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Part 11

Sieves large and small
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Chapter Six

Sums used in sieve theory

The purpose of this section is to estimate some sums that we will need in our study
of sieves. The reader should feel free to skip ahead and refer back to this chapter as
needed.

The sums L(z), L,(x) defined in (6.1) will be familiar to those who have worked
through or applied Selberg’s sieve. They also tend to appear in applications of the large
sieve, as will actually be the case for us. In §6.1, we go over some simple bounds, and
also some asymptotically optimal bounds due to Ramaré. We shall later see how to use
the two kinds of bounds together.

The remaining sections are on sums necessary for our treatment of a quadratic
sieve in Ch. 7. First, in §6.2, we estimate the sum 74, related to the sum 74 from §5.3.
Indeed, our estimates on 14 will be based in part on our bounds on 74 and in part on
computations.

Our work in Ch. 7 will rely crucially on estimating of g, (y1, y2), defined in (6.39) in
terms of m4. We will discuss various possible approaches in §6.3. Contour integration
gives us the right idea but seems impractical as an explicit method. Instead, we will
proceed, again, by combining computations and mainly real-analytic methods, together
with our bounds on 774.

We begin in §6.4 by seeing how g,, relates to the sum h,,, which we obtain by taking
out the constant term from the sums g, in the definition of g,. The sum h,(y1, y2)
can be bounded trivially by a sum h,(y1,y2). In §6.5, we will see how to bound
h, (y1,y2) using our estimates on M (t), as well as some computation intertwined with
some analysis.

In §6.6, we will compute h, (y1,y2) for y1, y2 bounded by a fairly large constant
Y, and h, (y, y) for y bounded by a larger constant Y. Some of the algorithms here are
not completely trivial.

We finish by §6.7, which is an optional section — not used elsewhere — that is
devoted to proving an estimate (Prop. 6.30) on the unsmoothed sum considered in
[DIT83]. We can easily fill this gap in the literature using our arguments. Thus we
see that some of the work we did towards estimating g,, can be used elsewhere in num-
ber theory.
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6.1 SUMS OF p2(n)/é(n)

The sums

L(x) = M Z
n<x n<x

(n,q)=1

appear time and again in analytic number theory — for instance, in the denominator

of the main estimate in Selberg’s sieve for primes (as in [[K04, §6.6]), in the large

sieve (as in [MV73], [Ram09] or of course this chapter), and also in previous work on
representing integers as sums of primes [RV83], [Ram95].

We can figure out the asymptotics of L(x) by examining the behavior of the corre-

6.1)

sponding series > £ ) =5 as s — 0F:

n ¢(n)
2on s ¢><n) _ p° psl) = p
¢(s+1) _1;[(1+p—1>( _1;[< p(p—l) > 62
_ logp 5
_1+<zp:p(p—1)) +...,

because p~* —p~2 = e8P —=25108P — (1 —slogp+...)—(1—2slogp+...).
Since {(s+ 1) = 1/s +~ + (...)s, it follows that > ’;((:) ~* has the expansion
1/s4 ¢y + (...)s for s around 0, where

logp
= ol 1.33258227... 3
7+Zp(p,1) 33258227. .., (6.3)

and so L(z) asymptotes to log x + ¢o as ¢ — oco. (The numerical value of ¢ is as in
[RS62, (2.11)].) In the same way, we can show that, for any fixed g, L,(x) asymptotes
to (¢(q)/q)(log z + co + 3=, (log p) /p).

Giving good explicit bounds is, as usual, a different and more complicated matter,
especially when ¢ is unbounded; at the same time, the matter is not really difficult —
thanks ultimately to the fact that the infinite products in (6.2) converge for fs > 1/2.
We will go over several kinds of bounds. Simple bounds (§6.1.1) will prove useful for
many purposes; indeed, the classical bounds up to (6.6) will be enough for Chapter
8. We will also prove further elementary bounds (§6.1.1, after (6.6)). We will later
combine them with rather sharp estimates due to Ramaré (§6.1.2) to estimate ratios of
the form Ly(R/q)/Lq(Ro/q) in Chapter 9.
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6.1.1 Elementary bounds
We may start with the following bound, simple and well-known: for z > 0,

Y Rl ()

n<z n<z pln

:ZM Hzpj_ 7>10ga:

n<w pln j>1 n<x

6.4)

While the bound (6.4) is tight for  — 171, it is clear that one can improve it under
the assumption of lower bounds on x. For one thing, we could use (3.25) in the last
step, and so obtain L(z) > logz + v — 1/x. The elementary procedure in [MV73,
Lemmas 5-7] can be used to go further, permitting an explicit estimate of the form
L(z) >logz +v+3_,.c(logp)/p(p —1) for any C and all x greater than a constant
depending only on C. In particular, [MV73, Lemmas 7] combines such an explicit
estimate with a small computation to show that L(z) > logx + 1.07 for all z > 6; the
same method (applied with C' = 5) can be used to yield L(z) > logz + 1.114. We
will see more precise bounds (due to Ramaré) in §6.1.2.

Let us now discuss the relation between L(x) and L4 (x). Since, for ¢, r coprime,

qr )_ZM M Z Z M d")

n<x dlg n<zx
(n,qr)=1 (n,qr)=1
it is clear that q
Ly(z) < —Lg-(z) < Ly(qx). (6.5)
(z) o)t (z) (qz)
In particular,
Ly(z) > @ log = (6.6)

for all z > 0. These inequalities can already be found in [VLR65, §1].
We can continue the same train of thought as follows:

4y - L) = ST D) 1> (n)
¢(q) Lq( ) L( ) dzq d z/d<n<z (z)(TL)
(n.q)=1
-y - Lyfa/d)) < 3240 (1)~ L/ ).
dlq dlq
Thus, if we assume that L(x) < logx + C, we obtain
Ly(x) < 29 oz + Cry), 6.7)

q
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where

C1,q—01+zu ) 10gd+01)

o(d)
d>1
(6.8)
1
= q Cl+210gp)2'u _gbi) CI+Z osp
plg d|q plg p

pld

In exactly the same way, we can show that, for any r|q,

pAd) r

La(@) = o(d) 6(r)

(Lr(z) = Ly(z/d)),

d)(q) ( )

L.(x) <
dlq
(d,r)=1

and so, if we assume L, (z) < (¢(r)/r) - (logz + C,), we obtain, using (6.6), that

Ly(z) < @ “(logz + Crq), (6.9)
where
Cry = _ar ey 3 logp | (6.10)
T Swiem | 2
ptr

6.1.2 Further elementary estimates: the convolution method

The following is a sharper version of the estimate [Ram95, Lem. 3.4] used in the first
version of the present chapter. (That older estimate would be enough for our purposes.)

Proposition 6.1 ((RA17, Thm. 1.1]). Letq > 1, x > 0. Let L, be as in (9.5). Then

_ ¢(q) logp . (5:97(q)
Lq(:,:)fT logw+co+pzlq , +0 < NG > 6.11)

where cq is as in (6.3) and

3/2 _ _
O | (At y

P32 _ :
Pl 42

plg
p#2

Ramaré calls the basic method of proof the convolution method. Since (as might be
expected) the proof of [RA17, Thm. 1.1] involves several refinements, let us expound
instead the proof of the older result [Ram95, Lem. 3.4].
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Lemma 6.2. Letq > 1, x > 0. Let L, be as in (9.5). Then

1 7.35985;
Ly(z) = Lg}) logz+co+ 3 —O;fp +0 (xlf;/:*(q)) L (612)

plg

where cq is as in (6.3) and

—1
pl/3 4 p2/3>
p(p—1)

ijm—110+p4“>@+

plg

This bound is exactly [Ram95, Lem. 3.4], except that [Ram95] gives the constant
7.284 instead of 7.35985, due to a numerical error.

Proof. We recall that Ly(z) = > .. f(n), where f(n) = p?(n)/¢(n) if (n,q) = 1
and f(n) = 0 otherwise. We may write f as a Dirichlet convolution:

Fln) = b

where h(n) is the multiplicative function defined by

1

- h(p*) =0 ifk>3
p(p—1) #")

h(p) = 7h@%:fp1

(p—1)

for every prime p 1 ¢, and
1 . .
h(p)=——=, h(P")=0 ifk>2
p

for p|q. Then

Ly@) =Y h(m) ¥ %

n<z/m

Note that no condition of the form m < =z is needed; we are taking a sum over all
positive integers m.
We are now free to use any estimate of the form

1 o
> —=logy+~v+0* (Z) a >0, (6.13)
n Y

n<y

provided that it is valid for all ¥ > 0 (and not just y > 1). It follows easily from (3.32)
that, for 0 < o < Tand all 0 < y < 1, (6.13) holds with ¢, = max(y,a e 1),
(For such ¢,, the bound (3.32) is stronger than (6.13) for all y > 1, and we also have
logy+v < ¢o/y for 0 < y < 1; thus, it remains only to check that logy++y > —cq /v,
as we can easily do by taking derivatives.)
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We obtain

Ly(z) = Zh log— —|—7Zh + 0O (;Z Z |h(m)|m°‘> .

It is easy to see that > h(m) = H(0) and — > h(m)logm = H'(0), where
H(s) = 32, h(m)m~°. Expanding H(s) as an Euler product H(s) = [],(1 +
h(p)p=° + h(p*)p~2° + ...), we see that

H(O)—H<1—1>—¢E]q),

plg p
H'(0) log p (logp)/p log p logp
= (log H(s))'|s=0 = = + .
H(0) (log H(s))']s=0 pzmp(p Z —1/p Zp:p(p—l) % P
Hence

T o(q) H'(0)

m

log p

logx—l—co—i-z

plg

_ o)
q

Let H(s) = > |h(m)|m~*. Evidently, H(—a) = >, |h(m)|m®, assuming con-
vergence. This series does converge provided that o < 1/2. Its value is

(15525 1 (1+)

=Co [J0 27 <1+I})?(]:——pl)>

plg

where Co, = [, (1 + (p* + p**)/p(p — 1)). Thus

Ly(z) = @ logx + co + Z lozg;p +0O* <C0‘C“ja@))

xOé
plg

forany 0 < a < 1/2, where jo(q) = [],,(1 +p*~")(1 + (™ +p**)/p(p — 1)). It
is easy to check that, for instance, for o = 1/3,

cq =0.91047..., C, =28.08355..., coCq =7.35984....

Here, of course, we compute C\, as in §4.4, noting that

Co=(2-20)¢2-)]] <1+ w> :

p

where Py (z,y) = 2°(y° + y*) — 2%y® — 2 (y* + 3 + v?) + 23 (% + ). O
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We will now use Proposition 6.1 to prove upper and lower bounds on L,(R) for
given ¢: we simply use Prop. 6.1 for R larger than a constant, and check all smaller
R computationally. We would obtain exactly the same bounds from Lemma 6.2, as
the bounds are tight, being reached by small values of R; we would simply need more
computation, though still not much.

Define errg, g so that

1
Ly(R) = @ logR+co+ Y ~22 | 1 erry 6.14)

pla
where ¢g as in (6.3). In other words, erry r equals L,(R) minus what we know to be
the asymptotic main term of L,(R).
Then we obtain, by Prop. 6.1 and a little computation, that, for R > 1,
—1.33259 < erry g < 0.13818, —0.83958 < erry g < 0.16043,
—1.13253 < err3 p < 0.40538, —1.32358 < errs p < 0.29754, (6.15)
—0.68179 < errg,gp < 0.31822, —1.38049 < erry g < 0.33372,

and so forth. We also have the lower bound erry gp > —co — Zpl q(log p)/p (valid for

R > 0, and tight for R — 17), by (6.6).
For R > 200,

—0.02003 < erry g < 0.02123, —0.00906 < erry g < 0.00925,
—0.01502 < err3 g < 0.02157, —0.01924 < errs g < 0.01652, (6.16)
—0.00738 < errg,g < 0.00707, — 0.01483 < errr7 g < 0.02133,

and so forth. In the end, it will turn out that we only need to compute lower bounds
on err, g for 712310 and R > 200, and upper bounds on err, p for 72310 and R
satisfying some small lower bounds (R > 1, R > 2 and so forth).

6.2 A SMOOTHED SUM OF /(N)/o(N)

Let us estimate the sum M4 () defined by

ma(z) = > %log%, (6.17)
n<z
(n,c?):l

where o(n) denotes the sum of divisors of n, as usual. The sum m4(z) plays an
important role in a quadratic sieve (Chapter 7).

Our procedure for taking the coprimality condition (n,d) = 1 into account will be
much as in §5.3.4. Our task is somewhat more involved this time, since we will again
be relying on (5.49), which is an estimate on 7h(¢), not m(t), for large .
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6.2.1 The case of = bounded

For x and d bounded, we can compute 74(z) directly.

Lemma 6.3. Let 0 < 2 < 10'2. Let 1y be as in (6.17). Then, forv = 1,2,

‘mv(x) - ”(”)<(2)‘ < 07; (6.18)

where

ap=T en=2 (6.19)

and, moreover, forv = 1,2,

‘m (z) (6.20)

where
c1,0 = 0.014429, c11 = 1.8,

(6.21)
20 = 0.006534, 21 = 3.9877.

Proof. By a computation, as in the proof of Lemmas 5.8 or 5.9. A segmented sieve of
Eratosthenes can be easily adapted to compute o(n); the procedure is similar to that
for pu(n).

The low ranges have to be tested separately. For v = 1 and 1 < z < 2, we verify
(6.18) using the fact that the derivative of 72 /6,/z — (72 /6 —log ) is positive on [1, 2].
Forv = 2,1 < z < e, note that the derivative of f(z) = (7%/4 — log )/ vanishes
at ro = exp(m?/4 — 2), and that the value of f(x) at x¢ is 2 exp(m?/8 — 1). We verify
6.18) forv =2,e <z < 3and (6.20) forv =1,2,1 < z < v+ 1 by trivial bisection.

O

For x bounded and general d, we opt to derive bounds for 7m4(x) from our bounds
on my () and ma(x).

Lemma 6.4. Let my be as in (6.17). Let d,v € Z% be square-free and coprime.
Assume that, forall 0 < t < z,

(0 - 2)\ et

where I > 1, ¢c; > 0and 0 < «; < 1. Then

- o(dv p+1
‘mdv@) ) 2). o Hm-
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Proof. By (5.73) with h(n) = (log™ z/n)/ I, 1+ 1/p)vr(™ for (n,v) = 1 and
h(n) = 0 for (n,v) # 1, and g and d exchanged,

- p(n 1 +z/q
v log™ —
mq (1‘ Z Z n Hp\qn(l + 1/p)vp(qn) n

\d“’
1
T e w(/4),

qld= [1p4(p + 1)@
and so
. a(dv ¢(2)/v
inan(a) = 02 = | el - 3 A

dv qld> [T (p+ 1) qld=> [T+ 1)@

<

Z i e ()
<Z“HZ(

pld k=0

Corollary 6.5. Let 1y be as in (6.17). Let d,v € Z" be square-free and coprime.
Then, for x < 1012,

d 1 v
(o) = TG )] < [T 52 (624

pldv

for a € 0,1/2] arbitrary, where ¢, 4 is as in (6.19). Moreover,
- U'(d’U) 0.014429 p+1 p+1
(o) - e < v L wa P
(6.25)

where ¢, 5, 1= 0,1, are asin (6.21).

Proof. Tmmediate from Lemmas 6.3 and 6.4. O

6.2.2 Bounds for x arbitrary

We also need bounds on m4(z) for x arbitrary. We will derive them from our bounds
on ra(x) = r(z). Let us then begin by establishing the relation between the two
sums.

We will first need to prove a simple lemma. The proof and the statement are of
a well-known kind, in that they involve expressing a function as a Dirichlet convolu-
tion of two other functions. (It is the same idea as in, say, the beginning of the proof
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of Lemma 6.2; we can say that what follows is another instance of the convolution
method.)

Lemma 6.6. For any function g : Z+ — C of compact support and any w € 7,

m 1 ' i
ngig(m) = ; d'o(d) Z 4" Z ulr g(d'd"r

(m,w)=1 p(d)2=1 Cl”\((:l’w)OO
(d’,w)=1

It will be obvious from the proof that the condition of compact support can be
replaced by a condition of fast decay, if needed.

Proof. Since m/o(m) = [1,,,(p/(p+1)) = Ed’\m [La(p/(p+1)—1),

p(m) p(m m)
U(m)g Z Z H p+1

d'|Im p|d’
(m,w)=1 (m, w) 1
- > (1I —1 3 p(m)g(m)
d’ pld’ p +1 m m
n(d)2=1 (m,w)=1
d'|m
1 plr)
— —=g(d
%: do(d) Z r 9dr)
n(d)2=1 (r,d'w)=1
(d',w)=1
We then use (5.73) on the inner sum, with h(n) = g(d'n). O

By Lemma 6.6 with w = d and

o(r) = {log %f (r,v) =1

if (r,v) # 1,
we see that
- _ 1 1 . T
M@= Y goam Y g (57) (6.26)
d’ d’’|(dd’)>
/J(d/)zzl (dd”,’l}):l
(d’,dv)=1

for z > 0, v > 0 arbitrary.

This equality enables us to make clear what we were saying about taking out main
terms. We can see from (5.49) and (5.76) that we should regard 77, (y) as having
v/$(v) as its leading term, in the sense that 17, (y) — v/¢(v) — 0 as y — oo. We will
determine the leading term of mg, () by the following lemma.
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Lemma 6.7. For d,v € Z coprime

1 1 1 1
; d'o(d) Z a’ =((2) H <1 + p) H <1 — p2> . (6.27)
' d’’|(dd’)>° pld plv

n(d')?=1 (d",v)=1
(d’,dv)=1

Proof. We express infinite sums as infinite products:

1 1 1 A
2 d'o(d) 2 5T X d’a(d’)H<1_>

d d’'|(dd’ ) d’ pldd’ p
wu(d)?2=1 (d" v)=1 n(d)2=1 pho
(d’,dv)=1 (d’,dv)=1
! 1
= 1—- 6.28)
12( p> 2 MG e D (
pho p(d)2=1
(d’,dv)=1
S5 Ty I T T
N -1 Hp-1) 21 2
pia P L DL SRR L P
O
By (6.26) and (6.27), for d and v coprime,
- o(dv) 1 1 x v
) — 7 ) e ()~ -2,
an(@) = =D = ) do(d) 2. g (m (d’d” ¢(v)>
d’ d//‘(dd/)oo
m(d)?=1 (d'w)=1
(d’,dv)=1
(6.29)

Since the leading term of 7, is v/¢(v), we now see that (o(dv)/dv)((2) is the leading
term of Mgy, ().
We can now prove our main estimate.

Proposition 6.8. Let vy be as in (6.17). Let d € Z% be square-free. Then, for any
z >0,
- o(d
(o) - ") < I
pld
+1 k(1 —
4 H p i ( o) ,
p+1—p> 389logx

p—|—1 .k(l—gl)
pt+1—pn T

pld
for ay € [0,1/2] arbitrary, ag = 1/log 1012 and
p_(a+1)
(I+p H(A-p)

k(o) =[] #plo).

kplo) =1+
(6.30)
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Proof. For x < 10'2, the statement follows from (6.24) by x(1 — a1) > k(1) = ((2).
(It is clear that o — k(o) is a decreasing function of o, simply because, for every prime
p, the function 0 — kp(0) =14 (1/(1 —p~?) —1)/(p + 1) is decreasing.) Assume
x> 102

By Lemma 5.13, for any a; € [0,1] and ap = 1/1og 10'2,

1 1 @z ]
() = 1] < o 4 oo
ter 389 log x to2

6.31)

for all 0 < ¢ < z. We can set ourselves, in general, the task of bounding

2 7f (d’d”) ’ (632)

St .al @
d”‘(dd/)oo

d/
u(d/)2 1
(&, d)=1

where f : RT — C is such that |f(¢)| is bounded by Zle cit™ for 0 < t < x,
where «; € [0, 1]. We know that

@)~ ") = S 1.a(0)

by (6.29).
By definition,

1 1 d/d//
Sr,a(@)] < Z m Z ¥ ZCz ( )
d/

w(d')?=1
(d,d)=1

_ Z .TC(; /2((;/)) Z (d/d//)ai—l

d”‘((id’)oo

(d',d)=1

_ ¢z p2(d) 1
ZH (1_ ochl) Z d/ 2—a; H 1+p 1)(1_ a,fl)

pld pld’

(&, d) 1
We can express the inner sum in terms of a product:

d’ B p7(270¢i)
Y e oy - g )

pld’ ptd

(d’, d) 1
(6.33)
‘We conclude that
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where &, is as in (6.30).
In our case, by (6.31), we canset I = 2, ¢; =1, co = 2“2 /(389 log x). We obtain

) D [T A0 i

1+p—1 _pa1—1 ro

pld
+H 17-|1—p*1a . K(1 —(12)‘
p‘dl—f—p — p*2 389log x
O
We will need to estimate the infinite product (o) for several values of o.
Lemma 6.9. Let k(o) be as in (6.30). Then
k(1) = ((2) =1.644934. .., (6.34)
1 ! < 1.692392 (6.35)
" log1012 ) — ’ )
k(4/7) < 2.942346, (6.36)
k(8/15) < 3.243633, (6.37)
k(1/2) < 3.574861. (6.38)
Proof. This is exactly the example carried out in §4.4. Set, e.g., k = 2, N = 30000.
O

Incidentally, in [Helb], infinite products like x(o) (and the more complicated in-
finite products (o1, 02), to be seen in §6.5) were estimated differently. The bounds
were suboptimal, and also relied on inequalities that, while elementary, were tricky to
prove; as we remarked in §4.7, an automated theorem-prover (QEPCAD) was used to
prove one of them. It turns out to be much better to follow the procedure in §4.4.

6.3 DEFINITION OF g, (y1,y2). POSSIBLE APPROACHES.

Let us define

d)
90(y1, 92) Z “((d)mdv y1/d)may(y2/d), (6.39)

(d, v) 1
where mg(z) is as in (6.17). We will need explicit estimates on g,,(yo, y1 ) for our work
on what we shall call the natural quadratic sieve (Ch. 7). There are several ways in
which one might consider proceeding.
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a) Contour integration. Define

p(d) p(dy) u 1
51752 d)2 dz/ O'(dll) ( dd/ )52
(d, v> 1 (d'l,d11;)=1 (d} dv) 1

The following identity is much like Perron’s formula, only it is nicer, as a conse-
quence of smoothing:

1

Py °s%ds =logty (6.40)
27'('2 Rs=o

for o > 0. It can be easily checked by shifting the contour all the way to the left,
picking up the contribution of the residue at s = 0. (To put it otherwise: as we said
in §2.5.1, for f(x) = log™ u/x, the Mellin transform M f equals u®/s?, and that is
equivalent to (6.40).)

Hence

1
Goly1,42) = s / / YU Gy (51, 52)57 257 2dsadsy  (6.41)
(278)? J(s1)=0 JR(s2)=0

for o > 0. What we could do now is shift the lines of integration slightly to the left
of o = 0. Clearly

Gio(51, 52) = g U(d;lz(js)lmn <1_pSl(pl+1)> <1_1952(pl+1))

pldv
(d,v)=1
(- e (- )
.g (1 B (p+1)12p81+52 <1 _psl(ler 1))_1 (1_ PS“"(PlJfl))_l> .

It is helpful to examine the ratio of G, (s1, s2) to

H<1_p511“> <1_p521“>

ptv

1\ 1\
=((s1+1)7'¢(s2 + 1) 1H< sl+1> <1_1352+1> '

plv
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b)

c)

As s1 — 0, so — 0, this ratio tends to

I T e (5) )

pfv pfv
— H 1 i H 1— ks
a 1—1/p? p?
pv ptv
1\ 1
I(-5) —eTl(-5)
pfv plv
Since ((s) has a simple pole at s = 1 with residue 1, the Taylor expansion of

¢(s +1)~! around s = 0 is of the form s + (...)s%. Thus, the contribution to
(6.41) from the poles at s; = 0, so = 0 is thus

O 1Y L p+1_[c@ ifv=1,
C(Q)H(l p) (1 p2> <(2)1_[p—1 {36(2) ifo—o ©%

plv plv

times the contribution of the poles at s; = 0, so = 0 to

1 / / s1,,82 . —1 _—1
— Y1 Ys2S]  So dsads.
(271—2)2 R(s1)=0c JR(s2)=0c b

After some work, the main term of that contribution turns out to be 1. Hence, the
main term of g, (y1, y2) as y1, y2 — 0o equals

¢(2) ifv=1, 3¢(2) ifv=2.

It is obviously useful to know what the main term should be. At the same time, we
will not actually be able to follow this approach, for the reason already explained
in §5.3: we would have to estimate integrals involving 1/¢(s) for R®s < 1, and this
turns out to be rather hard to do explicitly and well — considerably harder than for
integrals involving ¢’(s)/((s), say. (Compare the bounds on 1/{(s) and ¢’(s)/{(s)
in (3.65).)

If it were not for the fact that we need explicit results, the approach by contour
integration would be feasible. In fact, it seems to have been the approach followed
in [Mot74] (apud [Jut79b]), and also forms the basis for [GY02].

We could use (5.74) to bound the inner sums in (6.39). Such a procedure would lead
to a constant larger than the true one in front of the main term, since we would be
losing the cancellation due to p(d) in (6.39). We would also be losing cancellation
in (7.30), and that would lead to a loss of two factors of log.

We can carry out an analysis based on what we did in §5.3. Many of the estimates
there are based on Ramaré’s bound (5.49), combined with numerical bounds for
small z. This will be our chosen path. It will involve a mixture of analytic and
computational work.
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6.4 THE FINITE SUM g, (y1,y2) AND THE INFINITE SUM /., (y1, y2)

Our task is to bound the sum g, (y1,y2). The fact that this sum is finite can be con-
venient for computations, but not necessarily for asymptotics. We will define infinite
sums h,(y1,y2) that are more convenient for asymptotic analysis; they are essentially
9o (y1,y2) with the main term taken out. We will then see how to go back and forth

between g, (y1,y2) and hy, (Y1, y2).
We define

o (1. 12) “2‘1))2 (mm,(yl/d) ”(d”)cm)

(d, v) 1 (6.43)
(ﬁldu(yz/d) - US?C@)) ~

We will write h,,(y) for hy(y,y).
We can express g, (y) in terms of h,(y1,y2): we see from (7.30), or directly from
(7.28), that

W0 0 s () (3)
(og UU) (dv) 1 (6.44)
hy(y/Uo,y/Uo) — 2hy(y/Uo,y/Ur) + hy (y/U1,y/U1)
(log Uy /Up)*

Let us now look at how we can express g, (Y1, y2) in terms of h, (y1, y2) and vicev-
ersa.

