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Abstract

The presence of small inclusions or of a surface defect modifies the solution of the
Laplace equation posed in a reference domain . If the characteristic size of the per-
turbation is small, then one can expect that the solution of the problem posed on the
perturbed geometry is close to the solution of the reference shape. Asymptotic expan-
sion with respect to that small parameter —the characteristic size of the perturbation—
can then be performed. We consider in the present work the case of two circular de-
fects with homogeneous Dirichlet boundary conditions in a bidimensional domain, we
distinguish the cases where the distance between the object is of order 1 and the case
where it is larger than the characteristic size of the defects but small with respect to
the size of the domain. In both cases, we derive the complete expansion and provide
some numerical illustrations.

Keywords: perforated domain, Dirichlet boundary conditions, asymptotic expansion.

AMS Subject Classification: 35B25, 35C20, 35J05.

1 Introduction

The presence of small inclusions or of a surface defect modifies the solution of the Laplace
equation posed in a reference domain €2y. If the characteristic size of the perturbation
is small, then one can expect that the solution of the problem posed on the perturbed
geometry is close to the solution of the reference shape. Asymptotic expansion with
respect to that small parameter —the characteristic size of the perturbation— can then be
performed.

The case of a single inclusion w, centered at the origin 0 being either in gy or in 9,
has been deeply studied, see [19, 20, 14, 15, 22, 8, 9]. The techniques rely on the notion
of profile, a normalized solution of the Laplace equation in the exterior domain obtained
by blow-up of the perturbation. It is used in a fast variable to describe the local behavior
of the solution in the perturbed domain. In usually dealt situations that is for Neumann
boundary conditions in dimension greater than two and Dirichlet boundary condition in
dimension greater than three, convergence of the asymptotic expansion is obtained thanks
to the decay of the profile at infinity.
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The case of several inclusions was considered for example in the series of papers of A.
Movchan and V. Maz’ya [17, 18] where an asymptotic approximation of Green’s function
is built and justified in a domain with many inclusions. The points where the inclusions
are centered are fixed in those works. In [7], the Neumann case where the distance be-
tween the holes tends to zero but remains large with respect to their characteristic size
was investigated for two perfectly insulated inclusions: a complete multiscale asymptotic
expansion of the solution to the Laplace equation is obtained in a three scales case. In
[10], A. Friedman and M. Vogelius consider the case of a finite number of inhomogenieites
for the transmission problem for inclusions of 0 and infinite conductivity.

We consider in the present work the case of two defects with Dirichlet boundary condi-
tions in a bidimensional domain. It differs from the infinite conductivity case that imposes
a constant potential on the inhomogeneity, here we impose in addition that this constant
is zero. This assumption changes the behavior of the solution: logarithmic terms appear.
Having in mind functionals involving values taken by the solution both near and far from
the inhomogeneities, we are interested in providing a complete asymptotic expansion valid
in the H! sense. The closely related question of pointwise estimates for the gradient of the
solution in the case where two adjacent conductivity inclusions are nearly touching was
also intensively studied recently, see [5, 6, 2] for example.

We assume that the defects we are considering are disks. We make remarks about
general geometries along the text. Let €y be a bounded domain of R? containing the
origin 0. For £ > 0, small enough, we define the perturbed domain 2. as

Qe = Q\(wz vw?), with w? =2F +eB(0,1), (1.1)

where xF = +1.d with a given unitary vector d, and a real number 7. Shortly, Q. consists
of Q from which two e-disks at distance 27, have been removed. We aim at building an
asymptotic expansion of the solution u. of the Laplace problem in €.:

-Au., = [ in Qq,
Ue 0 on 0%y, (1.2)

u. = 0 on Jw?,

for some C* datum f whose support does not contain the origin 0. The regularity of f
can be weakened to obtain expansions of the solution u. at fixed orders.
We will consider two unstudied cases: 7. is constant and 7. = ¢* for a € (0,1):

e In the first case, we are considering two small holes of size € around two fixed points
A and B and the distance between both is hence fixed. For the cases of Neumann
boundary condition or of Dirichlet boundary conditions in dimension at least three,
this cases can be treated by separating each hole through cut-off functions and hence
reducing it to the single inclusion case. Here, the presence of the logarithmic term
prohibits this approach and the interaction between the holes has to be studied.

e In the second case, the distance between A and B collapses to 0 with ¢ like €%, that
is to say slower than the size € of the inclusions. The interaction between the two
holes are then stronger and we will prove that the leading order of the asymptotic
expansion is then modified.

This work is hence organized as follows. In a first section, we consider the well studied
case of a single inclusion. We explain why the usual method fails in this case, we reformu-
late ideas of presented in [19, 20, 17] in order to explain both the strategy we shall follow
in the cases of two inclusions and the difficulties we will have to face. In a second step,



we consider the case of two defects around two fixed points. We then consider the case of
weakly interacting defects: that is to say the distance between the centers of the defects
is not fixed but varies like €* with the small parameter €, we show that the structure of
the expansion is modified by this interaction.

2 Single inclusion case

2.1 Default of the usual method

We consider a smooth bounded domain €2y such that the origin is contained in g. Let
f €C>®(Qp) be such that 0 ¢ suppf. For ¢ small enough such that eB(0,1) nsuppf = @,
we define a perturbed domain

Q. = Qo\we with  we:=eB(0,1).
We are interested in describing wu. the solution of

{—Aus = f in Q

Ug 0 on 09.. (2.1)

Since the H!-capacity of w. tends to 0 as € tends to 0 (like 1/In¢), the function wu. tends
to ug defined as the solution in the unperturbed domain:

{—Auo = f in Qy,

ug = 0 on 09Q. (2.2)

To catch the asymptotic of u., let us study the error rg = ue — ug. It solves

-Ar? = 0 in Q,
0 = 0 on 08,
r —ug on Owe.

