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Abstract

Consider a branching random walk on R, with offspring distribution Z and nonnega-
tive displacement distribution W. We say that explosion occurs if an infinite number of
particles may be found within a finite distance of the origin. In this paper, we investigate
this phenomenon when the offspring distribution Z is heavy-tailed. Under an appropriate
condition, we are able to characterize the pairs (Z, W) for which explosion occurs, by
demonstrating the equivalence of explosion with a seemingly much weaker event: that the
sum over generations of the minimum displacement in each generation is finite. Further-
more, we demonstrate that our condition on the tail is best possible for this equivalence
to occur.

We also investigate, under additional smoothness assumptions, the behaviour of My,
the position of the particle in generation n closest to the origin, when explosion does not
occur (and hence limy, o M, = 00).

1 Introduction

Our aim in this paper is to give a classification of the displacement random variables in heavy-
tailed branching random walks in R for which explosion—a concept we will define shortly—
occurs. Thus consider a branching random walk on R. The process begins with a single particle
at the origin; this particle moves to another point of R according to a displacement distribution
W, where it gives birth to a random number of offspring, according to a distribution Z. This
procedure is then repeated: the particles in a given generation each take a single step according
to an independent copy of the same distribution W, and then give birth to the next generation.
We consider the case where W is nonnegative (in which case the process is also called an age-
dependent process; the displacement of a particle can also be interpreted as a birthdate). Let
T'; be the number of particles with displacement at most ¢; then we say that explosion occurs
if 'y = oo for some finite .

Alternatively, let M,, be the displacement of the leftmost particle in the n-th generation.
If the process dies out and there are no particles remaining in the n-th generation, then define
M,, = co. Explosion is the event that lim,, .., M, < co. Note that, since M, is monotone, it
has a limit.
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Taking a tree view of the above process, denote by T a random Galton-Watson tree with
offspring distribution Z, and let Z,, be the number of children at level n. To avoid the trivial
case, we assume throughout that P{Z = 1} < 1. Each edge of T is then independently given
a weight according to the nonnegative distribution W. The connection to the above process is
that the displacement of a node is simply the sum of the weights on the path from the root to
that node. From this perspective, which is the one we will take in this paper, explosion is the
event that there exists an infinite path for which the sum of the weights on the path is finite.

In the process of studying the event of explosion, we first consider the case where the
offspring distribution has finite mean. The different cases described in the next paragraph
show that we can either trivially solve the problem, or reduce to the most interesting case of
an infinite mean.

Reduction to the case of an infinite mean. Consider a Galton-Watson process with
offspring distribution Z satisfying 0 < E{Z} < co. We still assume P{Z = 1} < 1. Let W be
a weight (or displacement) distribution on the edges of the Galton-Watson tree.

Consider first the case where P{W = 0} = 1. In this case, explosion is equivalent to the
event that the Galton-Watson tree is infinite, i.e., the survival of the Galton-Watson process.
In that case, if E{Z} < 1, there is no survival, and if E{Z} > 1, there is a positive probability
of survival [4]. From now on we will assume that P{WW = 0} < 1 and assume that the Galton-
Watson process is supercritical.

In the case of a supercritical Galton-Watson process, under the assumption E{Z} < oo,
the results of Hammersley [21], Kingman [26], and Biggins [7] show the existence of a constant
~ such that conditional on the non-extinction of the process, M, /n tends to v almost surely.
This shows that the random variables M,,, conditional on survival, behave linearly in n, i.e.,
M, = yn + o(n). One consequence of the Hammersley-Kingman-Biggins theorem is that if
~ > 0, then explosion never happens. Now define

H = E{Z}P{W =0}.

It can be shown that v = 0 if and only if H > 1. We consider in fact three cases: H < 1,
H>1and H=1.

e CASE I. H < 1.

Here, as stated above, explosion occurs with probability zero. This can be seen more simply as
follows: fix an € > 0 such that P{W > ¢} < (E{Z})~! and mark all edges with weight larger
than e. Then each component in the forest of marked edges is a subcritical Galton-Watson
tree, and hence has finite size almost surely. Thus any infinite path must contain an infinite
number of unmarked edges, and hence cannot be an exploding path.

e CASE II. H>1.

In this case, explosion happens with probability one. To see this, take a sub-Galton-Watson
tree by keeping only children for which W = 0. This tree is supercritical and thus survives with
some positive probability p. It follows that with positive probability, there is an infinite path
of length zero. Since, conditional on survival, explosion is a 0-1 event (for a proof see later in
this introduction), we infer that it happens with probability one. A theorem of Dekking and



Host [15] ensures the existence of an almost surely finite random variable M such that M,
converges a.s. to M. Under the extra condition E Z2? < oo, they determine stronger results on
the limit distribution M.

e CAsE III. H=1.

This threshold case is the most intriguing—it was already considered in an earlier pioneering
work of Bramson [10], and the work of Dekking and Host [15]. In this case, the occurrence of
explosion is a delicately balanced event that depends upon the behavior of the distribution of
W near the origin and on the distribution of Z.

Bramson’s main theorem is the following result on the behaviour of M, under the as-
sumption that there exists a 6 > 0 such that E{Z?T%} < oco. For any fixed ), define
oxn = p+ (1 —ple " where p = P{IV = 0} < 1. Then explosion happens if and only if
there exists some A > 1 such that Y07 | Fy,'(0),,) < co. In the case of no explosion, and
conditional on the survival of the branching process, the following convergence result on the
asymptotic of M,, holds. Almost surely, we have

=1, (1)

where s(n) = [loglogn/log2]. We refer to [15] for a generalization of Bramson’s theorem to
the case of E{Z?} < oo, under some extra mild conditions.

Following Bramson [10], we first transform the tree T into a new tree T as follows. The
roots are identical. First consider the sub-Galton-Watson tree rooted at the root of T consist-
ing only of children (edges) that have zero weight. This subtree is critical. For any distribution
of Z satisfying the threshold condition, note that the size S of the sub-Galton-Watson tree
is a random variable S > 1 with E{S} = co. In some cases, we know more—for example,
when Var{Z} = 02 € (0,00), then P{S > k} ~ /2/m02k as k — oo (see, e.g., the book of
Kolchin [27]). All of the nodes in S are mapped to the root of the new tree T”. The children
of that root in T are all the children of the mapped nodes in Tz that did not have W = 0.

Let X; be the number of vertices of degree ¢ in the sub-Galton-Watson tree. The number
of children of the root of Tz is distributed as

oo X;
=22 G
i=0 j=1
where (; 1, 2,... are i.i.d. random variables having distribution of a random variable ¢;. In

addition the distribution of (; is given by

PG = k} = i (k ! l) (1= B{W = 0} B{W = 0} P{Z = k + i},

where ¢; is a normalizing constant. Note that ) .., X; = S.

For each child of the root in 7", repeat the above collapsing procedure. It is easily seen
that T itself is a Galton-Watson tree with offspring distribution ¢. The moment generating
function G¢(s) of ( is easily seen to satisfy the functional equation

Gels) = GZ((l —P{W =0})s + P{W = O}Gc(s)). 2)



Furthermore, the displacement distribution is W conditional on W > 0. Finally, one can verify
that E{(} = co. More importantly, explosion occurs in Ty if and only if explosion happens in
T'. We have thus reduced the explosion question to one for a new tree in which the expected
number of children is infinite, and in which W does not have an atom at zero.

Observe that the transformation described in CASE III is valid whenever W has an atom
at the origin. In particular, this construction can also be used to eliminate an atom at the
origin when P{WW = 0} > 0 and E{Z} = oo. In this case, we still have E{(} = oc.

It follows from the above discussion that in the study of the the event of explosion, we need
to consider only the (most interesting) case where

E{Z} = 0o, P{W =0} = 0.

All our results below are concerned only with this case.

A simple necessary condition for explosion. There is a rather obvious necessary condi-
tion for explosion. Let Y; be the minimum weight edge at level 7 in the tree. Then the sum
of weights along any infinite path is certainly at least > .- Y;. We say that a fixed weighted
tree is min-summable if this sum is bounded; if a tree is not min-summable, it cannot have an
exploding path.

For any fixed, infinite, rooted tree T', and distribution W on the nonnegative reals, let TW
denote a random weighted tree obtained by weighting each edge with an independent copy of
W. For a fixed tree T" and weight distribution W, it follows easily from Kolmogorov’s 0-1 law
that explosion and min-summability of TW are both 0-1 events. Thus, we make the following
definitions.

Definition 1.1. For any infinite rooted tree T,

(i) let Wyx(T) be the set of weight distributions so that T" contains an exploding path
almost surely, and

(i) let Wys(T) be the set of weight distributions so that 7% is min-summable almost surely.

In this new notation, the observation above is simply that Wex(T) € Wys(T), for any tree
T'. Unsurprisingly, in general Wix(T') may be strictly contained within Wy (T'). For example,
consider an infinite binary tree T' and a uniform weight distribution W on [0, 1]. Except with
probability at most exp(—2i/ 2) the minimum of 2¢ copies of W is at most 2~%/2. Thus, with
positive probability >, ¥; < 3,5, 27%2 < 3, and so W € Wjs(Z). On the other hand, we
may easily prove that 1174 ¢ WEX(Z_ ), i.e., that the probability that there exists an exploding
path is zero. To see this, consider the event A; that there exists a path from the root to level
i of weight less than i/128. The existence of an exploding path certainly implies that for all
sufficiently large i, A; occurs. We now observe that P{A;} < 27¢. Indeed, the event A; implies
that there is a path from the root to level i at least half of whose edges have weight less than
&. Since there are only 2° paths to level i and at most 2 ways to choose a subset of the edges
of a fixed path, and since for each path and each fixed subset of at least 5 edges, the probability
that all these edges have weight less than é is at most 87, the bound easily follows. The
same proof shows that for the exponential distribution E, no explosion can happen (however,
E € Wys(T); this follows from Example (iv) of Section 4).