Lemma 6.10. Let v be square-free. Let g, be as in (6.39); let h,, be as in (6.43). Then,
for y1,y2 > 0 arbitrary,

o(v)
9(v)

) (o) = 52 ) + (o) - 521

9o(Y1,y2) = ho(y1,92) + ¢(2)

(6.45)

o(v)
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Proof. Clearly,

= 5 2D (i () - ) (%) - ")

(d,v)=1

p(d) o(dv) p(d) — ry2 o(dv)
* zd: oy (E) 2+ Zd: o(d)y2" (E) v ¢?

(d,v)=1 (dv)=1

(W) - 1

(dyv)=1

It is also easy to see that

0 3 -l (-5)-
(du)l

It remains to show that

pd - (y) o(d) _ p(d) Z ” Y (6.46)

o™ \d) "d T 2 o(d)d log™ 57

(dyw)=1 (dv)=1 (d’, dv) 1

equals 7, (y). This is so because the contribution to the right side of (6.46) of all terms
with dd’ = n for givenn < y is

u(d) p(n/d) u n)
d‘zn o(d)d o(n/d) log o(n) %8 *Zd n log*
(dn/d)=1

if (n,v) = 1 and 0 otherwise. O

6.5 BOUNDS ON h,

Let us define

(Y1, 92) Z (d)2

d
(dv)=1

i (%) = Ze(a) | (2) - ).

(6.47)
It is obvious from definition (6.43) that

|h71(y17 242)| < h'z)(yla y2)
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It is also clear that bounding | A, (y1,y2)| by hy(y1, y2) amounts to foregoing cancella-
tion on the d variable.

We will now bound h, (y1,y2). We will use the material in this section when a
bound on h,(y1, y2) suffices, and a more precise estimate is not feasible, either because
the variables y1, yo are large or because too many different values of y;, y2 would need
to be checked individually.

Our starting point will be the following identity. As can be guessed from its form,
we will later use it in combination with Corollary 6.5 and Proposition 6.8.

Lemma 6.11. Let a1, an € [0,1) with aq + o < 1. Then, for any y1,y2 > 0,

+1
DAL O | PR

(dv) 1

where

kvo(Br, B2) = [ (B, Ba),
ptv

kp(B1,B2) =1+

p~(PrtP2) (6.48)

Q=pPrtp H(L—p P +pt)

The sum and the product both converge because o1 + ag < 1.

Proof. This is just an exercise:

1 ( p+1 1*(d)
Z d)2 H H p+ 1— - zd: d2—(a1+az) H H 1+p _poz]—l

d
(d, U) 1 (dv)=1 tr
_ H (1 N pal+a2—2 )
2 1 -1 __ ajfl :
plo Hj:l (I+p p )

O

Before we apply Lemma 6.11, we will see what a direct computational approach
gives us for yi, yo small (§6.5.1). We will then set out an analytic method with
computational inputs (§6.5.2); we shall use that method for y;, y2 up to a moderate
range. Lastly, we will use Lemma 6.11 together with analytic estimates for y;, yo large
(§6.5.3).

6.5.1 Bounds on h,(y;,y2) for yi, yo small

A simple computation yields the following result.

Lemma 6.12. Let h,(y1,y2) be as in (6.47). Then, for y < 105,

(6.49)

hv ) S -
() min (7.71695 + 1.75log y, 18.3362)  ifv = 2.

1 {min (4.11234 + 0.858log ¥, 9.39557) ifv =1,
y
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A straightforward algorithm takes roughly quadratic time on Y to compute h,, (y1, y2)
forall y1,y2 <Y. We will use such a simple algorithm, as quadratic time is acceptable
for Y = 106,

Proof. To carry out the computation, it is enough to note that

3
hy (v, y) = gu(y, ) +H (z Ti CC((42))

2%«” ) N;na(n;l Dlogt £

n
(n,v)=1

where g, (y1,y2) is the finite sum

o) = 3 A o ) ).

(dv) 1

We compute 174, (n) and 114, (n) for all d < 10° and all n < 10°/d with (n,v) = 1 at
the very beginning. (As always, mg, (n) and 1hg, (n) give us an expression for g, (y)
forn <y <n-+wv.) O

In the next subsection, we shall see how to obtain estimates on a much broader
range by means of a mixed analytic-computational approach. The bounds will not be
optimal, but they will not be much weaker than Lemma 6.12, particularly in the critical
range of y small.

We will later see how one can compute h,(y,y) in time roughly linear on y by
means of a less simple-minded algorithm (§6.6.2). It is presumably also possible to
give a similar algorithm for computing h,, (y, y) for y moderate. However, the bounds
in §6.5.2, together with those we have just seen, will be more than enough.

6.5.2 Bounds on h,(y;,y2) for y1, yo small or moderate

By “small or moderate”, we will mean “< 102, We first derive a simple bound,
though we shall actually use the one we will prove right thereafter.

Lemma 6.13. Leth,, be asin (6.47), withv = 1 orv = 2. Then, for 0 < y1,y2 < 1012
and any € € (0,1),
2
CU
hv(ylyy2) < K\v(ﬂyﬂ) ' 77_‘—1;57
(9192) 2

where 3 = (1 +¢€)/2, ¢,y is asin (6.19) and k\,(B1, B2) is as in (6.48).

We can compute k., (3, 3) for 3 = (1+¢)/2 by factoring out (1 + ¢), in the style
of the proof of Lemma 6.9. It is easy to see that (1 + €) asymptotes to 1 /e as € — 0T.
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Proof. Leta = (1 —€)/2 < 1/2. By Corollary 6.5,

o))’ pid) - C(2)° p+1
h“(yl’y2)§< v ) zd: a(d)? (y1/d)*(y2/d)* g;ﬂrl—p"
(d,v)=1

Lemma 6.11 gives us that

2

2(d) o +1 +1 \?
; Z(C(Z)gd H# _H\v(ﬁ»B)H(pfl_pa)

p
pldv plv

(dv)=1
forg=1-a. O

We could have reduced the task to the case y; = y2 by Cauchy-Schwarz:

hy (Y1, 92) < Vho(y1, y1)ho (12, y2). (6.50)

Clearly, using this inequality does not worsen this kind of bound, as it is symmetric in
y1 and yo. Indeed, we will use (6.50) in the future.

Lemma 6.13 amounts to an instance of Rankin’s trick: we use € > 0 in order to
bound a sum by an infinite sum that can be expressed as an infinite product. Let us
make this matter as clear as possible. Since 1, (t) = 0for0 < ¢ < 1,

mivo = 3 [ (5) - )
(d,v_)y=1
N @ (6.51)
() e ¥ L2

To get a clear notion of what we did in the proof of Lemma 6.13, and to see how far
Lemma 6.13 is from an optimal bound, consider the simpler sum

11 1
QZgﬂLZﬁ
<y >y

This sum asymptotes to (logy + 7)/y + 1/y. Rankin’s trick, in this case, consists in
bounding this sum from above by

1 Y\ 1 _¢+e 1
;Z(g) g+ZﬁSFNﬁ~
d<y d>y

The expression on the right is minimal for ¢ = 1/logy. We then have 1/ey!=¢ =
e(logy)/y. In other words, using Rankin’s trick here, we lose a factor of about e.
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There are several alternatives. For one thing, Rankin’s trick is really a poor man’s
Tauberian theorem. Thus, one option is to try to use an actual Tauberian theorem, that
is, a result that estimates the growth of a sum . a, in terms of the properties of
Zn a,n~*% as a function of s, under some conditions. In the end, this strategy seems
to lead us back to option a) (“Contour integration”) in §7.3. If F(s) = >_ a,n"°
can be continued analytically, as is the case here, then contour integration provides a
straightforward way to prove a Tauberian theorem. Conversely, if, as we already saw it
to be the case here, contour integration involves significant technical difficulties in the
estimation of error terms, analogous difficulties may appear in a Tauberian treatment.

We will take another route. We will bound the expression within absolute values
in (6.51) using our bounds in Cor. 6.5. Then we will compute the resulting expression
numerically. We can do this computation for all y < Y in time essentially linear on
Y. Since the sum in (6.51) is finite, we can apply (6.24) with & = 1/2; in the proof
of Lemma 6.13, we had to use an exponent o < 1/2 so as to make our sum — which
was then infinite — converge. In fact, we can use the sharper bound (6.25) in Cor. 6.5
instead of (6.24), if we so wish.

As we shall see at the end of §6.6.2, (a) a purely computational approach is in fact
feasible for Y small or moderate, (b) the precise estimates we would get then are better
than the bounds we are about to obtain, but not by all that much. For most purposes,
Prop. 6.14 will do nicely.

Proposition 6.14. Let h,, be as in (6.47), withv = 1 orv = 2. Then, for0 < y < 10'2,

1 [4.89606 + 3.8371710 ifv=1,
hy(y.y) < — - sy ¥ (6.52)
y |9.57182 + 4.99703logy ifv =2,
and
1 (74554  ifv=1,
h,(y,y) < —- f (6.53)
y | 147.6449 ifv =2,
Proof. By Cor. 6.5 and (6.51),
cx 2(d P ?
b < 0 S0 SO ()
y d<y pldv p= \/ﬁ +
(dv)=1
(v) ? *(d) (©3%
o(v o

d>y
(dv)=1
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and also
2
hy(.y) < Con 1(d) 11 <p>
y d<y d pld p=vptl
(d,v)=1
201;.107)2 ,uz(d) < p ) ( p )
e S f
5/4 3/4 _ — p3/4
y iy P g \p— VP L) Ap—pil
(dv)=1
2 2 2
Cy 2 1*(d) ( P ) <0(v > u
32 LAy +
3/2 — 3/4
y d<y \/& pld p=p +1 d>y
(d,v)=1 (dyv)=1
(6.55)

where C1,1 = 0014429, C1,2 = 18, 21 = 0006534, C22 = 3.9877.
We compute that, for 2 < y < 10'2,

) uQ(d)H< P >2< 1+1.41812logy ifv =1, 6:56)
d Jo\p=vp+1l) T |1+0.78282logy ifv=2, '

d<y |d
(dv)=1
p2(d) H < P ) < P ) < 141958y /4 ifv =1,
o d S \P VP 1) \p —p¥r4+1) 7 | 7.2578y1 1 ifv =2,
(dv)=1
(6.57)
12(d) p * [221043y5 ifv=1,
Z di/2 H ( 3/4 1) s 10.2836 ifv=2 (6:58)
=y ol p—p=+ . Vy ifv=2
(dv)=1
By Lemmas 5.1 and 5.2,
o’(v) (2) ‘u 2.19025 19025 ifv=1andy > 2, 6.59)
4 318845 ifv=2andy > 3. '
>y
(d,v)=1
We obtain, using (6.54), that, in total,
4.89606 + 3.83717 lo ifv=1and2 <y < 10'2,
yhy(y.y) < s Y= (6.60)
9.57182 +4.99703logy ifv=2and3 <y < 10°~.
Using (6.55) instead, we obtain
74.54579 + 0.000296 lo ifv=1and2 <y < 10'2,
yho(y,y) < 54 Y= 6l
167.09396 4 0.0000341logy ifv =2and 3 <y < 102,
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Note that (6.60) is always better than (6.61) for v = 2 and y < 10'2: it implies that
hy(y,y) < 147.6449. (In contrast, for y = 1012 and v = 1, (6.60) gives us h; (y,y) <
110.921, whereas (6.61) gives us that hy(y,y) < 74.554 for all 2 < y < 10'2) We
have just obtained (6.52) and (6.53) fory > 2and v = 1, and fory > 3 and v = 2 as
well.

Forl<y<2andv=1,orl <y <3andv =2,

hy(y,y) = [logy — (o(v)/0)¢(2)]* (6.62)
A trivial calculation shows that (6.62) implies the bounds in (6.52) and (6.53) in those
ranges. For 0 < y < 1, of course, h,(y,y) = 0. O

6.5.3 Bounds on h,(y1,y2) for y1, y- large

Bounding h, (y1, y2) for y1, y2 both large is not hard given what we know.

Lemma 6.15. Let h, be as in (6.47), withv = 1 or v = 2. Then, for yi,y> > 102
andany 0 < e < 1/2,

kao(1/2)k.0(1/2 +€)
1/2 1/2—
Y1 Y2
2(1/2)k., (1 — 1 1 1
R e Ky W W P R
389 Viilogys  \/y2log iy 2

L1 —a)?
Mn\v(l —a,1l— a),
3892 log 1 log yo

IN

h’u(y17y2> H\v(1/271/2+6)

(6.63)
where o = 1/10g 10'2, k() K\, (1, B2) are as in (6.30) and (6.48), and

1
ko(B) =r(8)- ][ #. (6.64)
plv

Proof. By Prop. 6.8 and Lemma 5.11,

- Yy o(dv) p+1 k(1 —a')
Mdy \ 5 ) — 2 S 7 ’ d
‘ a (d) dv @2 pl;[Up—i—l—pa y

H p+1 k(1 —a)d”

pldvp—l-l—pa 3891ogy

(6.65)

for y/d > 1012, where o = 1/log 10'? and o’ € [0,1/2] is arbitrary. Recall that, as
we noted in the proof of Prop. 6.8, k(1 — «) > k(1) = {(2). Thus, applying (6.24),
we obtain that (6.65) also holds for y/d < 1012,

Hence, setting o’ = 1/2, we obtain that h,,(y1, y2) is bounded by

p2(d) p+1  k(/2) Sl (Y2 o(dv)
; o(d)? s P TV N \/a‘mdv (3) v C(2)‘

(d,v)=1
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plus

Z p2(d) H p+1 k(1 —a)d®
o(d)? ol p+1—p* 38 logy;

Mo (%2) dv) <2 ‘ (6.67)

(d, v) 1

Applying (6.65) again, once to (6.66), with o’ = 1/2 — ¢, and once to (6.67), with
o/ = 1/2, we obtain that h, (y1, y2) is at most

4 2
HA(d) p+1
;Ci Zd: U(d)z H H P+ 1— P (668)

pldv
(d,v)=1
for k(1/2) k(1/2+€) 1 )
+€
C1 = y1/2 1/2_E ) 0417125’ CY172_—_€
(1/2) nll o) R
G RBlogy,’ P T2 MR
_ k(1 —a) k(1/2) B -
@ 389logy: o127 Q31 =0a, a3a=o,

_ k(l-a) kK(l-a)
" 389logyr 389logys’
By Lemma 6.11 and (6.64), we conclude that (6.63) holds. The factors (p + 1)/(p +

1 — p'=#), plv, in (6.63) come from the contribution of primes p|v to the innermost
product in (6.68). O

a471 = 0[472 = Q.

Let us extract explicit estimates from Lemma 6.15. We first need to estimate the
infinite product x(51, B2).

Lemma 6.16. Let x(S1, f2) = Hp Kp(B1, B2), where £,(B1, B2) is as in (6.48). Then

1

—-—— ¥ | < 1. .
K <17 1 1og1012) < 1.552738, (6.69)
1 L 1 L < 1.588493 (6.70)

k(11— - : .

log 1012’ log1012 ) — ’
1

K <1, 2> < 2.620185, 6.71)
1 L L < 2.791671 (6.72)

i log1012’2) =< ’ '

1
K (1, 4> < 6.7614609, (6.73)
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8 8

< 19.82414, 6.74

<15 15> 08 ©.74)
41

i =g ) < 18.50841. (6.75)

Proof. The issue to address is that the Euler product defining «(31, f2) can converge
rather slowly. We proceed as in §4.4. Analogously to (4.21),

(1 4 Y1y2 > ﬁ(l — ) = Ri(z,y1,92)
=yt o)1 —p o)) LT = Gy iy )

where the polynomial Ry, is congruent to y; yg *1 modulo the ideal generated by zy; 2

and 32y, as can be shown by induction on k. Thus, % (31, 32) equals

k — — —
R (p~t,p~ P, pP2)
1;[ CBr+im)- 1] <1+ T T el ERCEL)

p

Assuming 0 < (31, 82 < 1, we let 0 = min(28; + B2, 51 + (k + 1)52), and bound

| Ry (¢, 151, 1%2) /17| C),
1—th + )1 —tP +t) — 1 —th +1)(1 —tP2 + )’

6.77)

where C}, is the sum of all positive coefficients of monomials in Rj. We can then bound
the tail, that is, the product of the terms in (6.76) with p > N: use (6.77) together with
the factthat z — 1 — 2% + 71 is increasing on z forz > 4, 5 > 1/2.

The above procedure is enough to prove (6.69)—(6.73). To prove the other inequal-
ities on (1, B2) in our statement, we need to be able to cope with the effect of 81, 82
being both significantly smaller than 1. We divide (81, 82) by

C(Br + B2)C(2B1 + B2)C(3B1 + B2)C(B1 + 2B2)¢(B1 + 3B2),

11 (1 N R(p~t,p~ ", p~ ") >
v Q=pPrtp )AL —p P +p )]’

and obtain

where R(x,y1,y2) equals

3

(L=w192) [T = vl2) (1 = p19d) - (1 =91 +2)(1 — g2 + ) + y13)
j=2

—(I—y1+2)(1 —y2 + z).

Note that all monomials in R(x, y1, y2) are multiples of 2y, Yo, y2Y2, TY1Y3, Y1Y3 OF
yiya, except for two negative terms (multiples of xy;y» and y$y3). Thus, for 51, 3 >
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1/2and 0 < t < 1, we can bound R(t,t"1,%2)/t° from above by the sum C of all
positive coefficients of monomials in R, where

o =max(2+ 1 + P2, 1 + 201 + fa, 1 4 1 + 202,481 + B2, f1 + 452).
We can then bound the tail as before. ]

Now we can use Lemma 6.15 to obtain explicit bounds on h, (y1,y2) for y1, yo
large.

Proposition 6.17. Let h,(y1,y2) be as in (6.47), where v = 1 orv = 2. If y1,y2 >

102, then
0.000033536 ifo=1

hy(y1,72) < { gy logys (6.78)
logyrlogys U V=2
Proof. We simply have to apply Lemma 6.15 together with the estimates on values of
k and k in Lemmas 6.9 and 6.16.
We choose to work with e = 1/14. Then,

K(1/2)k(1/2 + €)r(1/2,1/2 + ¢) < 194.680303, (6.79)
K(1/2)k(1 — ) 16.889795
FRIERE Q) 12,1 — a) < 20212 0434185 6.80
L= (12,1 - ) < 130 NG
k(1 — a)? 4.549747
PUZ 9 00— a1 —a) < 222220 < 0.00003006686 6.81
gegr Fl-al-a)s e < (6:81)

fora = 1/log 10'2. Fory > 102, (logy)/\/y < 0.00002763103 and (log y) /y'/>~¢ <
0.00019885651. We conclude, by Lemma 6.15, that

0.00003006686 0.0434185
hy(y1,92) < +2. -0.00002763103
log y1 log y2 log y1 log y2
194.680303
Y 0.00002763103 - 0.00019885651 (6.82)
log y1 log y2
_ 0000033536
~ logyilogys

To estimate hs(y1, y2), notice that

k2(1/2) < 1.891806k(1/2),  ka(1/2+€) < 1.813676x(1/2 + ¢),
ka(l —a) < 1.519298k(1 — @),

k(1/2,1/2 +¢€)
172564
k(l—a,1—a)
- 1.269669

k(1/2,1 - «)

1/2.1/24¢) <
m2(1/2,1/2+€) < 1463112

K\2(1/2,1 —a) <

K\Z(l_aal_a) <
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Hence

1.891806 - 1.813676
k.2(1/2)k.2(1/2+€)k\2(1/2,1/24€) <

-194.680303 < 387.08659,

1.72564
(6.83)
ka(1/2)ro(1 — a) 1.891806 - 1.519298
1/2,1-a) < .0.0434185 < 0.0852937
389 ma(l/2,1-a) < 1.463112 = )
(6.84)
o(1 — )2 1.5192982
%5\2(1 —a,l1—a) < 1960660 0.00003006686 < 0.00005466175
(6.85)
and so
. 4661 .0852
ho(y1. ) < 0.00005466175 ey 0.0852937 0.00002763103
log 1 log y2 log y1 log y2
387.08659
ST . 0.00002763103 - 0.00019885651 (6.86)
log y1 log y2
_ 0.0000615022
~ logyilogys
0

6.5.4 Bounds on h,(y;,y2) for y; large or moderate and y» small

We also need to bound h, (y1,y2) when y1, yo are distinct, one of them is small, and
the other one may be large or moderate.

We can obtain several useful bounds simply by using bounds for h,, (y, y) together
with Cauchy-Schwarz.

Corollary 6.18. Let h,(y1,y2) be as in (6.47), where v = 1 orv = 2. If 0 < y; <
1012 < g, then

0.0:1)001 ifo=1
hy (y1,72) < { VUL e u2 o2 (6.87)
\/’!TllOg Y2 -
and
1/0.0001642+-0.0001287 Iog y1 ifo=1
Y1 log 1 ’
h, (y1,92) < { 0.000588%?0%%830741% B fp =2 (6.88)
V1 logys -
Proof. By Prop. 6.14, Prop. 6.17 and (6.50) (Cauchy-Schwarz). O

Lemma 6.19. Let h,(y1,2) be as in (6.47), where v = 1 orv = 2. If 0 < y; < 106,
Yo > 1012, then

min (+/0.000138+0.00002878 log y1,0.017751)

r 10 P
< VY1 logya
h, (y1,2) < min (/0.0004747+0.00010763 log y1,0.033582)

VY1 logy2 ifv=2

o= 1,
g (6.89)
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Proof. By Prop. 6.17, (6.49) and Cauchy-Schwarz. O

The following bound can be stronger than what we would obtain from Cauchy-
Schwarz, at least in the critical range of y» rather small.

Lemma 6.20. Let h,(y1,y2) be as in (6.47), where v = 1 or v = 2. Suppose y; <
10'2, yo < 10°. Then h,(y1,y2) is at most

0.06219  20.01991

1/2 3/4 fv=1,
Y1 1 (6 90)
0.029216  40.61753 ’
72 T T3 fo=2.
Y1 Y1

Proof. By Cor. 6.5,
1-;
- (W p+1 d ’
e () - 0] < S It s ()

where BO = 1/2, 51 = 1/4, C1,0 = 0014429, C11 = 1.8, C20 = 0.006534 and
c21 = 3.9877. Also by Cor. 6.5, this time with o = 0,

i, (2) - 5] < e

d
Hence,
K,(1/2 K,(1/4
hy (y1,92) < Cv,o% + cul%7
Yy Y
where
2
po(d) 0o p+1 o(d)
K (/B) Z (d)gd lgp+]_p1—ﬂ y (691)
P

(dv) 1
for 5 =1/2and § = 1/4. By Lemma 6.11,

K(8) < <2 " (8.1),

where ki, (8, 1) = k\,(1, 8) is as in (6.48). Thus, by Lemma 6.16,

c1.0K1(1/2) < 0.014429 - ((2) - 2.620185 < 0.06219
c11K1(1/4) < 1.8-¢(2) - 6.761469 < 20.01991,

2.620185
L+ =57
3 6.761469
C2’1K2(1/4) S 3.9877 - 5((2) . T gs/a S 40.61753.
Lt 1=
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6.6 COMPUTING h, FOR SMALL ARGUMENTS

In the previous section, we proved bounds on h, (y1,y2). For y1, y2 large, our bounds
were quite satisfactory, and, at any rate, we do not know how to do better. We should
now prove sharper bounds on A, (y1,y2) for y1, y2 small (< 10°) and on h,(y, y) for y
moderate (< 1019).

Before we start, we should explain why we will be working with h,, directly, and
not with g,,, which is a finite sum, and thus would seem simpler to compute. The reason
is the following common computational issue.

If two quantities a, b differ by a small amount § = b — a ~ 2=¢ and we have
determined a and b with ¢ bits of precision, then we obtain § = b — a with only
¢ — d bits of precision. It is thus a good idea to start by taking out main terms from
our expressions. Now, h, is precisely g, with main terms taken out. We took the
main terms out to make our asymptotic analysis easier, but it so happens that we also
prepared the ground for greater precision in our computations thereby.

The same computational issue implies, for instance, that it is wise to apply an im-
plementation of log(1 + z) as a function of = small, rather than use logz for z ~ 1.
Actually, the same principle applies to our work in §6.2. As we already saw in Lemma
6.4, it makes sense to see (o (dv)/dv)((2) as the main term of M4, (y) for dv square-
free. Thus, when we compute g, (n) forn = 1,2,3,... —and we are going to carry
out additional computations of that kind in this section — we should actually compute
and store Mg, (n) — (o(dv)/dv){(2), so as to obtain more precise results.

6.6.1 Computing h.,(y1,y2) for y1, y> small

Our first task is to compute hy (y1,y2) for all y1,yo < Y (say) in time O (Y2). First
of all, we should make it clear that the task can be accomplished in finite time. While
hy(y1, y2) does not depend on |y |, |y2] alone, it equals an expression of the form

i i Kjrgaw (1] [y2]) (log éh)J <log fﬂ)j , (6.92)

J1=0 j2=0 Y2

for y1,y2 > 1, as can be seen from its definition (6.43). Indeed, it must equal

1 1 n Ji Yo J2
g E Kjr.ja,w(N1,M2) <log ) <log ) , (6.93)
ni no

J1=032=0

where n1 = |y1], n2 = |y2] if v =1, and, if v = 2, n; is the largest odd number < y;,
for ¢ = 1,2. (The meaning of k;, j, . is the same in (6.92) and (6.93).) Our task is to
compute Kj, j, »(11,n2) for ni,no <Y and ji,j2 =0, 1.

