no oriented four-cycle and has bias(D) < Ke(D)?/n%. The number of
vertices of D will be n = ml, while e(D), the number of arcs of D, will be of the

order m3/212.

Fix a pair of natural numbers m and [. Let G be a four-cycle free simple graph
on m vertices with at least m?/2 /20 edges. Let D' be an oriented graph obtained
by orienting G and such that biasgg(D’) < Kygm, the existence of such an
oriented graph being assured by Lemma 4.1. Let D = D,,,; be obtained as an
I-blow-up of D’. We now have, by Lemma 4.2, that bias(D) < 16Ky 9mi?. It
is easily observed that n = ml and e > m3/212/20, so that mi? < 400e(D)?/n?.
Thus, bias(D) < 6400K¢9e(D)?/n?, and, by inspection, D does not contain any
oriented four-cycle.

As a demonstration of the generality of our class (D, 1)m,en of examples, note

that for any pair ng, ey with eg > ng/
D,,; has approximately ng vertices and approximately ey arcs. Simply choose

2, there is a choice of m and [ such that

m to be an integer close to né /400€3, choose a four-cycle free graph G with close
to m%/2/20 edges, and choose [ to be close to 400e3 /ng.

5. The case D is dense

In this section we prove Theorem 1.7. In fact we shall prove a more general
result, Proposition 5.1, which also counts homomorphic copies of partially ori-
ented graphs. A partially oriented graph H is a graph which may have some
of its edges oriented. We write €(H) for the number of edges of H that are
oriented, e.g. if H is a simple graph then é(H) = 0 and if H is an oriented graph
then €(H) = e(H). We also introduce the notation €(A, B) for the total number
of edges (whatever their orientation) between A and B. Note that if D is an
oriented graph with bias(D) < en?, then in particular the following holds in D:

€(A,B) € ,

(4) e(B,A)ZT—gn forallA,BC V.

We now turn to Proposition 5.1. This proposition clearly implies Theorem 1.7.
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Proposition 5.1. — Let D be an oriented graph on n vertices satisfying (4).
Let H be a partially oriented graph on k vertices. Then

hom(H, D) “E(HN\E K
hom(H,D)ZW—(l—?) )§n .
Remark. — To prove that a dense oriented graph with bias at most en? con-

tains H as a subgraph, one may use Szemerédi Regularity Lemma (cf proof in
Appendix of the arxiv version of this article (arXiv:0911.3969)). However we
believe that the use of Proposition 5.1 with the following direct proof is simpler
and illustrates better the use of the bias parameter. Furthermore it gives better
constants.

Proof. — We prove the proposition by induction on €(H). If e(H) = 0, then
H = H, and so hom(H,D) = hom(H,D). For the general case, let H be
an oriented graph on {1,...,k} with €(H) > 1. By relabelling if necessary
(which does not affect the homomorphism count) we may assume that 12 is an
arc (oriented edge) of H. Let H' be the partially oriented graph obtained by
unorienting this edge. We now relate the quantities hom(H’, D) and hom(H, D).

For each (x3,...,13) € V72 let Hom(H',D; ., ., x3,...,7;) denote the set
of homomorphisms ¢ of H' into D for which ¢(i) = x; for all i = 3,... k.
Similarly define Hom(H,D; ., .,x3,...,xx). In fact, it is easy to characterise
the homomorphisms ¢ € Hom(H',D; ., .,z3,...,2;). A homomorphism ¢ €
Hom(H',D; ., .,x3,...,2;) must have ¢(i) = x; for i = 3,...,k, and must
pick values for ¢(1) and ¢(2). Writing x; for ¢(1), we know z; must join up
appropriately to the vertices xs, ..., zr. Specifically

(1) xi7; is an arc of D, for every arc 1i: i >3 in H.

(i) 2% is an arc of D, for every arc il :i > 3 in H.

(7i1) x1x; is an edge of D, for every edge 17 :4 > 3 in H.

Equivalently,
vie (] T@)n () THa) n () T
i>3: i€ E(H) i>3141€E(H) i>3:1i€E(H)

We denote this set A. Similarly, writing x5 for ¢(2), there are similar restrictions
on 9, which again are equivalent to demanding that xo belongs to a certain set,
we denote this set B. Since H' has an unoriented edge between 1 and 2, we have
a final condition - the condition that x;x9 is an edge of D. Hence for certain
sets A and B, we have a one-to-one correspondence between homomorphisms
¢ € Hom(H',D; ., .,x3,...,7;) and edges of D between A and B.

Similarly, we may characterise the homomorphisms

¢€H0m(H,D; . .,.%3,...,1'k).
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Again we write z; and x2 for ¢(1) and ¢(2). The restrictions ;1 € A and
r9 € B remain. However, on this occasion we require not only that there is
some edge between x; and xo, but that there is an oriented edge from x; to
x9. Thus, there is a one-to-one correspondence between homomorphisms ¢ €
Hom(H,D; ., ., z3,...,x) and edges from A to B.

Thus, |Hom(H',D; ., .,x3,...,2)| and |Hom(H,D; ., . ,z3,...,2x)| are
é(A, B) and e(A, B) respectively, for some pair of subsets A, B C V. From our
condition (4), we obtain that

H H.D; ., .
|H0m(H,D;.,.,xg,...,xk)\z’ om(H’, ’3’ 3, ’xk)‘—§n2.

Since hom(H, D) is the sum over (z3,...,z;) € VF72 of
|Hom(H,D; ., ., x3,...,2%)|,
and similarly for hom(H', D), we have that

hom(H',D) e
—— —-n".
3 3
Having obtained this relation between hom(H, D) and hom(H', D), we require

hom(H,D) >

only an application of the induction hypothesis. As é(H') = é(H)—1, an applica-
tion of the induction hypothesis to H’ gives hom(H', D) > hom(H, D) /3¢H) =1
(1—gl-eH ))%nk Combining this with the inequality proved above

hom(H,D) 1 1-am)\E, k€ k
hom(H,D)ZW—go—Z% )fn —-n

_ hom(H, D)

T (1 —37H)Zpk,

6. The extremal problem concerning bias(D)

The main focus of the present article is the question of what structural in-
formation on an oriented graph D can be obtained from the knowledge that a
certain oriented graph H is not a subgraph of D. More precisely, our results
relate to the question:

What is the minimum value of bias(D) over H-free oriented graphs
D with n vertices and e arcs?