€

The solution ug of the unperturbed problem (2.2) is analytic inside €y. Hence, it can be
approximated in the vicinity of the origin by its Taylor expansion:

k

uo(z) = up(eX) = ug(0) + ¥, DFup(0)[X, ..., X]°

—, Vr=eX € 0we.
k>1 k! )

Each term of this expansion can be seen as an error of order k: the usual idea to improve
the expansion of u. is now to lift in an harmonic way each term. In the 3-dimension
case or for Neumann boundary conditions, this asymptotics analysis is well studied (see
for example [19, 20, 7]...). The key point is the notion of profile, a normalized solution
of the Laplace equation in the exterior domain obtained by blow-up of the perturbation.
It turns out that profiles tend to 0 at infinity at least in the above mentioned cases. In
the converse, for the case considered here (Dirichlet condition in dimension 2), the crucial
property is not satisfied: it supposes that the boundary value problem

-AV = 0 in R?\@,
V = up(0) on dw, (2.3)
V - 0 at infinity,

has a solution. Here w is a smooth bounded domain of R?. Unfortunately, this is not
the case except when u(0) = 0. The classical analysis of elliptic equation in unbounded



domain is made in the functional setting of weighted Sobolev spaces, see [3]. It is known
that (2.3) has a unique solution in a space containing the constants, hence this solution is
the constant ug(0) which prohibits the condition at infinity if u(0) # 0.

The existence, uniqueness and behavior at infinity of the solution for a general bound-
ary condition in HY 2(0w) is given by the following Lemma.

Lemma 2.1 1. Letw be a smooth bounded domain of R? with 0 € w. Let f ¢ H/?(dw).
Then the boundary value problem

-AV
%
admits a unique weak solution V' in the variational space

Wi (B\B) - {

0 inR:\w,

f onow, (2:4)

S+ XD+ X)

e L2 (R*\@) and Vu e Lz(RQ\w)} .
2. Furthermore, the solution V' can be decomposed

V(X) = Vo+ 3 Vi(X) + 0w (|1X[),
k=1
where Vy is a constant and Vi,(X) = Vi(0)|X|™* where 6 is the usual polar angle and
Vi € Span(cos k6, sin k).
3. If w is the unit ball B(0,1), and if fazs(o,n f =0, then the solution V reads

ai(f)coskl + by (f)sinko
rk '

V(X) =Y Vi(X) + O (IX|™)  with  Vi(r,0) =
k=1
In particular, there exists a constant C' such that

vixX)<S and \VV(X)]S%.

Proof:
1. This result is proved by Giroire in [13].

2. The solution V has a trace on the circle 0B(0, R) such that w c B(0,R). Let us
decompose this trace in Fourier series:

v(0) = ap(v) + Y. (ar(v) cos k + by (v) sinkd).
k>1

The restriction of V' to the complement R?\B(0, R) solves

-AV = 0 inR%\B(0,R),
V = v ondB(0,R),
and hence reads
Rk
V(r,0) =ao(v) + Y (ax(v) coskf + by (v) sin k@)—k.
k>1 r

This satisfies the announced statement.

3. Tt suffices to check that ag(v) = 0.



2.2 First term in slow variable with the logarithmic solution

We are in the situation where the boundary value problem (2.3) defining the corrector has
in general no solution. To circumvent this obstruction, the logarithmic solution has to be
considered. However, it tends to infinity at infinity, it is not of finite energy in R?\@w and
has to be considered only in £2y. Its trace on 9€)y is of size one and has to be corrected.
That is why we introduce the function w defined as the solution of

(2.5)

-Aw = 0 in Qg,
w(xz) = Inlz| for x e dyp.

The idea is now to combine the logarithmic solution and the lifted w to build a corrector

incorporating the scales 1 and . To build this corrector, we search coefficients a(e) and
b() such that r! defined by

us(z) = ug(x) + ale) In|z| + b(e)w(x) + r;(x),

is reduced with respect to 70 := u. — up. The remainder r} satisfies

-Arl =0 in Q.,
ri(z) = —(a(e) +b(e)) In|z| on 99,
ri(z) = -uo(z)-al(e)ln|z|-b(e)w(xz) on dw..

For x € 9€)y, we have
ri(z) = o(1) < a(e) + b(e) = o(1).
For z € Jw,, there exists X € 9B(0, 1) such that x =X and we have
ri(z) = o(1) < uo(0) + a(e) Ine+w(0) b(e) = o(1).

Hence we solve the linear system in the unknowns (a(e),b(¢)):

a(e)+b(e) = 0,
a(e) Ine+b(e) w(0) = -up(0),
to set 1
=—— up(0 d b(e) = —————up(0).
a(€) w(0) - lneuo( ) an () w(0) - lnsuo( )
A new scale appears:
1 -1 1
he=—— = —— — - 0. 2.6
° w(0) -Ine lns+ (1n26) we (2:6)
We define the normalized corrector tv as
w(x) =Inlz| - w(x). (2.7)

Remark 2.2 This construction is performed in the case of a disk where |x| = € for x € edw.
In the general case, w is not a ball and In|x| + Ine for all x in edw and one has to add
correctors as performed by Maz’ya et al in [19, Section 2.4, p. 60-64]. This correction of
Ine is of order zero, is then negligeable with respect to the logarithmic term. The linear
system in (a(e),b(g)) remains unchanged and so h. is still the same rational fraction in
Ine. As the formula |z| = € is not exact, some new correctors will appear in the asymptotic
expansion at following order to recover the mismatch in the Dirichlet boundary condition
on Owe.



Remark 2.3 Let us remark that Aw = 2mwdy in D'(Qo) and w =0 on 9. It is a type
of Green function for the domain y. Let us emphasize that this function vo is defined on
Q. and can not be defined in either Qq, either R\@, the limit domains where the usual
correctors are defined: the usual correctors in the slow variable x are defined on €y while
the correctors in the rescaled variable x/e are defined in R?\@.

We approximate u. by
ue(x) = up(x) + up(0)w(z) he + 7:; ().
2.3 Second term in fast variable

We check that the remainder 7. satisfies

~AFL = 0 in .,
o= 0 on 08,
—ug —up(0)w he  on Jwe.