Since log™ is a continuous function, the dependence of %, (y1,%2) on ; is contin-
uous. Hence, for any nq, no, limylﬁn; hy(y1,n2) = hy(n1, ne). For ny, ne coprime
to v, using (6.93), we conclude that

ny +ov

k0,0, (M1 + v, n2) = Ko,0,0(n1,Nn2) + K1,0,0 (11, n2) log e
1
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In fact, limyl_m; hy(y1,y2) = hy(n1,y2) for every na < yo < mo + v, and so what

we have is a linear function on log y» converging to another linear function on log ¥
(namely, h,(n1,y2)). The coefficients of the first linear function must then converge to
the coefficients of the second linear function; in other words,

ny+v

507]'2,71(”1 + v, nQ) = ’%07]'2771(”1’ n2) + K10 (nlv 7’L2) log n ) (6.94)
1

for jo =0, 1.
Proceeding in exactly the same way with the roles of y; and ys switched, we obtain
that

ng + v
Kj1,0,0(n1, 2 +v) = Kj) 00(n1,n2) + Kj) 10(01,n2) log 2n2 (6:95)
for jo = 1, where, just as in (6.94), v € {1,2} and n; and ny coprime to v.
By (6.43),
d o(dv
%0,0,0(1,1) M(d)z( ( )4(2)>
(d)
‘ )< > (d) _ o(v) 020
o(v m o(v
2 — = 2).
- (W) S = e
(d,v)=1

Applying (7.28) backwards with o = log™, we see that

gu(Y1,y2) = Z wlr)u(rs) (log+ i) <log+ yQ) (6.97)

(7(7"1)0'(7'2) 79

(r1,m2)=1
(rira,v)=1

71,72

and so, by (6.43) or Lemma 6.10,

Fuanne) = 30 Y 8 ” (6.98)

ri<ng 7’2<n2
(7‘1 72) 1
(rire,v)=1

for n1,ny > 1. Again by Lemma 6.10, we see that, forn > 1,
o(v d
k1001, 1) = Ko1.0(1,n) = —%g@) d; #. (6.99)

(d,v)=1

(It is clear from (6.97) that, for 1 < y» < 1 4 v, all terms are proportional to log
or (logyi)(logysz), and thus the term k1 ,,,(n, 1) - logys in hy(y1,y2) and the term
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proportional to logy; in the last line of (6.45) must cancel out. Exactly the same
happens with k¢ 1 ,(1,n), with y; and y, switched.)

Recurrence relations (6.94) and (6.95), together with the initial values (so to speak)
that we determined in (6.96) and (6.99), reduce the problem of determining the coeffi-
cients Kj, j, »(n1,n2), j1,j2 = 0,1, forall ny, ny <Y, to the problem of determining
K1,1,0(n1,ng) for all ny,ne < Y. It remains to see how to compute K1 1,,(n1,n2)
quickly.

A naive approach would consist in computing the sum (6.98) for each pair (n1, n2),

thus taking time at least O(n1nz) for each such pair. It is easy to do much better. We
p(ri)p(re)

o(r)o(ra) for 71, T2 with (7"177“2) =1,

shall use the following procedure with a,, ., =
(rire,v) = 1 and a,, ., = 0 otherwise.

Lemma 6.21. Leta,, ,, € Cfor1 <r; <ny, 1 <1y < ngy. Then
s(ni,ne) = Z Z Qry e
r1<ni r2<nz
can be computed for all ny < N1, no < No, in time O(N1N3) and space O(Ny).
The values of s(n1,n2) are output in the following order:
s(1,1),8(2,1),...,8(Ny,1),8(1,2),...,8(N1,2),...,8(Ny, Na).

It is understood that a,, ., is not necessarily given by an array, but may be given by
a procedure call. Then the time O(N;N3) is multiplied by the time the procedure
takes. In our case, we can compute (1), o(r) at the beginning; the time then taken to
compute a,., r, is essentially constant.

Proof. We compute s(n1, 1) for 1 < ny < Ny by s(nq,1) = s(ny —1,1) + an, 1. We
store the result (b,, < s(n1, 1)) and output it.
Now, for n > 2,

s(ny,n) = s(nin =1+ Y aryn,.

r1<ny

We can of course compute dy,, n, = Zrl <ny Gryns for ny fixed and successive n; by
ny e = dny—1,mp + Qnyny- SO, we gooveralll <ng < Ny, 1 < np < Nop, with ng
in the outer loop; that is to say, we go over the pairs in the order

(1,1),(1,2),...,(1,n2),(2,1),(2,2),...,(3,1),(3,2), ..., (n1,n2).

We compute (and store and output) s(nj,ng) for 1 < n; < Nj and no fixed by
bp, < bny +dny ny- O

Corollary 6.22. Let h,(y1,y2) be as in (6.43). Letv = 1 or v = 2. We can compute
ho(y1,y2) for all y1,yo <Y in time O(Y?) and space O(Y).

Proof. Compute p(r), o(r) by means of a sieve of Eratosthenes (§5.3.2), and apply
Lemma 6.21. 0
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We can thus easily verify the following statement. It will later become clear why it
is useful to put our bounds on h,(x, y) in such a way.

Corollary 6.23. Let h,(y1,y2) be as in (6.43). Letv = 1 orv = 2. Forr > 1,
1<z< 106/T, let

fr,v(x) = inf \/@ : hv (.’L’, y)

re<y<106
Then
fr,v(x) 2 _Fr,v(x)v

where F,, : [0,00) — R is a continuous, non-decreasing, non-negative function of
compact support, satisfying

® P 0.86894 ifv =1,
/ Frl®) 4, o qv (6.100)
o 103489 ifv =2,

and, forv =2,
Fr(z)

max < 0.43102. (6.101)

z>1

Moreover, when v = 1 and r > 5, 0.86894 can be replaced by 0.74957.

The function f; , is far from being non-increasing. We will simply find a minorant
such as —F}. ,, useful for computing an error term later. The loss incurred in using such
a majorant is around 10 percent for v = 1, and less than 3 percent for v = 2.

Proof. By a computation as in Corollary 6.22, with Y = 105. We simply let

FT,U(I) = I?<3‘X max (7fr,v(t)7 O) :

The basic procedure to follow is clear: for given x, we bound f, ,,(z, y) by computing
VZY - hy(2,y) over many points y € [rz, 10°]; then, to approximate F, ,(x) for all
x € [1,10%/r], we compute f,,(z,y) at many points € [1,10°/r]. The question
now is how to choose the values of = and y at which to carry out such computations,
and what to do so that taking samples in this fashion results in actual bounds, rather
than mere empirical estimates.

Interval arithmetic supplies an easy answer: if we evaluate our expression (6.93) by
inputing into it infervals y1, y2 contained in the intervals [nq,ny + v] and [ng, ng + v)
(say), then what interval arithmetic provides is a lower bound (and an upper bound) on
hy(z,y) forall z € y1, y € yo.

For n < 5000, we subdivide each segment of the form [n,n + v], (n,v) = 1, into
~ 10000/n intervals; for n > 5000, we simply take [n,n + v], (n,v) = 1 as our
intervals, since (as it turns out) we need less precision for n large. We use the same
subdivision into intervals for the variable z and the variable .

Proceeding in this way, we obtain lower bounds on f, , () and, thus, upper bounds
on F, ,(z). The bounds on F, ,(z) satisfy (6.100) and (6.101). O
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6.6.2 Computing h,,(y) for y small or moderate

We would like to have more precise estimates on h,(y) = h,(y,y) for y below a
certain bound.

Our task is to compute h,,(y) for all y < Y (say) in time roughly linear on Y, that
is, in particular, without having to compute h,(y1,y2) for all 1,y < Y. We would
also like to compute i (y) for all non-integer y < Y in time roughly linear on Y. (If y
is an integer, , may not be differentiable at y, as log™ is not differentiable at 1.)

By (6.92), h,(y) equals an expression of the form

2 .
=3 kj0(n) (log %)J : (6.102)
j=0

where n is the largest integer < y coprime to v. Once we determine 5 ,, (n),7=0,1,2,
we will have determined not just h,(y), but also k! (y), since

v 2 v
B (y) = K1,0(ly]) n Ka,0(ly]) logi (6.103)
y y Ly)
for y not an integer. It is easy to tell that
K/O,U(n) = K/O,O,’U(na n)v ﬁl,ﬂ(n) = KO,I,U(”» n) + K’l,O,U(nv n)a

Kou(n) = K110(n,n).

Much as in (6.94)—(6.95), since log+ is continuous, the dependence of h,(y) on y
is continuous, and so, for n > 1 coprime to v,

2
Kou(n +v) = Koo (n) + K1,4(n) log ntv + Ko u(n) (log r Z U) . (6.104)

Comparing (6.102) with (6.92), we see that
Kow(n) = Ko,0u(n, ), K1,0(n) = K1,0,0(N, 1) + Ko,1,0(n, 1),

Ko,u(n) = K110(n,n).

Thus, in particular, by (6.96),

Ko.0(1) = ‘;EZ%CQ). (6.105)

It remains to determine k1, (n) and K2 ,(n) forn < Y. By (6.98),

mau(n) = 3 3 M) (6.106)

7‘1<nr2<n ’I“1)O' 7‘2)

(r1,r2)=1
(rire,v)=1
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forn > 1. By (6.97) and Lemma 6.10,

v

ko) =23 Y % log% =27 9y (). (6.107)

ri<nra<n
(r1,m2)=1
(r17r2,v)=1

It is plausible to say that the procedure we will follow to compute 1 ,(n) and
K2,y(n) is a simple case of what is called “dynamic programming” (an often-used and
not particularly well-defined term in computer science). What this means for is es-
sentially that we will be keeping and continually updating the results of intermediate
computations. This involves significant memory usage; we may say that we trade space
for time.

In our case, we can keep memory usage very moderate by some number-theoretical
tricks. Let us first see how well can we do if we do not use any such tricks.

Lemma 6.24. Let h,(y) = hy(y,y) be as in (6.43). Letv = 1 orv = 2. We can
compute h,(y,y) forally <Y intime O(Y logY) and space O(Y).

Proof. Our task is to compute %, ,(n), j = 0,1,2, for n < Y. Starting from (6.106),
and proceeding as in (7.28), we see that

Kow(n) = g %mdv (%)27
(d,v)=1

where

u(y) = Y pir) (6.108)
r<y
(ryw)=1
(In fact, this is literally an application of (7.28), with o set equal to the brutal truncation
o(z) =1forz > 1, po(x) = 0 for x < 1.) We can see that 7i,, () depends only on w
and |y|. Hence

Roo(n) = Rap(n—1)= > (:((;?)2 (md (2)2 — ringy (% - 1)2) . (6.109)

(d,v)=1

Both sides vanish unless n is square-free and coprime to v. (If n is square-free, then
Mgy (n/d) = may(n/d — 1) whether n/d is square-free or not, for a different reason
in each case.)

Let n be square-free and coprime to v; let d be a divisor of n. Then, obviously,
May(n/d) = may(n/d — 1)u(n/d)/o(n/d), and so

M (g)2 — Ty (g . 1)2 _ U(nl/d)2 42 ’;EZ% T (% - 1) . (6.110)
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Hence, by (6.109), for n square-free and coprime to v,

wd) | - 2u(dp(n/d) - n
() = a1 =30+ 32 oy (3 1)

(6.111)
2u(n) 1 . n
N v\ 7 1 )
) o o) (d )
where, we recall, d,, denotes the Kronecker delta: here, §,,; = 1if n = 1 and
On,1 = 0 otherwise.
Similarly,
D () (e (1) - T
Fio(n) =2 Z (o(d)2" (d) <md” (d) ¢«

(dv) 1

and, since Mqy(n/d) = Mgy ((n — 1)/d) + g ((n — 1)/d)log(n/(n — 1)), we see

that
n

K1p(n) — K1 p(n—1) = 2K9 ,(n — 1) log
n—

6.112)

if n is not coprime to v, whereas, if n is coprime to v, k1 ,(n) — K1,,(n — 1) equals
2K9 »(n —1)

pd) p(n/d) /d) o(dv)
QZ((;() onjd)" ()~ 22 cnjd) dv °?

dn
(n) - n v
o dlzn %d) (mdv (%) - Ej‘i )g(z)> .

Clearly,

(6.113)

ra(£) = () + 1 () log (6.114)

forall ¢ € [r,r + 1], r an integer; thus we can (a) determine 77, (¢) for ¢ not an integer
and (b) determine 7., (r + 1), given m,, (r).

We compute «; ,(n), j = 1,2, by using (6.111) and (6.113) repeatedly. (To com-
pute Ko, (n), it suffices to use (6.104) and (6.105).) What we will do, then, is keep
May(n/d) = mg,(|n/d]) and ma,(|n/d]) in storage for all d < n. Every time we
increase n by 1, we update g, (|n/d|) and mq, (|n/d]) for all d|n. (Their values for
d t n do not change.) Since the average number of divisors d of an integer n is ~ log n,
the times it takes to compute x;,(n) — K;,(n — 1) in this way is, on the average,
proportional to (logn), assuming that u(n), o(n), o(n/d), and the list of divisors of n
have been all computed in one go or can be computed quickly.

We can compute and store p(m), o(m) and all prime divisors of m for m < Y in
time O(Y logY’) and space O(Y loglogY’). (The average number of prime divisors
of a number m < Yis ~ 37 . 1/p ~ loglogY.) A moment’s thought shows
that we need only know the factorization of the integer n we are working with at any
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given moment, in that the expressions (6.111), (6.113) involve o(d) and p(d) only for
divisors d of n, and such quantities can be computed quickly given the factorization
of n. We can use a segmented sieve (§4.5) to factor our integers n, and use space
O(\/i7 loglogY) to store factorizations of integers n in intervals of length VY. Thus,
the lion’s share of space is taken by our keeping 714, (n/d) and 74, (| n/d]) in storage
for all d < n. Since n goes up to Y/, total space consumption is O(Y"). O

What we meant by “dynamic programming” should now be clear: we are constantly
updating stored information.

It is in our interest to reduce space further, particularly because space usage in the
proof we have just seen is not sequential. In practice, a program that uses a large
amount of memory non-sequentially — that is, not going through storage in some sort
of simple order — will be slowed down considerably. Let us now think like number
theorists so as to save on space.

Corollary 6.25. Let h,(y) = hy(y,y) be as in (6.43). Letv =1 orv = 2. We can
compute h,(y) for all y <Y in time O(Y logY') and space O(v/Y loglogY).

Proof. The issue is how to decrease the space consumption of the procedure in the
proof of Lemma 6.24. As we already saw, using a segmented sieve of Eratosthenes
takes care of only part of the issue: yes, we can factorize our increasing variable n in
this fashion, but we have also been keeping information associated to each d < n. Let
us manipulate our expressions so that we will need to keep information for far fewer d.

Assume 1 < n < Y. Then, by (6.111), when n is square-free and coprime to v, the
difference k2, (n) — K2,,(n — 1) equals

92 n 1 . n O'd .
i | S e (o) T S|
A<VY d<n/VY

where we are changing variables by d — n/d in the second sum. By (6.108),

mnv/d(d_l): Z ZE:; Z ,u(f)

r<d—1 0\(r,
(rv)=1 [l( d) 6.115
MOy ) gl (1), (O
P a(f) Ta o(r) T a(f) 14
(rlv)=1

Clearly 1124, ((d — 1)/¢) = 0 for £ > /Y, since then £ > d — 1.
Similarly, by (6.113), for 1 < n <Y square-free and coprime to v, the difference
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K1,w(n) — K1,0(n — 1) equals 2k9 ,(n — 1) log(n/(n — 1)) plus

> i (7 (3) - ")

d<VY
- (6.116)
p(n) o(d) o(nv/d)
+2m dz|,; 7) <mnv/d(d) nv/d <(2)> .
d<7L/\/?
Just as in (6.115), for n coprime to v,
u(r) d
~n1) d = -
m /d( ) = 0'(1") T (X:
. v)ﬂlw u(r) ulty? @117
Z Z o(r) log 7 81" Wmh)(d/e)
e r<d/t e
(rfv)=1

and so

_ a(nv/d) ) a(tw)
oit) = 70D =3 (tar - 75 @)

Again, it is clear that 1M, (d/¢) = 0 for £ > VY, since then ¢ > d.
Thus, in order to verify the proposition for all z < Y/, it is enough to do the follow-
ing:

1. Start by computing s(r), o(r) for all » < v/Y by a sieve of Eratosthenes.

2. Still at the beginning of the procedure, compute and store 7, (m) and M, (m) —
(o(fv)/fv)¢(2) for all £ < VY, m < /Y /. This step takes space and time
O(VY logY).

3. Now, as n goes from 1 to Y, factor n. This step takes time O(Y loglog Y") and space
O(VY loglogY), in that we split [1, Y] into intervals of length about /Y and apply
the sieve of Eratosthenes to each of them.

4. Keep track of 1ig, (n/d) and rig, (n/d) — (o(dv)/dv)¢(2), d < VY, as n increases.
This takes takes space O(v/Y) and time O(Y logY’), since, as we already saw, we
need to update hq, (n/d) only for d dividing n and n square-free. We can compute
u(n/d) and o(n/d) immediately from pu(n), o(n), p(d) and o(d), and compute
u(n), o(n) quickly using the factorization of n.

5. As n increases, keep computing £, (n) — K;,,(n — 1) for j = 0,1, 2

Steps (3) and (4) are to be carried out together rather than consecutively. In total,
the procedure takes time O(Y log Y) and space O(v/'Y loglogY). O
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Figure 6.1: thy(t) on [1,10] Figure 6.2: thy(t) on [1,10%]

ix10 1x10° ixto? x10° w10t

Figure 6.3: thy(t) on [10°,10°) Figure 6.4: tho(t) on [105,2 - 10

Proposition 6.26. Let h,(y) = hy(y,y), where hy,(y,y) is as in (6.43) and v = 1 or

v = 2. Then .
10 .
—0.049510004 -1
/ hv(t)% < { 0.049510004 * ifv (6.118)
1

2.634812714 ifv =2

and, for 108 < ¢t < 109,

0.0455 :
00455 iy =1,
lho(8)] < {00’;78 Fo—2 (6.119)

The algorithm is good enough that time is not the main issue, in comparison with
precision loss; going up to 7' ~ 10*° takes a day or two on a single processor core.
As can be seen in Figures 6.3 and 6.4, precision degenerates visibly starting at about
t ~ 10%. The higher and lower curve in each graph both depict h,(t): they represent
the upper and lower bounds on h,(t) given by interval arithmetic based on IEEE double
precision (64 bits).

Proof. We apply the algorithm in the proof of Cor. 6.25. Note that |’ 1T h (t)dt/t equals
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= n+v  K1.(n) n+ov\>  Koo(n) n+v\®
Z Kop(n)log —— + ——= (log —— | + —= log
2 n 3 n
T K1o(n T\? & v(n T\?
+ Ko (1) log L + M log L) 4 f2e(no) (10 TN
ng 2 ng 3 no
(6.120)

where ng is the largest integer < 7' coprime to v. Again, it is important to use an
implementation of log(1 + x), rather than of log z.
‘We obtain, in fact, that

108 .
—0.04951001463, —0.049510004 fo=1
/ h(t)dte{[ 0.04951001463, —0.04951000438] if v 6.121)
1

[2.63481249177,2.63481271383] ifv=2.
t

We will use the following estimates once later, in order to treat a small error term.
Thus, somewhat rough bounds are enough.

Corollary 6.27. Let h,(y) = hy(y,y), where hy(y,y) is as in (6.43) and v = 1 or
v =2. Then, forall 1 < T < 10°,

T o — 1
/ ho(t)|de < 4 7035 =1 (6.122)

1 at’ 17.61 ifv =2,

and
T .
705  ifv=1,

Ltho )| dt + |Tho(T)| < 6.123
/1 dt ()‘ + [Thy(T)| {17.64 ifo=2. (6.123)

Proof. The function ¢ — th,(t) is continuous everywhere and differentiable outside
the integers. For n < ¢ < n + v, where (n,v) = 1,

d
%thv(t) = hy(t) + th(t)
£ \2
(12 (1o 37 )
¢ J ’ 2]
(6.124)
We evaluate this expression with integer arithmetic, replacing ¢/ |t] by 1 + v/n.
Call the resulting interval 1.
If T does not contain 0, then (th,(t))’ does not change sign in (n, n + v). Hence,

n+v d n+v
/ ‘ ( th(t) )

%thv(t)
fvh (n) + (n 4+ v)(hy(n 4 v) = hy(n))

v n-+v
+H27U(n)10g2 - )

= (HO,U + ’il,v)(LtJ) + (Hl,v + 2"52,1))( LtJ ) IOg

= (n+v)hy(n+v) — nhy(n)

= vkou(n) + (n+0) <H17v(n) log nt
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If I contains 0, we take absolute values in (6.123):

2
t
‘th ’ [(kow + K1,0) ()] + (K10 + 262, 1,)(n)|log + |K2,0(n)] <log n) ,

where n < t < n + v. Hence

/n+v d

dt

n+v t
thq,(t)‘ dt = |(Ko,w + K1,0)(0)] - v + | (K10 + 262.4)(n)] / log dt

+ [K2.0(n |/ <log t) dt.
Clearly
/Wl Pt = /U/nl (14 06)ds = ((1+3)1 (1+3)—3) (6.125)
; Ogn =N ) og =n n og " " N .

n+v ¢ 2 v/n )
/n (log n) dt = n/o (log(1+))
n((1+%)log2 (1+%) 72(1+%)10g(1+%) +2%)

(6.126)
If n is large (say, n > 10%), we use the bounds
v/n v/n V2
/ log(1 4 6)dé < / 0dd = —
0 0 2n
v/n ) v/n ) V3
log(1+9))"dé < 6°dd = —.
| st aran< | -
In this way, summing over n = 1,1 + v, 1 + 2v,..., we obtain that (6.122) and

(6.123) hold for T = 10°.

Lastly: the integral in (6.122) is obviously a non-increasing function of 7. The
same holds for the left side of (6.123): it increases when (th,,)'(t) is non-zero and not
of sign opposite to that of th,(t), and remains constant otherwise. Hence it is enough
to evaluate the left sides of (6.122) and (6.123) for T = 10°.

O

If we wanted more precise estimates in (6.122) and (6.123), we could use the fact
that the integral of |(th,(t))’| from 1 to T equals

[t1hy (1) — hy(1)] + [tahy, (t2) — t1hy (t1)] + - - - (6.127)
+ ‘tkhv(tk) - tkflhv(tk - 1)| + |ThU(T) - tkhv(tk)‘ ? .

where t1, lo, . .. , t) are the local maxima and minima of th, () in (1,7T'), or any super-
set thereof. The expression on the second line of (6.124) is quadratic on log( ), sO
we can find maxima and minima simply by solving a quadratic equation on log(¢/n) for
every n, or for each n for which interval arithmetic indicates (as above) that (th,(t))’
might vanish inside (n,n + v).
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6.7 EXCURSUS ON THE DRESS-IWANIEC-TENENBAUM CONSTANT

Dress, Iwaniec and Tenenbaum [DIT83] considered the sum

2

D @], (6.128)

m<X | d<U
dlm

which can arise naturally when Vaughan’s identity is applied without smoothing. Part
of their motivation seems to have been to improve on the power of log in the Bombieri-
Vinogradov theorem. Then U can be chosen significantly smaller than v/ X. (In the
ternary Goldbach problem, on the other hand, one cannot easily make such an assump-
tion, though one can assume that U is significantly larger than X.) It is then useful to

write
2

Do | 2nld) | =xs©)+0WU?)
m<X | d<U
d|m

where

sy = Y p(m)p(n)

Cmun]
m,n<U

The main theorem in [DIT83] states that S(U) tends to a limit L as U — oo, and

that, moreover,
6 o, Jjt1 pu(mn)
L=— log =—— _
ﬂ;%j 2 Slmjon

m,n<j
Let
i) = 30 2D (g (2)) (6.129)
y - O'(d)z mq d I .
d<y
where 14 is as in (6.108). Then
6 (. .dy
L=— —
=g h(y) Y

since, as we can easily show by applying (7.28) with v = 1 and ¢ = 1(g 1),

As was stated in [DIT83, §3], computations suggested that L. ~ 0.440729, but
the state of knowledge at the time on m(z) (defined in §5.3) left no hope of actually
proving this, or anything close to this. (It is also reported in [DIT83] that R. R. Hall
had shown that . < 0.947 by a different method, in unpublished work.)
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Thanks in part to our approach and in part to the development of estimates on m(z)
since then, we can actually prove a good estimate on L, confirming what Dress, Iwaniec
and Tenenbaum conjectured.

We first need some bounds on 77, (z).

Lemma 6.28. Let 1q(x) be as in (6.108). Then, for x < 102,

p+1
6.130
|1z L[HPH_ (6.130)

for d arbitrary.
Moreover, for all x > 0,

. p+1 25(1 — o)
|md(m)| S H + 1 —p™ ' (5}
via P P @
6.131
p+1 k(1 — a9) ( )

+0.0144] ] SEiopv loge

p| d

for ay € [0,1/2] arbitrary, az = 1/log 1012 and k() as in (6.30).

Proof. Let mn(x) = rn(z). We establish

, 2
()] < \/; (6.132)

for z < 10'2 by direct computation. Proceeding just as in the proof of Lemma 6.4, we
obtain that, for d arbitrary,

ria(z)| = Z m m(z/q)

qld=

V2 q
% Hp‘q(p + 1) (@) \/;

SIS () -

pld k=0

For z > 10'2, we proceed just as in the proof of Prop. 6.8, starting from Lemma
5.12 instead of Lemma 5.13. We obtain (6.131) for z > 10'2. For x < 10'2, (6.131)
follows from (6.130). O

Let us now prove a bound on /(1) analogous to the bounds on h,(y, i) we derived
in §6.5.
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Proposition 6.29. Let h(y) be as in (6.129). If y > 10'2, then

, 0.00096448
h(y) < ——® (6.133)
W)= gy
Ify < 10'2, then
. 2 +2.83624 10
li(y)| < T =2m 08, (6.134)

)

We could derive a bound much sharper than (6.133) (but less sharp than (6.134))
for 102 < y < 10! if we used Lemma 5.10.