In this section we consider the related extremal question:

What is the minimum value of bias(D) over oriented graphs on n
(non-isolated) vertices?
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It will be seen from the results we obtain that this is indeed the most natural
form of the extremal question.

The definition of bias(D) contains the constant 3. As commented in the
introduction, this choice is rather arbitrary, and all our results hold (up to a
change of constant) if % is replaced by some other constant € (0,1). The
same is true for the results of this section, but since it is not trivial to deduce
the bounds on bias; from those for bias = bias;/y, we shall prove our bounds
for biasy,, n € (0,1). We shall state our lower bounds as lower bounds on the
quantity ow(D) := max{e(A4,B) : A,B C V(D), e(B,A) = 0}, the size of the
largest one-way subgraph in D. Since, trivially, bias,(D) > ow(D), this provides
a lower bound on bias, (D), n € (0,1). Our results are as follows.

Theorem 6.1. — Every oriented graph D on n (non-isolated) wvertices has
ow(D) > n/9[logyn].

Remark. — This result is not difficult to prove, and we remark that it may be
easily deduced from Lemma 2 of [13] (in fact the tight version of that lemma,
whose proof is sketched after the proof of Lemma 2).

Theorem 6.2. — For eachn € (0,1) there is a constant K, such that, for every
n, there is an oriented graph D on n (non-isolated) vertices with bias,(D) <
K,n/logyn.

Remark. — This result is proved by considering a random orientation of
an inhomogeneous random graph. The resulting graphs typically contain
O(n?/(logn)?) edges. Variants of this example could be produced with ©(n®)
edges, for any a € (1,2) (although the constant K, would be dependent on «).

One surprising facet of our results is that a much larger one-way subgraph
can be found in the case that D is out-regular (all out-degrees equal), irrespec-
tive of the degree: the lower bound n/4 follows immediately from the following
proposition.

Proposition 6.3. — Let D be an oriented graph with mazimum out-degree A™,
then ow(D) > e(D)/4A™.

For oriented graphs that are close to out-regular, in the sense that A™ is at
most a constant multiple of the average out-degree, the above bound is of the
same order as the upper bound (Lemma 4.1) on bias, (D) for D whose orientation
is random. Simple applications of Chernoff bounds [5] (see Lemma 6.6) imply
that a random orientation of the Erdés-Rényi random graph G(n,p) (with p =
w(logn/n)) will be close to out-regular with high probability. From which we
may deduce.

Corollary 6.4. — Let D be a random orientation of the Erdds-Rényi random
graph G(n,p), with p = w(logn/n). Then ow(D) = ©(n) with high probability.
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We also note the following cute lower bound, which follows from Lemma 6.3
and the trivial lower bound ow(D) > A™.

Proposition 6.5. — Let D be an oriented graph, then ow(D) > +/e(D)/2.

Since there are many results in this section, we shall split into subsections. In
subsection 6.1 we prove the lower bounds on ow(D), Theorem 6.1 and Proposi-
tion 6.3. In subsection 6.2 we prove Theorem 6.2. We finish the section with an
algorithmic proof of the lower bound ow(D) > n/4 for regular oriented graphs
D.

We also draw here the reader’s attention to the article of Brown, Erdés and
Simonovits [4], which considers extremal problems for directed graphs, where
parallel arcs in opposite directions are allowed.

Let us state here, the form of Chernoff’s Inequality [5] that we shall use
throughout the section.

Lemma 6.6 (Chernoff bound for the sum of Poisson trials)

Let p € [0,1] and let Sy = X1 + ... + Xn be a sum of independent random
variables X; taking values in {0,1}, with P(X; = 1) = p; for each i = 1,...,N,
so that the expectation of Sy is p =Y, pi. Then, for all X > p,

22
P(Sn > (14 A)N) < exp gk).

In the other direction, for all A < u,

P(Sy < (1 - B))) < exp (‘;A) .

The usual statement of Chernoff’s inequality is the A = p case of the above
statement, a proof of which is given in [19]. The more general statement given
here may be deduced from this by an easy monotonicity argument.

6.1. Lower bounds on ow(D). — Throughout the section we shall write
B(A) for the set {v € V : e({v}, A) = 0}. Since B(A) maximises e(A, B) over
the set of all sets B with e(B, A) = 0 we have that

ow(D) = Ang?(XD) e(A,B(A)).

All we shall need for the following proofs is that, for any probability distribution
on subsets A of V (D), we have ow(D) > E(e(A, B(A))).

Proof of Proposition 6.3. — Let D be an oriented graph with maximum out-
degree AT. Let A C V be a subset selected at random, each vertex included in
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A independently with probability p. To prove the proposition it suffices to show
that, when p is chosen appropriately,

e(D)

4Nt

Expressing e(A, B(A)) as 3 cp lrcayen(a), exchanging the order of summa-
tion and expectation, and using that E(1r) = P(F') for any event F', we obtain

E(e(A, B(4))) =

E(e(A,B(A)) = Y P(x € A,y € B(A)).
zyelE

Fix an arc 2§y € E(D). The event y € B(A) is exactly the event (,cp+(, (v € A).
Thus, this event is independent of the event x € A, and the probability that it
oceurs is at least (1 —p)d™® > (1 — p)AT(P) > 1 — pA+(D). From which we
deduce,

E(e(4, B(4))) > e(D)p(1 — pA™).

The proof is now completed by taking p = 1/2A™. O

In the case that D is a regular oriented graph, the above proof shows that
E(e(A, B(A))) > n/4 where A is selected by including each vertex in A indepen-
dently with probability p = 1/2d (where d is the regular in- and out-degree). In
the general case, there may be a large range of degrees in D, and so there is no
obvious choice of p. To prove Theorem 6.1, we first find a patch of vertices with
approximately the same degree, and then proceed as above.

Proof of Theorem 6.1. — Define subsets V', V™~ of the vertex set V by setting
Vt={v:d"(v)>d (v)} and V™ ={v:d (v)>d"(v)}.