Main results. It may appear that, aside from some trivial cases, Wys(T) should always
strictly contain Wiy (T). However, somewhat counter-intuitively, this is not the case; there
are examples of trees with generation sizes growing very fast (double exponentially) for which
Wix(T) = Wys(T'). Consider for example the tree T' defined as follows: all nodes of generation
n have 22" children. In this case, for a given weight distribution W, the distribution of the
sum of minimum weights of levels is

z min Wi,

. on _1 v
R
where each W is an independent copy of W. Also the path constructed by the simple greedy
algorithm which, starting from root, adds at each step the lowest weight edge from the current
node to one of its children, has total weight distributed as
min Wfl

- g(n—1)
n>1 1<i<22

The property of these sums being finite almost surely is clearly equivalent, so that Wy (T) =
Wis(T). Our main result is that this phenomenon is in fact quite general in trees obtained by
a Galton-Watson process with a heavy tailed offspring distribution. We call the distribution Z
plump if for some positive constant € the inequality

P{Z > ml*} > = 3)

m

holds for all m sufficiently large. Equivalently, Z is plump if its distribution function F
satisfies F,'(1 — 1/m) > m'*¢ for m sufficiently large. We remark that EZ = oo for any
plump Z.

Equivalence Theorem. Let Z be a plump distribution. Let T be a random Galton-Watson
tree with offspring distribution Z, but conditioned on survival. Then

Wex(T) = Wys(T) with probability 1.

We now state a second form of the equivalence theorem. For this, we must extend the
definition of Wiy and Wys to Galton-Watson offspring distributions. Let Z be an offspring
distribution and W a weight distribution. We have

Claim. For a given offspring distribution Z and weight distribution W, and conditioning on
survival of the Galton-Watson process, explosion and min-summability are 0-1 events.

Proof. Let (W;)2, be a sequence of independent copies of W, let (5;)2; be a random walk
with jump distribution given by Z — 1, and let (X;)$2; be the increments. In the usual way,
this random walk can be thought of as representing (in breadth-first fashion) a sequence of
one or more Galton-Watson trees, with X; 4+ 1 giving the number of children at step ¢ and
W; the weight of the i-th edge. Since EZ > 1, one of these trees T” will be infinite with
probability 1, and this tree is exactly a Galton-Watson tree conditioned on survival. The
sequence ((X;, W;))$2, clearly encodes all the information about 7", and the two events under
consideration are tail events with respect to this sequence; thus Kolmogorov’s 0-1 law applies.
The same argument holds for min-summability. O



We can thus define Wi (Z) and Wys(Z) for an offspring distribution Z as follows:

Wex(Z) == {W | W € Wix(Tz) almost surely conditioned on survival},
and

Wys(Z) = {W | W € Wys(Tz) almost surely conditioned on survival}.

The alternative (though slightly weaker) formulation of the Equivalence Theorem can now be
stated as follows:

Equivalence Theorem — Second Version. For a plump distribution Z,

Wex(Z) = Was(Z).

Min-summability is clearly a simpler kind of condition than explosion; in particular, it
depends only on the generation sizes Z,, rather than the full structure of the tree Tz. Indeed,
the Equivalence Theorem becomes more interesting if one observes that it is possible to derive
the following quite explicit necessary and sufficient condition for min-summability.

Theorem 1.1. Given a plump offspring distribution Z, let mg > 1 be large enough such that
the condition (3) holds for all m > mq. Define the function h : N — RT as follows:

h(0) = myg and h(n+1)=F,;'(1—1/h(n)) for alln > 1. (4)
Then for any weight distribution W, W € Wys(Z), and hence also W € Wi (Z), if and only if

> FRt(h(n)™h) < 0.

Given the Equivalence Theorem above, one may wonder if there is a way to weaken the
condition given in (3) such that the theorem still remains valid. We show that this condition
is to some extent the best we can ask for. More precisely, we prove

Sharpness of Condition 3. Let g : N — N be an increasing function satisfying

g(m) — m1+o(1).
Then there is an offspring distribution Z satisfying P{Z > g(m)} > 1/m for all m € N, but for
which Wi (Z) # Wys(Z).

So far our results concerned the appearance of the event of explosion; however, it is also
natural to ask how fast M,, tends to infinity in the case there is a.s. no exploding path.
Although there is no reason to expect a convergence theorem in the case of no explosion for
general plump distributions in the absence of any smoothness condition on the tails of Z, we
show that a stronger plumpness property allows to obtain a precise information on the rate of
convergence to infinity of M,,. To explain this, note that the plumpness assumption on Z is
equivalent to 1 — Fiz(k) > k=" for n = %JFE and for all k sufficiently large. Consider now the
stronger smoothness condition

1 - Fy(k) = k™"¢(k), (5)

where ¢ is any continuous and bounded function which is nonzero at infinity.



Limit Theorem under Condition 5. Let Z satisfy the smoothness condition, and let W be
any weight distribution with W & Wyx(Z). Then a.s. conditional on survival,
. M,
lim

ARt PHEN FVT,l (exp (—(1 +e)k )) -

for all e > 0.

Applying a Tauberian theorem (see Section 7 for more details), we find that Condition 5 is
equivalent to the condition

Ka(s) =1 Gyl —5) ~asi()

near s = 0 for some a > 0; recall Gz is the moment generating function of Z. Going back to
Case III of the finite mean case, and the transformation described there, we observe that the
use of the functional Equation (2) allows to translate the smoothness condition above, imposed
on the modified offspring distribution ¢ of infinite mean (obtained after the transformation),
to a smoothness condition on Z, the original distribution of finite mean. In particular,

Ke(s)=1—-G¢(1—s)~ asl/(1+e)(1 +0(s%)) for s near zero,
for some a, ¢, 5 > 0 is equivalent to a condition of the form
Kz(s) ~E{Z}s—cs'T(1+O(s?)) for s near zero, (6)

for some ¢,6 > 0. We note that Condition 6 assumes some regularity on the tails of Z but
the variance could be infinite; thus, the above result can be regarded as a strengthening of
Bramson’s theorem [10].

Further related work. The literature on explosion is partially surveyed by Vatutin and
Zubkov [38]. The early work deals with exponentially distributed weights: in this case, there
is no explosion almost surely if and only if

S e <

—nd o P{Z >}

(see [22, V. 6], [30, 17]). This condition cannot be simplified; Grey [20] showed that there does
not exist any fixed function ¢ > 0 such that explosion would be equivalent to E{¢/(Z)} = cc.

Some general properties of the event of explosion were obtained in [33] by considering the
generating functions of the number of particles born before time ¢, parametrized by ¢, and
looking at the nonlinear integral equation satisfied by these generating functions. By using
this analytic approach, and under some smoothness conditions on the distribution function
Fy of the displacement W, Sevast’yanov [33, 34], Gel’fond [19], and Vatutin [35, 36] obtain
necessary and sufficient conditions on the event of explosion. The result of Vatutin [36] can be
stated as follows. Consider the case P{W = 0} = 0 and suppose that zero is an accumulation
point of W, i.e., the distribution function Fy, of W satisfies Fyy (w) > 0 for all w > 0. Assume
the following regular variation style condition holds: there exists A € (0, 1) such that

Fit (Mt Fyt (Mt
0 < liminf # < limsup %) < 1. (7)
() B e ()



Then explosion does not occur if and only if for all € > 0,

/06 Fv;l(fé(s))‘f ~ 0. (8)

Condition (7) basically forces Fyy to behave in a polynomial manner near the origin. Indeed,
if Fyy(w) ~ w® for some o > 0 as w | 0, then Fj;'(t) ~ tY/% as t | 0, and so (7) holds.
The exponential law corresponds to o = 1, for example. The criterion given by (8) was
earlier proved to be necessary and sufficient for non-explosion by Sevast’yanov [33, 34] and
Gel’fond [19] under the slightly more restrictive condition that Fy (w)/w® € [a,b] for all w,
where 0 < a < b < oo and a > 0. As soon as we leave that polynomial oasis, Vatutin’s
condition is violated. Examples include Fy (w) ~ exp(—1/w®) and Fy (w) ~ 1/log™(1/w) for
a> 0.

A quite general sufficient (but not necessary) condition without any explicit regularity
assumption on W was proved by Vatutin [37] for explosion in non-homogenous branching
random walks. In the homogenous case, the result states that if there exists a sequence of
nonnegative reals (Y, )nen such that lim,, y, = 0 and

Z FI;/1 (yn/KZn (yn)) < o0,

n=1

then explosion occurs. This result is close in spirit to our equivalence theorem, but we stress
that the results are distinct—we see no way in which one may be deduced from the other.

More precise information on the behaviour and convergence to infinity of M, can be ob-
tained in the finite mean case and under extra conditions. Recall that in the finite mean case,
M,, = yn + o(n) for some v > 0. McDiarmid showed in [28] that M,, —yn = O(logn) under
the condition E{Z?} < oco. Recently, Hu and Shi [23] proved that if the displacements are
bounded and E{Z!*¢} < oo for any € > 0, then conditional on survival, (M, — vyn)/logn
converges in probability but, interestingly, not almost surely. (We note in passing that this
work and the recent work of Aidekon-Shi [3] provide Seneta-Heyde norming results [9] in the
boundary case.) Under the extra assumption that Z is bounded, Addario-Berry and Reed [1]
calculate E{M,,} to within O(1) and prove exponential tail bounds for P{|M,, — E{M, }| > =}.
Extending these results, Aidekon [2] proves the convergence of M,, centered around its median
for a large class of branching random walks. For tightness results in general, under some extra
assumptions on the decay of the tail distribution or weight distribution, see Bachmann [5] and
Bramson-Zeitouni [11, 12].

Organization of the paper. Section 2 will concern some preliminaries, mostly involving
what we call the speed of an offspring distribution. In Section 3, we prove the Equivalence
Theorem. The proof is somewhat algorithmic in nature, and shows that a certain (infinite)
algorithm will always find an exploding path under the given conditions. A second proof of the
Equivalence Theorem is sketched in Section 5. In Section 4, we prove Theorem 1.1, and give
some examples calculating the condition for specific cases. In Section 6 we provide a generic
counterexample that shows that the equivalence does not hold if we weaken the conditions in
any substantial way, proving the sharpness of Condition 3. Finally, in Section 7 we prove the
limit theorem under Condition 5.