Proof. We will bound /(y) by h(y), where

Hence, by Lemma 6.28,

- 2« 12(d) p ?
h(y)ggz y H<p_\/5+1) (6.135)

d<y pld

for y < 10'2. By (6.56), we conclude that

. 2+ 2.836241ogy

for y < 10'2.
Assume now that y > 10'2. We proceed just as in the proof of Lemma 6.15, and
obtain that h(y) is at most

for a = 1/1og 10'2, where

_ek(1/2) k(1/2 + € 1 1
¢ =2 1/2) (1//275)’ a1=3z M2=576
VL Ya
1/2 1-— 1
ey =222 ~0.0144”( / )u, a1 =5, (2 =q,
VY logy 2
1— 2
e = 0.014425L =) Q31 =032 =q

(logy)?
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and € € (0,1/2). We apply Lemma 6.11, and conclude that

1-e£(1/2)K(1/2 + €)

h(y) <2 - K(1/2,1/2 4 €)
y €
1/2)k(1 — 1 1—a)?
1002882 /2L —0) ( 1- a> L0012 ),
Vylogy 2 (logy)
(6.136)
We apply (6.79)—(6.81), and obtain
h(y) < 870552602  0.0288 - 23.885778 0.01442 - 4.549747
= 1—1/14 2
Yy Vylogy (log y) (6.137)
0.00096448
(logy)?
O

Proposition 6.30. Let

d1,d2<U [d1, da

Then limy 00 S(U) = L, where
L =0.440729 + O*(0.0000213).

The six digits in the main term here are likely to be correct; most of the error term
here comes from our (suboptimal) bound on an integral from 10'* to co.

Proof. As we said, the main theorem in [DIT83] gives us that

6 (. .dy
h(y T

L=—
72 Ji Yy

where h(y) is as in (6.108).
By Prop. 6.29,

® . dy  0.00096448 dy  0.00096448

hy)- " < 2 12
1012 Yy w2 (logy)? y log 10 (6.138)
< 0.00003491,

1012 1012
. dy 2+ 2.836241logy dy
/ h(y)*</ R
1

09 Yy 109 Y Yy
1 1 1+ log 109 1+ log 1012 (6.139)
=2 —= - —= 2. 24 - —
(109 1012> +2.836 ( 10° 1012

<2.019-107°.
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The same computation as in Prop. 6.26 (or, rather, part of the computation) gives us
that

10°
/ h(y)gy <0.7249702 + O*(6 - 10’8). (6.140)
1

Hence 6
L= 5(0.7249702 + 07(0.0000349721))

= 0.440729 + O*(0.0000213).

(6.141)

O
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Chapter Seven

A natural upper-bound sieve

7.1 INTRODUCTION

Our aim in this chapter is to find cancellation in sums of the form

> u(d)e(d), (7.1)
dlm

where p is a smoothing function, equal to a constant for m larger than some parameter.
What we want is an upper bound on the ¢2 norm of (7.1); that is, we want to bound

2

> Do u@ela) )
dlm

meINZ

where [ is an interval.

Experts will recognize this as a situation of small sieve type. This may come as a
surprise, since the expression we have to bound may seem to have arisen almost out of
its own volition.

Some words on small sieves are in order here. It is of course clear that, if o were
the constant function g(d) = 1, then (7.1) would be 1 for m = 1, and 0 otherwise.
If, instead, o(d) = logd, then (7.1) equals —A(m), and so is non-zero only at the
primes and their powers. A small sieve is, in essence, a clever choice of function g, so
that, while o obeys some relatively strong constraints that d — log d and the constant
function do not, (7.1) still captures the primes approximately, in the sense of, say, being
supported on a relatively small superset of the primes, or some other related sense.

If, to be more precise, we aim at bounding (7.1) in £2 norm from above, we say we
have a quadratic sieve. The best we can usually hope for is an upper bound that is no
larger than a constant times the number of primes in I. As is well-known, such a bound
is achieved by Selberg’s sieve, where o is defined as a function from Z* to R given as
the solution to an optimization problem. We need to work with g defined on R — and
preferably monotonic, unlike the choice of p in Selberg’s sieve.

The first version of the present proof of ternary Goldbach simply used a brutal
truncation g, with o(d) = 0 for d < U, o(d) = 1 for d > U. The 2 norm is not
then bounded by a constant times the number of primes in [; rather, it asymptotes to
a constant times the number of integers in /. A numerical value for the constant had
already been conjectured by [DIT83]. What the relevant part of [Helb] contained was
a proven estimate, with a small, explicit error term.
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Figure 7.1: The smoothing function o(t) with Uy = 100, U; = 1000

Here, we will work with a continuous p, and show that it is essentially as good as
Selberg’s sieve. This is within an existing line of work that may reasonably be said to be
related to work done by Selberg before his sieve, when he mollified the Riemann zeta
function [Sel42]; see the discussion in [FI10, §7.2]. The particular smoothing function
o we will use was already studied in this context by Barban-Vehov [BV68], Motohashi
[Mot74] (see also [Mot76]) and Graham [Gra78].

Theorem 7.1. LerU; > Uy > 0, v € {1,2}, 8 € {0,1/2}. Fort > 0, let

0 lft < Uy,
~log"(t/Uo) —logt (t/UL) | oty .
olt) = o T 0 =l #h<t<t. a2
1 ift > U,

where log™ x = max(log z,0). Let

Ses(X)= > [D udoe(d)

BX<m<X \dm

(m,v)=1
(a) ForUp < X < Uy,
X Us X
Sus(X)<((1=B)log — +Rup | =) —5) 7.3
a2 (=g g s () pogrm 09
where o1 oo
Ruos(t) ==~ + 575 (74)
K11 = 34.39 — 13.758, K12 = 13.99 — 6.1653,
ko1 =4.93 — 1.645, koo = 2.54 — 0.848.
(b) For X > Uy,
1-8)X U X
Svp(X) < (17,) + Ry p <O) = (7.5)
08 Ty VX)) log T

where R, g(t) is as in (7.4), provided that U1 /Uy > ¢, g, where

C1,1/2 = 9, C2.1/2 = 9, C1,0 = 8, C20 = 6.
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If X < Uy, then S, g clearly equals 0.

A few remarks are in order. Here, we give a remainder term Rg,, that is small
for Uy greater than v/ X ; as we shall discuss in §7.2, it is most likely also possible to
give a remainder term that is small for U; smaller than VX. In fact, it is a priori more
noteworthy that — as has been known since [BV68] and [Gra78] — one can give useful
bounds when Uy greater than v/X, since such is not the case for most sieves. (Simply
changing variables d — m/d would result in a mess.)

We are allowing a parameter 3 for the sake of generality. A reader wishing to apply
Theorem 7.1 to sums over m < X would set 3 = 0. We will later apply Theorem 7.1
with 5 = 1/2, as we are interested in a sum over a dyadic interval, i.e., a sum over
X/2 < m < X. In this chapter, we carry out all our work for a general 8 € [0, 1] until
the very end, when we focus on 8 = 0 and 8 = 1/2 to optimize our estimates.

It is unsurprising that, if we let v = 2 rather than v = 1, the main term does
not change, yet the remainder-term bound decreases sharply. Setting v = 2 amounts
to sieving out the even numbers in a very simple way before we apply our sieve. It
was already known (since the work of Selberg himself) that it can be useful to combine
Selberg’s sieve with a relatively simple sieve for small prime numbers; see [FI10, §7.6—
7.7].

The assumption Uy /Uy > ¢, g in Thm. 7.1((b)) is not unduly restrictive, in that
using the smoothing ¢ in (7.2) with Uy /Uy < ¢, 3 would make little sense: the denom-
inator logQ(Ul /Up) in (7.3) and (7.5) would be small. Moreover, precisely because
logQ(Ul/UO) is small, it is likely possible to prove Thm. 7.1((b)) for 1 < U1 /Up < ¢y 8
starting from main-term estimates for the “poor man’s sieve”, that is, an analogue of
Thm. 7.1 for the brutal truncation ¢ = 11 ). We do not study the poor man’s sieve
here for reasons of space. See, however, [Helb, §4.1].

Refinements. We actually give a bound on S, g a little sharper than that in (7.3) and
(7.5); see Theorem 7.23, a technically stronger version of Theorem 7.1. On a relatively
broad range, the improvement in L is enough to swallow the remainder term Rg ,.
Thus we will have, for instance,

2

log 7= X
> (@@ ] <5 (7.6)
X/2<m<X \d|m 8 T,
(m,v)=1

for = 1/2, v = 1 and (say) 100V X < Uy < X/3,U; > X, or for § = 1/2,v =2
and (say) 14V X < Uy < X/3,U; > X.

Comparison to previous versions. Prior work was non-explicit, except for the recent
preprint [Bet19], which proves a bound corresponding roughly to

g < 166X
1o = IOg(Ul/Uo)
in the special case U; = Ug. The leading-order terms in (7.3) (for Uy < X < U;) and
(7.5) (for X > U;) had been known since Graham [Gra78].

While previous work towards Thm. 7.1 was in principle effective, it was based on
estimates of the form -, _,, pu(m) < CaM/(log M)A. As soon as A is about, say,
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2 or larger, such estimates are known only with C'4 much too large to be practical. We
will base our work instead on the results in [Ram13b] (see §5.3), which rely on a bound
for A = 1. In other words, we face the challenge of working using tools based on an
input that is better than trivial only by a factor of log times a constant.

Comparison to Selberg’s sieve. Selberg’s sieve, with p : Z* — R supported on
integers < U, gives us a bound of the form

2

Z Z w(d)p(d) | < % + remainder term, (7.7)

m<xz \dlm

where h(U) = >, 1*(d)/¢(d) (see, say, [IKO4, Thm. 6.4]), and the remainder
term is O(U?/log® U) (as in [IK04, §6.7]). Here h(U) > log U for all U and h(U) =
logU + 1.33258... + o(1) ([Ram95, Lem. 3.4]).

The estimate to be compared to Selberg’s sieve would be the variant of Thm. 7.1
to which we referred in the above — namely, a variant where the remainder term is
small for U; smaller than VX as we will see in §7.2, the remainder term would be
< UL/(C(2)log Uy JU)? = (36/n*)U?/log? U for Uy = U, Uy = 1. As we shall
see, there is still work remaining to be done on the main term of such a possible variant.
While that main term cannot be quite as low as the main term x/h(U) in (7.7) (since
Selberg’s sieve is optimal), it seems reasonable, in the light of Theorem 7.1((a)), to
hope to bound it by z/log U, or even by x/log U — (c + o(1))/(log U)?, where c is
some constant close to 1.33258. . . ; see Theorem 7.23 and the brief discussion therafter
(87.8.1).

The main reason to be interested in a sieve like that in Theorem 7.1 for U; < VX
(call such a sieve “low-range and continuous”) is essentially the same as our reason
for proving Theorem 7.1 (“high-range and continuous”): there are contexts in which a
continuous, monotonic, bounded g is helpful or necessary. (The optimal sequence p(d)
in Selberg’s quadratic sieve is neither continuous nor bounded, nor the restriction of a
sensible continuous function to the integers.) In our context, the function p arises as a
smoothing applied to Vaughan’s identity. Of course, if g is continuous, monotonic and
bounded, so is 1 — p, and having a continuous, monotonic and bounded weight 1 — p
is very useful for the estimation of other terms of Vaughan’s identity.

Further perspectives. The quadratic sieve considered here has been generalized
(starting with [Mot78], [Mot83] and then [Jut79b], [Jut79a], [Mot04]) and applied in
[GPY09], [Zhal4], [May15] and related work. It may be worthwhile to attempt to
adapt our explicit work to such more general situations. What is being sieved for in
such cases is not primes, but products of few primes, and the choice of function p
would then reflect this fact. We use a function based on log; to sieve for products of
few primes, what is used is functions based on powers of log.

See also the variant in [Ram12], which is in some sense intermediate between Sel-
berg’s sieve and the quadratic sieve considered here.

Can one hope to give a good error term when either U or U; is close to v/ X ? The
recent result [dIBDT] is encouraging.

On a different note: is the function g in Theorem 7.1 optimal within its class? That
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is to say: is L (in (7.3) or (7.151)) minimal, when we let p range among monotonic,
continuous functions such that o(t) = 0 for ¢t < Up and o(¢t) = 1 fort > U;? (The
bound on L to be considered here is not that in (7.3), but the best possible one, as
discussed at the end of §7.8.1.) The answer is unknown as of the time of writing. (It
has been clear since [BV68] that the choice of g used here gives a result of the optimal
order of magnitude. See also [GKM16].)

7.2 SEPARATING THE MAIN TERM AND THE REMAINDER

Let us first discuss how to separate the remainder term in (7.3) from the main term.

The fact that the remainder term in (7.3) is essentially proportional to (v/X /Up) - X
may seem odd. This is a deliberate feature: in our main application, we will be able to
ensure that Uy is considerably larger than v/ X, and thus (v/X /Up) - X is considerably
smaller than X.

It would be possible to give instead a remainder term essentially proportional to
UZ. (We see that the range Uy < X, U; > +/X would still be problematic.) Such a
remainder term would be what is usual in sieve theory. Let us see how a treatment in
such a direction would begin, and where would it face non-trivial difficulties similar to
the ones we will overcome.

By 2.1), 34 (d)o(d) = =3 4, 1(d)(1 — o(d)) for m > 1. Write A for
1 — o(t). Then

Yoo | ow@ed | =300 >0 pld)u(d2)Aa M,
X/2<m<X \dlm di d2 X/2<m<X

(m,v)=1 (m,v)=1
di|m,dz|m

= Y pd)p(d)Aa e, Y 1

dy,dz X/2<m<X
(d1d2,v)=1 (m,v)=1
[d1,d2]|m

X pi(dy)p(dz) * 2 2
= Ady Ady, + O p=(dy) = (d2) Agy A
2v dlzdz [d1, do] i d§2 (d1)p”(d2)Aa; Ady

(dldg,’v):l (dldz,'u)zl
(7.8)
The last term here equals (3_ . (4,)—1 u%(d)Aq)?. For our choice of p, it is easy to see

that v
6v ! 6v U —U
2 1 — Uy
d)Aq ~ Aedt =
; () 7720(1))/0 K m20(v) log Uy /Uy’
(dv)=1

and thus the remainder is ~ (U; — Up)?/({(2) log Uy /Up)?. (The case Uy = 1 then
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gives us ~ UZ/(¢(2) log Uy)?, much as in Selberg’s sieve.)
That was very easy. What is more complicated is to estimate the main term. It is
tempting to write, as in [Gra78, §3],

pu(dy) p(ds) _ p(dr)p(dz)
> T = X g e X 00)

dy,d2 d1,d2 r|(d1,dz2)
(dldg,v):l (dldg,’u)zl
2 (7.9)
2

2000 [ g @

=2 T | X g

r<Uy d

(ryv)=1 (d,rv)=1

If r is considerably smaller than U; yet larger than Uy, or considerably smaller than Uy,
we can find a fair deal of cancellation in the sum inside the square, proceeding as in
§5.3. The problem is precisely what to do when r is slightly smaller than either Uy or
U, . If r is slightly smaller than U7, the sum inside the square in (7.9) is very short, and
we are thus unlikely to be able to find much cancellation in it. In part for this reason,
the error term given in [Gra78, §3] is of size O(1/log(U1/Up)) times the main term.
We need to do better.

k ok ok

As we already said, we will really be working with Uy larger than /X, and so
should aim at a remainder term proportional to (X/Up)? (or smaller), not to UZ or
U?/(logUy)?. This is actually a less intuitive case at first, since the variables d1, do
are large rather than small; we cannot extract the remainder term as easily as in (7.8).

Instead of starting by switching from o to 1 — p, we apply what is essentially the
same procedure as in [Gra78, p. 91].

Lemma7.2. Let X > Xo > 0andv € Z+t. Let o : R™ — C. Then

2

S D] ude(d)

Xo<m<X \d|m

(m,v)=1
equals
ST ulrp(ra) > o(ril)o(ral). (7.10)
s rLor X
(s,v)=1 (1”1177“2)11 ’“1T;5<l§ Tl):zs

(rirg,v)=1 (rarav)=1,u(l)2=1
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Proof. We expand and change variables:

2

Z Z,u(d),g(d) = Z Z Ju(dz)o(dr)o(dz)

Xo<m<X \d|m Xo<m<X dy,d2|m
(m,v)=1 (m,)=1 (7.11)
Z Z Z u(ri)p(ra)o(ril)o(ral) Z 1,
Xo<m<X
(71 72) 1 (, 7‘1’!‘27)) 1 rirallm
(rire,v)=1 p2(l)=1 (m,v)=1

where di = r1l, da = rol, I = (d1,d2). Let s = m/(r1r2l). Changing the order of
summation, we obtain (7.10). O

We now diverge from [Gra78]. We will study the inner triple sum in (7.10), de-
taching a remainder term from it. We proceed by standard techniques: we reformulate
our expression so as to free a variable, over which we then sum, thus eliminating the
variable. We then obtain our main term by completing a sum, that is, making it into an
infinite sum, which we are then able to simplify.

Proposition 7.3. Let z,u > 0,0 < 8 < 1, v € {1,2}. Let o : R — Cbea
non-decreasing function such that o, o' are in L' and o(t) = 0 fort < u. Then

ZZ (r1)p(ra) Z o(ril)o(ral), (7.12)

T T2 Bz 1< _z
, =1 172 —Tr1iT2
equals
6 1
oot [ et
7 o(v) Jg (7.13)

+ O* (cv,l\/g . Rl,l/Q,u,v,g(z/u) + Cv,221/4 : R1/2,1/4,u,1z,g('z/u)) 5

where
> pi ! <y> 0 <y> : (7.14)
. 0'(7'1 71 T2
(11 ro)=1
(rirz,v)=1

yu yu
o (#5) e ()
Ro w0y Z Z m7 (7.15)
dy,d2<yl;<y/d;
p2(dilidalav)=1

5
c _ 3
v,1 — 3_ B
2 2 ) -

)5 o=t 02_{@13)”15)([8;3) fo=1,
£} h : L :
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Proof. By Mobius inversion in the sense of (2.1), the expression in (7.12) equals

DD wlroulr) Y elnb)e(ra)

( ) "'f'jz Ise5;
r1,m2)=1 B
(rir2,v)=1 (v)=1 (716)
ST pd)p(da) D p(m).
di|r1,da2|rs m?2|l
didall (m,rir2)=1

‘We now change the order of summation, putting the sum over [ at the very end, and
introducing the variable n = I /d;dom?. The inner triple sum in (7.16) then becomes

> wld)u(d) Y p(m)

di|r1,da2|rs m
(m,rirav)=1
Z o(ridy d2m2n)g(r2d1d2m2n).
rlrzflzd2m2 <ns< 1 7‘2dfd2m2
(n,v)=1
(7.17)
We estimate the innermost sum by (3.4) and (3.10); we obtain that it is
< ’r * 1 fr/
srrradidon? | e it + 0" (5 A I R (AT

where
Yy, () = o(y1t)o(y2t) - 1(,1)-

Of course, the innermost sum is actually 0 if r1ryd;dom? > z or either 7 or ry is

> z/u. We will set the conditions 1,72 < z/u throughout. Our error terms will come
from the error term in (7.18), when m < \/z/r1radids, and the main term in (7.18),
when m > \/z/ri1radids; that is, we complete the sum on m in the main term.

Our main term is thus

; > ”(ﬁ)”(m)Tz/m,z/rz(t) > > p(dr)p(da) p(m) dt

T vdidam?
ri,r2<z/u 172 dy|ry,da|re m 172
(r1,m2)=1 (m,rirav)=1

(r172,v)=1

For 71, o satisfying (r1,72) = 1, (rire,v) =1,

Y X e s 10 )

di|r1,dz2|r2 m plrire prire
(m,rirov)=1 plv
v 6 1

~0(0) L, 1+1/p)
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(Here we are using the fact that v = 1 or v = 2, but the factor v/o(v) is correct in
general: the dependence on v in (7.18) would look different for v > 2.) Hence, our
main term simplifies to

6z v p(r1)p(ra)
b v [y ey g
w2 o(v) /T1,T2§z/u o(ri)o(rs)

(r1,r2)=1
(rir2,v)=1

It remains to consider the error terms. The terms coming from completing the sum
add up to

Z ZM(T1T2)/TZ/T172/T2(t)dt Z N(d;)g(dﬁ Z MT(:;)’

vriry
r1r2<z/u dafry,da|rz > radidy
(r1,r2)=1 (m,r1,rav)=1
(rire,v)=1

(7.19)
whereas the terms coming from the error term in (7.18) contribute at most

1
Z /1,2(7”1’["2) Z 5 ‘le/'rl,z/rg 1 Z /1’2(m) (720)
ri,r2<z/u di|r1,da|r2 ML\ e dy

((T17T2)):11 (m,ry,r2v)=1
T17T2,V)=

in absolute value.
Since p is non-decreasing,

/TZ/“*Z/“(t)dt = /ﬁl 4 <:> 0 (Z) dt < (1-p)e <:1) 0 (rZ)
o2z

We now apply Lemmas 5.1-5.3, and obtain that the absolute value of the contribution
of (7.19) plus that of (7.20) is at most

9 z z [z
Co, rire)o| — Jo| — —_—
1 Z H ( 1 2) <T1> <T2> d1|r§27‘2 7"17’2d1d2

ri,r2<z/u
(7‘1,7'2)=1
(rire,v)=1

. . s 1/4
2 k2 < -
‘.‘CU,Q § H (TlTQ)Q (7,1) 0 <’)“2> Z (T1T2d1d2> ’

r1,72<z/u di|r1,dz2|r2
(r1,r2)=1
(rir2,v)=1

2 ‘
2

z/r1,2/T2

(7.21)

where

. L+1-p% ifv=1,
A+ RS ifu=2
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o _[Ba-E)+a-p (VB2 it=1,
- A+ 5 (- 4) ifo=2.
O

Corollary 7.4. Let X,u > 0,0 < 8 < 1, v € {1,2}. Let o : R — C be a non-
decreasing function such that o, ¢ are in L' and o(t) = 0 for t < u. Then

2

6X v ! 1 tX
Z Z#(d)g(d) = ?@/ Z S <8> dt
BX<m<X \dlm B s<tX/u
(m,v)=1 (s,v)=1

(7.22)

2 1
* X\
+0 Z Cy,j Z Ri/j1/2j,u,0(X/5u) - <> ;

S
j=1  s<X/u
(s,0)=1

where gy, Ray ay,u,0,00 Cv,1 GNd Cy 2 are as in the statement of Prop. 7.3.

Proof. By Lemma 7.2 and Prop. 7.3 with Xq = 8X and z = X/s. Since g,(z) =0

for x < u,
Zl/l tht_/lzl XN g
s Bg'U P - IB ng s .

s<X/u s<tX/u
(s,v)=1 (s,v)=1

O

We have here an expression whose remainder terms will be small when w is larger
than /X by at least a somewhat large constant factor. When u is rather close to v/ X,
it may be better to modify the proof of Prop. 7.3, estimating (7.19) and (7.20) more
coarsely; the remainder term would then involve only Ry 1 /2 4 ,o(X/su)/X/s, times
a constant larger than c, ;. We will not bother, since, in our application, v will in fact
be a fair bit larger than v/X.

Remark. Part (b) of the main theorem in [DIT83] states that, as U — oo,

O T (7.23)
dy.da<U [d1, da]
tends to
6 [~ w(ry)p(re) | dt
7 o(r)o(ra) | ¢ 7.24
™ rl,rzggt (ri)o(ra) | t (7.24)

(7‘1,7”2):1
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Notice the similarity, on one side, between (7.24) and the leading term in (7.13), and,
on the other, between (7.23) and the expression on the left of (7.9), viz.,

dy)p(d
3 %Adgdw (7.25)
dr,do 1, &2
(d1d2,v)=1

where A\, = 1 — o(z). This similarity suggests that the argument sketched in [DIT83,
p- 56] can be adapted to give an explicit estimate for (7.25) involving the same quantity
g» () as in Prop. 7.3 and Cor. 7.4. The final result would be analogous to Theorem 7.1,
with a remainder term proportional to (U; — Up)?/(log U1 /Up)?.

Indeed, we may write (7.25) in the form

2
1™ (1) pi(rirs)
— ——E X\ Al - 7.26
E 7 E 1y NriAirs (7.26)
l 1,72
(Lv)=1 (rire,lv)=1

Changing the order of summation, we see that (7.26) equals

Z M(T1T2) Z )\lrl )\17’2
T1T2 l '
71,72 l

(rire,v)=1 (Lrargv)=1,u2(l)=1

We see that this is a sum of very similar type to (7.12). It can be estimated similarly,

and yields
6 v o w(rirs) dt
—— — A t At — 7.27
w2 o(v) /1 TX; o(r)o(ry) (7.27)
(rire,v)=1

as the main term. The lower-order terms seem harder to estimate than in Prop. 7.3.
We will not follow on this matter here, save to remark that, for our choice of o, we
have o(x) = o(UpUy /x), and so

/J(T’17“2) UpUs
LS SL VA VS W .
Z o(r)a(rs) " g( t

(rim2,v)=1

Setting s = UpU, /t, we see that (7.27) equals
6 v /OC p(rirs) a 6 v /UOUl ds
5 7 N 7)\7‘1,>\7‘2/7:77 gv(s)i-
m2o(v) Jy T% o(r)o(ra) "™ T 72 0 (v) Us s
(rire,v)=1

Thus, one should be able to proving an analogue of Theorem 7.1 by means of a detailed
study of g, (s). Our proof of Theorem 7.1 will be based on precisely such a study.
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7.3 EXPLICIT BOUNDS ON A SUM INVOLVING pi: GENERAL PLAN

Our task is now to estimate

g?) (y) T;Tz U(Tl)U(TQ) Q 7"1 Q r2 -
(r1,r2)=1
(rire,v)=1

It is not too hard to show that it tends to 0. Obtaining good bounds is a more delicate
matter. For our purposes, we will need the expression to converge to 0 at least as fast
as 1/ log?, with a good constant — preferably optimal — in front.