Partition V* into Vi",... Vi, by defining

V= {v eVt dt(v) € [n/2,n/2 ) }

)

Similarly partition V'~ into V|, ... ,Vﬁo& "
one of them must have size at least n/2[logyn]. By reversing the orientation
of D if necessary (which has no effect on ow(D)), we may assume that |V,7| >
n/2[logyn| for some i. Having chosen this patch of vertices V,~, we define
p = 2'/3n. We define the random subset A of V' by including each vertex in A
independently with probability p. Let B = B(A) NV,”. Arguing as in the proof
of Proposition 6.3 above, we have, for each y € V;” and each arc 2y of D, that
the events # € A, y € B are independent and that P(y € B) = (1 — p)©" @ >

(1—-p)* ® >1—pd=(y). Thus,

E(e(A,B)= Y > PacAyecB) > > pd (y)1-pd (y)).

Since these 2[log, n] sets cover V,
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By the choice of p we have that pd~(y) € [3,2]. Since z(1 —z) > 2 for all
z € [, 2], we deduce that

2|V n
E(e(A,B)) > —— > .

O

6.2. Proof of Theorem 6.2: An oriented graph with no large n-biased
subgraph. — Fix n € (0,1). To prove Theorem 6.2 we must prove, for some
constant K = K, that for every n € N, there is an oriented graph D on n
(non-isolated) vertices with bias, (D) < Kn/log,n. For notational convenience,
we in fact prove the bound bias,(D) < K[n/l] where | = |logy(n)].

We now define the random oriented graph D.

Let V :={1,...,n}. We partition V into subsets Vi,...,V; of approximately
equal size. Let n = I|7]| + ¢, where ¢ is an integers 0 < ¢ < [. We denote
r:= [7]. Let V1,...,V; be a partition of V' such that:

|[Vil=r fori=1,...,q and |VZ|:L?J fori=q+1,...,1.

Let G be the random simple graph on vertex set V' defined by including each
edge zy, x € Vi, y € Vj, in G with probability 1/ 2i+7=1 independently of all
other edges. Let D be obtained from G by orienting its edges at random.

Basic Properties of D.

(i) Each arc 2y, € Vi, y € V}, i # j, has probability 1/2"%7 of being an arc of
D.

(73) The event 2y € E(D) is independent of the event uv € E(D) so long as
{u,v} # {x,y}. Furthermore, the event 2y € E(D) is independent of all events
F generated by the events uv € E(D) : {u,v} # {z,y}.

(747) While there is dependence between the events 2y € E(D) and y& € E(D)
(e.g., they are mutually exclusive), the bounds 0 < P(2) € E(D)| F) < 1/2"+9~1
hold for any event F' generated by the events uv € E(D) : (u,v) # (z,y).

Showing that, with high probability, D has no isolated vertex is relatively
straightforward, and may be easily checked by the reader.

We introduce now some new notation. Weset § =1 —1n, v = (1 +1)/2,
k= [logy %1, and K = K,, = [(32 + 2k)28572]. An orientation F' of an n-cycle
has bias,(F) < n. This example suffices for all n such that n < Kn/logyn, i.e.,
n < 2K Fix n > 25 and let D be the random oriented graph defined above.
The proof of Theorem 6.2 is completed by proving that with high probability
bias,(D) < Kr (recall that r = [7]).

Thus, our task is to bound the probability that there is a pair A,B C V
with e(A4, B) > Kr and e(B, A) < ne(A, B). If we consider this event separately
for each pair A, B, we end up considering far too many events. So we restrict
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our attention to a certain subset of this family of events. We define a family
R = R(n) of pairs (R, R*) of subsets of V' such that each biased set F(A, B), for
A and B subsets of V, provide two elements (R, R*) and (7',7*) of R which do
not belong to four type of events, concerning pairs of elements of R. This will
then reduce the problem to bounding the probabilities of these four events; we
prove then these bounds and conclude the proof of Theorem 6.2.

To define the family R below, we first need to associate an (increasing with
respect to inclusion) function defined on the whole family of subsets of V. For a
subset R of V,and i =1,...,[, let R; := RNV, r; := |R;|, and define s(R) by

l "
s(R) :== 2—1 .
i=1
Note that since each r; is bounded by r = [7}], s(R) itself is strictly smaller than
r. Notice also that if R C A, then s(R) < s(A). For j =1,...,2l, consider the
collection of sub-intervals I; of [0,7) defined by

I; = 2= 1y, 2_j+17‘>.

By the choice of [ (as the largest integer not exceeding log, n), we infer that for
every non-empty subset R of V, there is a j such that s(R) € I;.

For each j =1,...,2l, we denote by R; the family of pairs of subsets (R, R*)
such that R C Ui§j+k Vi, R* = RU Ui>j+k Vi, and s(R) € I;. Formally,
jt+k ' .
Ry ={(RRU J Vi): RSV and s(B)e[2777ln277%0) |
i>j+k i=1

The family R is defined as the union of all the sets Ry, i.e.,

The importance of the family R defined above is apparent in the following two
lemmas, namely that, the pairs (R, R*) € R ”cover“ every non-empty subset of
V', and the size of R is sufficiently small.

Lemma 6.7. — For every non-empty subset A C V, there is an element
(R,R*) € R such that RC A C R*

Proof. — Let 1 < j < I be such that s(4) € [277r,277Fly). Define R =
Uicjsr(Vi N A) apd R* = RU Ui>j+k‘/i- Since Y stk % < 277 Fp,
it follows that 27771y < s(R) < 2791y ie., (R, R*) € R; C R, and the claim
follows. O

Lemma 6.8. — |R| < exp((k + 8)r)
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Proof. — 1t suffices to prove the bound |R;| < exp((k + 7)r) for all 1 < j < 21.
Fix such a j. We have to prove that there are at most exp((k: + 7)r) sets
R C Ugifm for which s(R) € [27771r,277F1r). In fact we will only use the
upper bound s(R) < 2771y to bound the cardinality of R;.

Define R; := RNV so that r; = |R;|. First remark that the bound s(R) <
277* 1y immediately implies that

(5) ry <200 forall i <4k

What we shall actually prove is that the number of (j + k)-tuples (Ry, ..., Rjx)
with the property that R; C V; and r; < 2771777, is bounded by exp((k + 7)r).
For i = j—1,...,7 + k, the inequalities in (5) are automatically verified, i.e.,
R;_1,Rj,...,Rjy can be any subset of V;_1,Vj,..., Vi, respectively. There
are 2021 < exp((k + 2)T) ways to choose R;_1, R;j,..., Rj .