2 Preliminaries

In this section we present some definitions and results needed for the proof of the Equivalence
Theorem. That theorem (in its second form) is concerned with the equivalence of Wys(Z)
and Wix(Z) for certain offspring distributions Z. Thus it will be important to have a good
characterization of whether a weight distribution W belongs to Wys(Z); in other words, whether
>,y min{W}l ... W7} is finite, each W} being an independent copy of W. To do this we
will introduce two notions. The first is the concept of the speed of a branching process, from
which we will obtain an understanding of the growth of the generation sizes Z,,. The second is
the concept of summability with respect to an integer sequence, which concerns the behaviour
of sums of the form Y o, min{W}, ..., W27} for a given integer sequence (c,,)nen.

Speed of a Galton-Watson branching process. We introduce the concept immediately
and then give a number of examples.

Definition 2.1. An increasing function f : N — R™, taking only strictly positive values, is
called a speed of a Galton-Watson offspring distribution Z if there exist positive integers a and
b such that with positive probability

Znja < f(n) < Zyn for all n € N.
(Here, we set Z, = Z|,) for z € R.)

Note that there is a small issue of extinction here, and that is why we insist that f is strictly
positive, otherwise f(n) = 0 would be a speed for any distribution with P{Z = 0} > 0.

Examples of speeds. Here we give examples of speeds for various distributions Z.

(i) FE{Z} <1 then almost surely Z,, = 0 for all sufficiently large n, and so Z does not have
a speed.

(ii) HE{Z} = m € (1, 00), then Doob’s limit law states that the random variable V,, = Z,, /m”
form a martingale sequence with EV,, = 1, and V,, — V almost surely, where V is
a nonnegative random variable. Furthermore, in the case that Z is bounded the limit
random variable V' has mean 1 (and so in particular P{V > 1} > 0). From this we may
easily verify that m”™ is a speed of Z. Indeed Doob’s limit law implies that the inequality
Zn < (M + 1)m™ holds for all n large enough, with probability at least P(V < M).
Taking M sufficiently large, this probability may be made arbitrarily close to 1. For the
lower bound, one may consider a truncation Z’ of Z such that E{Z'} > /m. Since Z’ is
bounded, we deduce that in the truncated branching process associated with Z’ there is a
positive probability that Z/ > m"/? /2 for all sufficiently large n. Since there is a natural
coupling such that Z,, > Z/ for all n, this completes our proof that m™ is a speed of Z.

(iii) If Z is defined by P{Z > m + 1} = m~# for each m > 1, where 3 € (0,1), then Z is
plump (one may take e = 8~! — 1 in Condition 3) and the double exponential function
f(n) = 267" is a speed of Z. Heuristically, this follows from the fact that conditioned
on the value of Z,, one would expect Z,, 1 to be of the order Z ~. A formal proof follows
from Theorem 2.3 together with the observation that the function h appearing in that



theorem is equivalent to f as a speed (i.e., there exist a’, b’ € N such that the inequalities
f(In/d']) < h(n) < f(b'n) hold for all n). Indeed, as we will explain in Section 7, a much
stronger statement holds in this case.

(iv) If Z is defined by P{Z > m} = 1/logy m for each m > 2, then Z is plump. Applying
Theorem 2.3 we find that the tower function h(n) defined by h(0) = 2 and h(n+1) = 2™
for n > 0 is a speed of Z.

Summable weight distributions with respect to an integer sequence. Let W be a

random variable with nonnegative values. Let 0 = (0,)nen be a sequence of positive integers

and W7 be a family of independent copies of W for n, j € N. Define the sequence of minima
Ay = 1§n511Sr(17n W2,

The random variable W is called o-summable if there is a positive probability that > A, is

finite.

Note that the event in the above definition is a 0-1 event. Thus, if W is o-summable, then
>, minj<;<,, W is finite with probability one. For a characterization of o-summable weight
distributions see Proposition 4.1. Examples are given at the end of Section 4.

We note that if W is o-summable and 7-summable, then W is o U 7-summable, and if
on < 7y for all n, o-summability implies 7-summability. We also have

Lemma 2.1. Let o be any increasing sequence, and let T be defined by 1, = o, for some
constant v, a positive integer. Then W is o-summable iff it is T-summable.

Proof. Write 0 = 0 Uol U--- Uo7}, where 0% := {0, : n € N}. Since o is increasing, if

O_summable, then it is

W is o'-summable and i < j, then W is ¢7-summable. So if W is 7 = &
ot-summable for all 0 < i < v — 1, and thus o-summable. The other direction follows trivially

since 7 C 0. O

The following proposition relates the condition of the Equivalence Theorem to the notion
of o-summability under the presence of a speed function for the Galton-Watson distribution.

Proposition 2.2. Let W be a weight distribution and Z an offspring distribution. Suppose
that f : N — R* is a speed for Z. Then W € Wys(Z) if and only if W is o-summable for the

sequence o = (f(n))nen.

Proof. Since f is a speed for Z, the event
R := {Zn/a < f(n) < Zy, for all n}

occurs with positive probability. Let o® be the sequence given by o¢ = f(an), and o® the
sequence defined by o2 = f(|n/b]). Suppose W is g-summable; then by Lemma 2.1, W is
ob-summable. Whenever R occurs, Z, > 02 for all n, and hence Tz has the min-summability
property almost surely. Thus, W € W,s(Tz) with positive probability, and hence W € Wys(Z).

Conversely, if W is not o-summable, then again by Lemma 2.1, it is not o®summable.
Thus, even when conditioning on survival, W ¢ Wys(Tz) with positive probability, and hence

W ¢ Was(Z). O

10



Definition of a speed function for plump distributions Z. We are now in a position
to partially explain the mysterious function h defined in (4), which recall was defined by

h(0)=mg and  h(n+1)=F;'(1—1/h(n)).

It will turn out that this function defines a speed function for the offspring distribution Z
in the sense of Definition 2.1.

Theorem 2.3. If the offspring distribution Z is plump, then the function h is a speed of Z.

Although it is possible to present a proof at this stage, to avoid redundancy we postpone
it until Section 3.

It will actually be convenient in our proofs to consider a slight variation on h. Let a =
(14 €)~'/2, and define f by

f0)=mo and  f(n+1)=F;'(1-f(n)™), (9)

where Mg is the least integer such that Condition 3 holds with my = m{, and the following
inequalities hold: my~* > 16(1 — o)~ + 16 and Thg‘_Ll > 4l@™ =17+,

The functions h and f are essentially equivalent as far as we are concerned. The following
lemma demonstrates their equivalence as speeds.

Lemma 2.4. For any plump distribution Z, h is a speed for Z if and only if f is.

Proof. Since h is increasing, for some constant ¢ we have h(c) > mo = f(0). Inductively, we
then have f(n) < h(n+ ¢) for all n. Since Z is plump, we have from the definition of f that

f(n+1) > f(n)*+) = f(n)t/e for any n.

Thus,
fn+2)=Fz' 10— f(n+1)"%) > F; (1= f(n)™).

It follows that if f(n) > h(m), then f(n+2) > h(m+1). So by induction, we have f(2n) > h(n).
Considering the definition of a speed for Z, we see that if one is a speed, so is the other. [

In the following lemma, we state some direct consequences of Condition 3 (i.e. the assump-
tion Z is plump), and the definition of f, that will be helpful later.

Lemma 2.5. Let Z be a plump distribution and let f(n) be defined as in (9).

(i) For alln,
fn+2) > Fz'(1-1/f(n)). (10)

(ii) f(n+1) >4 f(n) for allm > 0. In particular, f(n)!=% > 16n + 16 for alln > 1, and
for any positive r, f(n) = Q(r").

(iii) For each k > 2 and for alln,

f(n+2[logk/log(1 +€)]) = f(n)". (11)
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Proof. Part (i) follows immediately from the proof of Lemma 2.4. To prove Part (ii) we
begin by noting that the ratio f(n + 1)/f(n) is at least f(n)® ~! as a(l+¢) = a~'. We
therefore prove that f(n)® —! > 47F1 for all n. Let ng = [(a~* — 1)~1], and note that since
mg’l—l > 4[@7'=D741 the inequality f(n)® ~! > 4n+1 holds trivially for n < ng. For
n > ng, the result follows easily by induction as

1

O ) (R Y L

To conclude the proof of Part (ii), we have to show f(n)!=® > 16n + 16 for all n. For
n < (1 —a)~t, we trivially have

F(n)'7% = f(0)' 7 =g~ 2 16(1 — @)~ + 16.

For n > (1 —a)~! 4+ 1, we have f(n)!=%/f(n — 1)!=% > 4, and the result easily follows by
induction.
To prove Part (iii), we note that

fn+2)=F; (1 -1/f(n)) > f(n)'*.
An inductive argument now easily yields that
J(n+20) > f(n) "

for any n and £. It follows that f(2n) > m(()He)H. We conclude by setting ¢ = [log k/log(1 +
€)]. O

3 Proof of the Equivalence Theorem

In this section we prove the Equivalence Theorem. We first prove it in the second (technically
weaker) form and then describe how the first form may be deduced.

Let Z be a plump offspring distribution, and let € and mg be such that Condition 3 holds
for the triple Z, €, and mg. Fix an arbitrary W € Wy,4(Z). We shall prove that W € W (2)
(and the theorem will follow). We define an algorithm which selects a path in the tree in a
very precise way; then using the properties of W, we prove that with positive probability this
path is an exploding path. Since, conditioned on survival, the event that there is an exploding
path is a 0-1 event, this is enough to prove the theorem.

The algorithm depends on a parameter «, defined in the previous section: « := (1 + e)_%.
The reason for this choice of exponent will be clarified later in the proof.

Algorithm FINDPATH:
Let x¢ be the root of the tree.
For n=0,1,2,...,

— Consider node x,,, which is the lowest node in the candidate exploding path we are con-
structing. Let Y,, 1 denote the number of children of z,,.

12



— Order the children of z,, by how many children they in turn have, from largest to smallest.
Let X,01 := [(Yny1) %) /2]. We define the options from x,, to be the first X, children
of x,, in the ordering.

— If X,,41 = 0, the algorithm terminates in failure. Otherwise, of the X,,;1 choices, pick the
option whose edge from z,, has the smallest weight, and set z,41 to be this child.