We begin as one might expect, using the Mobius function to remove the link be-
tween the variables rq, ra:

ww= Y | 3 uwa Wl)w@(i)"(i)

1,72 d|(r1,m2) J(Tl)G(TQ)

(rire,v)=1

- X X A (L)1)

d 1,72
(d,w)=1 d|(r1,r2) (7.28)
(rire,v)=1
2
d d
> e | = s (an)
— @7 | 2 o@)?\dd
(dyw)=1 (d’,dv)=1
It is now time to specify our smoothing function g. We set g as in (7.2):
log™ (t/Uy) — log™ (/U
oft) = 108 (t/Uo) —log™ (t/Uy) 7.29)

log U1/U0

This choice is standard, and as far as the leading term will be concerned, optimal.
Higher powers of log (as in [Jut79b], [Jut79a]) are better when the sieving problem is
of higher “dimension”, in the sense of, say, [FI10, §5.5].

Clearly, then, by (7.28),

9v(y/Uo,y/Uo) = 29,(y/Uo,y/Ur) + g,(y/Ur,y/Us)

gv(y> = (log Ul/Uo)2

, (7.30)

where g, (Yo, y1) is as in (6.39). We will thus be able to use our bounds from §6.4-6.6.1.

Remark. One might ask: why not proceed as in [Gra78]? The procedure there
assumes that we have bounds such as >, -y u(n)/n <4 (log N)~ for relatively
high powers A. There are simply no good explicit bounds of that quality currently
available. If we could bound 1/¢(s) well for Rs < 1, we would have such bounds, but
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then proceeding by contour integration as we have just explained would presumably be
more efficient.

It does seem possible to derive explicit bounds of the form )\ pu(n)/n <4
(log N)~4 by examining the behavior of ((s) for s — 17, as in [Iwal4, Ch. IV].
However, the constants seem likely to be too large for such bounds to be practical for
A > 3, and [Gra78] does require A > 3.

There are also bounds of the form Y, _n u(n) < caN(log N)~4, A arbitrary,
derived from estimates for y_, _ A(n) [EM95, Thms. 3—4]. Here c4 is very large,
even for A fairly small; for A = 2, c4 = 362.7. These bounds can be used to prove
bounds of the form Y, _ pu(n)/n <4 (log N)~*, but the implied constants are of
course very large as well. (The bounds from [Ram13b] and [Ram15] we have been
using are very careful, highly optimized estimates of this same kind, with A = 1.)

Let us return to what we will actually do. We will bound some tail terms and cross-
terms in §7.4. Then, in §7.5, we will be able to estimate our main term

1t X
Z 7/ Gv <> dtv
s<x/u 0B 8
(s,v)=1

6x o
w2 o(v)

from (7.22). Finally, in §7.7, we will bound our remainder terms R, as,u,v,0- FOr this
last task, a complex-analytic approach does prove feasible.

Before we proceed, let us now look at how ¢, (y) behaves in different ranges. If
y < Uy, then it is clear from (7.30) that g,(y) = 0. (Notice that g,(y1,y2) = 0 if
y1 <lorys <1.)IfUy <y < Uy, then it follows from (7.30) that

_ 90(y/U0,y/Uo)
gv(y) - (1OgU1/U0)2 .

In this case, we apply Lemma 6.10 to express g, (y/Uo, y/Up) as the sum of b, (y/Uy) =
hy(y/Uo,y/Uy) and some other terms. It is the last term, (o(v)/v){(2)v/é(v), that
will give us the main term overall: it is a constant, and, since g,(y) will be inside
an integral of the form [ g, (y)dy/y, the contribution of this constant will be of size
proportional to fUU: dy/y = log Uy /Uy.

Finally, if y > Uy, we will use (6.44) to express g, (y) in terms of h,, (y/Uo,y/Uo),
hy(y/U1,y/Uy) and hy(y/Uo, y/U1) = hy(y/Ur,y/Up). The first and last quantities
will be small, whereas h,,(y/U1, y/Ur) will make a contribution similar to the one that
hy (y/Uo,y/Uy) made before.

7.4 TAIL TERMS AND CROSS-TERMS

Let us see how to bound some lower-order terms that will arise in our estimation of the
main quantity we wish to estimate, that is, the sum in the right side of (7.22).

Propositions 6.14 and 6.17 are enough to let us estimate the tail of the sum we mean
to study.
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Proposition 7.5. Let h,(y) = hy(y,y), where hy,(y1,y2) is as in (6.43) and v = 1 or
v=2 LetY > 10°. Then

1 Y 1.289-107% ifv =1,
2 <>‘ : {1 2611070 o 2 73D
1<saty 8 SO fo=2
(s,v)=1

Proof. By Prop. 6.14,

> :

s

max(1,Y/1012)<s< X5 max(1,Y/1012)<s< X5
(s,v)=1 (s,v)=1

(7.32)
where co 1 = 74.554 and ¢ o = 147.6449. By Prop. 6.17,if Y > 10'2, then

1 Y 1 Cl,v
k() X ik
1<s< 1 1<s< X, © U087

(s,v)=1 (s,v)=1

where ¢ 1 = 0.000033536, ¢1 2 = 0.0000615022. The function s — 1/slog(Y/s)? is
decreasing for s < Y/e2. Hence, by Euler-Maclaurin ((3.4), (3.10)),

Z v 1/)//1012 tho* <1>
1<s< 2y S (log %)2 vJ1 s (log %)2 log2 Y

(s,v)=1
Y/10*2 . 1
+0" 5y
1 log”Y

11 L Yo L Y11
v \log102  logY log? Y ) ~ vlog1012’

since Y > 10'2 > e2. Therefore,

1 Y v 1 1.21371-107% ifvo =1,
N [ | ——— b (733)
ot s v log 1012 1.11292-107% ifv = 2.

SS< {12

(s,v)=1

1 1

~wlogY/s

V)

We conclude that, for Y > 109,

1 Y 1.289-107% ifv =1,
Y o= < nv (7.34)
, S s 1.261-107% ifv =2.
1SS<W
(s,v)=1
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We should now study cross-terms, namely, terms of the form h,(y1,y2), where
Y1 # Y2, one of y1, Yo is small, and the other one may be large or moderate. We may
assume without loss of generality that y; > yo.

These terms arise in such a way that y; = 7y and yo > 1, where r = Uy /Uj.
We aim at bounds that are good when U /Uy is larger than a constant; otherwise there
would be little point in using the quadratic sieve as opposed to a simpler sum on y such
as the one appearing in [DIT83] and [Helb]. Our bounds on h,(y1,y2) will later go

into a sum of the form
1 ( S S>
Z —hy | r—,— .
ISSSSS s’ s

The most crucial range is that of y, = S/s very small, between 1 and a constant c, as
it is that range where h,, (ry2, y2) = h,(rS/s, S/s) will be largest.

We first note a coarse auxiliary inequality we will use twice. For 0 < ¢ < 1 and
z > 0,

1 12 it e > 1/2,
DR b =
el 1 ifo <1/2.

n odd

The proof is easy: the inequality is certainly true for x = 1; for x > 3 odd, 1/27 <
[ ,dt/t° = (1/2)2'~° /(1 — ¢), and so the inequality holds for z arbitrary.

Lemma 7.6. Let h,(y1,y2) be asin (6.43) andv =1 o0rv = 2. Letr, S > 1. Then
1 S S 0.001977 ifv =1,
> < (T, ) ‘ < g (7.36)
, oy S 58 0.002391 ifv =2
sSmln(S,{F)

(s,v)=1

Proof. By Prop. 6.17,if S/s > 10'2,

TS S 61717 cl,’u
hv(7>‘<l rs] ES 8)2’
s s og 7log T (log £)

where c¢q,1 = 0.000033536, c1 2 = 0.0000615022. We proceed as in the second half of
the proof of Prop. 7.5, and obtain

. <7~S S) < 1.21371-107% ifvo =1,
“\s’s /|7 ]1.11292-1076 ifv=2.

(s,v)=1

We can thus focus on the contribution of s > S/1012. We will have to consider different
ranges separately.
Let us first consider the range

min(S/10°%,r5/10'%) < s < min(max(S/10°%,rS/10'%), S).
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It could be that S/10° is smaller than S/10'2. By Lemma 6.19,

1 rS S
2 m(53)]

/ S
1 C2y + C3v IOg s
< > 5 :
s : s $ s . (_rs $ lo ﬁ\/g
W<s§m1n( 1312,5) W<s§m1n( 1:)12,5) g s s
(s,v)=1 (s,v)=1
S
1 \/ C2v + C3v IOg 5
= log 1012 Z VS : ’
& 1<s<S §
(s,v)=1

where ¢z 1 = 0.000138, 31 = 0.00002878, c3 2 = 0.0004747, c32 = 0.00010763.
Now, for a,b > 0,

a—l—blog% /S a+blog§
< — ds (7.37)
1<s<S vV Ss 0 vV Ss
because the integrand is non-increasing, and
\/a+blog§ 1 S\/a+blog§
Z —F < f/ —Fds + ﬁ (7.38)
15e2s V' Ss 2 Jo VSs 28
s odd

if (3/4)a® + ab — b?/4 > 0, since the integrand is then not just non-increasing but
convex for0 <t < S

d72\/a+blog§ 302 1log® £ + (2ab + b?)

ds? NG -

S 43 b’
log 2 + 2a® +ab— %

= 5 3

52 (a—l—blog%)2

(We are using (3.2) to establish (7.38).) We verify that (3/4)03,1, + C2.4C3.0
forv=1,2.

> 0.

2
—c5, 20

Moreover, if f is non-increasing and convex on an interval containing .S, then s —
max(f(x), f(5)) is also convex on that interval.

By a change of variables t = y/a + blog(S/s),

S,/a+blog§ I
/ —ds e / t2e72v dt
0 VSs va

= 2v/a + V2rbes <1—erf( a))

S

2b

Incidentally, it is easy to see that, if a > b, then, for S < 3, (1/2) - 2y/a = /a is an

upper bound for the left side of (7.38). For S > 3, the term /a/2.S on the right side of
(7.38) is at most \/a/6.
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Hence, since ¢ 2 > c3,2,

1 5 \/ €20 + €3, log 2 1 0.0277151 ifo=1,
log 1012 &~ VSs = log 10 ] 0.0260012 + 202877 jf ¢ = 2,
(s_,v)_zl

< 0.0010031 ifv=1,
— 10.0010725 ifv = 2.
(7.39)
It could also happen that S/10% > rS/10'2. By (6.52), Cauchy-Schwarz and the
fact that y — (log y)/y is decreasing for y > e,

Z 1 h ﬁ § < Z Cqp + C50 log % C4p T C50 log %
s| "\s’ s /)|~ rS S
lg%<s<i < 5

=106 °=106
(s,v)=1 (s,v)=1

S

Cq + C54log 2

< Z 40 g,v gs’
SS%
(s,v)=1

where c41 = 4.89606, c51 = 3.83717, c4 2 = 9.57182, c5 2 = 4.99703.
Since the numerator here is a decreasing function of s,

caq+csqlogS 1 [S/0° 5
> Mgf/ ca + c5,1log = ) ds
S S Jo ’ 7 s

< S
=706

~ca1+esa(1+log 106)

158 < 6.17457 - 107°,

whereas, since s — log S/s is decreasing and convex,

Z c4,2 + c5,210g %
S

< S
5708

s odd

1 S/108 S
< — / C49+ c50log— | ds+ cao + c52log 108
2S 0 ? ’ S ’ ’

C4.2 + 05’2(1 + IOg 106) C4,2 + C5,2 log 106
2106 2.8

5 3041 5
<4.18027-107° + % < 8.11069 - 1077,

IN

where we assume S > 10°, as the sum we are considering is otherwise empty. We see
that our bound on the contribution of this range is much smaller than that in (7.39).
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We are done considering the range
min(S/10°,rS/10'%) < s < min(max(S/10%,75/10'?), S);

its contribution is at most
0.0010031 ifv=1,

0.0010725  ifv =2,

as in (7.39). We treated the range 1 < s < S/10'2 at the very beginning. Let us now
look at the remaining ranges.
Whether S/10° is larger or smaller than S/10*2,

1 C6,v

1 rS S
D1 Sy | D Sy
o /2
10512 Ss<mi (%’18‘?2 10512 SSSmin(%ug%) log s \/:
(s,v)=1 (s,v)=1

1 C6,v
< P )
~ log 1012 <Z VSs

by Cor. 6.18, where cg.1 = 0.05001 and cg 2 = 0.0953. By (7.35), if v = 2, or by the
fact that s — 1/4/s is decreasing, if v = 1,

> is%ﬁ

1<s<T \/g
(s,v)=1
for any 7" > 0. Hence
1 y e o Con 21 3.7-107% ifv =1,
log 1012 e VSs ~ log10'2 103 3.5-107% ifv=2
85706
(s:0)=1

Lastly, by Lemma 6.20,

X o3

max(%7lg%)<5§min(5,%)

po(rS 8
"\s's
(s,v)=1

Z 1 C7v + C8,v
oyl (rS/s)X/2 = (rS/s)3/4 )’
=106

(s,v)=1

where c7 1 = 0.06219, cg 1 = 20.01991, c7 2 = 0.029216 and cg 2 = 40.61753. For
any 0 < a < 1,

1 1 1 1 1/a (rS\? 1/«
Y. G5 " G5 2= 5 S g)e (106) = 106a”

s< IS < S
5>706 85706

is at most
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and, by (7.35), for1/2 < a < 1,

11 1 1 1 rS\“ 1
2 TSR = G 2= 5w S pE (106) = 100

<o <16
s odd s odd

Hence

3 (e e\ [0.0009685 ifu=1,
s NS/ (rS/5)3/1 ) 7] 0.0013137 ifv = 2.
— 106
(s,v)=1

Taking totals, we conclude that the sum on the left side of (7.36) is at most

1.21371 - 107% + 0.0010031 4 3.7 - 107 + 0.0009685 < 0.001977 ifv = 1,
1.11292 - 1075 + 0.0010725 + 3.5 - 10~% + 0.0013137 < 0.002391 if v = 2.

O

Lemma 7.7. Let hy(y1,y2) be asin (6.43) andv =1 orv = 2. Letr, S > 1. Then
1 1 —0.86894 ifv=1

> h (rS S) > . ro=1 (7.40)
s s s Vro | —0.73296 ifv = 2.

Forv =1, if we assume r > 5, then

Z lh ﬁ § S 0.74957 (7.41)
sl ® “Ns's) ™ Jro '
106 5=

(s,v)=1

Proof. Let f,,, and F,., be as in Corollary 6.23. Then, for s € [r.S/105, ],

i (2.55)
S S S
1
S

W | =
>
<

VRS

=3
| %

@ | W

~~_
\

fT,U(S/S) _ fr,v(S/S) > _Fr,v<S/5)
\/7S/s-\/S/s VreS T S 7

since fr,(z) > —F,(z). As F,,(x) is non-decreasing and non-negative, s —
—F, ,(S/s) is non-decreasing and non-positive. Thus,

1 rS S 1 1 S
> o <8,8> > —mlgsgsFl(S/S) > _W/o F1(S/s)ds

_ 1 [*FR(@), 08639

e E T
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where we apply Corollary 6.23. Moreover, again by Corollary 6.23 when r > 5, the
constant 0.86894 can be replaced by 0.74957.
Again because s — —F. ,(5/s) is non-decreasing and non-positive,

L e(00) 2 v I et

18 ce<s 1<3<S

sodd s 0dd
>__1 /SF(S/ Vs — — X Fy(S)
NN T N

>_ - _
STo ), W T oA TS
1 1.03489+0.43102  0.73296

=2

7.5 ESTIMATING THE MAIN TERM

We will now be able to bound the sum in the main term of (7.22), viz.,

1 tX

D o () (7.42)
S S

s<tX /Uy

(s,v)=1

for ¢ varying in an interval [3, 1].

Let us first split the sum into contributions of different kinds from different ranges.
In what follows, we will use repeatedly the following identity, an easy application of
M@bius inversion: for Y > 1, v € Z™ arbitrary,

Lo (Y u(d Y/s

PALCE . =logV.
Z sm ( s ) Z Z d og (7.43)
s<Y
(s,0)=1 (s, U) 1 (d, v) 1

Proposition 7.8. Let

p(r1)p(rs) y
90(y ZZ )0 (rs) (ﬁ) 0 (T) , (7.44)

(r1,r2)=1
(rire,v)=1

where g is as in (7.29) for some Uy > Uy > 0. Let

1 (X
Go(X,Uo,Uy) = Z S0 () (7.45)

S
s<X/Ug
(s,v)=1
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Then, for any X > U, G,(X, Uy, Uy) equals

o) 1o (X
_¢(v)<(2) Z s+2 v <@ Z s U(SU())

X/U1<s<X/Us X/U1<s<X/Us
(s,v)=1 (s,v)=1
1 X 1 X 1 X X
Lh, (2 Tho () -2 Thy (2,2
* Z s <8U0>+ Z s <8U1> Z s (on 5U1>
$<X/Up s<X/Us s<X/Uy
(s,v)=1 (s,v)=1 (s,v)=1

(7.46)
divided by (log U1 /Uy)?. For Uy < X < Uy, Go(X, Uy, Uy) equals

o(v X v 1 1 X
Aéjzg(z) 2log = ~ o) > S|+ > Sho (8(]) (7.47)
0 s<X/Up s<X/Up 0
(s,v)=1 (s,v)=1

divided by (log Uy /Uy)2. Finally, for X < Uy, G(X, Uy, Uy ) equals 0.

Proof. 1t is clear that (7.45) equals 0 for X < Up: the sum is then empty. It is also
clear that g, (y) = 0 for y < Up.
By (7.30), for Uy < y < Uy, g,(y) equals

y oy 2
w | =, = 1 ,
g (Uo UO)/( o8 U1 /Uy)

which, by Lemma 6.10, equals

st (- () 2o () ) o

We apply (7.43) with Y = X /Uy, and obtain that (7.47) holds for Uy < X < Uj.
For y > U, we can use the expression (6.44) for g, (y):

_ Tw(y/Uo,y/Uo) — 20 (y/Uo, y/Us) + ho(y/Us, y/Us)
(log U1 /Us)*

9o (y)

We obtain that G, (X, Uy, Uy )(log Uy /Up)? equals

1 X 1 X X 1 X
She () -2 She [, She (). (7.49
Z s <SU0> Z s <5U0 sU1> * Z s <5U1> (7.49)
s<X /U s<X/Uy s<X/Upy
(s,v)=1 (s,v)=1 (s,v)=1
We realize that
1 X 1 X 1o(v)
Z —hy <> = Z —hy <> + Z - C(2)7
5 sty s<x/U, © sUy XUy <s<X /Uy ° (v)
(s,v)=1 (s,v)=1 (s,v)=1
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since hy, (y,y) = hy(y) = (0(v)/d(v))((2) for y < 1, by (6.45). Also by (6.45), for
X/U1 <s< X/Uo,

() - (o () - )

The leading term of either (7.46) or (7.47) is the first one. In order to estimate the
other sums in the statement of Prop. 7.8, we will use Euler-Maclaurin, in the following
form.

O

Lemma?7.9. LetY > 0,7y > Ty > 0,v € {1,2}. Let f : [Ty, T1] — C be of bounded
variation. Then

1,(Y v) (M dt
> (5) - 0T
v , S s v J, t
77 <SS
(s,v)=1
Y 1 T Y 1 Ty
- B — == — f(T, B — == — f(T
(o -3 wrawm ({5 - 3}) o
1 (™|d
+ 530 (/TU dttf(t)‘dt).
If ' is also of bounded variation and well-defined at Ty and T,

S (3)="2 ) s
ot |
oo ([ o ()
Pl <I(tf)/(T1) ey 1 /Tl ey at ).
(7.51)

(7.50)

/)2 (Y/To)? Y2

To

Here, as usual, if f has any discontinuities, f’ is to be understood in the sense of
distributions.

Proof. By Euler-Maclaurin to first order (Lemma 3.2) applied to the function G(z) =
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fY/x)/z (or, if v = 2,t0 x — G(2z + 1) instead),

1. (Y ¢) [T
Y<Z9§Y sf(s) o v /Y/Tl G(I)dm
Es,v):;]
Y 1 v . ) y
(o) m (o)
1 Y/To
~0OF , g
30 ([ o).

and the same is true if the inequality s > Y/T} is replaced by s > Y/T}.

Now, Y/T, Y/T, T
0 0 Y d 1 d
/ G(z)dx :/ f () @ _ f(t)?t

Y/Th Y/Ty r;, z To

with the change of variables ¢ = Y/x. Clearly

G'(z)dz = dG = d (75";@) = %(tf)’(t)dt,
and so
N, 1o
[ e @ide =3 [ ey

Suppose now that f is continuous on [Ty, 77] and continuously differentiable out-
side a discrete set of points. We apply second-order Euler-Maclaurin (Lemma 3.2) to
G (or to x = G(2x + 1)), using the function F(x) = 2> —  + 1/8 instead of By(x)
(see the comment after the statement of Lemma 3.2). We obtain

= (D)% s
(e (e

w5 (o ()l ()5 ) esrona)

We use the facts that ,
Gy L) Y P

2 x x?

¢y =2 ) Y SO0 V270 )

and
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Lemma 7.10. Let h,(y) = hy(y, y), where hy(y,y) isas in (6.43) andv = 1 orv = 2.
LetY > 1. Then

1 Y —0.04 1.6945/Y ifv=1
Z L, < < 0.0495 + 1.6945/ zfv , (7.52)
S 1.31742 + 3.6174/Y  ifv =2.

1<s<Y
(s,v)=1
Moreover,
1 Y o(v
> () - 5ee)
1<s<Y
(a.0)=1 (7.53)
2 _ 1 ify —
SO 0.998982 (1 yi) ifo=1,
v 6 1.817075 (1 - Y%) ifv=2.
3

There is nothing particularly meaningful about the exponents % and % in (7.53).
Indeed, the computations below suffice to establish a slightly stronger version of (7.53),
with 1.53 and 1.3578 instead of % and %. We choose to work with % and % for the sake

of simplicity.

Proof. By Prop.7.5,if Y > 10°,
1 Y 1.289-1076 ifv =1,
> i (%)) -
s s 1.261-107% ifv = 2.

1§s<%
(s,v)=1

We can thus let T = min(109, Y'), and focus on the terms with Y/T1 < s <Y.

By Lemma 7.9,

> n (Y) _ 20 | mOF + 507 (1) + 550" (1)

s v t

1 I
+ Lo (/1

By Lemma 6.10, for ¢ > 1,

d
Sty t)] dt ) .
) )

) = 9,8 = 2722y (0 + S0NCC2)

and so h, (1) = (o(v)/¢(v))((2). By Cor. 6.27,

05 ifv=1
jtthv(t)'dt< {705 nv==5 (7.54)

T
Ti|hy (T
1|7 1)|+/1 17.64 ifv = 2.
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By Prop. 6.26, for 106 < T < 10?,

dt —0.0495099 ifv =1,
) / of i (755)
t 1.3174065 ifv = 2.

Hence

5 1 <Y> - {—0.049508+4.348/Y ifv=1andY > 106,

7.56
1.317408 +11.288/Y ifv =2and Y > 106, (7.56)

S
1<s<Y
(s,v)=1

By (3.25) and (3.27), we conclude that, for Y > 106,

2 05 —smen)

(s:0)=1 (7.57)
oW, {—0.998989 +5.9093/Y  ifv=1,

S_

U
v 6 8 ~1.8170866 + 16.223/Y if v = 2.

It is clear that, for Y > 109, the bounds in (7.56) are stronger than those in (7.52), and
the first bound in (7.57) is stronger than that the first bound in (7.53); for Y > 1.5-106,
the second bound in (7.57) is stronger than that in (7.53). Now it just remains to treat
the case of Y < 10% (or Y < 1.5 - 10°). Let us see how to compute the sum on the
left of (7.56) — call it H,(Y") - for Y bounded. Computing } ;< <y, (5 =1 1/5 for Y’
bounded is of course trivial.

The first thing to notice here is that, since h,(y) can be written in the form (6.102),
and since, for s a given positive integer, |Y/s| equals ||Y |/s], which depends only
on |Y] and s,

H(Y)= 3 i Q D(logugﬁy

1(gs)L:1:J 20 } (7.58)
Dy ZO (5) Com g +oe )
(s,0)=1

where £, ; are as in (6.102). In particular, we can express H,(Y) as a linear com-
bination of 1, log(Y/|Y |) and log?(Y/|Y]). We can compute ,, ; as we explained
in the proof of Prop. 6.26. In this way we obtain computationally that, for 2 < Y <
1.5 - 10%, (7.52) and (7.53) hold. The lower-order terms in (7.52) (namely, 1.6945/Y
and 3.6174/Y") are not tight in that range; they will be close to tight when Y — 17,

It remains to check (7.52) and (7.53) for 1 <Y < 2. The matter is routine. We use
the fact that g, (y) = (logy)? for 1 < y < 2 and so, by Lemma 6.10,

a(v) a(v)

o (y) = (logy)® = 2= =((2)logy + 7 (D). (759)
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Of course, since 1 <Y < 2,

1 Y
Z gh“ (s) = hy(y).
1<s<Y
(s,v)=1

We show that the right side of (7.52) is greater than the right side of (7.59) throughout
the interval [1, 2] using a trivial version of the bisection method (§4.1.1). Since the
comparison is rather tight at y = 0, we could instead compare their values at y = 0 and
then use the same version of the bisection method to compare their derivatives through-
out [0, 1]. To show that the right side of (7.53) (minus (o (v)/¢(v))((2)) is greater than
or equal than the right side of (7.59) on [1, 2], we combine the two approaches: since
the two functions being compared equal each other at 1, we apply the bisection method
twice, once to compare their derivatives on, say, [1,9/8], and once to compare the two
functions on the complement, namely, [9/8, 2]. O

The following estimation will be a little delicate — in some sense, more delicate
than that of sums involving h,: we are generally relying on the estimate (5.49) on
.y (t) — v/¢(v) for large values of ¢, and that bound is of the form ¢/ logt. We will

have to bound .
v dt
Ty (t) — —, 7.60
/1(’”() ¢(v>>t (760

and we do not want to bound it by c times

/T 1 dt
1 logtt

because that integral diverges as 1" goes to infinity. We will deal with this situation
by proceeding differently for large and small values of T'; for large 7', we will use an
identity to rephrase the integral in (7.60). Let us do the case of large T  first.