The number of ways to choose the subsets Ri,...,Rj_2 can be bounded as
follows. There are at most /=2 < r! < exp(r) ways to choose the sequence
of set sizes (r1,...,7j—2), and for each choice of (rq,...,rj—2), the number of

sets (R, ... ,Rj,2)) with corresponding cardinalities is bounded by the product
of binomial coefficients (%') for i = 1,...,5 — 2. By well known properties
of binomial coefficients, and since r; < 7/2 by inequalities (5) for i < j — 2,
this latter product takes its maximum exactly when each r; takes its maximum
allowed value, i.e., for r; = 2717y for each 1 < i < j — 2. We infer that the

number of (j — 2)-tuples (Ry,...,R;j_2) with cardinality constraints above is
bounded by
j—2 Jj—2 i+1—j
r T A
exp(r) [ | <2i+1—j7~> <exp(r) [ <6m>
i=1 i=1

Jj—2 J—
< exp(r) exp (Z 2j_1_ir> exp (Z(z +1-— j)2j_1_ir> < exp(5r),
i=1 i=1
and the lemma follows. Note that in the first inequality above, we used the
well known bound (§) < (ea/b)’ on binomial co-efficients (using the fact that
xlog(y/x) < \/xy for all positive reals x,y). O

Lemma 6.8 shows that the number of pairs (R, R*), (T, T*) € R is bounded by
exp((2k: + 16)r). This is the main property we will use in the following. Namely,
the four type of events that we are going to define below concern pairs of elements
of R, and have the property that the probability that one of these event happens
for a given pair of elements in R, is bounded by exp(—(32 + Qk)r). The bound
on the total number of pairs then show that with (high) positive probability (as
function of r) non of the four events happen. This will then complete the proof
of Theorem 6.2 since as we said, we will show that the event there exists a biased
E(A, B) is contained in one of these four events.
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In the following, we use the notation é(R,T") for the number of edges between
R and T in the underlying graph G, so that e(R,T) = e(R,T) + e(T, R). We
also write é(R, R*;T,T*) for e(R*,T*) — e(R,T). Consider the following four
events concerning a given pair of elements (R, R*) and (7,7*) in R.

Fr1: For a given pair of elements (R, R*), (T,1T*) € R with s(R)s(T) > Kr/4,
e(R,T) < s(R)s(T)/2.
Fir: For a given pair of elements (R, R*),(T,7T%) € R with e(R,T) > Kr/8,
e(T,R) < ve(R,T).
Frm: For a given pair of elements (R, R*), (T, T*) € R with s(R)s(T) > Kr/4,
é(R,R*;T,T*) > ds(R)s(T) /4.
Frv: For a given pair of elements (R, R*), (T,T*) € R with s(R)s(T) < Kr/4,
e(R*,T*) > K.

The following lemma shows us that the event of interest to us is contained
in the union of the above four type of events for pairs of elements of R, and so
combining the bounds on the probabilities of F, with Lemma 6.8 will conclude
the proof of Theorem 6.2.

Lemma 6.9. — The event that there is a pair A,B C V with e(A,B) > Kr
and e(B, A) < ne(A, B), is contained in the union Fy UFUF11UFry over all
pair of elements (R, R*), (T, T*) of R.

Proof. — Suppose none of the events Fi,Fi1, Fiir, Frv occur for any pair
(R,R*),(T,T*) in R. We have to show that there is no pair A,B C V with
e(A,B) > Kr and e(B, A) < ne(A, B). For the sake of a contradiction, suppose
A, B CV be such a (biased) pair. Applying Lemma 6.7, let (R, R*) and (T',T)
be two elements of R such that R C A C R* and T € B C T*. We will
consider the four events F. above for the pair (R, R*),(7,7"), and the pair
(T, T*), (R, R*), and derive a contradiction.

o If s(R)s(T) < Kr/4, then, since Fry does not occur, we should have e(A4, B) <
e(R*,T*) < Kr, contradiction.

e If, on the other hand, s(R)s(T) > Kr/4, then, since none of Fr, Fr, Firx
occur for the pair (R, R*),(T,T*), and the pair (T,7*),(R, R*), we have that
e(R,T) > s(R)s(T)/2, that e(T,R) > ~ve(R,T), that e(R,T) > ~ve(T, R), and
that é(R, R*;T,T*) < 0s(R)s(T)/4.

It follows that

e(B,A) > (T, R) > T e(R,T) = ! S (R 1) — (R R T T

Note that e(R,T) = e(R,T) + e(T,R) < (1+ 2)e(R,T). We infer that

= )
e(R,T) > ﬁé(R7 T)>e(R,T)/2 > e(R)e(S)/4. From the bounds e(R*,T*) >



e(R,T) > s(R)s(T)/4 and é(R, R*;T,T*) < 6s(R)s(T")/4, we deduce that
é(R,R*;T,T") < de(R*,T")/2,

and so
1 1)
e(B, A) 2~ (1= 2) (B, T) > ne(R',T") = ne(A, B),
yielding again to a contradiction. O

So to complete the proof of Theorem 6.2, by the choice of K, we are only left to
prove the following lemmas.

Lemma 6.10 (Bounding P(Fy)). — For any pair (R, R*),(T,T*) € R with
s(R)s(T) > Kr/4,

P (é(R,T) < s(R)s(T) /2) < exp(—Kr/32).

Lemma 6.11 (Bounding P(F1)). — For any pair (R, R*),(T,T*) € R with
éR,T) = Kr/8,

P (e(T, R) < ~e(R, T)) < exp(— K162 /128).

Lemma 6.12 (Bounding P(Fy)). — For any pair (R, R*), (T, T*) € R with
s(R)s(T) > Kr/4,

—(52K7')
256

Lemma 6.13 (Bounding P(Frv)). — For any pair (R, R*), (T, T*) € R with
s(R)s(T) < Kr/4,

i (é(R, R*T,T%) > (58(R)8(T)/4) < exp (

P (e(R,T) > Kr) < exp(—Kr/3).