The analysis of the algorithm, and the proof that it provides with positive probability an
exploding path, will be based on the following assertion.

Claim. There exists a positive integer a such that, with positive probability, Z, < f(an) and
Y, > f(n) hold simultaneously for all n € N, where f is the function defined in Equation (9).

Indeed, given this, we may deduce immediately that with positive probability Z,,, <
fn) < Z, for all n € N, implying that f(n) is a speed of Z. Furthermore, since X, the
number of options of z,,_1, is defined by X,, = (Yn(l_a)/ﬂ, there is a positive probability that
X, > f(n—7) for all n € N, where v = 2[log (1 — )~ /log(1 + €)] + 1 (this follows from
Lemma 2.5 (iii)).

We now observe that conditional on the inequality X,, > f(n—~) holding for all n € N, the

path xg,z1, 2, ... is an exploding path almost surely. The distribution of the sum of weights
along the path zg,x1, 22, ..., dependent on X7, X5, X3,..., is given by
Zmin{wg,...,w,f‘" ),
n>1

where the W are i.i.d with distribution W. Thus, conditional on the event that X,, > f(n—+~)
for all n € N, this sum is stochastically smaller than " -, min { W}, ..., W= }. Moreover,
Lemma 2.1 implies that W is o-summable for the sequence ¢ = (f(n))nen, and since the
contribution of any finite number of terms is finite, W is also o-summable for the sequence
o = (f(n —7))nen. This proves that zg, 21, za,... is an exploding path almost surely.

So it remains to prove Claim 3, which we will do for the choice a = 3+ 2[log2/log(1 + €)].

Define the two families of events {4, }n>1 and {By},>1 by

A, = {Yn < f(n)}, B, = {Zn > f(an)}.

We are led to prove that there is a positive probability that none of the events A,, or B,, occur.
Let C = A{ N BS. The definition of f implies that Z assigns a positive probability to the range
[f(1), f(a)], so that P{C} > 0. We will show below that

P{Ay |C}<1/16 and P{A, | A5} <41 forn>2; (12)
P{By|C}<1/16 and P{B,i|B.} <4 ! forn>2. (13)

13



Assuming the above inequalities, we infer that

P{CN () Ao } =PLC} [T P{ i | A5, 45, 45,0

n>1 n>1
=P{CIP{45 | C} [] P{AL | AL}
n>2
(Since the sequence Y7, Y5, Ys, ... is Markovian)
> (1= 4" P{C}.
n>1

In the same way, we obtain }P’{ CNNys1 Brsa } > (1- >t 4="=1)P{C}. Since both the
events CN(),5; An41 and CN(),5; By, are contained in C, we conclude that with positive
probability none of the events A, and B,, occur, finishing the proof of the claim.

All that remains is to prove inequalities (12) and (13). We first prove the bound on
P{A, ;1] AS } (it will be seen that the bound on P{A; |C } follows by the same proof). Call a
child of z,, good if it has at least f(n+1) children, and write G,, for the number of good children
of x,,. We note that given Y,,, the distribution of G, is Bin(Y,,p) where p, the probability that
a given child is good, is at least 1 — Fz(f(n+1)) = f(n)~. By the way the algorithm chooses
the vertex x,1, we also note that 4,1 can occur only if G,, < Y,}=%/2. Thus, conditional on
Y, > f(n), if A,4+1 occurs then

G, < Y17*/2 < Y,f(n)"*/2 < E{G,}/2.

Hence
Ylfa
PlAna [ A} < P{Gu < 22— | Va2 fn) }
—f(n)—
<
< exp 3 >
1 ..

< yEESE (By Lemma 2.5 (ii))

We now prove P{B,,; | BS} < 4=+ (the proof bounding P{By | C'} being identical).
Note that by Lemma 2.5 (iii),

flan+a) = f(an)f(an + 3).

Thus in order for the event Z,11 > f(an + a) to occur, conditional on Z, < f(an), there
must be some node in generation n having at least f(an + 3) children. Taking Z(i) to be an
independent copy of Z for each i, the probability of this is bounded as follows:

P{max{Z(1),...,Z(f(an))} > f(an+3)} < f(an)P{Z > f(an + 3)}
< flan)(1 = Fz(f(an + 3))
< f(an)f(an+1)7"

(By Lemma 2.5 (i))

1
S 4n+1 :

(By Lemma 2.5 (ii))
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The proof of the Equivalence Theorem (in its second form) is complete. Note that in the
process, we have also proved that f is a speed of Z; thus by Lemma 2.4, Theorem 2.3 also
follows.

First form of the Equivalence Theorem. One might hope that the first form of the
Equivalence Theorem could be deduced from the second by some very simple reasoning, perhaps
considering for each weight distribution W the set of trees T' for which Wix(T) # Wus(T).
However, the fact that there are uncountably many possible weight distributions seems to be
problematic for such a direct approach.

Taking T to be a random Galton-Watson tree with offspring distribution Z conditioned to
survive, we will prove that the following chain of containments holds almost surely:

Wus (T) Cc WMS(Z) C Wex (T)

From this the Equivalence Theorem in its first form immediately follows.

That the first inclusion holds almost surely follows from the fact that the rate of growth of
generation sizes of T may almost surely be bounded in terms of the speed f of Z. Specifically,
taking a = 3 4 2[log 2/log(1 + €)] as in Claim 3, we will show that almost surely there exists
a constant ¢ such that Z,, < f(an + ¢) for all n. For z € N, let 7(z) denote the greatest r for
which z > f(r). If no bound of the form Z,, < f(an + ¢) holds, then there must be infinitely
many n for which r(Z,11) > r(Z,) + a. However, our proof of (13) demonstrates that the
probability that Z,.1 > f(r + a) given that Z, < f(r) is at most 47". Since f is a speed
of Z, the sequence of probabilities 47"(4n) is summable almost surely, and so this event has
probability zero.

That the second inclusion holds almost surely follows from the fact that we may apply the
above algorithmic approach to finding an exploding path to any rooted subtree of T" which
survives. For a node v, let T, denote the subtree of its descendants. Denote by s(n) the
number of nodes of generation n for which T, is infinite. As T is conditioned on survival, the
function s(n) is unbounded almost surely [4, Ch. 10-12]. Let now W € W,s(Z). The above
algorithm, applied independently to each node of generation n for which T, is infinite, has
positive probability p > 0 of producing an exploding path in each. Thus the probability of no
exploding path is at most (1 — p)® for all s, and so is 0.

The set of weights of infinite rooted paths. The following theorem characterizes the set
of all possible values the weights of infinite rooted paths can take conditioned on the survival
of the Galton-Watson tree. Note that the theorem is valid in general and does not require the
plumpness condition.

Theorem 3.1. Let Z be an offspring distribution and W a nonnegative weight distribution
which is not a.s. zero. Then almost surely conditioned on survival the set of weights of infinite
rooted paths is [A, 00| where A is the infimum weight of infinite rooted paths.

Proof. By applying the transformation discussed in the introduction if necessary, we may as-
sume that W has no atom at zero. Note that clearly the transformation does not change the
weights of infinite rooted paths.

The theorem is clearly true if W ¢ Wy (Z) since in this case, conditioned on survival, all
infinite rooted paths have infinite weight. So in the following we assume W € W (Z).
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By a straightforward compactness argument, it suffices to show that for any ¢ > 0, there
exists (almost surely) an infinite path with weight in [a,a + €], for all a > A.

Let € < €'/3 be such that P{W € (¢, 2¢)} > 0; such an € must exist since W € Wix(Z) and
W has no atom at zero. Define the path-weight pw(v) of a node v to be the sum of the edge
weights on the path from v to the root. Now let

S;={veT|pw(v) € [ie, (1 + 1)¢)}.

The choice of ¢ is such that if v € S;, then for any given child w of v, w € S;;41 U S;12 with a
constant positive probability.

Since explosion occurs, there is some least integer ¢ such that Sy is infinite (indeed, ¢ is so
that A € [le, (£ + 1)€)). We may explore Sy, Si,... in turn, each time uncovering all of S;, as
well as all children of nodes in S;. In the process of exploring Sy, each node we explore whose
parent is in Sy will have a constant positive probability of being in Spy1 U Spqe; thus a.s. at
least one of Sy41 and Sy4o is infinite too. Continuing inductively, we find that a.s. for any
integer j > ¢, one of the sets S; or S;11 should be infinite. Obviously each infinite S; contains
an infinite rooted path of weight in the interval [je, (j 4+ 1)e]. The result now follows by taking
J with a € [je, (j + 1)€): since one of the two sets S; 11,52 is infinite, we infer the existence
of an infinite path with length in the interval [a,a + 3¢€] C [a,a + €]. O

4 Equivalent conditions for min-summability

In the previous section, we proved an equivalence theorem between explosion and min-summability
for branching processes with plump offspring distributions. Though, the existence of such a
result is certainly nice in its own, one may wonder if the property of min-summability is in any
sense substantially simpler than that of explosion. The aim of this section is to answer this
question in the affirmative by proving Theorem 1.1, which provides a necessary and sufficient
condition for min-summability that involves a calculation based only on the distributions. We
then provide some examples at the end of this section.

Let W be a random variable taking values in [0,00) and let o = (0;);>0 be a sequence of
positive integers. Then we have

Proposition 4.1. The nonnegative random variable W is o-summable if and only if the fol-
lowing two conditions are satisfied:

i) > (PW>1})" <oo, and

n

(ii) Z/O (P(W > 1})"" dt < .

Proof. As in Section 2, let WJ be an independent copy of W for each n,j € N and let

A, = min W/.

1<j<on

Clearly, A,, is a sequence of nonnegative and independent random variables. By Kolmogorov’s
three-series theorem (see, e.g., Kallenberg [24] or Petrov [29]), we have ) A, < oo almost
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surely if and only if
> P{A, > 1} < oo,
ZE{An l[AnSl]} < 00,

and ZVar {An 1[An§1]} < 0.