We have made frequent use of the function 71,4, defined in (5.45). Now we will also
need m, and ﬁzq, the other functions defined in (5.45):

. 2
mg(z) = Z @, mg(z) = Z @ (log %) . (7.61)
n<lx n<lx
(n,q)=1 (n,g)=1

Proposition 7.11. Let 1, (y) be as in (5.45), where v = 1 or v = 2. Let 1012 < T <
Y. Then

1. (Y v 1
> s (s>+¢(v) > gzlogYJrerrv(T,Y), (7.62)

Y <s<y s<Y/T
(s,v)=1 (s,v)=1

where

0.006299 < () 00022797 ifv =1
|err,U(T,Y)‘ <{ logT — lfU (7.63)

OpoER2 < 0.00029286  if v = 2.
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It is tempting to start by applying (7.43), and obtain

1 Y v 1
X (3) w2
Y <s<y s<Y/T
(s,v)=1 (s,v)=1

—logY — ;Ti (mv <§> - ¢E]v))

(s,v)=1

(7.64)

As we were saying, following this route would lead us to a divergent sum when Y is
very large, and so we must find another way. However, we can already see here that
the main term will be log Y. We will use (7.64) later, for small 7" — and, in an auxiliary

role, even in the proof below, for T" very close to Y.
Proof. By the first inequality in Lemma 7.9,
1/ (Y dt 1 o* T

> (m (X 0%+ 37
v S S 1
T <s<Y

T Y Y 1

—B — = = (T —B —— =

v ({7 v}>f< "y 1({v 3)

(s,v)=1
where f,(t) = 1h,(t) — v/d(v). We know that, for m <y < m + 1,

d
Sthu(®) ‘ dt)

(7.65)

My (y) = 1y (m) + my(m) log %
Hence p
2ot = fuo(t) +2£5(8) = fult) +ma((2]),
and so

T
A

T T
dtfv(t)’dt—/l |fu(t)+mu(Ltj)|dt:/1 () — 1 + ma ()] d.

Now
T T
dt u(n) 1 t
e (t)— = — —log —dt
/1 1 (t) t Z n /n t Ogn
n<T
(n,v)=1
Z p(n) loe L . ()
o T 0og E - imv )
n<T
(n,v)=1
and so

/fu % = / () = 515 ) 5 = (D) = S e T
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By (3.30) and (3.33),
y 1 CBYo-1pl) v
e ;Y ~=log¥ +7+logu - i) (Yz)' (7.66)
(s,0)=1

The terms (1/Y)B1({Y/v — 1/v}) in (7.65) and (7.66) cancel each other. We
conclude that

T im(y>+ SZ 1 v

S

R > 5 0)
(s,v)=1 (s,0)=1
1/. Y) v > v 1
— m’U — — + —
v oy S < <8 o)) 9(v) gf 8
(s,0)=1 (s,0)=1
. Y
= Mﬁzv(T) +log = +v+logv
v T
+ Lo /T|v ) =1+ mo@)]dt | + 0" [ — +
J— mv — m'U e < 0 .
2Y 1 2Y Y2
We can write

. T
erry ,(T) = @mU(T) —log — + 7~ (7.67)
2v v
and
1 T
errg ,(T) = —/ [Ty () — 1+ my,(2)] dt. (7.63)
’ 2T /4
We have just shown that
= <Y> s 1
Yy ° o(v) <y’
(s,v)=1 (s,v)=1 (7.69)
=logY +erry,(T) '

* eer;U(T) * (L)
cor () 1o ().
so it just remains to estimate erry ,,(7") and errs ,, (7).
By (5.50) and (5.91),

1 L ifo=1andT >9,
lerry o(T)| < —— -4 206 1 VT 2 ACE = (1.70)
logT 550 ifv=2andT > 2209.

It remains to bound erry ,,(T'). Let C' > 96955. By (5.48), (5.49), (5.89) and (5.90),
fort > C,

RO Im®l< s .71)
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where

1 . .
fy, =430 ifv=1, by, — 00144 ifv =1,
v 2 ifv=2, v 0.0296 ifv = 2.

Hence, for T > C,

T T T T
dt dt
/va(t)ldtsklv/ . /|mv<t>|dts1f2v/ dr
c " Jeo logt c " Jo logt

We will bound the logarithmic integrals here as follows: fort > C and ¢ > 1,

t ct ' 1 1 c 2c 1
logt  (logt)? logt (logt)?  (logt)? (logt)?® ~ logt

provided that ¢ — 1 > 2¢/log C, and so, for T' > C,

T T
/ At e ] (1.72)
c logt ~ logt logt /) |~
Weletc=1/(1—-2/logC), C = 10*2.
For 11 < R < 10'2, by (5.54) and (5.62),
R R
0.0234188  0.569449
|m1(t)_1+m1(t)|dt§/ < + )dw
/11 1 NG Ve (7.73)

< 1.18574 (%ﬁ - x/ﬁ) .

By a simple calculation,

11 10 n+1
/ |m1(t)—1+m1(t)\dt§2/
1 n=171n
10 n+1 t
<> <|fn1(n) —1+my(n)| + |m1(n)|/ log ndt) < 1.21379,

i (n) — 1+ ma(n) <1+10g ;)’dt

n=1
(7.74)
where we express the integral as in (6.125).
Hence, for T > C = 10'2, | erry 1 (T))| is at most
121379 + 118574 (VO = VIT)  po (g eNT ki

. — (1 ——. (7.75
2T + 2logt < logt> c+21ogT (7.75)

Since, for T > C' = 10'2, as a quick calculation shows,

121379 + 118574 (VO = VIT) g g .

< — — (1 7.76
2T 2log C < logC’) ’ (7.76)
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the expression in (7.75) is at most

1
2logT

C C
(2k1,1 +koq 4 (ki + ko) g T) < long, (1.77)

where c1 = (2]’61’1 + kg’l + (kl,l + k2,l) . C/ log C)/2 < 0.01011.
Likewise, by (5.79) and (5.80), for R > 2001,
R 2001
/ |m2(t)—2+m2(t)|dt§/ [tha(t) — 2+ mo(t)| dt
1 1

N /R <0.068199 N O.390056> " (7.78)
2000 \ VT VT
< 10.68573 + 0.91651 (VR — v/2001),

where we bound the integral from 1 to 2001 much as in (7.74). Just as in (7.76), a quick
calculation shows that, for T > C = 102,

10.68573 + 0.91651 (VO = V2001 f ) 4, ¢
2T 2logC ( log C

) . (1.79)

We conclude, just as before, that, for 7' > 1012,
C2

| < ——
|errg o(T)] < g T’

where Cy = (2]’61’2 + ]{22’2 + (kl’g + ]{12’2)0/ log C)/2 < 0.02076.
We must now set out to estimate our total error term

1. Y v 1
err, (T, Y) = YZ T <8> * 50 > S —logy. (7.80)
Y <s<y s<Y/T
(s,v)=1 (s,v)=1

IfY/r <T <Y/(r —v), where (r,v) = 1, then, by (7.64),

1 (Y) v 1 1 v v
Z *mv ST Z p— logY _ Z _ (mv () _ )
%<3SY y 5 (b(’l)) s<Y/T o s<r S 8 ¢(U)
(s,v)=1 (s,v)=1 (s,v)=1

kl v
—logY + 0" | Ly .
og¥ + logT ; ’

(s,v)=1

® | =

where we use the first bound in (7.71) (which quotes (5.49) and (5.90)). It is easy to
see that, for » < 7, the error term here is
0.006299/log T ifv =1,

, (7.81)
0.008092/log T if v = 2.
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If, on the other hand, T' < Y'/7, then, we use our bounds on erry ,,(7") and errs , (T'):
by (7.69), (7.70), and | errs ,(T)| < ¢,/ log T,

v

(71)?

1 1 0.01011 1 e
< {logT (ﬁ+ 7 ) + oz ifv=1,

1
lerr, (T,Y)] < |erry o (T)| + ‘7 errg’y(T)‘ + ‘

1 1 0.02076 2 e
1ogcr<m+ 7 )+ ifv =2,

1072
which, given that T > 10'2, is a stronger bound than (7.81) for either v = 1 or v = 2.
O

Now we should prove a result complementary to that of Prop. 7.11 — that is, we
must estimate the same quantity as in Prop. 7.11, but for 7" small. The following simple
auxiliary result will be helpful.

Lemma 7.12. Let X > 1, a € (0,1). Then

| 1—a L(1+1/a

n<uX
n odd

The idea is that, instead of estimating a sum first and then integrating the result, we
can use the integral as a form of smoothing, and then estimate a smoothed sum.

11 ! du
/(; E Z bodu= Z/max(oz,n/X)u

n<uX n odd

=Y f =5 Y ),

n odd n € 7Z
n odd

Proof. Clearly

where

0 if |t| > X,

f(t) = qlog(X/|t]) if aX <[t < X,

log(1/a) if |t] < aX.
(As usual, in a sum over “n odd”, n ranges over odd positive numbers; we write n € Z
when we want to specify that n takes negative values as well.) The function f is
continuous and piecewise differentiable. Its derivative f'(t) equals —1/¢ for aX <
|t| < X and O otherwise. Hence, |f”]|; = 4/aX.

Applying Euler-Maclaurin to second order (in the form (3.11)), we obtain

s S [ oo ()

nez
1-— 1
= QaX+O*< )

n odd
daX
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Now we prove a result complementing Prop. 7.11.

Proposition 7.13. Let 11, (y) be as in (5.45), where v = L orv = 2. Let1 < T <
min (Y, 10'2). Then

1 Y v 1
> T <S> e 3 ~ =logY +err,(T.Y), (7.82)
Y cs<y s<Y/T
(s,v)=1 (s,v)=1

where
1, 0.0399648 ;
7 + +0.00022797 ifv =1,
lerry (T,Y) <9 00 o Ve, f (7.83)
Tt gt 0.00029286 ifv = 2.
Moreover, forv=2and 3 € {0,1/2} and 1 < T < min(X, 10?),
1
/ err, (T, tX)dt (7.84)
max(8,T/X)
is at most
0.017351 29 Jlog2 ifp=1/2
(- ). QO G oo0agase 4+ 22 . Q1082 FE=1/2) g
JT T \1/2 ifB=0

As we can see, one of the error terms is improved by a factor of log 2 (if 8 = 1/2)
or 1/2 (if § = 1) when we integrate, relative to what one would expect from (7.83).
The reason is that, as we were saying before, integration naturally introduces a form of
smoothing, and thus helps with error terms.

Proof. If Y < 10'2, we use (7.64). If Y > 10'2, we remark first that

X (a2 Z (0w 2

%<S§Y s<Y/T 10%<3SY SSH;,12
(s,v)=1 (s,v)=1 (s,0)=1 (s,v)=1
1/. Y v
-2 55w
10y12<sg%

(s,v)=1
and apply Proposition 7.11 with 10*2 instead of T'. In either case, we must bound

S0 o

Y
1012 <s<
(s,v)=1
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By (5.55) and (5.81), for x < 10'2,
v k3 v k4 v
my(r) — ——| < — =,
O 5w =t e
where k31 = 1, kg1 = 0.023418, k39 = 2.9, ks o = 0.014519. Hence the sum in
(7.86) is at most
kB v k4 v >
’ ’ . (7.87)
> (Pm
(s,v)=1
For v = 1, we simply observe that, since s — 1/4/s is decreasing,
k‘ v k v Y/T k v k v k v Qk v
Z<3,+4,>§/ <J’+4’>d53’+4’.
— Y VYs 0 Y VYs T VT
ST

Forv=2and T <Y/3,

k3.0 k4u) 1/Y/T<k3v k4u) 1<k31, m)
4+ —— | <= P L ) ds+ = o
> ( s [ (e g (St

= Y  VYs

(s,0)=1

CRae ka1 Ra) _1HYB ke 2H U5
2T T 2\Y VYY)~ 2 T 2 VT’

where we use the convexity of s — 1/+/s. Finally,ifv =2and Y/3 < T <Y,

Z (k&v + k4,v ) _ k37v + k4,v < kS,v + k4,v
~ \Y Vs Y VY~ T VT
SST
(s,v)=1

Hence, for v = 2 and any 1 < T < min(Y, 10'2),

k3v k4v) k3v < 1/2) k4v

i + ) S i + 1+ i .

;/ (Y VYs T V3) VT
SsT
(s,v)=1

We have obtained (7.82)—(7.83). Let us prove the bound (7.85) on (7.84). Given
our work above, it is enough to give a bound on
1
k3,v
JADIR-
sg%

(s,v)=1

(7.88)
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for v = 2, where « = max(3,7/X). Applying Lemma 7.12, we see that (7.88) is at

most
kgv 1—aX % 1 11—« 1 ]{231,
: 4 < (== : :
X < 2 T +0 (4aX/T>> - < p * 4ar2> T’ (7.89)

where r = X/T.
Let us consider first the case r > 3. If § > T'/ X, then @ = 3, and so we get that
the expression in (7.88) is at most

=8 1\ ks
< ) +45.32> T

If 6 <T/X,thenao=T/X = 1/r < 1/3, and so we obtain that (7.88) is at most

1- 3,v v
( @ a) Fao _ hs, (7.90)

2 4) T 2T

Assume now that 1 < r < 3. Then there is only one odd integer s < r = X/T,
namely, 1. Hence, (7.88) equals

1
kS,v _ kS,v

If 3 > T/X, then |log | = |log S|, and so
k',?,v TkSv k3.v
: =5 < 22 8| log B.
~ 1logal = < ==[log ] < == flog b

For 8 = 1/2, this bound equals ((log2)/2)ks /T, which is actually greater than the
bound in (7.89) for 5 = 1/2.
If 3 < T/X, then

1 1
kS v kS v kS v kS v IOgT
BB gt — BB gt = BB g g = Dw 0BT
/a X /T/X X x T

The maximum of (logr)/r on [1,3]is 1/e < 1/2; thus, the upper bound in (7.90) is
still valid. For 8 = 1/2, since r < 1/ and r — (logr)/r is increasing on [1, 2], the
bound ((log 2)/2)ks ., /T is also valid.

We conclude that (7.88) is always at most ((log2)/2)ks /T, if £ = 1/2, and at
most k3 ,, /2T, if 5 = 0. O

7.6 MAIN-TERM TOTALS

We can now finish the task we started in Proposition 7.8. Let us first bound our expres-
sion in the intermediate range, namely, Uy < X < Uj. For this purpose, we do not
actually need the very last estimates we proved (Prop. 7.11-7.13).
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Proposition 7.14. Let g, (y) be as in (7.14), where v € {1,2} and g is as in (7.29) for
some Uy > Uy > 0. Then, forUy <Y < Uy,

U\ 1 (Y
(1ogU1> > Lo <3> (791)
0/ s<v /U,

is at most
2 Y 0.998982 (1 — oty ) ifv =1,
T pog R (7.92)
Proof. We just apply (7.47). We use (7.53) to estimate
1 Y/Uy o(v) 1
—hy - ——((2 —.
Z s < s > o(v) @) Z s
1<s<Y/Ug 1<s<Y/Up
(s,v)=1 (s,v)=1
O

Corollary 7.15. Let g,(y) be as in (7.14), where v € {1,2} and o is as in (7.29) for
some Uy > Uy > 0.
Then, forUy < X < Uy and 8 =1/2,

1
60X v / S Lo () (7.93)
72 o(v) Js s s
s<tX /Uy
(s,v)=1
is at most (X/2)/(log Uy /Uy)? times
X Uy 091415 ifv =1,
Jog = — (1-20). 7.94
& T ( X) {1 ifv =2 (799

For Uy < X < U, and 8 = 0, the expression in (7.93) is at most X /(log Uy /Uy)?
times

X U
log 0 (1 - X“) — o0s(X/Uy), (7.95)
where ) . . .
S(t)=1—= - 7.96
O-1-7+ = (;- ) (7.96)

and ¢; = 0.607308, ¢z = 0.736432, a1 = 3, oy = 3.

Note that 0,,(¢) > 0 for all ¢ > 1, as will be clear from the proof.
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Proof. Assume first that 3 = 1/2 and X/Uy > 2. Then, by Prop. 7.14,

Bi\> 6 v [! 1 [tX
(st ) St [ ()
0 1/2 s<1X /U,
(s,v)=1 (7.97)

1 1
tX 1
< [ togar - cv/ (1 - ) dt.
/1/2 . Uo 1/2 (tX/Ug)™

1
tX 1 X log2-1
log ——dt = - log — + —2-——
/1/2 ST T 2%, 2

Clearly

and

1 1 1 1 9ov—1 _ 1
L= axmye J4=5~ . (7.98)
/1/2 ( (tX/UO)a“) 2 (X/Up)*™ ay—1

Hence, (7.97) is at most 1/2 times

x  [0.91416 — L0928 if g, =1,

log — — (X/Uo)2 7.99
STo ) 1.04328 — L1849, o (7.99)
(X/Uo)3

Using X/Uy > 2, we immediately derive the cleaner-looking bound

L X 1<1_U0>.{0.91416 ifo=1, 7.100)

1.X_1
2°%%0, 2 X 1.04328 ifv = 2.

since 1.00623/22 < 0.91416 and 1.14849/23 < 1.04328.
Consider now the case 5 = 1/2,1 < X/Up < 2. For 1 < y < v, we obtain
immediately from the definition (6.39) of g, (yo, y1) that

9u(yy) = (logy)>.

Hence, by the definition (7.30) of g, (y),

_ _ (logy)®
gv(y) - (lOg Ul/UO)2
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for Uy < y < min(Uy, vUy), whereas g, (y) = 0 for y < Uy. Therefore,

() [ 5 ()

s<tX /Uy
tX
<log> / Z gv( >dt
Uo/X s<ix /U,

(s,0)=1
(s,v)=1

1 2 X/Uy
tX 1
= log — ) dt = 7/ log u)?du
/Ug/X( Uo X/Uo J; (log )

g ) _210g X 2 2
© T o XUy

It is easy to check that

6 9 6 1 1
R < . —_ — — —
7r2(logt) < (2 = + 2) (logt 14 t>

forall 1 <t < 2. (The inequality holds (non-strictly) at ¢t = 1, the derivative of the
left side at ¢ = 2 is less than the derivative of the right side at ¢ = 2, and the left side is
convex on [1, 2], whereas the right side is concave.) Hence,

1 tX
<log > / () dt
12 xo, ° 5

(s,v)=1

is at most

for 1 < X/Uy < 2. We conclude that (7.100) holds whether X/Uy > 1 or 1 <

X/Up < 2.
Lastly, let 8 = 0, X /Uy > 1 arbitrary. Then, by Prop. 7.14,
s<tX/U,

(10 ) 6 / (tX )dt
™ 0’(’U 3
(s,v)=1
! tX ! 1
< log S2dt — / (1—) dt
/['](]/X g U() U()/X (tX/UO)O‘”

(7.101)
Now L
tX X U0>
log—dt=log— —(1——].
/UO/X . Uo s Uo < X
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To finish, note that

' 1 _ UO 1 UO UO v
/l]g/x<1(t)(/[]0)av)dt -5 - U—l(X<X> > (7.102)

and so the first line of (7.101) equals

X UO Cy UO UO o
log = —(1+e) (1= 22 (2 .
e (ox) s (- (3))

We have obtained (7.95). The left side of (7.102) is non-negative because the integrand
is non-negative. Hence d,(¢), defined in (7.96), is non-negative for ¢ > 1. O

The following bound is really made for Y > U;, but we will soon find the fact that
it is valid for all Y > 0 to be convenient.

Proposition 7.16. Let g, (y) be as in (7.14), where v € {1,2} and g is as in (7.29) for
some Uy > Uy > 0. Then, forY > U,

U\’ 1 (Y
<10gU(1]> > 0 (S> (7.103)

is at most

U(U)lgﬂJr?f o) v<Ule>‘

6 6 Uo U
~0.998982 ( (%)3/2 ($)"7) +0.003954 + E =),
Uy \4/3 Uy \4/3 . e
1. 817075 ~ (5" = (5)"") +0.004782 + N A
(7.104)

where

1. Z v 1

err,(T,2) = —log Z + ZZ S (s) + 5(0) Z 3
Z<s<Z s<Z/T
(s,v)=1 (s,v)=1

The terms in (7.104) proportional to 1/+/Uy /Uy can be omitted if Uy /Uy > 105,
and 1.73788 can be replaced by 1.49914 if v = 1 and U, /Uy > 5.

Proof. We start from (7.46). Lemma 7.10 gives us that
_o(v) 1 1 Y 1 Y

- Zhy | — —hy | — 7.1
o(v )C( ) Z s + Z s <5U0> + Z s <8U1> (7.105)

YU, <s<Y /Uy s<Y/U s<Y/Us
(s,v)=1 (s,v)=1 (s,v)=1
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is at most (v) (o)
o(v 1 o) Y Y
2 ¢(2) Z - — <log+log>
o(v) . s v 6 Uy Uy
(s-0)=1 ” ” (7.106)
~ Jo.998982 (2~ ()" — (%) if v =
1817075 (2 — (42)"° = (&)"*) ifv=2.
By the definition of err,,,
o(v) 1 o(v) 1. Y
2—=((2 - +2—=((2 - T
qﬁ(v)()z sJr v ) Z s sUy
s<Y/U4 Y/U1<s<Y/Us
(s,v)=1 (s,0)=1
equals
QU(U)C(Q) <log — +err, <1>>
U
Obviously,
o(v) 72 Y Y o(v) Y w?o(v) Ui
———~— (log — + log — 2—2((2)log — = — log —.
6 (OgU0+OgU1>+ v <()OgU() 6 v OgUo
Lastly, by Lemma 7.6 and Lemma 7.7,
0.003954 + L8 jf ¢ = ]
1 Y Y / ’
2D <5U03U1> = 0004782—1—& if v =2
s<Y/U, : \/U1/Uo ’

(s,v)=1

where the second terms on the right can be omitted if Uy /Uy > 10%, and 1.73788 can

be replaced by 1.49914 if v = 1 and U, /Uy > 5.

O

Corollary 7.17. Let g,(y) be as in (7.14), where v € {1,2} and g is as in (7.29) for

some Uy > Uy > 0. Let B =0 or B = 1/2. Then, for X > Uy,

6X v [1 tX
T ), 239v<3>“
B s<tx/U,
(s,v)=1

-px (1 (MX>
log%; logg—; w8 U()’U1 ’

where d, g(t1,t2) is at least

is at most

1.13644 2

0.607309 - (§ to) + 0 t1ty)) — 0.00286 — — — —
(61,8(t2) + 61,5(t1t2)) N

0.62882 kj

0.736433 - (62,5(t2) + 02,5(t1t2)) — 0.00253 —

Vi Tt

(7.107)

(7.108)
ifv=1,

(7.109)
ifv=2,
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and where §, o(t) = §,(t) (defined as in (7.96)),

900 _ 9
0y,1/2(t) = max (1 — : t—a«,’()) 7

Qg —

ay = (v+2)/(v+1), ko = 4.02026 and ko = 2.9. If Uy /Uy > 5, then the constant
1.13644 may be replaced by 0.9913.

It follows easily from the lower bound (7.109) that d,,(¢1, t2) is non-negative when
t1 > by g, where

biijo =872, byip =878, bi1=T54, b1 =568 (7.110)

Proof. Apply Propositions 7.14 and 7.16. The main term from either proposition con-
tributes the main term
1-pX

log g—é

in (7.108).
Then there are the following terms for ¢ = 1, 2:

1 N
—m,/ <1 - <U> ) dt, (7.111)
max(3,U; / X) X

where k1 = 0.998982 and xo = 1.817075. It is clear that the integral in (7.111) is
always non-negative.
Much as in (7.98),

/1 a1 2wl
Jijp @X/U)  (X/U)™ o =1

and so

L Ui\ ™ : 1 2011 U\
1-— > max | - — — | — ,0.
=5 Jmax(1/2,X/U;) tX = 2 a,—1 \ X

1=

On the other hand,

/Ul/x <tx;lé>av - (X/éo)o‘” (X/Zia: —= avl— 1 (f( - (Q)

and so .
1 ay
U; X X
1— (= dt =6, | — +5v<>,
;/[;1/X< (tX> > <U0> Uy

where 4, () is as in (7.96). We do not forget to multiply by (6/7%)(v/c(v))k,/(1— ),
where the factor of (1 — /3) is there to compensate to eliminate (1 — 3) in (7.108).
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The last terms in (7.104) are independent of ¢, and thus must simply be multiplied
by (6/7%)v/o(v). They give us

1.
0.002404 + 1056505 ifv=1
VU1 /Uy
.59411
0.001939 + 0.594115 ifv=2,

VU1/Us

where 1.056505 can be replaced by 0.911368 if Uy /Uy > 5. (Of course we could also
take advantage of the fact that these terms are not there when ¢t < U; /X, but we will
2

not bother.)
_— / 1 err Up tX dt|,
1-8\)e  "\U Uo

It remains to estimate
where o = max(8,U;/X). If v = 1, then, by (7.83), the expression in (7.112) is at
most

(7.112)

2 0.0799296

+
Ui/Uo /U /Uy

If v = 2, we apply the bound (7.85) instead, and obtain that (7.112) is at most

-+ 0.00045594.