<
1]

The functions ug and w are analytic in the vicinity of 0. Hence, for z = ¢ X € dw., we have

gk
il(z) = -up(0) - DFup(0)[X,... X5
k>1 k!
~up(0) [Ine +In|X| - w(0) - 3 DFw(0)[X,... ,X]Z—]T he
k>1 :
= = DFug(0)[X, ... ,X]i ~up(0) In | X|he +uo(0) > D*w(0)[X, ... ,X]hsi.
k>1 k! k>1 k!

There are two kinds of terms:

e the terms coming from Taylor expansions at the origin 0 of functions (ug, w) defined
as solution of a Laplace boundary value problem posed in €,

e the term in In|X| which provides information about the geometry of the inclusion
w. Notice that if w is not a ball, we have terms of order O(1) that we have to lift at
the following step.

All these terms are zero mean value on Ow.. They can be lifted by using Lemma 2.1.
Since we made the assumption that w is a unit ball B(0,1), the term In|X| cancels.
Thus the remainder 7! reads for z = eX € dw.:

@) = Y up(X) e+ 3 wi(X) hee”,
k>1 k>1

with

1 0
uy, = ——D*ug(0)[X,..., X] and w = Uok(' )

7l D*w(0)[X,...,X].

Each appearing term in the remainder f; is a homogeneous harmonic polynomial. Hence
the mean value property insures that faB(o 1) Uk = 0 and faB(o 1) Wk = 0. Then Lemma 2.1



(point 3) can be applied. We set Uy ; and W}, ; the solution of problem (2.4) with v = uy,
and v = wy, respectively. These functions can be decomposed as

a;(ug) cos jO + b;(ug) sin j6

ko .
Uk (X) :;Uél(X) with Ug}l(rﬁ) = v , (2.8)
k ) ) ; i0+b. in 6
Wer(X) =S Wi (X) with Wi (r,0)= a; (i) €08 ? s(wR)singd o g
=1 ’ "
We then approximate u. by
ue(x) = up(x) + up(0)ro(xz) he + Z Ur1(%) ek 4 Z Wkl(f) hee® + ff(m)
k>1 k>1
2.4 Third term in slow variable
We have now to study the remainder 7#2. It satisfies
-AF? = 0 in Q.,
P2o= =y Upa(%) e = Y Wi (£) hee® on 09, (2.10)
k>1 k>1
72 =0 on Ows.

According to decomposition (2.8) and (2.9), the traces TU,Z , and TWIZ L on 99 of the
functions Ug (%) and ijl(g) satisfy

\|TU;g,1||H1/2(aQO) = O(¢') and ||TW;f,1||H1/2(aQO) = O(¢').
Then, we get

ITUk 1

H1/2(890) = 0(6) and ||TW7€71”H1/2(8QO) = 0(8) (2.11)

We now lift these functions in slow variables and define uj; and wy; as the solution of
the normalized problems:

0 in Qo, —Awkﬂ

-1 and
— TUy,1 on 09y, W1
€

_Auk,l 0 in Qg,

-1
Uk,1 ? TW]@J on 8(20

We can read wu,:

us(x) = up(@) + he ug(0)0(2) + 3 U1 (2) €+ 5 Wi 1 () hee®
k>1 k>1

+ Y w11 (w) €+ Y w11 (@) hee® + 72 (2).
k>2 k>2

2.5 Ansatz of asymptotic expansion

We inject the remainder fg’ in the equation and obtain:

~AF = 0 in .,
=0 on 0o,
~3  _ k k
e = - Z Up-1,1 € — Z wy-1,1 hee”  on Ows.
k>2 k>2



The function wuy; and w1 have a value at 0 which is a priori not 0. This suggests to
mimic the approach already used to start the asymptotics and to define 77? by:

us(z) = up(z) +up(O)w(x) he+ Y Up1(L) e+ Y Wi1(L) hee

k>1 k>1
+ > up-11() e+ > wi-11 () hee®
k>2 k>2
+ > w11 (0)0(2) hee® + 3 wio11(0)0(z) hZeF + 7 (z).
k>2 k>2

This justifies the ansatz

ue(z) = ug(z) + uo(0)ro(z) he + Z ajpro(x) hick
1,k>2

o Vi) bl v 3 wu(a) RleF, (2.12)
7=20,k>1 j>0,k>2

where any coefficient «;;, and any functions Vj; and v; are obtained by reiterating the
previous steps.
2.6 Justification of the order of convergence

Now we have to justify this formal expansion by using an a priori error estimate. Let us
introduce the remainder of the asymptotic expansion truncated after the order h;’ ek

re (@) = ue(w) — uo(w) — uo(0)w(2) he - > ajyro(z) hiek
(4,k)eK g i ,j>1,k>2

+ 3 Vik(Z) hick + D vjp(x) hie”,

(4,k)ek 5,k k21 (4,k)eK 5, i k22

with
Kk ={(j,k)eN*;k<K or k=K and j < J}.

By construction, rg] K is harmonic.
By the definition of the trace space of H'(£2.) with the norm
| lme oy = mf{ g ouy;w e HY () with w = f on 09},

we have
JK _ LK
lre I oy = 12 lrm .-
The equality holds when u is harmonic since its achieves the infimum in the definition of
the TH! norm. To overcome the difficulty to evaluate the TH! norm of a given function,

we also define the intrinsic Sobolev space H'/2 of the boundary of an e-dependent domain
Q. as a subspace of L2(9€.) with finite norm

| 2 o0,y = 1 flrz@a.) + [fl200.

£ (@) - FW)P
239 fmeXmE PEE dogdoy,.

with



E. Gagliardo has shown in [11] that, if the domain is Lipschitz, the two different norms
on HY? are equivalent. For a familly of domains parametrized by e, this means that the
domains should be uniformly Lipschitz with respect to €. In the case we are studying:
a single interior perturbation Q. = Qp\ws where the nucleation center 0 belongs to o,
the uniform Lipschitz property is not satisfied and the norms H'/2 and TH! may be non
equivalent.