Since W' is nonnegative, random variables A, 1[5, <1) take value in [0, 1], and so the third con-
dition follows from the second one. Now, P{A,, > 1} = (P{W > 1})°», and E{A,, 1[5, <1} =

(fol (P{W > t})on dt) — P{A,, > 1}, thus proving the theorem. O

In the case of a random integer sequence given by the generation sizes, it is also possible to
give a result analogous to Proposition 4.1 (whose proof is omitted).

Proposition 4.2. Let {Z,} be a Galton-Watson process with an offspring distribution Z,
satisfying Z > 1 almost surely. Let A, be the minimum weight of the n-th generation. We

have
]P’{;An <oo} =1

if and only if the following two conditions are satisfied

(i) IP’{Z(IP’{W> 1) <oo} =1, and

(ii) P{Z/Ol(IP’{W>t})Z"dt<oo}—1.

Otherwise, P{}", A, < 0o} =0.

The two above propositions are likely the most general form of necessary and sufficient
conditions on min-summability one may hope for. However, under some extra conditions on
the sequence o, it is possible to unify the two Conditions of Proposition 4.1 into one single and
simpler condition.

Corollary 4.3. Let o be a sequence of integers such that there exists ¢ > 1 with the property that
for all large enough values of n, opy1 > ¢ oy, (think of the speed function f, see Lemma 2.5).
Then W is o-summable if and only if 3, Fiy/' () < 0.

n

Proof. Note that, under the assumption of the corollary on the growth of ¢, Condition (i) of
Proposition 4.1 always holds, provided that P{IWV > 1} < 1.

Let o be a sequence satisfying the condition o,41 > c¢- o, for all n. Let ap = 0 and
ap, = Fv}l(i) for n > 1, and suppose that > ., a, < oco. In this case, trivially P{WV > 1} < 1.
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We show that Condition (ii) of Proposition 4.1 holds. We have

1

/1(IE”{W >th)7dt = /7 (P{W > t})""dt +/ (P{W > t}at)”"

Gn—1

San1+ Y am 1 (P{W > am})7 — (B{W > am_1})7")

m=1

<ano1t Y amo1(1—1/0m)7.

m=1

Thus,

Z/O PW > 1) dt <Y an+ > am1 Y (1—1/0m)7"

n n>m

< Z an + Z Q—1 Z (1—1/op,)c "om

n>m
<Y an+ Y amo ie_cj
n m 3=0
=0(1) Zan < 00.

This shows that W is o-summable.
To prove the other direction, suppose that W is o-summable, so that by Proposition 4.1,

Z/l(P{W>t})”"dt<oo.

Since W is o-summable, we have Fyy (1) > 0 and so there exists an integer N such that for

n >N, a, < 1. Thus,
1 An
Z/ (P{W>t})"“dt22/ (P{W > t})™" at
n Y0 n>N 70

>y /0 (1-P{W <a,})"dt

n>N

It follows that >, a, < oo and the corollary follows. O

Combining the above corollary with Theorem 2.3 and Proposition 2.2, we infer a proof of
Theorem 1.1.
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Examples and special cases. Here we give a family of examples of applications of Propo-
sition 4.1. The notations are those of Proposition 4.1. (In particular, A,, is the minimum of o,
copies of the weight distribution W.)

(i) If W > a > 0, then Condition (ii) of Proposition 4.1 does not hold, and so >, A, = oo.
(This also trivially follows from A, > a.) This example shows that the only interesting
cases occur when 0 is an accumulation point of the distribution.

(ii) If W = 0 with probability p > 0, then both the conditions of Proposition 4.1 hold if
> . (1 =p)° < oco. On the other hand, )" A, < co implies that Y (1 —p—¢€)7" < 00
for every € € (0,p). This case is not of prime interest either. The case p = 0 with 0 being
an accumulation point of W is the most interesting.

(iii) If W is uniform on [0, 1], then the conditions of Proposition 4.1 are equivalent to

1
Zgn+1<oo.

n

(iv) If W is exponential, then A, £E /on, where E is exponential. The sequence A, has
almost surely a finite sum if and only if

1
Z — < o0,
n 0-1'7,
(v) For the sequence o, = n, assuming that there is no atom at the origin and that 0 is an
accumulation point for W, it is easy to verify that ) A, < oo almost surely if and only

if
! 1
. i<
/OIP’{W>t} >

(vi) For the sequence A, ~ ¢", with ¢ > 1 a positive constant, and assuming no atom at the
origin, but with 0 an accumulation point for W, it is easy to verify that > A, < oo

almost surely if and only if
/ 1 In L dt < oo
o P{W >t} ’

5 Second proof of the Equivalence Theorem

We outline here a second proof of the Equivalence Theorem. Consider the following operation
on an infinite weighted tree 7. Remove all those children of the root who are connected to the
root by an edge of weight greater than 1/2, then remove all vertices of the second generation
which are connected to the first generation by an edge of weight greater than 1/4, continuing
this way and remove, for each n € N, those vertices of generation n which are connected to
generation n — 1 by an edge of weight greater than 1/2". If the surviving tree contains an
infinite path then we have found an infinite path of weight at most 1 in the original weighted
tree.
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More generally for a sequence (a,)nen of positive real numbers, we define the trimmed
version T'(ay,as,as,...) of T to be obtained by removing, for each n € N, those vertices of
generation n which are joined to generation n — 1 by an edge of weight greater than a,. If
the sequence (a,)nen is summable and T'(aj,as,as,...) contains an infinite path, then we
deduce that T contains an infinite path of finite weight. In what follows we shall choose the
summable sequence (a,)ncn based on the offspring distribution and the weight distribution
under investigation.

We stress that in this section we simply sketch a second proof of the Equivalence Theorem;
the proof is complete except that we omit the proof of the Claims I and II made below. Let
Z be a plump offspring distribution and let W be a weight distribution in Wys(Z). Based on
Z and W, we define a summable sequence (a,)nen such that, with positive probability, the
trimmed process Ty (a1, az,as,...) is infinite. As Z and W are arbitrary, and explosion is a
0-1 event, the Equivalence Theorem follows.

In proving that TY (a1, az, as, . .. ) is infinite with positive probability, it is natural to prove
the stronger statement that, with positive probability, the generation sizes of the trimmed
process grow almost as fast as those of the untrimmed process. To make this statement precise,
we require some more definitions. We may consider separately the branching process and the
trimming process. Thus, we may continue to denote by Z,, the size of the untrimmed branching
process, and, for each sequence finite sequence (a1, ..., as), we may denote by Z, (a1, ..., as) the
size of the n-th generation after trimming by aq,...,as. For example Z,(a1,...,a,) denotes
the size of the n-th generation of the trimmed process. The proof in fact shows that with
positive probability

Zn(ay,...,an) > f(n+ K) foralln € N, (14)

where f (a speed of the branching process), K (a constant (dependent on Z)) and the summable
sequence (ay)nen are defined below.

We now define the speed f and the constant K. Let ¢ > 0 be such that (3) holds for
Z, and let mg be chosen such that (3) holds for all m > mg. We may choose ¢ and my
such that ¢ < 1/4 and mg > exp(4e~!). Define f : N — N by f(0) = 1, f(1) = mp and
fn+1) = F;'(1 - f(n)*(1+€)_3/4) for n > 1. Let K be an integer large enough that
(14 €/*)K > 4¢=1. We define the sequence (a,)nen by

an = Fy! (f(n)™h).
Claim I. f is a speed of Z, and the sequence (a,)nen is summable.

That f is a speed follows from Theorem 2.3 and a variant of Lemma 2.4. It then follows
from Proposition 2.2 and Corollary 4.3 that (a,)nen is summable.

Thus to complete the proof it suffices to prove that (14) holds with positive probability.
Since the proof of this fact uses an inductive approach it is useful to make a stronger claim
that also comments on the quantities Z,(ay, ..., an_1).

Claim II. With positive probability,

Zn(al, ... an—1) > f( )f(n)/? for all p € N
f

n+ K
and Zn(a,... an) (n+ K) for all n € N.
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One may prove the claim using an inductive approach which considers both inequalities
simultaneous. Denote by p, the probability that Z,(ai,...,a,_1) > f(n + K)f(n)? and
Zn(al, ... an) < f(n+K); denote by g, the probability that Z,,_1(a1,...,a,-1) > f(n+K—1)
and Z,(ay,...,a,_1) < f(n+K)f(n)2. One may prove the bound > (p, +¢,) < 1; the result
then follows by a union bound.

The above two claims finish the (second) proof of the Equivalence Theorem.

6 Sharpness of the condition in the Equivalence Theorem

The main result of this article, the Equivalence Theorem, gives a sufficient condition on a
distribution Z for the equality Wix(Z) = Wus(Z) to occur. This condition, that for some
€ > 0, the inequality P{Z > m!*¢} > 1/m holds for all sufficiently large m € N, demands that
Z has a heavy tail, and, furthermore, that the tail is consistently heavy. This condition ensures
that the generation sizes (equivalently, the speed) of the corresponding branching process are
at least double exponential. Furthermore, it ensures that the rate of growth is always at least
the rate associated with double exponential functions (i.e. f(n+1) > f(n)!*€). It is therefore
natural to ask:
(i) Could a weaker version of our condition still imply Wix(Z) = Wys(Z2)?
(ii) Could a lower bound on the speed of Z alone (e.g., Z has a speed f which is at least
double exponential) be sufficient to guarantee
WEX(Z) = WMS(Z)?

Theorem 6.1 answers (i) in the negative (almost completely) by showing that no substan-
tially weaker version of our condition implies Wix(Z) = Wyis(Z). Theorem 6.2 answers (ii),
completely, in the negative. In a sense, these results show the Equivalence Theorem to be best
possible.

Theorem 6.1. Let g : N — N be an increasing function satisfying g(m) = m* oM Then
there is a distribution Z, satisfying P{Z > g(m)} > 1/m for all m € N, but for which
Wix(Z) # Was(Z).

Theorem 6.2. Let s : N — N be any function. Then there is a function f : N — N,
satisfying f(n) > s(n) for all n € N, and a distribution Z for which f is a speed, such that

Wix(Z) # Was(2).

There does not seem to be an obvious intuitive way to judge, for a given distribution Z,
whether the equality Wix(Z) = Wys(Z) should hold or not. So before giving our proof of
Theorem 6.1, we establish a sufficient condition for the equality to fail, see Proposition 6.4
below.