0.034702 2.9 2log2 ifB=1/2,
2 L 0.00058572 + og2 iff=1/
v/ U1/Ug Ul/Uo 1 if 8 =0.
]
7.7 REMAINDER TERMS
‘We should now bound the contribution of the remainder terms
o (i) e ()
Raya,u,0,0( — 22 (7.113)
o . dZ< Z (d1d2 011 l l2)a2
1,d2<y 11 <y/dy
12<y/d2

p2(dilidalav)=1

in Proposition 7.3 and Corollary 7.4.
Let o be as in the statement of Theorem 7.1. Let u = Uj. Then

y“ 0/1,(12 (y) - DOﬂvaQ (ﬁ)
Z Z dallaz = log Uy /Uy =

d<yi<y/d

where

!
Dovas() =Y Y d(fzilz : (7.114)

d<yl<y/d
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Let us, then, estimate Dy, o, ().

Proposition 7.18. Let 0 < aj,as < 1, a1 # ago. Let Dy, o,(y) be as in (7.114).
Then, for all y > 0 and every 0 < 8 < min(«ay, ag),

1—aq 1—ao

Do, oy (y) = (1y—7041)2< (I—a1+a)+ (1{7&2)2@(1 —ag+ aq)
+¢ (a1) ¢ (az)logy + ¢’ (1) ¢ () + ¢ (1) ¢ (az) + O (Cﬁ,al,a?gli)S)
ifar, a0 # L and ifo; =L, aa=a< loras=1 a0 =a <1, '
yl—a
Doy a,(y) = WC (2-a)
+ 5% 10g )2 4 (¢'(@) +1€(0)) oy (.16
+ C (a) + ’YC/(O‘) - VIC(O‘) + O* (Cﬂ,al,azy_ﬁ) 5

2
where cg o, o, is an explicitly computable constant depending only on 3, o and .

Here ~ (Euler-Mascheroni constant) and ~; (first Stieltjes constant) are the first
coefficients in the expansion ((14s) = 1/s+y—~15+. .. of ( around 1. We know that
v =0.57721... > 0; it will be useful to know as well that v; = —0.072815... < 0.

We will give a complex-analytic proof and sketch a real-analytic proof. The first
proof follows a suggestion of Mathoverflow contributor Lucia.

Proof. By (2.34), forany o > 1,

17T Z(s) .
Da17(¥2(y) = 7/ 8(2)y d57

270 Jyioo

where

n

1 —S
20 =2\ X e | "
dln
= Do N0 — (s 4+ an)((s + ).
d l

Shifting the line of integration to the left, we obtain, for a1, g # 1,

C(l — o1 + 042)
(1 —a1)2
((I—az+ai1) ;_,,

(]. 7042)2
Csta)lstoa) o 1 [ C(s+a1)(s+ar)
52 YT o Ry 52

Dozl,az (y) = y17a1 . Ress:lfal C(S + al)

‘Ressz1—a, C (s + a2)

=+ RGSSZO y_sd57
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where Rg is a path of our choice going from —3 —ioco to — /3 + ioco such that s < —f
for every point s on Rg and — < min(1 — a1, 1 — a, 1). The last condition on /5 is
needed so that the path is to the left of all singularities.

Ifa; =1, a9 = a < 1, or vice versa,

9
Da,,0,(y) = %yka ‘Ress=1-a ((s + @)
1 Resy—g wys n i C(s+a1)§(s+a2)y75d$'
S 27 R s

The residues here give us the main terms in (7.115) and (7.116). (Of course,
Ress=1-a ((s + &) = Ress=1 ((s) = 1.) We let ¢34, ., be equal to

L[kl oKl +an)l

2 s|?
Rp

(7.117)

and obtain (7.115) and (7.116). It remains to see that this integral is finite and can be
computed. For either of these two purposes, it is enough to show how to bound its tails.
For any T' > 0, by Cauchy-Schwarz

L [T [ Ko ranits +ay
27 J_B_ico — BT |s[2

\ds| < /I(T, o, BT, 2. B),
(7.118)

where

1 —B—iT —B+ioco + 2
[(T,0,8) = - / +/ MIdSI
™ —B—ico —B+iT |s|

1 a—pB—iT a—[B+ico s 2
e ([ [T )
27 a—fB—ic0 a—pB+iT ‘S‘
where ko 5 = 1if |8] > |a— B, and ko g = (T% + (a — B)?)/(T? + B?) if |B] <
|o — ). By the assumptions or; < 1and 0 < 8 < «;, we know that 0 < o; — 5 < 1.

Hence, Prop. 3.14 tells us that I(T, «;, ) is finite for j = 1,2 and shows us how to
bound it explicitly.

(7.119)

O
Sketch of real-analytic proof. We can estimate sums of the form
k
Z (log %)
na
n<x

by Euler-Maclaurin. We cannot simply apply the estimates we obtain to the inner sum
in (7.114), however, since they are not very precise when x = y/d is very small.
The obvious solution is to split the range and change the order of summation:

loo ¥ log £
Dal,a2(y) = Z Z d(fli + Z Z lo?zgdladl

d<w <Y I<E w<d<¥
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for w arbitrary. Further analysis shows that this is suboptimal, and that what we really
need is a split with smoothing:

log 4 log 5 d
al,az Z Z dall((iylg <> +ZZ Z lazdlctjl (1 - <w>> 7

d<cow <4 ¥

where 7 : [0,00) — R is continuous and vanishes outside [c1, c200), say. The choice
n(t) =1fort < 1,n(t) =0fort > 2, n(t) = log(2/t)/log2 for 1 <t < 2is good
and convenient. (This function is of course of the same kind as g; notice, however, that
n(t) goes from 1 to 0 much more quickly — within the bounded interval [1, 2].) We set
w optimally and, after much cancellation, obtain (7.115) for some 8 > 0 (though, with
this choice of 7, not for all 0 < 5 < min(aq, @2)). O

We still have to see how to take advantage of the coprimality conditions in the sum
defining Ry, ay,u,0,0 10 (7.113). Here are some possible approaches.

a) Derive an estimate for R, a,,u,0,, from our estimate for (Dy, o, (y))? by sieving
for common factors of dy, ds, I1 and l5. Such an approach is in principle possible
— it amounts to a more complicated version of the naive square-free sieve at the
beginning of §5.1 — but it is rather unwieldy.

b) Estimate
. log %
Ddhoéz (y) = Z Z da1l(ciu12 ’

d<yi<y/d
p2(dl)=1

directly, much as we estimated Dy, o, (y), by means of the integral

1 (7T ((s4 a1)C(s + az) y®
omi /ﬁ_m 25 7 201)0(25 1 209) L) 7

where the factor

1—p 5 1 = p—s—2
L(S) - H ( 1 fpfsfo?l(_p?sfozz )
P

is there because of the coprimality condition (d, ) = 1 implied by p?(dl) = 1.
The main difficulty here is that, when we shift the path of integration to the left, we
cannot go beyond the vertical line ®s = 1/2 — min(a, o2), and the result is a an
error bound that is not as good as it could be.
Obtaining a tight estimate for Rq, s u,0,0 from an estimate for (D;;1 (Y ))2 does
not seem much simpler than the sieving procedure in a).

¢) We can proceed as we are about to do, taking advantage of the coprimality condi-
tions only for small primes p. The constant in front of the main term will not be
optimal, but, given that what we are estimating is a remainder term, we can accept
this situation.
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Proposition 7.19. Fory > 0,2 > 1and 0 < ay,as < 1, let

5 B log 3 7.120
ahag,z(y) - Z Z dor]az : ( ' )
d<yl<y/d

p<z=>pfdl

Then, for all y > 0,

Di1y210(y) <4¢(3/2) T <1 - 1> (1 - p;ﬂ) Ly

p<19 p (7.121)

=0.744908 ... - y*/2.
The inequality would not be true for all y if 19 were replaced by a larger prime.

Proof. We proceed as in the proof of Prop. 7.18, using
Z,(s) =C(s+ a1)C(s+ az) - P.(s+ a1)P.(s + a2) (7.122)

instead of Z(s), where P (s) = [ ., (1 — p~*). We obtain

-«

Y

Dio.(y) = m( 2-a)P.(1)P.(2-a)
+ . (a)p. (1)(0g )"
+((C P2 (@P-(1) + ((@)P-(0)(P-(1) + PL)) gy
(¢-P.)"(a) , '
(P Py @ - @ PO@) P
+ ((¢ - P2) (o) + ¢ ()P, () P(1)
P7(1) . 8
+ C(Q)Pz(a)T + 0" (¢8,1,0,:4" "),
where
Chrs ps = % /R P.(s + a1)P.(s + as)| C(s + 0‘1|)S||§(5 + )l \ds| (7.124)

and R is any path of our choice going from —3 — i0co to —f + ioo and staying on
the half-plane f8s < —f3. An easy interval-arithmetic computation (via ARB) gives us
that, for « = 1/2 and z = 19, the expression on the right of (7.123) is at most

4¢(3/2)P19(1)P19(3/2)\/y

, (7125
—0.001566(log ) — 0.048512(log ) — 0.326737 + O*(cp.1.0.2y 7).

Here
4¢(3/2)P19(1)P19(3/2) = 0.744908..... .
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For 3 =1/4andany T > 0,

1 AT —Btioo s+« s+
[T s (ot ag Sl )

s

—B—ioco —B+iT
Bz(_B + al)BZ(_ﬂ + a2)\/I(Ta aq, B)I(Ta 2, ﬁ)v
(7.126)
where I(T', ., B) is as in (7.119) and B. () = [, (1 +p~“). Now,
B19(3/4)B1g(1/4) < 277.7841,
and, for 7" = 40000, by Prop. 3.14,
I1(T,1/2,1/4) <0.0052897, I(7T,1,1/4) < 0.00002851009. (7.127)
Hence, for T' = 40000,
319(3/4)319(1/4)\/I(T, 1/2,1/4)I(T,1,1/4) < 0.10788. (7.128)

Let R’ consist of a straight segment from —1/4 — T to —1/4 + iT. ARB! shows
rigorously that

[t 2 I2NCC D] g — 1136303407 (5.107).

7/ ‘Plg 8+1/2)P19 +1)

|s[2
(7.129)
We conclude that
C1/4,1,1/2,09 < 1.136394 + 0.10788 = 1.244274. (7.130)
Since
0.001566(log 60)2 4+ 0.0485121og 60 4 0.326737 = 0.55161 . .. (7.131)

and 1.244274 - 60~ 1/4 = 0.44708 ... < 0.55161, it follows from (7.125) that (7.121)
holds for y > 60. For 1 < y < 23, Dy 1/2,19(y) = logy, and (7.121) follows from

max,>1(logy)/y"/2 = 2/e and 2/e < 0.744908. For 23 < y < 60 (or indeed for
23 < y < 192), we note that

y
Diaje(y) =logy+ Y (\[ p)logp>

23<p<y

and so, for y not a prime,

D 1y210(y) = ; 1+ Z (f ) . (7.132)

23<p<y

"When this section was written (late 2017 — early 2018), computing path integrals quickly in ARB re-
quired some special coding, particularly for S's large. F. Johansson — the developer of the interval-arithmetic
package ARB - kindly did most of the coding at the author’s request. ARB has seen further development in
that direction [Joh18].
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Itis easy to check that 1+ 55, (1/\/p+1/p) is less than 0.744908,/y /2 for every
prime y in the interval [23, 60], and hence for every real number in the interval [23, 60].
Hence D’111/2_’19(y) < 0.744908/2,/y for every 23 < y < 60 that is not a prime, and

$0 D1 1/2,19(y) < 0.744908,/y for every 23 < y < 60, and so we are done. O
Lemma 7.20. Let Dy, q,,.(y) be as in (7.120). Then, for all y > 0,

16 1
Diyj21/411(y) < —C(5/4) (1 — ) 1—p5/4) . 34
1/2,1/4,11 9 pg1 D ( ) (7.133)

=0.551488 - /4.

Proof. The proof is essentially the same as that of Prop. 7.19. We start as in the proof
of Prop. 7.18, with Z,(s) (defined in (7.122)) taking the place of Z(s). We obtain

Dyj21/411(y) = 1ﬁ96C(5>/4)P11(1)P11(5/4)193/4 +4¢(3/4)P11(3/4) P11 (1)y'/?

CO/4) /2 PLOA) | PL(/2)
- <<<1/4> ) T Pu/m T Paa) “Ogy)
-€(1/4)¢(1/2)P11(1/4)P11(1/2) + O*(Cﬁ,1/4,1/2,11y_6)7

(7.134)
where ¢3.0,,as,2 18 as in (7.124). It is simple to compute that the right side of (7.134)
is at most

16
§<(5/4)P11(1)P11(5/4)y3/4 —0.29222,/y
+0.00007764log y + 0.0021647 + O*(cs.1 /4.1 /2,119 ").

(7.135)

By (7.126), for 3 = 0, the contribution to cg 1 /4,1 /2,11 of values of s with [3s| > T
is at most

Bi1(1/2)B11(1/4)\/1(T, 1/2,0)I(T, 1/4,0), (7.136)

where B, (a) =[] . (1 +p~%) and I(T, o, B) is as in (7.119). By Prop. 3.14,

p<z

I(T,1/2,0) < 0.0002203834
for T = 40000. By the definition (7.119) of I(T, «, 3),

I(T,1/4,0) < WI(I 1/2,1/4).

Hence, for T' = 40000, I(T,1/4,0) < 0.00529 by (7.127), and so the expression in
(7.136) is at most

6.98888 - 13.52339 - v/0.0002203834 - 0.00529 < 0.10205.

Let R} consist of straight segments from —40000¢ to —200¢ and from 200i to
400004; let RY, consist of straight segments from —200i to —0.005 and from —0.005 to
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200¢. Then, by ARB,

= \Pu<s+1/z>p11(s+1/4)||<<s+1/2>|\<<s+1/4)\ B

2mi |s|2 s (7.137)
= 0.009269 + O*(3-1079),
1 1/2 1/4
L P(s+ 1/2)Pu (s + 1/a) [ SEEIDNCEH VDY 0 soa6.
2 R, |s|?
(7.138)

Hence,
o,1/2,1/4,11 < 0.009269 + 3 - 107 4+ 0.685047 4 0.10205 < 0.79637.  (7.139)
Since
0.292221/13 — 0.00007764 log 13 — 0.0021647 = 1.05126... > 0.79637, (7.140)

it follows that (7.133) holds for y > 13. For 1 < y < 13, Dy/5,1/4,11 = logy, and we
know that logy < 0.551488y3/* because (logy)/y>/* < (4/3)/e < 0.551488. O

Corollary 7.21. Foranyy > 0,v > 1,0 < aq,a < 1, let
log 7% 41, 08 0
OED SED DD DED DR e dmlz;‘ - (7.141)

di1<yl1<y/d1 d2<yl><y/d>
#2((1111(12[2’0):1

Then, for all y > 0,

129893 -y ifv =1,

R < 7.142
11/2,0(Y) < {4.7983 o ifv=2 ( )

5.8645 - y3/2  ifv =1,
R! <
1/2,1/4,1}(y) = {20644y3/2 l:f’U:2,

Proof. Let Dq, «,,. be as in (7.120). Let P(z) = []
Z > v, We can write

(7.143)

p<-p- Forany v € {1,2} and

10 LIO Yy
)ID DD DD Pt 2 @144
di1<yli<y/di do<ylo<y/ds + 1 2 2
12 ((dilidalav,P(2)2))=1

in the form

(dydy)™ (13l5)"

>

. dy 1
didyli 15| P(2)
vtdydylily

(7.145)
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Since R}, ., ,(y) is clearly bounded from above by the expression in (7.144), it must

be bounded from above by the expression in (7.145).
Thus, if Do, a,,2(y) < cy” forall y > 0,

2,,2n

AN () - ) <y

+ +
wi, (@d) ™G

dyd;li 15| P(2)
ofd) dy L1,

2 2
2,21 . - 4=
Scy H <1+p<¥1+7]+p012+77>.
v<p<z

By Prop. 7.19, we conclude that

e <o (1 IT (1-1) (1- )

p<19

L2, 2
11 tot )

v<p<19

and, by Lemma 7.20,

T ae() <7 5 ¢06/4) 1T (1_ ) (1 - 5/4)
p<il p p

L2, 2
11 o)

v<p<11
O

Corollary 7.22. Let X > 0, v € {1,2}. Let ¢ be as in the statement of Theorem 7.1
for some Uy > Uy > 0. Let Ry, oy ,uw,0 be as in (7.113).
Then

X\ /X X/(Uy/VX) [33.933 ifv=1,
R i =AY 7.146
> Ruajveme <on> s 8.1032 ifv=2. (7.146)

p
s<X/Us (log %)
(s,v)=1 0

S R ( X ) <X>1/4 X/ (U /VX)3/? {11.5081 ifv=1,
1/2,1/4,Up,v,0 \ — 77 | "\ =, <2 . _
o<T sUy s (log %> 2.8467  ifv=2.

(s,v)=1
(7.147)
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Proof. We bound R, .Uy ,v,0(y) brutally by RY, . (y)/(log Uy /Up)?, defined as
in (7.141). Then, by Corollary 7.21,

Z Ri1/2,00,0,0 <%> \/gg Cro Z <%>3/2

sy s<y
(s,v)=1 (s,v)=1
< 2. 1,16(3/2) ifv=1,
B c12¢(3/2) (1—-27%/2) ifv=2,
(7.148)
where ¢1,1 = 12.9893 and ¢; » = 4.7983. Again by Corollary 7.21,
y\ /y\L/4 y\7/4
Z) (2 < Z
S Rpines(2) (D) cen 3 (2)
s<y s<y
(s,0)=1 (s,v)=1
<7/ c2,1¢(7/4) ifv=1,
B e0C(7/4) (1= 2771%) it =2,
(7.149)

where cp1 = 5.8645 and cp 2 = 2.0644.

We let y = X/Uy. We need to multiply M (on the left side of (7.148)) by /Uy
to obtain /X /s (on the left side of (7.146)); we also need to multiply (y/ 3)1/ 4 (on the
left side of (7.149)) by U&M to obtain (X/s)'/* (on the left side of (7.147)). Obviously,
(X/Uo)32\/Ty = X/(Up/VX) and (X/Up)"/4Us* = X/(Uy/vVX)?/2, and so we
obtain (7.146) and (7.147). O

7.8 CONCLUSION

7.8.1 Proof of main result

Proving Theorem 7.1 is now just a matter of collecting statements. We will, in fact,
prove the following stronger version.

Theorem 7.23. Let U; > Uy > 0. Fort > 0, let

0 ift < U,
10g+ (t/LO) — 10g+ (t/[’ 1) log t/Ug ,
= = U <t<U .1
(t) log UI/UO log U1 /Up lf o <t< U, (7 50)

1 ift > U.




3pupnew December 14,2019 6.125x9.25

240 CHAPTER 7

a) ForUp < X <Upve{l,2yandf=1/20r =1,

2

> > ulde(d) | < ((1 —B)L—vp (50) + Rup (\7%)) %

BX<m<X \d|m g "
(m,v)=1
(7.151)
where N
Ryp(t) = =35 + 573 (7.152)
ki1 =34.39—13.758, K12 =13.99 —6.164,
K21 = 4.93 — 16457 Ko = 2.54 — 084ﬂ
1 0.91415 ifv =1,
L_ ,1/5(t) <logt — (1_t) ,{1 l.fz)72
fo=2 (7.153)
1
Levolt) <ogt — (1= ) = ot
1 1 1 1
o=ty i 7.154
() t+av—1<t to"v> ( )

and c¢; = 0.607308, co = 0.736432, a1 = 3, oy = 3.
b) For X > Uy andv € {1,2},

2

S D uded) | < ((1 —B)Lyvp+ Rop (5%)) )2(@

log

BX<m<X \dm Uy
(m,v)=1
(7.155)
where U Uox
L v, = 1 L dv 717 77 |
+,v,8 0og UO (UO Ul)
the remainder term R, g is as in (7.152) and d, (t1,12) is at least
1.13644 2
0.607309 - (61 (¢ 01.8(t1t2)) — 0.00286 — ——— — — ifv=1,
(61,5(t1) + 01,8(t1t2)) N ifv
0.62882 k&
0.736433 - (35,5(t1) + 02,5 (t1t2)) — 0.00253 — U =2,
' ' Vi ty
(7.156)

where 0, 0(t) is as above, ki /5 = 4.02026, ko = 2.9 and

20w — 2
0y,1/2(t) = max (1 - 1 t_””,()) .

Ay —

IfUy /Uy > 5, then the constant 1.13644 may be replaced by 0.9913.
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Note that §,,0(t) is non-negative for all t > 1, and d,,(t1,t2) is non-negative when
t1 > by g, where

biijs =872, byip =878, bi1=T54, b1 =568 (7.157)

Proof. Immediate from Corollaries 7.4, 7.15, 7.17 and 7.22.
We compute our remainder-term bounds multiplying the constants defined in Prop. 7.3
by those defined in Cor. 7.22:

5 28\ 6
933 (222} 2 <3439 13.
33.933 (3 3)772_3 39 — 13.758,
3 B\ 4
1032- (2 - 2) 2 <4.93-1.64
8.103 (2 2>7T2_ 93 — 1.648,

83/2

11.5081 - (x/§ (1 - :2) +(1-5) <\/§— WQ)) < 13.99 — 6.168,

28167 (1- L ¢ =64 < 2.54 — 0.848.
w2 2 w2

O

Theorem 7.1 follows immediately from Theorem 7.23, thanks to the remarks above
on the non-negativity of d, o(¢) and d,, (to, t1).
The asymptotics of our bounds are clear:

1. ast — 0o, L_,, 1/2(t) asymptotes to logt — 0.91415 if v = 1 and to logt — 1 if
v = 2; the proof of Corollary 7.15 makes it clear how to obtain a bound with an
asymptotic of logt — 1.04328 if v = 2;

2. L_ 4 1/2(t) asymptotes to logt — 1 — ¢y,

3. the bound on L , 1 /2(t) asymptotes to logt — 2 - 0.607309 4 0.00286 = logt —
1.211758 for v = 1, and to logt — 2 - 0.736433 + 0.00253 = logt — 1.470336 for
v=2.

The proofs in §7.5 suffice to show that log ¢t — 0.91415, log ¢ — 1.04328 and log t —
1 — ¢, are the true asymptotics for the optimal bounds on L_ ,, g(t) for Uy < X < Uy,
up to an error of the order of 1075, For X > Uj, the terms 0.00286, 0.00253 are not
there in reality; that is, the asymptotics should be logt — 1.21461... for v = 1 and
logt — 1.47286 ... for v = 2, up to an error of the order of 102, (In both cases, this
small error comes from Lemma 7.10.)

Are these asymptotics optimal? That is, are there other smoothing functions o
satisfying o(t) = 0 fort < Uy, 0 < p(t) < 1forUy <t < Uy and p(t) = 1 fort > Uy
such that the asymptotics of the sum

> Do ude)

BX<m<X \d|lm
(m,v)=1
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are better than those given by the asymptotics above? Which smoothing functions
would give optimal asymptotics? These questions remain open as of the time of writing.

7.8.2 Final remarks

There remain several matters to be looked into. First of all, there is what we already
discussed in §7.2: the task of obtaining a similar bound when g is such that it is sup-
ported on integers < VX, rather than on integers >> v/ X; or, what would amount to
the same, obtaining a bound when g is as we defined it, but U} < VX (whereas our
current bound is good when Uy > Vv X). It would also be interesting to obtain a bound
valid for Uy, U; arbitrary, as in [Gra78], but with explicit constants and optimized error
terms. The worst case is probably that where any of U, UZ or UyUy is close to X.

It goes almost without saying that the case U; < /X would give a bound that
could be stated in a traditional sieve framework. Instead of sieving all the integers in
the interval X/2 < n < X, one could sieve any sequence that is well-distributed in
arithmetic progressions of modulus up to UZ. Tt would admittedly be absurd to assume
as much for U; > /X. What one could do with the results in the range we have
studied is state them for an arbitrary smoothing. Of course, one can simply derive such
a result from what we have — we did almost all of our work on an arbitrary interval
(8X, X], and chose to focus on 8 = 1/2 and S = 0 at the very end — but that might
not be the most efficient option.

Finally, a remark on our tools. Because of our need for strong explicit estimates, we
relied on results on sums of y(n) based mainly on estimates of the form ¢(z) = (1 +
O*(€))z, with € > 0 fixed. Now, the estimates we used are based on finite verifications
of the Riemann Hypothesis and on zero-free regions. However, estimates of the same
kind, though with much larger values of €, can be obtained through elementary means.
(The oldest such bound is due to Chebyshev; see, e.g., [IK04, §2.2].) As a consequence,
it is likely that qualitatively good (though numerically inferior) bounds can be obtained
by purely elementary means, following the general procedure in this chapter.
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Chapter Eight

The large sieve: smoothing and scattering

In a key part of our work (minor arcs, type Il sums), we will need to bound a sum of

the form ,

S 1D (log p)e(amp)n(p/W)| 8.1)

Mo<m<M, |p>V

where 77 : R — R is a smoothing function.

From a modern perspective, the task of estimating a sum such as (8.1) is clearly
a case for a large sieve. It is also clear that we ought to try to apply a large sieve for
sequences of prime support.

For a large sieve to work, the frequencies that it is given — here: am, for m in
an interval — must be distinct, and not too close together. We may start by taking a
Diophantine approximation & = a/q + §/z.

If § is zero and q is not too large, it is clear that all goes well: for m in a subinterval
of (My, M;] of length ¢, the frequencies am = am/q are distinct fractions a’/q, and
thus any two of them are separated by at least 1/¢. In general, as we shall see in §8.2,
we will manage to keep our angles awm apart from each other by using not just a/q, but
/. Our procedure will be compatible with taking advantage of prime support.

We will begin by reviewing what is meant by a large sieve and how to take a smooth-
ing function such as 7 into account. We will then (§8.2) explain how to use the error
term 0 /x, besides reviewing Montgomery’s method for taking advantage of prime sup-
port.