V. Maz’ya and S. Poborchi discuss in [21, Section 4.1.3] situations where this property
is violated. The two terms in the intrinsic norm should be weighted. We quote their result
once adapted to the space H/? in the case of plane domains: the trace norm | flrm .
is equivalent, uniformly in €, to the norm

(elne) ™| flrzo0.) + [Fl2.00.- (2.13)

We have now to face the question of evaluating on dwe various norm of the trace of a
function f wich is smooth around 0. Quoting [7, Lemma 3.2], if f is a smooth function
defined around 0, let M >0 be such that for all multi-indices k& with |k| < M, 0k f(0) = 0.
Then,

IN

ceM, (2.14)
C|lne|H/2eM-1/2, (2.15)

| £l eow)

IN

1 7r1 (e

with C independent of . Applying this to T‘EJ ’K, we get

7" i oy < © BTN,
Remark 2.4 Let us conclude this section by noting that the usual a priori estimates can be
applied for the second remainder rf directly since its trace on the non-uniformly Lipschitz
boundary Ow. is 0. Hence, we get directly from (2.10)-(2.11) that |r2 It (. < Ce?, that
18:

us(m) = UO(J') + ’LL()(O)I‘O(:L‘) he + U171(§) g+ Wl,l(f) hee + OH(S)(5)~

2.7 Numerical illustration

In this subsection, we illustrate the contribution of the first two terms of the expansion
(2.12). For this, we choose for Qg the rectangle [-1,1] x [0,1] and we consider the

f(x) = 2(23 - x2) + 2(a1 - 1).
Then the solution ug of the problem (2.2) is given explicitely by

ug(w) = ~(af - 1)(3 ~ 22),

as illustrated in Figure 1.
For numerical computation, we take € = 1/1.57 ~ 0.0585. With this parameter, we have
-1
he ~—0.100 and — =~ —0.088.
Ine
We compute the solution u. of problem (2.1) by a finite element method using the Finite
Element Library MELINA (see [16]). The computed solution is given in Figure 2. The
difference 7“2 = ue —ug is given in Figure 3. We observe that the error is located around
the inclusion since ug does not satisfy the Dirichlet condition on the inclusion.



-1 5750E -01 -6.2500E-02

| —— e ——— |
2 SO00E-01 —1.2500€-01 0.0000E+00

Figure 1: wug

—1.1280¢ 01 -37600E-02

| = __ "}
1 S40E-01 0.0000€+00

Figure 2: w,

5.2285E-02 1.8685E-01

| . i )
—2.48526-32 12457601 24814E-01

Figure 3: First order approximation u. — ug

49197601 -8.9810E-02

[ = i
-6.9315E-01 ~2.8079E 01 1.1S7E-01

6.2555E-02 1.8787E-01 5 4347E-02 1.6484E-01

| — | | —— |
-1.2184E-13 TaS11E-01 2.5022E-01 -1 0702E-13 T0989E~01 2.1979E 01

(b) uo(0)w he (¢) ~uo(0)w /Ine

Figure 4: Second term of the expansion
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Let us know observe the effect of the second term of the asymptotics. We compute an
approximation of the function w, solution of (2.5) on Qg by a finite element method, see
Figure 4(a). The second term x — ug(0)ro(w) he = uo(0)(In|z|—w(x)) h. of the expansion
is computed in Figure 4(b). We add the first two terms of the expansion in Figure 5(a)
with the scale h.. We then compute the second remainder 77; = ue — ug — up(0)w h in
Figure 5(b). We observe the error is now located between at the middle of Q. far away
the boundary.

61092603 —20364E-03
__ .
~40728E-03 0.0000E+00

L |
-7.0015E-02 22099E-03

(a) uo +uo(0)w he (b) ue —uo —uo(0)w he

Figure 5: Second order approximation ug + ug(0)w he

If we replace the asymptotics scale h. by its first order expansion —1/Ine, we change
the second term of the expansion by the multiplicative term as illustrated in Figure 4(c).
If we approximate he by —1/Ine and then u. by ug —up(0)w Ine as in Figures 6(a) and
6(b), we observe that the error if located around the inclusion. We highlight the interest
of choosing the adapted scale h. and not its first order approximation —1/Ine.

—1.1305E-01 -3.7682€-02 47273603 2.1169E-02

i . [ = i )
7 595E-02 0.0000E+00 -34936E-03 1.2945E-02 2.9390E-02

(a) uo —uo(0)ro /lne (b) ue —uo +uo(0)w /Ine

Figure 6: Second order approximation ug — ug(0)w /lne

Table 1 gives the error norms when we aprroximate u. by the first terms of its ex-
pansion. As explained in Remark 2.2, the second and third columns provide two distinct
approximations of the same order in . Notice that, in the presented case of disks, h.
contains information of higher order than 1/Ine.

Ue — Up ue —ug — ug(0)to he | us —up +up(0)w /Ine
L?-norm | 7.799 e-2 6.88 e-3 6.56 e-3
H'-norm | 4.0277 e-1 2.865 e-2 5.290 e-2

Table 1: Error norms

11



3 Two separated inclusions case

Now fix two distinct points A et B in (g and set d = AB. We consider the Dirichlet
boundary value problem:

-Au. = f in €,
{ ue = 0 on 0€,, (3.1)
set in the domain:
Q. = Q\(wA Uwh), with  w?=B(A4,e) and w?=B(B,e), (3.2)
as illustrated in Figure 7. Introduce the functions w4 and wpg solutions of
Figure 7: The perturbed domain
-Awy = 0 in Qq, -Awp = 0 in Qg, (3.3)
wa(x) = Injz-A] for z €Iy, wp(x) = Inlz-B| for zedQy. '

We follow the previously introduced algorithm and seek coefficients a4(€),ba(e) and
ap(e),bp(e) so that the remainder r! defined as

us(z) = up(x) +aa(e)Infz — A+ ba(e)wa(z) + ag(e) In|z - Bl + bp(e)wp(x) + 72 (z),

is smaller than 70 = u. — ug. The function r! satisfies

-Arl =0 in €,
ri(z) = —(aa(e) +ba(e))In|z - Al - (ap(e) +bp(e))In|z - B| on 09y,
ri(z) = -up(z)-aa(e)n|z - Al-ba(e)wa(z)
—ap(e)ln|r - B|-bp(e)wp(x) on 9w uw?P).