Proof of Lemma 6.10. — Recall that G is the random simple graph underlying
D. The random variable e(R,T) may be expressed as } ¢, 1. cryer Lzy}eE(G)
a sum of independent {0, 1}-valued random variables. Its mean may be bounded
below by

_ ! ! T’itj K’l“
E(e(R,T)>> Y S = S(R)s(T) = =~

i=1 j=1
And so, by Chernoft’s inequality, Lemma 6.6, we have

P (e(R,T) < s(RH(R)/2) < exp(—s(R)s(T)/8) < exp(—Kr/32).
O
Proof of Lemma 6.11. — Let (R, R*), (T, T*) € R be such that e(R,T) > Kr/8.
Let " = R\T,let " =T\ R, and let S = RNT. We may express e(R,T) as

e(R, T")+e(R',S)+e(S,S)+e(S,T"), and e(T, R) as e(T', R')+e(T", S)+e(S, S)+
e(S, R'). Let us introduce the notation ¢/(R, T) = e(R',T")+e(R’, S)+e(S,T") =
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e(R,T) — e(S,S), and similarly e'(T, R). Let &'(R,T) = ¢(R,T) + €' (T,R). A
few lines of calculation show that the event that e(T, R) < ve(R,T) is exactly
the event that (1+7)e/(T, R) < e (R,T)— (1—7)e(S,S). The mean of ¢/(T, R)
is p=¢€(R,T)/2, and so the above inequality becomes
(T R) < u(l 1= (- 7)6(575)) '
L+~ @
Setting 8= (1 —7)/(1+ ) + (1 —v)e(S,5)/n, an easy calculation shows that
B> (1—~v)e(R,T)/(1+~), and so, from Chernoff’s inequality, we deduce that

P (e e o - (153) 5 7) <o (gt )

1+~ I+~
—Krd?
< exp ( ) .
128
O
Proof of Lemma 6.12. — Let (R, R*),(T,T*) € R be such that s(R)s(T) >
Kr/4. The definition of R implies that s(R*\R) < ds(R)/32, likewise s(T*\T) <

0s(T)/32.
(Note that if (R, R*) € R, then s(R*\ R) < 277~kr = 279711-§/32 < 5(R)§/32.)
We let P be the set of pairs with one end point R* and the other in T* which

do not have one end in R and the other in T". We may bound the expected value
of (R, R*; T, T*) by

I
> P(lusenc) SZZ 2?; Tt
{u,v}GP 1=14'=1

The latter sum has value 2(s(R)s(T*) + s(R*)s(T) + s(R*)s(T*)) < (6/8 +
§2/512)s(R)s(T), and so E(é(R, R*;T,T*)) < 3ds(R)s(T)/8. Applying Cher-
noff’s inequality, Lemma 6.6, with A = 36s(R)s(T")/16 and § = 1/2 we obtain
the bound

P (et 1,7y > SR ) < gy (L) < o (<200).

O]

Proof of Lemma 6.13. — Let (R, R*),(T,T*) € R be such that s(R)s(T) <
Kr/4. An upper bound for e(R,T) is given by Z{u,v}:ueR,veT Liuwier(c)- This
is a sum of independent {0, 1}-valued random variables, and so, by Chernoff’s
inequality (Lemma 6.6), it suffices to prove that its expected value is at most
Kr/2. This is easily proved,

!
ity Kr
Z P(1iuvyer@) < ZZ ST = =2s(R)s(T) < -5

ueERvET i=14=
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6.3. Algorithmic approach. — Proposition 6.3 implies that in every regular
oriented graph D there are subsets A, B C V with e(A, B) > n/4 and e(B, A) =
0. We now give a polynomial time algorithm which can find a pair A, B C V
with e(A, B) > n/4 and e(B, A) = 0.

Our algorithm will begin by building a sequence of sets A1, ..., A, for which
e (A) is not too large. It then selects a set to be A and from that defines B.

Let t = 1, let v be an arbitrary vertex and let A; = {v}.
while ¢t <n do
Select a vertex u € V' \ A; minimising e(® (4;, {u}).
Set At+1 = At U {U}
Increase t by one.
end while
Let t = |n/2d]
Let A= At
Let B={v:e({v},A)=0
return A, B

,_.
e

We now analyse the algorithm.

Lemma 6.14. — Foreacht=1,...,n—1 the set A; satisfies e®)(Ay) < d?(t*—
1)/n.

Proof. — This is clearly true when t = 1. Suppose the bound fails: let ¢ be
minimal such that e (A4;,1) > d?((t + 1)?> — 1)/n. Note that, by the definition
of Ayy1, one has that

e (A1) =eP(4) + min @ (4, {u}).
ueV\ Az

Combining this with the observation that the sum of e(® (A, {u}) over vertices
u €V \ Ay is precisely e (Ay, V' \ A;) = 2d*t — 2e?)(Ay), we obtain that
2d%t — 2e(Ay) > (n —t) (e(2)(At+1) — e (At)> .

Straightforward calculation, and the use of the bounds we are assuming on
e (Ay) and e® (A4 1), yield that t > n — 2. Hence there cannot exist t €
{1,...,n — 1} for which the bound fails. O]

Let us define a quadratic equation f(t) = dt — d?(t> — 1)/n. This quadratic
obtains its maximum at n/2d.

Proposition 6.15. — Given a d-regular oriented graph D. The above poly-
nomial time algorithm finds subsets A, B C V satisfying e(A,B) > n/4 and
e(B,A)=0.
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Proof. — Let t = |n/2d|. The algorithm outputs A = A; and B = {v :
e({v},A) = 0}. It is immediate from the definition of B that e(B,A) = 0.
We now prove the bound on e(A, B). Let us note that each arc from A to V' \ B
is the first arc of a path of length two from A to A. Thus e(A4,V \ B) < e (A).
And so e(A,B) = e(A,V) —e(A,V \ B) > d|A| — eP(A). We now use the
fact that A is obtained as A;. This implies that |A| = ¢, and, by Lemma
6.14, that e (A) < d?(t*> — 1)/n. Substituting these values we obtain that
e(A,B) > f(t). Since f is a quadratic with its maximum at n/2d its value in
the range (n/2d — 1,n/2d] is always at least f(n/2d — 1). A simple calculation
shows that f(n/2d — 1) = n/4, completing the proof. O

7. Concluding Remarks

We would very much like to see a proof of Conjecture 1.4. By Theorem 1.1, the
k = 2 case of this Conjecture is settled. Theorem 1.2 proves that every oriented
graph with bias(D) < ge(D)?/n? contains an oriented six-cycle. This is weaker
than the k = 3 case of the conjecture, which requires that every oriented graph
with bias(D) < ee(D)?/?/n contains an oriented six-cycle. If this result does hold
then it is best possible. One can prove this by considering a random orientation
of the largest (with respect to number of edges) simple graph (on n vertices) with
girth greater than six, further examples being obtained as blow-ups of these first
examples. The fact that these examples have bias(D) = O(e(D)*?/n) relies on
the fact that there is a constant ¢ > 0 such that for all n, there is a simple graph
G on n vertices which has girth greater than six and such that e(G) > en*/3.
Such graphs may be constructed using the rank two geometries introduced by
Tits [22].