We recall that a function f : N — N is a speed of a distribution Z if there exist a,b € N
such that with positive probability the bounds Z,,/, < f(n) < Zp, hold for all n. We shall
say that f is a dominating speed if we may take a = 1. We shall say that f is swift if, for
some ¢ > 1, the inequality f(n+ 1) > c¢f(n) holds for all n > 0. It will be useful (for technical
reasons) to restrict our attention to swift dominating speeds. The following direct consequence
of Corollary 4.3 and Proposition 2.2 will be useful in our proof of Proposition 6.4.
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Lemma 6.3. Let Z be a distribution with mean greater than 1, f a swift speed of Z, and W
a weight distribution for which the sum 300 | Fy' (f(n)™1) is bounded. Then W € Wys(Z).

Proposition 6.4. Let Z be any distribution with a swift dominating speed f satisfying

liminf 2" f(n)f([n/w(n)])~"? = 0, (15)

n—oo
for some function w(n) — 0o as n — co. Then Wix(Z) # Wys(Z).

Proof. We must prove the existence of a weight distribution W such that W € Wys(Z) but
W & Wix(Z). Before defining W, we first define some sequences on which its definition will be
based. From our assumption on f, there exists an increasing sequence n; such that
lim Q"if(ni)f(fni/w(ni)])_"i/2 = 0. (16)
1— 00
Let us define the sequence w; by w; = w(n;) and the sequence f3; by 8; = \/w;. We note that
Bi — oo as i — oo, and so we may choose a subsequence 3;; with the property that 3;, > 27
for each j > 1. Finally, set m; := [n;/w;]. We now define the weight distribution W to satisfy

1 1
PIW < = for all j > 1,
{ Bi;mi, } f(mi;)

by placing probability mass f(m;; )yl — ZJ = f(mij,)’1 at position 1/8;,,,m;,,, for each
Jj =1, and probability mass 1 — 3./~ f(m;, )t at 1.

We first observe that W € Wys(2). Indeed this follows immediately from Lemma 6.3 and
the observation that

SR = Sy o S Y < Y =

n>1 j>1 ]>1

We now observe that W & Wi (Z). We must prove that P{E} < 1, where E denotes the
event of an infinite path of finite weight. Let G be the event G that Z,, < f(n) for all n € N;
since since f is a dominating speed of Z, G has positive probability. Thus it suffices to prove
that P{FE | G} = 0.

Let A; be the event that there exists a path from the root to generation n;; of weight less
than 3;, /2. The event E may occur only if A; occurs for all sufficiently large j, so it suffices
to prove that P{A, | G} — 0 as j — oo.

For the event A; to occur there must exist a path from the root to generation n;; at least
half of whose edges have weight less than 3;, /n;;. Since under event G there are at most f(n;,)
such paths, and for each path there are less than 2™ choices for a subset of half its edges, we
have

P{A; | G} < 2" f(ny)) (P{W < B, /ni, 1)

Since
P{W < By, /ni, } = P{AW < 1/(Bi,;mq;)} = 1/ f(my,),
it follows from (16) that P{A4; | G} — 0 as required. O
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Proof of Theorem 6.1. Let g be any increasing function satisfying the condition of the theorem,
i.e., g(m) = m!'T°) . We define a distribution Z satisfying P{Z > g(m)} > 1/m for all m € N,
which has a swift dominating speed f satisfying liminf, o, 2" f(n)f([n'/?])""/? = 0; the
proof is then complete by Proposition 6.4.

There is a sense in which it is difficult to achieve these two objectives simultaneously.
The first asks that Z has a sufficiently heavy tail, while the second would seem to get more
likely to occur if the tail of Z were less heavy. Our approach to achieving the objectives
simultaneously is to define Z to have a heavy, but not at all smooth, tail. In the resulting
Galton-Watson branching process the growth of generation sizes does not at all resemble a
smooth fast growing function (such as a double exponential), but instead consists of a number
of periods of exponential growth, each period much longer than all proceeding periods, and
with a multiplicative factor very much larger (in fact the lengths will be (2n;);>1 and the
multiplicative factors (m;);>1; these sequences are defined below)

Define n; = 101" for each i > 1, and ¢; = 1/10n; = 10~(10"+D_ Ag g(m)) = mi+o®),
there exists, for each ¢;, a natural number m,; such that g(m) < mlite for all m > m§/2.
Furthermore, we may choose (m;);en to in addition satisfy

m; > 16n2M? | forall i>1, (17)
where My = 1 and M; := [[/_, m?™ for j > 1. Next define sequences (N;);en and (L;)jen by
J j—1
N; ::Zni and L, := ijm?”i.
i=1 i=1

As we mentioned above, we shall define the distribution Z so that the growth of generation
sizes of Tz consists of a number of periods of exponential growth, each period much longer
than all proceeding periods, and with multiplicative factor very much larger. (The jth period
of growth will have length (approximately) 2n; and multiplicative factor m;.) In this context
L; is approximately the generation size at the start of this jth period of growth (in fact after
the first step of this period) and M; the generation size when it ends (i.e., at the point at which
we shall switch into the next, faster, period of growth). One may observe that L; = m;M;_1;
note however that L; is much larger than AM;_,, since (17) implies that m; is already much
larger.

Define the distribution Z by

P{Z>L1}=1;
1 .
P{Z>m'T =—, LY o <M i>
m
1

It is easily verified that this distribution satisfies P{Z > g(m)} > 1/m for all m € N. Now
define the function f: N — N (which will be a speed for Z) by

fln) = Li+1m?§_7i_Ni)_1 with ¢ chosen so that N; <n < N;i;.

It is also quite easily verified that f satisfies (15), using w(n) = n'/2. In particular, we observe
that f(n;) < Lym>", and, since [n}m] —Ni_1 > ni_1, we have that f([n./?])"/2 > Lym? ™.

A A
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It is also easily observed that f is swift. Thus, in light of Proposition 6.4, all that is required
to complete the proof is to demonstrate that f is a dominating speed of Z. Though it is
conceptually straightforward, the proof is rather long; we stress that it is really just a technical
detail.

We prove that with positive probability the bounds Z,, < f(n) < Zy, hold for all n € N.
Let E be the event that Z, > f(n) for some n, and let F be the event that Zy,, < f(n) for
some n. Let us subdivide these events by the minimum n for which the required inequality
fails. Let E, to be the event that n is minimal such that Z, > f(n), and F, the event that
n is minimal such that Zy, < f(n). We will show that > ., E, <1/4and ) ., F, <1/4,
which will complete the proof. - -

We have stated that our example is designed to exhibit a number of periods of exponential
growth. Once the number of nodes of a given generation is much larger than M;_1, it is clear
that, from this point on, the growth should always be at least geometric (i.e., exponential)
with multiple m;. Indeed, among m > M;_; nodes, one expects about m/M;_; to have
L; = m;M;_; children. Considering these children alone we see that the size of the next
generation should be at least m; times as large.

Our bound on the probability of the event F' is therefore relatively straightforward, requiring
us to formalize the above statement. The bound on the probability of E is more difficult as we
are required to control all ways in which the process could grow faster.

Claim. P{E} < 1/4.

Proof. We shall define two sequences p; ; and ¢; of probabilities, corresponding to the prob-
abilities of certain unlikely events (events that would cause faster than expected growth). We
then prove a bound on the probability of £ based on the p; ;, and g;, specifically that this
probability is at most their sum. It then suffices to bound by 1/4 the sum Zm,k Dijk + D G-

For each triple 7, j,k € Ng such that ¢ > 1,1 < j <n;—1and 0 < k < 47, we define p; ;1 to
be the probability that amongst Mi_lmfj independent copies of Z, at least Mi_lmf/ % exceed

Mi_lm?j+17k/2. We define ¢; to be the probability that Z > m?, and, for i > 2, we define ¢;
3/2

i

to be the probability that amongst M;_; copies of Z, at least one of them exceeds M;_1m
We prove the bound

P{E} = ZP{En} < Zpi,j,k + Z%ﬂ
n>1 ik i

Notice that for the event En, ,4+1 to occur, we must have

Zn, < f(Ni_1) =M;_y and Zn, 41> f(Ni_1 +1) = M;_ym?.

This in turn implies that at least one of the nodes in generation N;_; has more than Mi,lmf/ 2
children (as M;_; < ml1 / 2, see Condition 17). Thus we may bound for each i the probability
of the event En, ,+1 by q:.

Next, for n of the form N;_1 4+ j+ 1 for some i € N and 1 < j < n; — 1, we note that the

occurrence of F, implies that

Zp1 < M;_ym? and Z, > M;_ym>*>.
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It follows that for some 0 < k < 47, there are at least Mi,lmf/ 2 nodes of generation n — 1 with
more than Mi,lm?j 1=R/2 hildren. Indeed, if this were not the case, then we would have

45
Zn < Z(Mi—lmfm)(M‘—lmfﬁgp—k/g)
k=0

= (4f + 1)MPZ ym7 T2
< My_ym+ (since (4 + 1)M; 1 < 4n;M; 1 < mz/Q)-
It easily follows that P{E,} < > p<q; Pijik-

We now prove the bound 3, . pijk + ;¢ < 1/4. By the bounds (17) it suffices to prove

for each triple 7,5,k € Ny with ¢ > 1,1 < j <m; — 1 and 0 < k < 45, that
My m/?
Pig < (my/e?)~Mimmi /2 (18)

and

The bound on ¢; is trivial; since 1/(1 +¢;) > 2/3, it follows that

]P){Z > Mi—lm?/g} _ (Mi_lm?/Q)*l/(1+Ei) < mi_l'

We bound the probability p; ;. (that amongst M; ;m>’ independent copies of Z at least
2j+1—k/2

Mi,lmf/Q exceed M;_1m; ) using a union bound. By the familiar estimate (%) < (es/t)",

k/2

the number of choices of the set of M;_1m;’" copies is

Mi—lm2j 2i—k/2 k/2
7 < €m~] / Mi_lmi .
<Mi1mf/2> < ‘ )
For each copy of Z we have
P{Z > My_ym T 72} = (My_ym T H/2) =1/ (e oy =(Ri+1/2-0/2)

where for the final inequality we have used that e; = 1/(10n;) and (since 25+ 1/2 —k/2 < 2n;)

2 +1—k/2=24+1/2—k/2+1/2> (25 +1/2 — k/2)(1 + 1/(4n,)).