The functions z ~ In|x — A| and  — In|z — B| defined on 9 are linearly independent
since A # B. Then for x € 0,

ri(z) = o(1) < as(e)+ ba(e)=o(1) and ap(e)+ bp(e)=o(1).
For z € w?, there exists X € 9B(0,1) such that z = A+ X and we have
ri(z) =o(1) e ug(A)+aa(e) Ine+ba(e) wa(A) +ap(e) In|d|+bp(e) wp(A) = o(1).
By symmetry, for x € dw?, there exists X € 9B(0,1) such that z = B +eX and we have

ri(z) =o(1) e ug(B)+aa(e) In|d| +ba(e) wa(B) +ap(e) Ine+bp(e) wp(B) = o(1).

12



Hence we solve the linear system in the unknowns (a4(¢e),ba(e),ap(e),bp(e)):

aa(e)+ba(e) = 0,
aB(€)+bB(€) = 0, (3 4)
as(e) Ine+ba(e) wa(A)+ap(e) In|d|+bp(e) wp(A) = -up(A), '
as(e) In|d|+ba(e) wa(B) +ap(e) lne+bp(e) wg(B) = -ug(B).
Writing ba(e) = —a4(e) and bp(e) = —ap(e), the system can be reduced to
{ as(e) (wa(A)-lne) + ap(e) (wp(A)-Inld|) = w(4), (3.5)
as(e) (wa(B)-In|d|) + ap(e) (wp(B)-lne) = wup(B). '

We set

6(e) = (wa(B)-In|d|)(wp(A4)-In[d]) - (wa(A) -Ine)(wp(B) ~Ine)

and get:
Ine —wp(B) wp(A) —1In|d|
aa(e) = -ba(e) = TUO(A)-FTUO(B),
an() = ba(e) = Ry 2 )

We check that the leading terms are the same as the ones obtained by considering a single
inclusion at A and a single inclusion at B:

-1 1 -1 1
are) = — uO(A)+(’)(E) and ap(e) = — uo(B) +O(E) ase—0. (3.6)

The presence of two defects appears in a4(¢) and in ap(e) but only in higher order term
in the asymptotic expansion of the coefficients. Setting

wy(z) =In|z - Al —wa(x) and wp(z) =In|z - Bl -wp(x). (3.7)
We follow the algorithmic method of Section 2 and approximate u. by
1

ue = ug +as(e)wa +ap(e)op +7..

Then, we check that 7. satisfies

-AFL =0 in Q.,
f; = 0 on 99,
7l = —ug—as(e)wy—ag(e)wy  on d(wt uw?).

For = A+eX e dw?, we have
lz - B =|A-B+eX|* =|d]* - 2¢(d, X) + €%,
then

Injz - Bl =In|d|+ > byp(X)e".
k>1

13



Consequently, the remainder Fi reads for t = A+eX € 8w€A

6k

e(x) = —Uo(z‘l)—ZDkuo(A)[X,...,X]E
k>1 :

k
—au(e) [mg +In|X|-wa(A) - ¥ DFwa(A)[X,... ,X]%]
k>1 :

k
~ap(z) [1n|d| + 3 b(X)e" —wp(A) - Y Dwp(A)[X, ... ,X]%] ,
k>1 k>1 !

Using (3.5) and the fact that X € 9B(0,1), we check that the terms of low order cancel

and thus, for x € 8w;4,
-1 k ek k e*
F.(z) = -> D uo(A)[X,...,X]—' +aa(e) Y. D wA(A)[X,...,X]—'
k=1 k! k=1 k!
E [bk(X) - %Dka(A)[X, » ,X]] e
k>1 :

We rewrite the remainder on dw? as

() = Y up (X)e +aa(e) Y v (X)e" +ap(e) Y wit (X)er.
k>1 k>1 k>1

By symmetry, one checks that for z = B+eX € 8wf , it holds

|z - Al=|B-A+eX|=|d]? +2(d, X) + 2,

then
Injz-Al=In[d|+ Y ap(X)e",
k>1

and for x € 8wf ,

~1 k €k k Ek

i.(z) = ->.D uo(B)[X,...,X]E +ap(e) Y, D wB(B)[X,...,X]E

k>1 k>1
1
—aa(e) [ak(X) - EDkwA(B)[X, . ,X]]sk.

k>1

We can also rewrite the remainder for = = B + X € 0w? as

i) = Y ul (X)eF +ap(e) Y vP (X)er +aa(e) Y wit(X)er.
k>1 k>1 k>1

As in the case of one inclusion in Subsection 2.3, we lift each term appearing in the
boundary of the inclusions. Thus we approximate u. by

ue(z) =up(x) +ag(e)oa(z) + ap(e)rop(x)
+ 3 (UG () €+ Vi (522) aa(e)e® + WP (522) ap(e)e”)
k>1

+ 2 (U (EE) "+ VB (EL) ap(e)e” + W EE) aa(e)e”) + 2.
k>1

14



These new correctors generate traces on the boundary 9y, exactly as in the case of a
single inclusion (see Subsection 2.4): we check that the reminder 72 is the solution of

~AF2 =0 in Q.,
2= =3 (U () - VA (ER) aa(e) + W (22) ap(e)e)
k>1
- S (UP (=) - VE(22) ap(e)e® + WIH(EEL) aa(e)e’) on 09,
k>1
72 =0 on d(wA uwP).