Bondy and Simonovits [3] proved that a graph with girth greater than 2k has
O(nlﬂ/ k) edges. It is widely believed that this result is best possible, i.e., it is
believed that for each k > 2, there is a constant c¢; > 0 such that for all n, there
is a graph on n vertices with girth greater than 2k and with e(G) > cpntti/k,
This is known to be true for k = 2,3, 5. If it is true for all k, then by considering
blow-ups of random orientations of graphs with girth greater than 2k, we can
find oriented graphs with bias(D) = O(e(D)*¥/ (=1 /n?/(k=1)) wwhich contain no
oriented 2k-cycles. In this case Conjecture 1.4, if true, is best possible.

Our final remark on Conjecture 1.4 is that it seems unlikely that a straightfor-
ward adaptation of our approach will give a proof. Our proofs focus on what hap-
pens locally to a given vertex. We examine the arcs from the out-neighbourhood
of a vertex to the second out-neighbourhood. However, there are oriented graphs
in which each component contains only e(D)?/n? arcs, and so a condition of the
form bias(D) < ee(D)*/ =1 /n2/(k=1) (for k > 3) gives no information about a
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particular component. Thus, any successful approach to Conjecture 1.4 must go
beyond the aggregation of certain locally observed inequalities.

Up to this point we have never explicitly put any condition on the underlying
graph. What happens if we do? This may change the problem considerably.
Certainly the examples we have used up to this point have a certain structure
to their underlying graph as well as to the orientation. One particular case that
may be of interest is the case in which the underlying graph is random. The
most general question that arises in this context is the following.

Question 7.1. — Let H be an oriented graph and let p = p(n) be some function
of n (e.g. p(n) = n'/2). Then for which function b(n) do we have the follow-
ing: with high probability, every orientation D of the Erdds-Rényi random graph
G(n,p) satisfying bias(D) < b(n) contains a copy of H?

The two functions b(n) and p(n) are certainly correlated. In the extreme case,
when p(n) goes to 0 sufficiently slowly that there are (whp) many copies of H is
G(n,p), one may ask, similarly to the dense case, whether a condition as weak
as bias(D) < epn? ~ ee(G(n,p)) suffices to ensure that (whp) D contains a copy
of H? Let H be the underlying unoriented graph of H with ny vertices and ey
edges, and with upper density dg: this is by definition the maximum density
of a subgraph of H, i.e., g = maxycym) e(lqu[?D. By the result of Erdés and
Rényi [11] (for the balanced c?se) and Bollobas [2] (for the general case), there

exists a threshold at py =n %1 for the event that G(n,p) contains a copy of H.
Also, large deviation and concentration results for the number of homomorphic
copies of H in G(n,p) around n™#p°H are known (e.g., see [20, 16, 26, 17]).
This is roughly the expected number of copies of H in G(n, p) modulo a constant
factor imposed by the automorphisms of H. It is easy to see that, in order to have
a result ensuring the existence of H as an oriented subgraph for an orientation of
a random graph G(n,p) with a condition as weak as bias(D) < epn?, we should
have n"#p°H = Q(pn?). So, based on some related questions on quasi-random
unoriented graphs, it is reasonable to conjecture that the following should be
true.

_ -1
Congecture 7.2. — Let oy = maxycy(m),|U|>3 % and p(n) >>n °w.

Then with high probability the following holds: an orientation D of G(n,p) has
an oriented copy of H as subgraph provided that bias(D) < epn?.

Indeed, the above conjecture follows from a conjectural version of the em-
bedding lemma in the sparse case (c.f., conjecture 8 in [18] and conjecture 3.11
of [14]). This can be seen by mimicking the proof given in [14] of a related

1

conjecture on the values of ex(G(n,p), H) in the case pn®s — oo assuming the
sparse version of the embedding lemma (c.f., Conjecture 3.15 and Theorem 3.16
in [14]).
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We now discuss other parameters that may be of interest. Can one ensure the
presence of an oriented four-cycle by putting an upper bound on max{e(A, B) —
e(B,A): A, B CV}? The answer is of course “Yes”, as it follows from Theorem
1.1 that an upper bound of the form ee(D)?/n? suffices. Surely this is not best
possible.  What is the largest upper bound that suffices? Another parameter
that one might consider is the size of the largest eigenvalue. What is the largest
upper bound on the largest eigenvalue that can ensure the presence of an oriented
four-cycle? Finally, another parameter that may be of interest is the size of
the largest one-way subgraph (c.f. Section 6): let ow(D) = max{e(A,B) :
A,B CV, e(B,A) =0}. Can an upper bound on ow(D) ensure the presence
of an oriented four-cycle in D? It is quite possible that a bound of the order of
e(D)?/n? suffices.

Congecture 7.3. — There exists a constant € > 0 such that every oriented
graph D with ow(D) < ge(D)?/n? contains an oriented four-cycle.
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Appendix A

Dense Case Using Szemerédi’s Regularity Lemma

In this appendix, we prove the following theorem.

Theorem A.1. — Let h € N be a fized integer and H be an oriented graph
on h vertices. Then for every v € (0,1), there exists real numbers e > 0, 0 <
8 =pH)< %, and an integer N such that every oriented graph D on n > N
vertices, with Bn? arcs with bias,(D) < ee, contains H as a subgraph.

When H is an orientation of a bipartite graph, 5 can be any arbitrary small
positive value.