Thus the probability that a given set of Mi_lmf/2 copies of Z all exceed Mi_lmfﬁ_l_k/z is at
most ‘ )2

m;(2]+1/27k/2)M171m1 7
and (18) now follows by a union bound. O

Claim. ) ., P{F,} <1/4.

Proof. Our approach is similar to that used in the previous proof. For ¢ > 1 and 2 < j < 4n;,
112 copies of Z, fewer than

%

we define p; ; to be the probability that from a collection of M;_;m
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Mi,lmg /2-1/2 exceed m;. For each i > 1, we define ¢; to be the probability that the maximum
of Mimil/2 copies of Z is less than L;,;. We prove for n of the form n = N; 4+ 1 that

P{F.} < pian, + @ + Pit1,2 + Dit1,3
and for n of the form n = N; +k, k= 2,...n;41, that
P{F.} < Dit1,ak—a + Pit1,4k—3 + Dit1,ak—2 + Dit1,4k—1-

It will then suffice to bound by 1/4 the sum Z” Pij+>.;¢- Forn=N;+k k=2,...,n11,
if the event F, occurs then Zy,_4 > f(n —1) = M;m?2572 and Zy, < fln) = Mimffl. The

i+1
required bound now follows, as the probability for a given 0 < [ < 3 that [ is minimal such
that Zy4,—; < Mimf_lf_flﬂ is at most p;41,4k—i—1. The case n = IN; + 1 is similar, differing only

in that we do not consider the events Z4,,_; < Mimf_]ﬁzlm for 0 <[ < 3, but rather the events

Lgn_3 < Mimil/Q, an_o < L¢+1, an_1 < Li+1m;/2 and Zy4, < L7;+1mi.

Finally we prove the bound >, ;pij + >, ¢ < 1/4. It is trivial, using the inequality
(1—p)™ < e7P", that ¢; < exp(—4/m;). To bound p; ; we first note that P{Z > m;} > 1/M;_1,
so from a collection of Mi,lmg /2 copies of Z the distribution for the number exceeding m;
is Bin(Mi,lmgm, 1/M;). Since this binomial has expected value mg/Q > 2Mi,1mg/2_1/2, an

application of Chernoff’s inequality yields

_mi?
Dij < exp( 81 )

The proof of Theorem 6.1 is now complete. O

The proof of Theorem 6.2 is essentially identical to the above. The only change required is
that the following extra condition should be included in (17):

m; > m<axs(n) 1> 1.
This ensures that the inequality f(n) > s(n) holds for all n € N. Since the proofs that f is

a speed of Z and that Wix(Z) # Wys(Z) are unaffected by this change, Theorem 6.2 does
indeed follow.

7 Limit theorem in the case of no explosion

So far we only considered the appearance of the event of explosion. In this section, we consider
the case of weight distributions for a heavy-tailed branching random walk for which explosion
does not happen, and obtain a precise limit theorem for the minimum displacement M, under
some quite strong (smoothness) assumption on the tails of Z. To explain this, let Z be a plump
random variable, and denote by Gz(.) the moment generating function of Z as before. Note
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that

Kz(s)=1-Gz(1—s)= Z(IP’{Z =k} — (1 - s)*P{Z = k})

k=0

= SiP{Z: Ey1+---4+(1 *S)kfl)
k=1

s(l—]P’{Z:O}+§:(1—s)k(l—Fz(k:))). (19)

k=1

Consider now the smoothness Condition 5 on Z:
1— Fy(k) =k k),

for some function ¢ which is continuous-bounded-and-non-zero at infinity. In particular, note
that one can define ¢(c0) # 0, 00. Using Equation (19) and applying a Tauberian theorem (see
for example Feller [18, XIIIL. 5, Thm. 5]), we see that Condition 5 is equivalent to the condition

Kz(s) ~ as"ﬁ(é) (*)

near s = 0 for some a > 0 (indeed, a = T'(1 —n)). This in particular implies that Z is plump
and

1 -
F7H 1 — =) =m!(m), (k)
m
for a slowly growing function ¢ and 1+ € = n~'. We have

Theorem 7.1. Let Z be an offspring distribution satisfying (). Let W be a nonnegative weight
distribution and assume that W ¢ Wix(Z). Conditional on the survival of the Galton-Watson
process,

M,
lim =1.

oo 3k Byt (i)

Here h(k) = exp( (1 +€)*), where € is as in (xx) and n= (14 ¢€)~" as in ().

The proof will essentially use the algorithm we presented in Section 3. However, we first
need to obtain a more precise information on the speed of the Galton-Watson tree under
Condition (x).

Definition 7.1 (Additive speed). An increasing function i : N — R™T is an additive speed for
a Galton-Watson offspring distribution Z if the probability of the increasing events F, defined
as

E, = { h(n—1r)<Z,<h(n+r) for all large enough n }

tend to one as r goes to infinity conditional on survival.

Lemma 7.2. Let Z be an offspring distribution satisfying Condition (x). Then the function
h:N— RT defined by h(n) = exp((1+€)*) is an additive speed for Z.
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Proof of Theorem 7.1. Since h(n) is an additive speed for Z, we obtain by Lemma 7.2 that
conditional on survival,

lim P{E,} = 1.

r—00

Fix the integer r and suppose the event E,. holds. This means Z,, < h(n+r) for large enough
n. This implies that the minimum of level n is at least Fy;'( h(++r)) for all large enough n.

Since by our Equivalence Theorem we have a.s. Y Fy' (1/h(n)) = co, we obtain

M, = liminf My, >1
oo Y Ful (i) e Y B )

on E,.. We infer that on the union of F,, i.e., on the event of non-exctinction, we have

M,

lim inf T > 1.

n=oo Y P (i)

We now show that on the union of E,, we have

M,
lim sup <1.

nooo Yioa Byt () ~

This will finish the proof of the theorem above.

It will be enough to show this on each E,.. In addition, we can also fix an ng and suppose
that for all n > ng, we have Z,, > h(n — r) (and then make ng tend to infinity). Fix a small
§ > 0. One can now apply a variant of the algorithm of Section 3, by modifying « to (1+¢)~?,
started at some large N > ng, and show that w.h.p., as N goes to infinity, we have for all
n > N, X, > h((1 —9)n) (this follows from a variant of the inequalities (12) and (13)). In
addition, given the double exponential growth of h(n), a union bound argument shows that
we can assume with height probability that for large enough n, the weight of the n-th edge on
the path constructed in the algorithm is bounded above by Fy,'(1/h((1 — 26)n)). Applying
now the Equivalence Theorem, since both M, and 22:1 Fv}l (m) tend to infinity, we
obtain that

M,
lim sup <1

naoo Yopoy By (mrsemm)

Since this holds for any small enough § > 0, and since the function Fy,'(1/m) is a decreasing
function of m, a simple argument shows that

M, - M,
lim sup = lim lim sup <1.

n—oo 22:1 Fv;/l(ﬁ) 020 n—oo 2:1 Fﬁl(m) B

The theorem follows. O

Proof of Lemma 7.2. Under some extra conditions on £ as in Seneta [31] or [32], a combination
of the results of Darling [14] and Cohn [13] with the above mentioned results of Seneta [31, 32]
ensures the existence of a limiting random variable V' such that

(14+¢e) "log(Z,+1) =V almost surely,

28



for V' having a strictly increasing continuous distribution v, V' > 0 a.s. on the set of non-
extinction of the process, and v(04) = ¢, where ¢ is the extinction probability of the Galton-
Watson process. In the general case of a function ¢ continuous bounded and non-zero at infinity,
the above limit theorem still holds as we now briefly explain by following closely Bramson’s
strategy in [10]. Define o = 1+¢ = n~!. The general idea in proving such a limit theorem is to
prove first the convergence of the sequences K () (exp(—a"s)) uniformly on compact sets. Here,
KM () = K(Z")(~) = Kz, (-) is the n-times composition of Kz (and K is as in Equation (19)).
For this, define
H(s) := —log K (exp(—s)),

and notice that H(™(s) = —log K™ (exp(—s)), so that we are left to prove the convergence
of the sequence H(™ (a™s) as n goes to infinity, for s > 0.
By an abuse of the notation (from Condition (x)), assume that Kz(s) = s7((1) for a

function ¢ continuous bounded and non-zero at infinity, and define

L(s) = —log £(exp(s)).

By the assumptions on ¢, it follows that L is continuous at infinity and L(co) # fo00, and so for
each a > 0, there is an N, such that for s; and s, larger than N,, we have |L(s1) — L(s2)| < a.
A simple induction shows that

H(m) (™

(—DFL( HE=D(am—Ftlg) ), (20)
( )

By the definition of H, one can easily verify that H is 1-Lipschitz, i.e.,

for any two s1,s2 > 0, |H(s1) — H(s2)|] < [s1— s2].

We now show that the sequence {H((a"s), n € N} is Cauchy, proving the point-wise
convergence. The same argument shows that the sequence is uniformly Cauchy on compact
intervals of [0, 00) concluding the proof of the uniform convergence.