In particular, we get |72 It 0.y = O(£?) by the argument developed in Remark 2.4 and
the order two expansion:

ue(x) = ug(x) + aa(e)wy(x) +ap(e)wp(r)
+ (U (22) VA (E2) aale)e® + WP (22) ap(e)e®)
k>1

+ Y (U2(EE) & + VB () ap(e)e® + W (EL) aa(e)e®) + Omia.y (7). (3.8)
k>1

In the previous expansion many terms are of higher order than the remainder, we have
shown:

Theorem 3.1 The solution u. admits the asymptotic expansion

ue(x) =up(x) +ag(e)oa(z) + ap(e)rop(x)

FUD (52 e+ ViR (52) aa(e)e + WP (522) ap(e)e

+ UL (28 e+ VB(EL) ap(e)e + WEAH(EL) aa(e)e + Omi(ay (7). (3.9)

The algorithm can be continued if one wishes to obtain a higher order expansion. The
next step would be to define new correctors in slow variable in order to obtain the following
term of the asymptotics:

ue =ug +as(e)wa(x) +ap(e)wp(z)
+ 2 (U () VA (D) aa(e)e” + WP (2A) ap(e)e”)

€ € €
k>1

+ 2 (TP (EB) "+ VE(EE) ap(e)e” + W (EE) aa(e)e”)
k>1

+ 3 (uita 1 (@) € 4oty 1 (2) aa(e)e” + wit 1 (2) ap(e)e®)

k>2
B k, B k BA k), ~
+ Z (%4,1(17) € +Uk71,1(95) ap(e)e +wk—1,1($) aa(e)e )+r§’,
k>2

and so on up to the desired precision and then apply the a priori estimates. The study
made by V. Maz’ya and S. Poborchi for the case of a single inclusion in [21, Section 4.1.3]
can directly be extended to two separated holes around two fixed points and the estimates
(2.14) and (2.15) remains valid.

Another interest of this result comes from the theory of topology optimization. This
theory initiated in [23, 12] receives a tremendously growing interest. In a recent paper [4],
S. Amstuzt and M. Ciligot-Travain provide a unifying treatment of constrained shape and
topology optimization problems. The variations of shapes using the so-called speed method
as well as ‘digging holes’, the basic concept of sensitivity-based topology optimization, are
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viewed as a general way to perturb domains. To derive the optimality condition, Amstuzt
and Ciligot-Travain make a crucial structure assumption (formulae (8) and (9) in their work
[4]): an arbitrary number of topological variations should be allowed at the same time, in
other words one should be able to justify the leading terms of an asymptotic expansion
of a cost function for an arbitrary number of holes dug simultaneously in the domain.
However, the large literature on topological optimization deals with a single perturbation.
It is then important to check their assumption: for Neumann boundary conditions, it is
a consequence of the works of Maz’ya and Mochdan [17, 18]. Here, we can validate their
assumption in the more difficult case of Dirichlet boundary conditions in dimension two.
It is a corollary of Theorem 3.1: it suffices to write the leading terms in the expansion
(3.9). This term is given by (3.6) and it turns out that it is exactly the superposition of the
leading terms of the contribution of each holes considered independently. The interaction
appears at higher order in the series in 1/Ine that defined the fractions a4 and ap in Ine.
The passage to an arbitrary number of inclusions is straightforward: the main difference
is that the adapted scale h. has to be computed by solving a larger linear system than
(3.4).

3.1 Numerical illustration

We use the same function f as in the case of one inclusion. We choose
A=(-0.5,0.5) and B =(0.5,0.5).

The solution u. of problem 4.1 with & = 1/1.57 ~ 0.0585 is computed by a finite element
method and given in Figure 8(a). Table 2 gives the error norms when we aprroximate u.
by the first terms of its expansion. The first remainder 70 = u. —ug is given in Figure 8(b).

—1 3883E-01 -4.5276E-02 50320E-02 1.5098E-01

e C———___| | e —— |
1851 1E-01 ~9.2555E-02 0.0000E+00 -1 2326E-32 T00B4E-01 20128E-01

(a) ue (b) 72 = ue —up
Figure 8: First term approximation
The soution w4 of problem (3.3) is given in Figure 9(a). The second term of the expansion

as(e)toa+ap(e)op is computed in Figure 9(c). The effect of the two terms approximation
is illustrated in Figure 10.

ue —ug | ue — o —aa(e)wa—ap(e)wp | ue —uo+ 2wy + W
L%norm | 8.323 e-2 7.76 e-3 4.67 e-3
H'-norm | 4.2756 e-1 4.946 e-2 5.979 e-2

Table 2: Error norms
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0532601 17032601 —1.8274E+00 —6.0913E-01

| 2 = E | E . ==
-B.9315E-D1 —1.1750E-01 45EI5E-01 243656400 12183600 0.0000E+00

(a) wa (b) w4

4722702 1.4188E-01

[ 3 = =
~25608E-13 G .4455E-02 1.2801 E-01

(C) CLA(E)mA + aB(s)mB

Figure 9: Second term of the expansion

12704601 -3.3732E-02 69202603 59543603

| 3 = = = .
1.7504E-01 -5.0835E-02 13371E-02 13571 E-02 ~4.8750E-08 1.2396E-02

(a) Uo +aA(E)mA +a3(a)m3 (b) Ue — UO —aA(E)l‘OA —aB(s)mB

Figure 10: Second order approximation

4 Two moderately close inclusions case

We consider the Dirichlet boundary value problem

-Au. = f in €,
u: = 0 on 0,
set in the domain:
Qe = Qo\wz VW, with  w? =B(zf,e) and zf=+xe%d,

as illustrated in Figure 11. We assume that d is a unit vector.

4.1 Useful relations

In the construction of the asymptotics expansion, we need to estimate terms where are
involved distances between the center of the inclusion =¥ and a point = on the exterior
boundary 02 or on the boundary of the other inclusion w?. This subsection put together
these estimates. The beginning of this subsection is also valid for general inclusion. Nev-
ertheless the expression (4.5) is established by using Tchebychev formula which are based
on the specific geometry of a ball. In other geometries, relation (4.6) is no more available
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Figure 11: The perturbed domain

and we can not lift the terms in this way.
Let x € 0€)g, then we can write

22 _ 2 (r,d) &
|JI—IE€| = |l‘| (]_:FZ&‘aw-FW R

+ D+ ak <{L‘ d>

In|z -z = Inlz|+ ) Bj(z)e", with  Bf = Foo (4.3)

k>1 ||
Let x € QwZ, there exists X € 9B(0,1) such that z = £(¢*d + £X) and we have
E2—204
|z — x> = 4™ (1 +el™(d, X) + 1 ) :

Infz—zZ| = In(2e%)+ Y ap(X)ed*, (4.4)

k>1

Let us make the functions a; more explicit. We denote h = e cosf + %62_20‘, with 6 be
such that cos = (d, X), then

-yt ok (1-0)(j+k)

In(1+h) = Z( D Z( 1 Z cos‘ﬂag—,
k>1 k k>1 =0 47

N LI SNSRI L (k-1)! cos2k-m g

m>1 [ ]<kem (m-k)(2k—m)!l  4m-F

with m = j + k. Using the change of variables p = m — k, we have:

(k-1)! cos?hmg [i](_l)m_pﬂ (m—-p—-1)!cos™ 2P g
e (2k —m)!(m — k)! 22m-2k ~ 4 Jm—-2j) 2%

Using the Tchebychev polynomial functions (see [1, Chap. 22]), we have

(5] —p-1)!
m > (- 1yl == Doz om2 g _ cos(mp).
2 2% jl(m - 2p)!