The proof of Theorem A.1 is based on the use of Szemerédi’s regularity lemma,
so we need first to state it. Let us introduce the following notation: Let U and
W be two disjoint subsets of the vertex set V' of a given (oriented) graph D. The
number of edges between U and W without taking into account the orientation,
if any, is denoted by e(U, W). Recall that the density of the pair U, W is

e(U, )

dlUW) = ———2.
W) = T

Definition (Uniform Pairs). — Let o € (0,1) be a real number. The pair
(U, W) is called o-uniform if, for all subsets U' C U and W' C W with |U’| >
o|U| and |W'| > o|W|, we have |d(U',W') — d(U,W)| < o.

A simple consequence of the o-uniformity condition above is that bipartite
subgraphs induced by uniform pairs must be roughly regular. More precisely we
have the following lemma (the proof of which can be found for example in [8]).

Lemma A.2. — Let (U, W) be a o-uniform pair and let d(U,W) = d. Then we
have

{uelU:|T(u)nW|>(d-0o)[W[} = (1 -0o)U]
and similarly

HueU:|T'(u) nW| < (d+0o)|W[} > (1 —-o0)|U|.

Definition (Equipartitions). — An equipartition of V(G) into m parts is a
partition Vi,..., Vi such that || < |Vi| <[], for 1 < i < m, where n =

|V(G)|. The partition is o-uniform if (V;,V;) is o-uniform for all but o (y) pairs
1<i<j<m.

Lemma A.3 (Szemerédi Regularity Lemma [25]). — Let o be a real num-
ber in (0,1) and letl and N be two natural numbers. Then there exists L = L(l, o)
such that every graph with at least N vertices has a o-uniform equipartition into
m parts for somel <m < L.
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We are now ready to prove the following directed version of the embedding
lemma in the presence of an appropriate condition on the bias.

Lemma A.4. — Let h and m € N be two fixed integers with m > h, H be an
oriented graph on h vertices, and v a real number in (0,1). Let D be a digraph

with e arcs, containing disjoint subsets V1, ...,V of size u or u+1 of the vertex
set V' such that

(i) w=> 5
(ii) For each arc (vi,v;) € E(H), (V;,V;) is o-uniform;
(iii) For each i # j with (i,5) € E(H), d(V;,V;) > n for some positive real
number n > 0;
(iv) For each i # j with (i,5) € E(H), bias,(D(V; UVj)) < ee, where € =
UQ(ﬁ—U)

m2

Furthermore, suppose that (p:]; — U)h > (h+1) 0o, and finally ou > 1. Then D

contains an oriented subgraph gsomorphic to H.

Proof. — Let {v1,...,v,} be the set of vertices of H. We prove by induction on
h that the following property holds for all [ =0, ..., h:

Property P(l): There exists a sequence z1, ..., x; so that

I forallt=1,...,1, x; € V;; and
II. for every j, | < j < h, there is a set X; C V; of potential candidates for

xj at stage | of size larger than (H% —o)N @Dy, More precisely, if we

set N=(j,0) = {zi|1<i<land vj; € E(H)}, N*(j,0) == {z; |1 <
i < land vjv; € E(H) }, and N(j,1) = N~ (4,1) UNT(j,1), then for any
yj € X]l- and for every x; € N(j,1), z;y; € E(D) or y;x; € E(D) provided
that z; € N~ (j,1) or z; € NT(j,1) respectively, and moreover, ]le\ >

(ﬁ — )NGDy,

It is clear that the property P(0) holds, for this we just take XJQ =Vj.
Suppose now that P(I) is true, we will prove that P(Il + 1) also holds.

Let T be the set of indices j for which we have an outgoing arc v;4qv; from
U1 to vy, le.,

Tt = {j>1+1 vy € B(H) ).

Similarly, we define T'~ for the set of incoming arcs:

T~ = {j>1+1] v € E(H) ).
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We should select z;41 € XllJr1 in such a way to have arcs from x;11 to the
vertices of the set X]Hl in the appropriate direction, and such that updating X Jl
to X]l-+1 we respect the condition I7 of the property P(l + 1). In the following,
let Y; be the set of vertices of X ll 1 Which does not have enough arcs to X ]l and
hence are not good candidates for x;1. More precisely, for each t € T (resp.
for each t € T7), we define the set Y; as follows

n
Y= {yeXin| M) nXi < (1 - o)X

1
v

1
(resp. ¥, = {y € Xfoa | I07() N x| < (= —o)IXH1D).

By property P(l) and the hypothesis, we have:

l n Nl n h
| Xl > (14-7;_0) GOV > (1_1_7;—0) Vil

v v

> (h+1)o|Vi| > o|Vi| > ou.

It follows from Definition A, the fact that bias, (X! UY;) < ee, and the choice
of parameters that for all t € T UT~, |Y?| < o|Vj41]|. To see this, suppose for
the sake of a contradiction that this is not the case, i.e., |Y;| > o|Vj41]. By the
choice of € and [Vi41]| > 2, this means that |V;||X]| > o?u? > %n2 >

T] Ee'

1+l

—

o)

This means that ee < (11; —0)| XYy

From now on without loss of generality we will suppose that ¢t € T (the other
case follows similarly). Two cases can happen:

— if e(X,Y;) < ee, then we have e(X},Y;) < (I — o)X}V < %(% -
X Ui

0)|X}||Y;]. By the definition of Y;, we also have e(Y;, X}) < (

N

I+

v

o)| X}||Yy]. Tt follows that d(X},Y;) = é‘%fl’%l) < n — 0. We saw that

X} > o|V4| and by our assumption we have Y; > o|Vj11]. These all will
provide a contradiction to the o-regularity, since d(V;, Vi41) > 7.
— if e(X},Y;) > ee then by the condition on the bias, e(Y;, X}) > ve(X}, V),

and this means that e(X/,Y;) < 1e(Y;, X}) < %(111 —0)|X}||Y3]. So

e(X1, Yh) = e(X1, Ye) + e(X1, Ye) < (1+1/v)(n/(1+1/v) — o) X{||Yy].

This implies that d(X},Y;) < (1+1/v)(n/(1+1/7) —0) < (n— o) and this
be again a contradiction as in the first case.