Fix a large m € N and note that replacing s by a"s in (20), we get

_1)kL ( k1) (a’rrL—k+1+ns) ) .

m
H ™) (a”+m3) —a"s+ Z T
k=
We claim that as n goes to infinity each term H®*~1 (a@m—k+1+n5) tends to infinity. Indeed,
more precisely, the rate of convergence to infinity of this term is as a®*™~2k+25 1 O(1); this
can be shown by a simple induction from (20), using the bounded continuity of L at infinity.
For two fixed m and M, we have

H(m) (an-‘rms) _ H(M) n+M g ‘ ‘Z — (H(k—l)(am—k+1+ns))
k=1
M
Z aM k (H(k—l)(awl—k+1+ns)>’.
k=1

For n large enough, we can assume that each term L(H*~1) (alm=k+141)5)) differs from L (o)
by an arbitrary small positive number a. It follows then
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1 Mo
amfk +ZaMfk i|

m
k=1 k=1
m

1 Moo
e (—1)FL(oo) =) e (—=1)*L(c0)|.

H™ (anFms) — H(M)(O/H'Ms)‘ <a [

k=1 k=1

Since a > 0 and L(c0) < oo, and a can be chosen arbitrarily small, obviously the right term
of the above inequality can be made arbitrarily small, provided that n is sufficiently large and
the constants m and M are large enough. We conclude that for any a > 0, there exist integer

constants N, and M, such that
’H("+m)(a"+ms) _ H(”+M)(a"+Ms)| |H(m)<an+m8) _ H(M)(O/H'Ms)‘

a

IA A

for any n larger than N,, provided that m and M are larger than M,. This shows that the
sequence is Cauchy. In the same way, we can easily prove that the sequence is uniformly
Cauchy on compact subsets of [0, 00). This shows the existence of a continuous limit w for the
sequence H(™ (a"s).

We now show that w is strictly increasing and w(oc) = oo. For this, note that for s < sa,
the above arguments show that for large enough m and n, one has H™) (a+™s;) = a"s;+0(1).

In particular for n large enough constant and for all m, H™ (a"*™sy) — H™) (a"+™s;) >
1
2
w is strictly increasing. A similar argument shows that w(oco) = oc.

Finally, we observe that w(0%") = —log(1 — ¢). This follows from a simple fixed point
argument: fix an s > 0 and note that

a™(sg — s1). Since H is itself strictly increasing, and so H™) is, one conclude that the limit

w(0+) = lim w(a™™s) = lim lim H™ H®™) (q""™my)

m—0o0 m—00 N—>00
= Tim H™ (u(s))

by the continuity of H(™) for each fixed m.

Since H™ (w(s)) = —log K(Zm) (exp(—w(s))) and w(s) > 0, it follows easily that for each
s > 0, when m goes to infinity, H(™ (w(s)) tends to the unique finite fixed point of H. This
is —log(1 — ¢), a consequence of the corresponding statement for K (m) given that the unique
fixed point of Kz in (0,1) is 1 — q.

These then allow us to conclude the proof of the above convergence result by first proceeding
as in Darling [14] to obtain the convergence in distribution, and next by applying the result of
Cohn [13] to obtain the almost sure convergence.

To conclude the proof of the lemma, note that for two constants §, A > 0, § < A, the event
Esa = { 0(1+e)" <log(Z,+1) <A(l+e¢€)" for large enough n }

happens with a probability tending to 1 — ¢ as § — 0 and A — co. For two fixed constants §
and A, we have for r large enough, (1+¢)™" < § and (1+¢€)" > A. This shows that the event
Es A is contained in the event E,. for r sufficiently large, and the lemma follows. O
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8 Conclusion

We have proved the equivalence of Wix(Z) and Wys(Z) for plump offspring distributions Z,
and shown that the plumpness condition is essentially best possible, in terms of conditions of
the form Fz(1 —1/m) > g(m). However, this is very far from being a characterization of all
offspring distributions for which explosion and min-summability are equivalent. For example,
a simple adaptation of the proof of the Equivalence Theorem shows that Wix(Z) = Wys(2)
for Z defined by

1
IP’{Z > mexp (exp (loglogm — /loglogm + %logloglogm>)} = —.
m

The function

is a speed of Z. This illustrates that the equivalence can occur for distributions with speeds
very much slower than doubly exponential. By contrast, any plump distribution has a speed
that grows at least as fast as a double exponential.

We remark that the above example is extremely close to best possible. It follows from
Proposition 6.4 that the equivalence cannot hold for an offspring distribution which has a
speed of the form

Fln) = e

We do not know how general the equivalence of Wgx(Z) and Wys(Z) should be when Z
has speed slower than doubly exponential. Obtaining a complete characterization of offspring
distributions where equivalence occurs remains an interesting open question.

Acknowledgements The paper was conceived during two consecutive meetings at the Bel-
lairs Institute in Barbados in 2008 and 2009. Discussions with Ralph Neininger regarding
the limit law of M,, are gratefully acknowledged. We are grateful to the anonymous refer-
ees for their constructive comments and suggestions which helped to significantly improve the
presentation of this paper. We thank Vladimir Vatutin for making us aware of the refer-
ences [33, 34, 19, 35, 36, 37, 38].

References

[1] Addario-Berry, L. and Reed, B. (2009). Minima in branching random walks, Ann. Appl.
Probab. 37 1044-1079.

[2] Aldekon, E. (2011). Convergence in law of the minimum of a branching random walk,
preprint. http://arxiv.org/abs/1101.1810.

[3] Aidekon, E., Shi, Z. (2011). The Seneta-Heyde scaling for the branching random walk,
preprint. http://arxiv.org/abs/1102.0217.

[4] Athreya, K. B. and Ney, P. E. (1972). Branching Processes. Die Grundlehren der mathe-
matischen Wissenschaften 196. Springer-Verlag, Berlin.

31


http://arxiv.org/abs/1101.1810
http://arxiv.org/abs/1102.0217

[5]

[14]

[15]

[16]

[17]

[18]

[19]
[20]

Bachmann, M. (2000). Limit theorems for the minimal position in a branching random
walk with independent logconcave displacements. Adv. in Appl. Probab. 32 159-176.

Biggins, J. D. (1977). Martingale convergence in the branching random walk. J Appl.
Probab. 14 25-37.

Biggins, J. D. (1990). The central limit theorem for the supercritical branching random
walk, and related results. Stochastic Process. Appl. 34 255-274.

Biggins, J. D. (1992), Uniform convergence of martingales in the branching random walk.
Ann. Probab. 20, 137-151.

Biggins, J. D. and Kyprianou, A. E. (1997). Seneta-Heyde norming in the branching
random walk. Ann. Probab. 25 337-360.

Bramson, M. D. (1978), Minimal displacement of branching random walks. Zeitschrift fiir
Wahrscheinlichkeitstheorie und verwandte Gebiete 45 89-108.

Bramson, M. D. and Zeitouni, O. (2009). Tightness for a family of recursive equations.
Ann. Probab. 37 615-653.

Bramson, M. and Zeitouni, O. (2007). Tightness for the minimal displacement of branching
random walk. J. Stat. Mech. Theory Exp. 7 P07010 (electronic).

Cohn, H. (1977). Almost sure convergence of branching processes. Z. Wahrscheinlichkeit-
stheorie verw. Gebiete 38 73-81.

Darling, D. A. (1970). The Galton-Watson process with infinite mean. J. App. Prob. 7
455-456.

Dekking, F. M. and Host, B. (1991). Limit distributions for minimal displacement of
branching random walks. Probab. Theory Related Fields 90 403-426.

Durrett, R. (1983). Maxima of branching random walks. Zeitschrift fiir Wahrscheinlichkeit-
stheorie und verwandte Gebiete 62 165-170.

Doney, R. A. (1984). A note on some results of Schuh. Journal of Applied Probability 21,
192-196.

Feller, W. (1970). An Introduction to Probability Theory and its Applications. Vol. 2.
Wiley, New York.

Gel'fond, A. O. (1967). On a uniqueness theorem. Mat. Zametki. 1 321-324.

Grey, D. R. (1989). A note on explosiveness of Markov branching processes. Advances in
Applied Probability, 21, 226-228.

Hammersley, J. M. (1974). Postulates for subadditive processes. Ann. Probab. 2 652-680.

Harris, T. E. (1963). The Theory of Branching Processes. Die Grundlehren der Mathema-
tischen Wissenschaften 119. Springer, Berlin.

32



[33]

[34]

[35]

[36]

[37]

[38]

Hu, Y. and Shi, Z. (2009). Minimal position and critical martingale convergence in branch-
ing random walks, and directed polymers on disordered trees. Ann. Probab. 37 742-789.

Kallenberg, O. (1997). Foundations of Modern Probability. Springer-Verlag, New York.

Kaplan, N. and Asmussen, S. (1976). Branching random walks. II. Stochastic Process.
Appl. 4 15-31.

Kingman, J. F. (1975). The first birth problem for an age-dependent branching process.
Ann. Probab. 3 790-801.

Kolchin, V. F. (1986). Random Mappings. Optimization Software Inc., New York.

McDiarmid, C. (1995). Minimal positions in a branching random walk. Ann. Appl. Probab.
5 128-139.

Petrov, V. V. (1975). Sums of Independent Random Variables. Springer-Verlag, Berlin.

Schuh, H.-J. (1982). Sums of i.i.d. random variables and an application to the explosion
criterion for Markov branching processes. J. Appl. Prob. 19 29-38.

Seneta, E. (1969). Functional equations and the Galton-Watson process. Adv. Appl. Prob.
1 1-42.

Seneta, E. (1973). The simple branching process with infinite mean. 1. .J. Appl. Prob. 10
206-212.

Sevast’yanov, B. A. (1967). On the regularity of branching processes. Mat. Zametki. 1
53-62.

Sevast’yanov, B. A. (1970). A necessary condition for the regularity of branching processes.
Mat. Zametki. 7 389-396.

Vatutin, V. A. (1976). A condition for the regularity of the Bellman-Harris branching
process. (Russian) Dokl. Akad. Nauk SSSR 230 1 15-18.

Vatutin, V. A. (1987). Sufficient conditions for the regularity of Bellman-Harris branching
processes. Theory Probab. Appl. 31 50-57.

Vatutin, V. A. (1996). On the explosiveness of nonhomogeneous age-dependent branching
processes. Theory Probab. Math. Statist. 52 39-42; translated from Teor. Imovir. Mat.
Stat. No. 52 (1995), 3740 (Ukrainian).

Vatutin, V. A. and Zubkov, A. M. (1993). Branching processes II. Probability theory and
mathematical statistics, 1. J. Soviet Math. 67 3407—-3485.

33



	Introduction
	Preliminaries
	Proof of the Equivalence Theorem
	Equivalent conditions for min-summability
	Second proof of the Equivalence Theorem
	Sharpness of the condition in the Equivalence Theorem
	Limit theorem in the case of no explosion
	Conclusion