Consequently,
(1- a)m( 1)m+1 cos(m@)
om-1 "

In(1+h)= ) e

m>1 m

18



and the function aj defined in (4.4) reads

(=1)**1 cos(k@)
k 9k-1

ap = 0. 4.6
/83(0,1)% (4.6)

4.2 First term in slow variable

ar(X) =

(4.5)

‘We observe that

As in the cases of one inclusion or two separated inclusions, we look for coefficients a.(¢)
and b(¢e) such that the remainder 7! defined by

ue(z) = ug(z) +ay(e) In|z -2t +a_(e) In|z - 27| +b(e) w(z) +rl(x),

with w defined in (2.5), is reduced with respect to 70 = u. —ug. The remainder 7} satisfies

~Arl =0 in Q,
ri(z) = -ay,(e)ln|z-z|-a_(¢) In|z - x| -b(e) In|z| on 08,
ri(z) = -uo(x)-as(e) Injz—zf|-a_(e) In|z - z-|-b(e)w(z) on dwk.

For x € 0€)y, we have
ri(z) = o(1) < as(e) +a_(e) +b(e) = o(1).
For x =e%d + X € 0w!, with X € 9B(0,1), we have
ri(x) = —up(0) + O(e*) - a,(€) Ine—a_(e) In|2e%d +eX| - b(e)(w(0) + O(Y)).

Consequently

ri(z) = o(1) = up(0) +as(e) Ine+a_(g) In2e” +w(0) b(e) = o(1).
We obtain the similar condition on dwy:

ri(z) = o(1) < uo(0) + a4 () In2e%+a_(e) Ine+w(0) b(e) = o(1).

Hence we solve the linear system in the unknowns (a.(g),b(¢)):

{ a(e) + a_(e) + b(e) = 0,

Ine ar(e) + (In2+alne)a_(e) + w(0)b(e) = -up(0),
(In2+alne) ar(e) + Inea_(e) + w(0)ble) = -up(0),
to set

ai(e)=a-(e) = uo(0) and b(e) = ~2uo(0)

2w(0) -In2-(1+a«a)lne 2w(0) -In2-(1+a)lne

As in (2.6) for the case of one inclusion, a new scale appears:

1 -1 1
he = = Ol — - 0. 4.7
° 2w(0)-In2-(1+a)lne (1+a)ln£+ (1n25) wos (4.7)

A notable point is that the coefficient @ measuring the distance between the two inclusion
appears as a multiplicative factor in the leading term of the asymptotic. The situations
of Sections 3 and 4 are drastically different.

We introduce the normalized corrector to. as

w.(z) =In|z -z +Injz - 2| - 2w(x), (4.8)
with w defined by (2.5). Then we approximate u. by

ue(z) = ug(x) + ug(0)w.(x) he + 7L (z).
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4.3 Second terms

We check that the remainder 7. satisfies

~AFL =0 in Q.,
7L = —ug(0)ro, h. on 09,
fr = —ug—up(0)w. he  on dw?.

In order to estimate the first reminder F;, we examine its traces on 9€)., that is on 0€)

and on dw?. For this, we use relations established in Subsection 4.1.
For any = € 9Qy, we can write

i(z) = Y (Bi(z) + By () hee®", Ve 00, (4.9)
k>2

with Bf = ~uo(0)Bj and Bf defined in (4.3). We have

~ €2a
||7“§ ||H1/2(BQO) =0 (_) :

Ine

Let us now look at the trace on the inclusions wZ. Let = € dw?, and X € 0B(0,1) be

such that = = +(¢*d +eX). We have .
In|z - 2%| =Ine.
Then
() = —up(z) - up(0)(Ine +In|z - 27| - 2w(z)) he.
Using Subsection 4.1, we can write relation (4.4)

In|z - zf| =In(2e%) + ) ap(X)e(tmk,
k>1

with ai defined in (4.5) and satisfying (4.6). By interior elliptic regularity, up and w are
analytic in the vicinity of 0. Then

up(z) = wup(0)+ > D"up(0)[z,...,z]

n>1
= up(0)+ Y (£1)7FC,, DI Fug(0)[X, ..., X, d, ..., ],
gzl j times k times
w(z) = w(0)+ ) D"w(0)[z,..., ],
n>1

in the vicinity of 0. For the convenience, we denote

ar(X) = _UO(O)dk(X)v
ui(X) = (170, DI Fug(0)[X7,dY],
wip(X) = (£1)72u0(0)C7, D7 w(0)[ X7, d"],

with @, defined in (4.5). Then the remainder 7! reads
Fi(z) = Y whp(X) %+ Y ap(X) hee R4 Y wE (X)) hee ™, Vo e Qw?.

J+k>0 k>1 J+k>0
(4.10)

As for the case of one inclusion, the mean value property insures that

£ -0 d / = =0.
/88(0,1) Uik a 80,1y Ik

Now we need to lift each boundary condition appearing in (4.9) and (4.10).
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e The functions Bj introduced in (4.3) to estimate the remainder on the exterior
boundary as given in (4.9) generate correctors by defined by

{—Abg = 0 in Qo, (411)

by = Bj on 0Q.