We infer that ¥; < o|Vi41]. Therefore | X[, \ (Uer-ur+Y")| > (n/(1+1/v) —
NV [T~ UTH o Vi | = ((0/ (141 /v) =)V —ho) Vi | > ou >
1, and so the set X} +1\(Uter-ur+Y") is not empty. This means that we can select
ZTi41 € XllJrl \ (Uyer-ur+Y?) in such a way to respect the condition I of P(I+1).
By the choice of x4, it is easy to verify that by taking Xf“ = X}/ NT(x144) for
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teT-UTT and X'* = X! for t ¢ T~ UTT, we respect also the condition II
of P(14+1). And so P(I+1) is true. The above induction shows that P(l) holds

for all [,0 <[ < h, so x1,...,x can be found as desired. These vertices form a
copy of H. O
Proof of Theorem A.1. — We consider an oriented graph H on h vertices, a real

number v € (0,1), a sufficiently large integer number n (n > N, for N being
fixed later), a digraph D on n vertices with e = 3n? (3 to be fixed later) arcs
whose bias is at most vee (e to be fixed later). In what follows, for an oriented
graph D, we denote by D the corresponding non-oriented graph obtained by
forgetting the orientation of D.

We now apply Szemerédi’s regularity lemma to D for [ and some o to be fixed
later. We set [ sufficiently large but fixed such that a graph G on at least [
vertices with (1 — o) (12) edges contains a copy of H as subgraph. We obtain a
o-uniform equipartition of V(G) into m parts Vi,...,V,, with I < m < L. We
require 3 to satisfy:

2 p? —.n

2 n 2
>p— + — H)(—
Bn? = '+ ot ealm, H)(-)2,

for some small enough 7. When H is non bipartite, ex(m,h) > (1 — o) (;n), and
it gives a lower bound on [ in terms of  and o (as we will see  and o are
correlated in such a way that n small enough will imply o small enough and
o <n). When H is bipartite, we can choose [ as small as we want as long as 7

is also chosen small (it just implies n to be big enough).

The idea is that from this partition we construct a graph G, in which each
vertex represents a part V; of the corresponding partition. Two vertices of G are
linked together if the corresponding parts have a density of at least 1 in between
them (i.e., (vi,v;) € E(G) iff d(V;,V}) > n) for some 0 < n < 1 which will be
chosen according to the hypothesis of Lemma A.4. As long as n is not too big,
there is some 3 that ensures us that e(G) > ex(m, H). Consequently we get a
copy of H in G, wlog it uses the vertices v1,...,vp, v; € Vi, and we add m — h
vertices vp1; € Vit

We will apply Lemma A.4 with appropriate values of €, n and 0. We fix [ large
enough and we choose 77 small enough such that a graph G with (1—n") (;n) edges
contains a copy of H for every m > [. Once | and 7 are fixed, we choose o such

1+

7. To see this, remark that the continuous function f(x) = (11; —x)h —(h+1)z

has a positive value at £ = 0 and so for some small = close to zero it will still

that (Lt —a)h > (h+1)o. Remark that such a positive o always exists and o <

remain positive. We apply Szemerédi’s regularity lemma to o and [ and D on n
vertices with #n? edges (3 chosen as above with respect to this choice of ¢ and
n) for n large enough. There exists L such that a partition to m parts exists
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with [ < m < L. We choose N large enough such that a% > 1. Remark that

20_m
O'(1+% o)

u > % in Lemma A.4 so that cu > 1. Let us choose € = . We claim
that for these choices of parameters every oriented graph D on n > N vertices
with bias(D) < vee contains a copy of H. Let Vi,...,V, be the parts of the
equipartition which provide a copy of H. We apply lemma A.4 to this data. We

should verify that the conditions of lemma are verified:

(i) We have easily u > *;
(ii)&(iii) For each arc (i,j) € H, the pair (V;,V;) is o-uniform and d(V;,V;) > n.
This is true because we find the copy of H in the graph G formed by the
pairs which were g-uniform and have the required density condition;

(o)
(iv) For each arc (4, ), bias,(D(V;,V;)) < ee, where € = 1:;7% This is true
because D has this property, and so D(V;, V;) inherits this property from

D.

Furthermore, the conditions (1;7 T — O')h > (h+1)o and ou > 1 are also verified.

So we can apply Lemma A.4 to find a copy of H in D. O

A result from N. Alon and A. Shapira [1] says that if we have an oriented
2 arcs before it becomes H-free, then it
has many copies of H. The exact statement of their theorem is the following:

graph such that we have to remove en

Theorem A.5 (Alon and Shapira [1]). — For every fized € and h, there is
a constant c¢(e, h) with the following property: for every fized digraph H of size
h, and for every digraph D of a large enough size n, from which we need to delete

en? arcs to make it H-free, D contains at least c(e, h)n" copies of H.

From this theorem and Theorem A.1, we may deduce the following Corollary:

Corollary A.6. — For every h, every oriented graph H on h wvertices, there
eriste > 0,0 < 6 < %, c(e,h,B) and an integer N such that every digraph D
on n > N wertices, with more than 3n® arcs and with bias(D) < ee contains
c(e, h)n" copies of H.

Proof. — (Sketch of proof) Let h be an integer and H an oriented graph on h
vertices, Theorem A.l gives ¢, § and N such that every digraph D on n > N
vertices, with n? arcs and with biasg4(D) < ee contains H as a subgraph.

Setting ¢/ = ¢/3/10, every digraph D on n > N vertices, with (3 + ¢’)n? arcs
and with bias(D) = bias5(D) < ee contains H as a subgraph. On top of this,
if we delete e'n? arcs, the remaining oriented digraph D’ still contains H as a
subgraph. Indeed D’ has more than On? arcs, and one can easily check that
biaso.4(D') < ee, so Theorem A.1 ensures the existence of a copy of H.
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We may now apply Theorem A.5 which will imply the existence of ¢(¢’, h)n”
copies of H in D. Notice that if 5+ ¢ > 1/2, we can change the value of &
to some smaller value in order to have a number bellow 1/2, and the reasoning
remains unchanged. O

In other words, the above corollary says that given h, there exist ¢ > 0,
0<p< %, c(e,h,B) and an integer N such that every digraph D on n > N
vertices, with An? arcs and with bias(D) < ee contains the correct order of any
orientation of any graph on h vertices.
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