These correctors do not satisfy the Dirichlet condition on the boundary of the inclu-
sions Jw? and then generate errors on these boundaries.

e We now proceed as in the case of one inclusion when we lift u; and wi. We notice
that the mean value property is satisfied since

-0, f £ -0 and f £ =0
fazs(o,l)ak oB(0.1) Ik M Joso.ny ok

Then Lemma 2.1 (point 3) can be applied. We set Ay, U ]*k and Vj*k the solution of
problem (2.4) with v = ag, v = ujik and v = w]*k respectively:

~AA,=0 inR2%\w, ~AU%. =0 in R\w, AW =0 in R*\w,
Ap=aq; on Ow, Ujfk = ujk on Ow, Wfk = wj,k on Ow.

These functions have similar decomposition as in (2.8) and (2.9).

We then approximate u. by

ue(x) = ug(w) + uo () () he + 3 (b, () + by, () hee

k>2
+ Z (Ak(w;za ) + Ak(w;ﬂcg )) hgs(l—a)k 4 Z (U]tk(%) + Uj_,k(z;z; )) 8j+ak
k>1 J+k>0
* Z (W;:k(%) + W]ik(x_:; )) h€5j+ak + f?(x) (4.12)
J+k>0

4.4 Third terms

Let us study now the remainder 72. It satisfies

_Afg =0 in Q,
’F?(f[f) = —Z (Ak($—6$5)+Ak($—€_$g)) hss(l—a)k
k>1
LS (U Uy s
J+k>0 .
_ 2 (ij:k(w—gxg ) + W]Tk(x_:s )) h66j+ak for z € 890,
J+k>0
7:3 = 7 Z(bZ +by) hei?ak on dw?.

k>2

e Let us study the trace on 0€y. According to their decomposition like in (2.8) and
(2.9), the traces T Ay, TU; x, and TW;; on 8 of the functions Ay (*==), U]fk(x_ff )
and W]fk(x_xf ) satisfy

£

I T A lm20000) = O€)s 1TU klrzea0,) = O(€)  and  [TW;ylrzeaq,) = O)-
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We now lift these functions in slow variables and define aj, ﬂj* , and ﬁ)jk as the

solution of
A

0 in Qg,
1

v = — =TV on 09y,
€

with TV = TAk(%), TUjfk(“T’_gD;) and TVJ*,C(%) respectively.

£

e To lift the boundary condition on dw?, we proceed as in the first step of the con-

struction of the asymptotic expansion (see also the study of the remainder fg in the
case of one inclusion). The function by have a value at 0 which is a priori not 0. We
can lift the boundary condition by considering the function

-kZQ(bZ (0) + bz (0))ro. () h2e*.

We can read u.:

ue(x) = u()($) + UO(O)mE(w) he
+ 2 (b (@) + by () hee®™ = 3 (b5 (0) + by, (0))w. (z) hZe”

k>2 k>2
# 2 (AR + A(22)) btk 4 3 (a1 () + gy (2)) hee® oD
k>1 k>2
b 2 (U (D) U () e Y (@) + g g(x)) 7O
j+k>0 j+k>1,5>1
ot _ S . . o .
b 0 (W) + Wi (B22)) hee?™ e 3 () (@) + 0 () hee? o
J+k>0 j+k>1,5>1
+75(z).
4.5 Ansatz
We inject the remainder 7’? in the equation and obtain
AR =0 in Qc,
72 = Y (b5(0) + b (0))ro. hZe™k on 99,
E>2
o= - Z(aZ—l + 1) heeh (1)
k>2 . i
=Y (i) T (W) ) hee? ™ on OwE.
J+k>1,5>2 j+k>1,5>2
We have now to reiterate the previous step with the new functions.
This justify the building of the ansatz
_ o i _j+ak
ue(z) = ug(z) +up(0)rw(z) he + Y. ¢ ,we(z)hie
i20,j21,k20
+ 0 Bik(bi(e) + (@) ke + Y Bin(bi(0) + by (0))we(x) AL e
i>1,k>2 i>1,k>2
Y (AR + A () B S () hlel TR
i20,520,k>1 i20,520,k21
—af _ —aZ ok . - i leah
+ Z ( z‘jrj,k(x;j )+Vz',j,k(x5x ) heel T 4 Z (Uzj,k(x)+vi,j,k(‘r))hé‘€j+ i
1>0,7+k>0 1>0,7+k>0

To justify it, we proceed exactly as in Subsection 2.6.
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4.6 Numerical illustration

We use the same test as in the case of one inclusion. The solution u. of problem (4.1)
with € = 1/1.57 ~ 0.0585 and «a = 0.8 is computed by a finite element method and given in
Figure 12(a). With these parameters, we have

-1
he ~—-0.067 d — ~0.049.
c an (1+a)lne

The first remainder r0 = u. —ug is given in Figure 12(b). The second term of the expansion

7 8380E-02 -2.8480E-02 6.11336-02 1 B34DE-01

| i . [ = i |
1.0584E-01 5 2920E-02 0.0000E+00 1 2526E-32 12227601 24453E-01

(b) 2 = ue —uo

Figure 12: First term approximation

ug(0)ro. he is computed in Figure 13. The effect of the two terms approximation is
illustrated in Figures 14 and 15.

45321 E-02 15710601 3.3047E-02 1.1456E-01

| ———— | | ———— ]
-1.0569E-02 TOT21E-01 2.1299E-01 ~77087E-03 7.3802E-02 1.5531 E-01

(a) uo(0)r he (b) —uo(0)rw /((1+a)lne)

Figure 13: Second term of the expansion

—5.0006E-02 —24719E-02 —a8437E-02 31391602

| . i | | = |
~1.0765E-D1 52363E-02 2.5244E-03 -1 3186E-01 ~6.4314E-02 2.1325E-05

(a) uo + O(O)m he (b) uo —uo(0)rw /((1+ a)lne)

Figure 14: Two term expansion
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(a) ue —uo —uo(0)ro he (b) ue —uo +uo(0)w /Ine

Figure 15: Second order approximation

ue —ug | ue —ug —up(0)1o he | ue —ug +up(0)w /((1+a)lne)
L?-norm | 1.0858 e-1 1.235 e-2 3.753 e-2
H'-norm | 4.9162 e-1 6.715 e-2 1.7603 e-1

Table 3: Error norms
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