3k ok ok

On saving a logarithmic factor. Methods for taking advantage of prime support in
the large sieve to gain a factor of log are not something new; they are well-known to
the specialists. Strangely enough, they seem to be rare in the literature on Goldbach’s
problem. Perhaps this oversight is due to the fact that proofs of Vinogradov’s result
given in textbooks often follow Linnik’s dispersion method, rather than the large sieve.
However, it should be emphasized that Ramaré did in fact use a large sieve for primes
in [Ram95, §7].

The expression that Ramaré had to bound by a large sieve arose in a somewhat
different way from the one here. Moreover, his treatment of the large sieve for primes
is in the spirit of [BD69]. Our treatment of the large sieve will follow the basic lines
set by Montgomery and Montgomery-Vaughan [MV73, (1.6)]. What we have to do,
besides allowing for smoothing, is to show how that way to win a factor of log is
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compatible with the way we will exploit the error term /.

8.1 THE LARGE SIEVE AND SMOOTHING

We recall that Plancherel’s theorem states that the Fourier transform is an isometry: it
preserves the L? norm. In particular, for f : Z — C in ¢!,

/ |F(a)2da = Z |f(n)|*  (Parseval’s theorem).
R/Z nez

Now, what if we wish to estimate, not the integral of \f(a)
over a finite collection of points «; € R/Z?

The remarkable thing is that it is possible to give a good bound for such a sum
under rather loose conditions. Assume that f has support on I N Z for some interval
I C R of length = and that the points {«;} are separated by at least v > 0, i.e.,
a; — o ¢ (—v,v) modZ for all 4, j with i # j. A large sieve inequality states that

> 1flea)? < c(x,v)Z\aiP- (8.2)

3

2, but the sum of | ()|

It is known that this is true with ¢(z,7y) = = + 1/v (IMV74], [Sel91, §20]), and that
this coefficient ¢(z, 7) is in general optimal.

The name “large sieve” has historical reasons — in its very first version, due to
Linnik [Lin41], the large sieve served to estimate the size of a set out of which a large
number of congruence classes had been excluded (“sifted out”). This is not the use
we shall give to it. However, it is true and unsurprising that, thanks to our use of the
large sieve, we will not need to use small sieves to win a factor of log in our estimates;
indeed, we do not use small sieves anywhere at all.

There are many kinds of generalizations of the large sieve; see [IK04, Ch. VII].
Many consider transforms taken, not against additive characters e(an), as in the Fourier
transform f(a) = Y. f(n)e(an), but rather against multiplicative characters, or
against much more general coefficients coming from automorphic forms. We will
briefly touch upon a large sieve for multiplicative characters in §9.2. Now we have
to discuss a different kind of generalization. We will still work with additive characters
e(an), but we also use a weight, or smoothing function, 7: we want to bound

2.

7

2

)

S ave(ain)(n/z)

for any a,, € C and a given function n : R — C that is, if not smooth, at least
continuous or piecewise continuous.

One might ask why one cannot simply set f(n) = a,n(n/x), apply (8.2) and be
done with it. Of course one can do that, but that is often suboptimal, especially when
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the range within which a,, varies stays more or less constant as n grows. (This is
typically the case in applications: a,, can be something like the characteristic function
of a set of arithmetical significance, such as the primes.)

Two possible approaches suggest themselves. One is to follow the basic approach
of Selberg [Sel91, §20]. This is what is done in [GV81] for the smoothing function

e~  forz >0,

0 forx < 0,
and some variants thereof. The virtue of this approach is that, if conducted very care-
fully, it can give an optimal bound. The disadvantage is that it requires a great deal of
ad-hoc work and ingenuity to optimize matters — and that for one specific smoothing
function 7. While [CV10a], [CV10b] do solve the optimization problem for a more
general class of functions, it is a class that does not include the functions we will be
interested in. There is a completely general result in [Vaa85, §4], but it is not optimal.

The alternative approach is what we do here: we take an intermediate result towards
(8.2) (from the approach in [MV74], not that in [Sel91]) and then we derive from it a
result for general 1. The result is better than what one would get by naively setting
f(n) = apn(n/z), and indeed what is usually the main term seems to be optimal.
(Other terms are not optimal; the total bound seems to match that in [Vaa85, §4].)

Using a result on sums without smoothing to derive a result on sums with smoothing
may seem to defeat the purpose of smoothing. At the same time — what we have in the
literature is carefully optimized bounds for the large sieve without smoothing. One
advantage that results without smoothing do have is that they tend to imply results with
smoothing, whereas the inverse is not in general the case.

What truly decides the issue is that we will have to work with versions of the large
sieve that take advantage of situations where some points «; are more isolated than oth-
ers. Then there are delicate estimates in the literature for the case without smoothing,
and nothing at all, apparently, for the case with smoothing. Hence, we now commit to
deriving our results with smoothing from the best results known without smoothing.

3k osk ok

Most proofs of large-sieve inequalities go through the duality principle. As we saw
in §2.3.2, this principle asserts that the operator norm of a linear operator equals the
operator norm of its dual (Lemma 2.3). This gives us the following.

Lemma 8.1. Ler {«;}ics, {¢i}ies be finite collections of elements o; € R/Z, ¢; €
[0,00). Let {on}nez, ©n = 0, also be given. Assume that, for all {b;};cs, b; € C, the
inequality

>

nez

2
on <Y cilbil® (8.3)

i€S

Z bie(a;n)

i€S
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holds. Then, for all {a,}nez, an € C, lying in £* with respect to the measure @,

2
Z c{l Z ane(a;n)pn

€S nez

< lan*en- (84)

nez

Proof. Let A : C5 — C7 be the linear operator

{bities — {Z bie(—am)} .
€S nez
Endow C* with the weighted ¢2-norm [{b; }| = 1/, |b:|2¢c; and CZ with the weighted

norm [{an}| = /Y, lan|?p,. We write, as is usual, £2(Z) for the subspace of C%
consisting of elements of finite £2 norm; since S is finite, every element of C* has finite

2 norm, and so £?(S) = C°. By (8.3) applied to b; instead of b;,

2
Z Zbie(fam) on < ZCi|bi|27

nez liesS i€S

and so the operator A is bounded; in other words, A is actually an operator from V' =
(%(S) to W = (%(Z), where the ¢? norms are weighted as above.

Define the inner product (a,, a,,) = >_, Gna;, ¢, on W x W and the inner product
(bi, by = 3", e;bib; on V x V. They induce the £2-norms we have just described. The
dual A* : W — V of A with respect to these inner products is the conjugate transpose

{an}nez — {cil Z ane(am)gbn} .
i€S

neZ

By (8.3), the operator A is not only bounded, but of norm |A| < 1. By the duality
principle (Lemma 2.3), |A*| = |A|. Hence |A*| < 1. That means precisely that (8.4)
holds. (The assumption {a,,} € ¢! implies that A is well-defined at {ay, }.) O

The following estimates are at the core of the Montgomery-Vaughan approach.

Lemma 8.2. Let v > 0. Let {«; }ics be a finite collection of elements «v; € R/7Z such
that o; — oy & (—v,7) modZ for all i,j € S with i # j. Then, for all {b;}cs,
bi cC,

S sty < S ®

1€S jES 1€S
i#]

Moreover, if {v;}ies, vi € RY, are such that o; — oj & (=i, i) forall i,j € S,
i # 7

4 _
2.2 Gnm(ar =) smw(% ) s 52% g (8.6)

€S jeSs €S
i#]
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Proof. Inequality (8.5) is part of [MV74, Thm. 1]. Inequality (8.6) is [Pre84, Thm]; it
is a refinement of the other part of [MV74, Thm. 1].

The main tool behind (8.5) is Montgomery and Vaughan’s following generalization
of Hilbert’s inequality:

bla ™ 2
DB EED B
i€S jes Ai = Aj 7 ics
i#j
for any finite or infinite collection of elements A; € R such that |\, — A;| > ~ for all
i, 7 with i # j. (The classical form of Hilbert’s inequality is the special case \; = i.)
See either [MV74] or the exposition in [IK04, §7.4]. O

We will need a simple lemma expressing a function as a linear combination of
characteristic functions of intervals; it is a variant of what is known as a “layer-cake
decomposition”, though the usual layer cake — consisting of “layers” {z € R : f(z) >
t} — would not do, as its “layers” are not in general intervals. Here, as usual, L(ay) is
the characteristic function of the interval (a, b], i.e., 1(44)() is 1 for 2 € (a,b] and 0
otherwise.

Lemma 83. Let f : R — [0,00) be integrable and of bounded variation. Then
there are non-decreasing functions ag,ay : (0,tg) — R, where to = |f'|1/2 and
ap(t) < aq(t) forallt € (0,ty), such that

to
f(z) = /0 Lao 0y (0 (2)dE

for all x at which f is left-continuous.

Here, as usual (see §2.3.3), if f is not in C!, f’ is understood in the sense of
measures or distributions; in other words, |f’|; always stands for the total variation

[dfl.

If we were using intervals [ao(t), a1(t)), we would require f to be right-continuous
at x instead. Needless to say, a function of bounded variation is both left- and right-
continuous outside a countable set.

Proof. Since f is integrable and of bounded variation,
tlggo 1) = t_l}r_noo F(t) =0,
Let

fatw) = [ " max(F().0dy,  fo(z) = / " max(—f'(y),0)dy.

Then, by the fundamental theorem of calculus,

f = [ Py = fi(@) - ().
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(Here, again, we are using f'(y)dy as shorthand for df; this is just the integral of the
Jordan decomposition df = df ™ — df ~, as in, e.g., [Rud74, §6.6].)
It is clear that f, (z) and f_ (z) are both non-decreasing, and that
T S+0) = B f-() =0,

lim fy (o) = lm f_(x) = o

For t € (0,tp), let ag(t) = inf{z : f1(z) >t} and a1 (¢t) = inf{z : f_(x) > ¢}. Itis
clear that ag(t), a1 (t) are well defined and > —oo. Since f(x) > 0 for all z, we have
f+(x) = f-(x); hence, ap(t) < a1(¢) forall ¢ € (0, o).

For any =z,

to
/0 Las(ty.0n o) (2)d = sup{t : ag(t) < @} — inf{t : ar(t) < x}
=sup{t: fi(z) >t AT <zst fi(a') >t}
—inf{t: f_(z) >tAT' <zst f_(2') >t}

Now, if f is left-continuous at z, so are f and f_. Hence, fi(x) > ¢ implies that
J2’ < x such that f (2’) > t, and dthe same is true for f_. Hence, when f is left-
continuous at x,

/0 (00,01 (0] (2)dE = sup{t : f4(x) >t} —inf{t : f_(x) > £}
= f1(z) = f-(z) = f(2).
0

We can finally prove a large sieve with smoothing. As we already discussed, it
is not that we actually take advantage of smoothing, as that we manage not to lose
anything by it, and that we allow for a fully general smoothing function 7.

Proposition 8.4 (A large sieve with smoothing). Let v > 0. Let {«;}ics be a finite
collection of elements o; € R/Z such that o; — o; & (—v,7v) mod Z foralli,j € S
withi # j. Letn : R — [0, 00) be integrable and of bounded variation. Let x > 0.
Then, for all {an }nez such that Y |an|n(n/z) < oo,

2
Z < <|n|1x + |77|1> Z lan|?n(n/z). (8.7)

i€S nez

" ane(am)n(n/z)

neZ

Moreover, if {~; }ies, Vi € RY, are such that o; — oy & (—vi, i) forall i, j € S,

(e 2"

€S

2

<> lan’n(n/x). (8.8)

nez

Zan e(a;n)n(n/x)

nez
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Strictly speaking, we should also assume that ), |a,|?n(n/z) < oo, but, if that
condition does not hold, then the conclusions (8.7) and (8.8) are at any rate empty as
written; so, it does not matter.

Proof. Letus first prove (8.7) with |n|yz+|n'|1(1/2+1/2) instead of [n|1z+|n’]1 /2.
By Lemma 8.1 with ¢,, = n(n/z), it is enough to prove that

Z Z bie(aun)

neZ liesS

2 LA
onja) < (oo + 50+ ) S s

forall {b; };cs, b; € C. (Notice that, since 7 is of bounded variation, it is also bounded.)
This is a known inequality for 7 the characteristic function of an interval (see the
proof of [MV74, Thm. 1], or [IK04, §7.4]), so we could just use Lemma 8.3 (in the
way we are about to display) to deduce it for general 7). Let us actually derive the result
we want from Lemma 8.2, since the process is instructive.
Expanding the square and reversing the order of summation, we see that the left
side of (8.9) is at most

Z |b:[* Z n(n/z) + Z Z bzaz e((a; — aj)n)n(n/x). (8.10)

€S n €S jeSs n
i#£]

By first-order Euler-Maclaurin (3.4),
S (n/x) = x/ @)z + 0 (' /2) < zlnh + Wl /2. .11
- R

We can assume without loss of generality that 7) is continuous at every point n/x,
n € Z, since we can dilate each such point to an interval of length € and contracting all
intervals (n/x, (n + 1)/x) slightly. (This does not change |’|1, and changes |7)|; by at
most €|n’|1.) Hence, by Lemma 8.3 with f(t) = n(t/x),

S el — ag)myn(n/z) = 3 e((i — aj)n) / a0 (n) .

n n

where to = |f'|1/2 = |n’|1/2. Since |n|1 < oo, we can restrict the sum to —N <
n < N, and later let N — oo. Thus, and using as well the fact that ay and a; are
non-decreasing, we justify the exchange of variables (i.e., Fubini’s theorem):

to to
> e((ai - aj)ﬂ)/o Lap(t),a1 (1] (1) dt = /0 > el(ai = 03)n) 1 (ag ()01 (1) (0)

n

= /Ot0 > el(ai —ag)n) dt.

ao(t)<n<ai(t)
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Hence
> D bibj Z — aj)n)n(n/x)
€S jes
i#j
I']1/2 (8.12)
/ ZZ[) b; Z e((a — aj)n) dt.
€S jES lao(t)]<n<]ai(t)]
i#]
Now, for any integers mo, m1 and any o € R/Z, the sum 3> e(an)

equals

e((m14+1/2)a) —e((mo + 1/2)«) _ % “(e((mo + 1/2)a) — e((my1 4+ 1/2)a))
e(a/2) — e(—a/2) sin T '

Therefore, (8.12) equals
(_1)1{72‘ |77 [1/2 ik )
.1
> ZZSM _aj)dt (8.13)
k=0,1 €S jES
i#]

where bi’o(t) = ble((Lao(t)J + 1/2)0[1) and bi71(t) = b,e(([al(t)j + 1/2)&1) We
apply (8.5) in Lemma 8.2 for each k and ¢, and obtain that (8.13) is at most

1/2
3 /77 S Pt = ‘”‘IZ\b\dt

k=0,1 i€S i€S

Putting this together with (8.10) and (8.11), we conclude that (8.9) holds. Therefore,

>

€S

Zanemm)n(n/x)

neZ

/
(Inl x + |n2\1 + lgvl1> S lanl?n(n/z).  (8.14)
nez

In order to remove the term |n’|1/2, use the following trick, credited in [IKO04,
§7.4] to Paul Cohen. Let R > 1. Apply (8.14) to the sequence a;, = a,/p if R|n,
al, = 0 otherwise, with /R instead of 7, Rx instead of z, and the collection of points
{(cav + 7)/R}ics,0<r<r instead of {«;};c5. We obtain

2

R; Zzane(ai n/x) ZOZS Zza ( n) n(n/Rzx)
< (i T g ) S 3 o Pata/

_ wh bl
R (I + 10+ 1) 5 o ).

nez
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Dividing by R and letting R — oo, we obtain (8.7).
In order to prove (8.8), we proceed analogously. First, using (8.6) instead of (8.5),
we follow the same steps as above, and obtain

Z Z bie(an)

neZ |ieS

2
'l 410l 2
<> P D b 1
n(n/x)_ies <Imx+ 2 t39, ) b (8.15)

for all {b;};cs, b; € C. By Lemma 8.1 with ¢,, = n(n/z), this implies that

.
Z<|n1x+ 2 3y

€S

<> lanl*n(n/z).

nez

> ane(am)n(n/z)

nez

We remove the term |’|1 /2 by the same trick as before. O

As we said before, it has been known since [Vaa85] that the approach pioneered by
Selberg can be used to prove a general result of the same shape as (8.7). It is possible
to do qualitatively better when — as is the case here — 7 has no discontinuities. To be
precise, via Selberg’s majorant method, [Lit06] should imply that, for & > 0, if n(*)
has bounded variation, then |1’|1 /27 in (8.7) can be replaced by |n(**1)|/~+*+1 times
a constant. (Thanks are due to E. Carneiro for this reference.) A similar result should
be obtainable in the more traditional way followed here; in fact, the inequality that is
then needed instead of Hilbert’s inequality (in Lemma 8.2) is rather easy, provided that
one does not care to obtain optimal constants. (All that we really need is the fact that
>, 1/n? converges.) Of course, we do care about good constants here, and Lemma
8.2 will do nicely.

8.2 SCATTERING: TAILS AND PRIMES

We will be bounding sums of the form

2

Z Z ane(amn)n(n/x)| , (8.16)

Mo<m<DM, In€Z

of which the sum in (8.1) is a special case.

If « is exactly a/q, or very close to a/g, then it is clear how to proceed: split the
sum over m into segments of length ¢; in any such segment M < m < M + ¢, the
angles «v,,, = am will be separated by 1/¢ (or almost 1/¢); hence, we can apply the
large sieve (Proposition 8.4).

The one issue here is that the bound that the large sieve gives must be multiplied by
the number of segments to which the large sieve is applied, namely, [(M; — My)/q],
and that number may be large. There is no way out of this: if we took more than ¢
consecutive values of m, the angles arm = am/q mod Z would start repeating.
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ma,m=0,1,...,q—1 Going beyond m =g — 1

Figure 8.1: Separation between the angles m«, where « = 1/q + §/x

Suppose now that o = a/q + 0/x, where § is small, but not too small. Then, while
everything is a little less tidy, the angles do not repeat so readily: «(m + ¢) is not
very close to am — to be precise, a(m + ¢) — am = dg/x. We can hence work with
much longer segments without incurring in repetitions. The separation in the input to
the large sieve is d¢/x rather than 1/¢; since, in our applications, dg/x < 1/q, the
resulting bound from the large sieve will not be quite as good as before, but it will be
multiplied by a much smaller number of segments. Thus, we will be able to give a
much better total bound.

It can be helpful to look first at the case w = 1/¢ + 6/« to apprehend quickly what
is going on here. See Figure 8.1.

There is also the fact that we will be working with sequences a,, such that a,, =0
when n is not a prime. There is a well-known technique for saving a factor of log x
in this context. Lemmas of this kind were first given in [BD69] and [Mon68]; we will
follow the latter approach.

Lemma 8.5 (Montgomery). Let {a,, },ez be in ¢*. Write S(a) = Y, e(an)ay,. Let q
be square-free. Assume that a,, = 0 for every n such that n and q are not coprime.

”/lel’l
q

The statement in the literature is more general than this: it is enough for there
to be a forbidden congruence class r, for each p|qg, i.e., an r, such that a,, = 0 if
n = 1, mod p; if there are several such congruence classes, the bound in (8.17) is
improved accordingly.

SO <dlg) . (8.17)

a€(Z/qZ)*

Proof. Montgomery’s original proof [Mon68] consists of the observation that, ignoring
all terms but that corresponding the trivial character x in (3.71), we obtain

= (o) > gl

a€(Z/qL)* n
Alternatively, we may proceed as Huxley did ([Hux68], or [IKO4, Lemma 7.15]):
prove statement (8.17) for g prime using Plancherel and Cauchy-Schwarz; derive the
statement for general ¢ from this, by induction on the number of prime factors of g. [

SIS
olq)
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We can use Lemma 8.5 in the following way, which is essentially standard.! Say
that a,, in (8.16) is 0 not only whenever n is not prime, but also whenever n < D for
for a certain D. This implies that a,, = 0 for any n having at least one prime divisor
p < D. Assume first, for simplicity, that « = a/q. For every ¢ < D and every
r € Z/qZ, we apply (8.17) with ¢’ instead of ¢ and a,e(rn/q)n(n/x) instead of a,,.
We obtain

2

<y

a’'€(Z/q'Z)*

2

> ane(rn/q)n (g)

neZ

rm a'n n
Z ane| — + — |1 (*)
q q €

neE”Z

1
?(q')

for every square-free ¢’ < D. Summing over r and over ¢’ square-free and coprime to
q, we obtain

2
1 Ky n
> LSS wnetmian (2)
< o)) =5 <$
r2(a")=1,(¢',q)=1 (8.18)
! r a n ?
< XYY (Sae((r D))
¢<D  rO0we(@lyD) |nek ¢ 1

u2(q")=1,(¢’,q)=1

Now, the angles r/q + a’ /¢’ (¢ fixed and ¢’ varying over all ¢’ < D coprime to g) are
separated by at least 1/qD? from each other. Hence, Proposition 8.4 gives us that the
right side of (8.18) is at most

(1her+ 505 ) 3 lan Pt o).

nez

We thus conclude that

q—1 2
n Inliz + |n'|1gD?/2

where Lq(D) = 3 <p.(g.q)=1 12(q)/o(q'). As we saw in (6.5)—(6.6), it is easy to
show that L, (D) > (¢(q)/q) log D.

Choosing D so that |n’|1gD?/2 is substantially smaller than |7|;2, we obtain an
improvement by a factor of almost L, (D) over what we would have obtained from a
direct application of Proposition 8.4.

ITo be precise: what follows is usually done for ¢ = 1, a = 0, as a way to estimate Zn an. This
gives a result akin to a small sieve, as in [IKO4, Thm. 7.14]. The author got the idea of using Lemma 8.5 to
estimate sums of squares of f(a) = > ane(an) (as in (8.19)) from Heath-Brown, who showed him how
to use Lemma 8.5 to bound an integral of | f ()| over major arcs.
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8.3 USING DIFFERENT KINDS OF SCATTERING

Let us start with two remarks. First — as is well-known, Montgomery’s lemma (Lemma
8.5) can be applied very efficiently in combination with (8.8), rather than (8.7). (In-
equality (8.8) can be superior to (8.7) when some angles «; are separated from all
others by more than the average.) This idea goes back to [MV73], where it was used to
improve on the Brun-Titchmarsh theorem. We will soon see how to apply it to obtain
an even larger improvement on a direct application of the large sieve than the one we
already obtained in (8.19). What will happen is that, in effect, the term |n’|;¢D?/2 on
the right side of (8.19) will become smaller, and thus we will be able to take a larger
D, close to v/z/q.

Second, it is possible, and in fact very straightforward, to combine Montgomery’s
lemma with the idea of using ¢ to let angles scatter, which we saw illustrated in Figure
8.1. The idea is that these are two kinds of scattering that can be allowed to happen at
the same time: the scattering by § works on a very small scale, whereas Montgomery’s
lemma — also a form of scattering — leaves large separations between the resulting
angles. In other words, we will have clusters of many points (with points in each
cluster separated by a small angle v) around well-separated angles. Let us see exactly
how this will work.

Lemma 8.6. Let ¢ > 1, v,v > 0, withv +v < 1/q. Let {«; }ies be a finite collection
of elements o; € R/Z of the form a;; = a;/q + v;, 0 < a; < q, where

o the elements v; € R all lie in an interval of length v, and
o foranyi,j € Swithi # j, if a; = aj, then |v; — v;| > v > 0.

Letn : R — [0,00) be integrable and of bounded variation. Let x > 0. Then, for
all {an}nez such that Y, |a,|n(n/x) < oo and such that a,, = 0 whenever n has a

prime factor < 1/\/q(v + v),
2

€S

2

- 2/6(q)
= (1’ 1og<<q<v+v>>—1>>

(e + 32 ) S b Pt o)

nez

> ane(ain)n(n/z)

neZ

(8.20)

Proof. For any distinct 4, j, the angles «;, «; are separated by at least v (if a; = a;) or
atleast 1/q — |v; — vj| > 1/q¢ — v > v (if a; # a;). Hence we can apply Proposition
8.4 (the large sieve with smoothing) and obtain that the left side of (8.20) is at most

'l
(i + 20 ) S fan Pt/
nez

We can also apply Lemma 8.5 with ¢’ instead of ¢ and a,e(a;n)n(n/z). Summing
over all 7 € S and over all ¢ < D square-free and coprime to g, much as in the
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exposition in §8.2, we get that, if a,, = 0 for all n with prime divisors < D,

2

Z @ Z Zane(am)n (%)

q'<D 1€S |nEZ
12(q")=1,(¢",q)=1 (8.21)
2
! n
D S S o) R (RS DK ©
q¢'<D a’'€(Z/q'7)* i€S |n€Z

w3(q")=1,(q¢’,q)=1

When we add all possible fractions of the form o’ /¢’, ¢ < D, (¢’,q) = 1, to the
fractions a;/q, we obtain fractions that are separated by at least 1/¢D?. If v + v <
1/qD?, then the resulting angles «; + a’/r are still separated by at least v. Set, then,
D =1/+/(v + v)g, and apply Proposition 8.4 to bound the right side of (8.21).

We obtain

>

icS

e + 12k
I D) T2 N g, Py(n/@),

nezZ

Z ane(a;n)n (%)

neZ

where Ly(D) = 3 < p(gr.g=1 #2(@)/6(d). By (6.6), Ly(D) > (4(q)/q)log D =
(¢(9)/29) log(((v +v)g) ™). O

Let us now see how to use (8.8). What we are about to do is what we will apply
when o = a/q + 0/, § small, whereas what we just saw (Lemma 8.6) will be applied
when § is not so small. Here, just as in [MV73], we will exploit the fact that the Farey
fractions (rationals with bounded denominator) are not equidistributed.

Lemma 8.7. Lera =a/q+ O*(1/qQ), ¢ < Q. Letn : R — [0, 00) be integrable and
of bounded variation. Let mg € Z. Let 0 < x < Q/k, k > 0. Then, for all {a, }nez
such that (a) )", |an|n(n/z) < oo and (b) a, = 0 whenever n has a prime factor

<\ Kz/q,

Z Zan (amn)n (n/x) ﬂMZ\anF (n/x), (8.22)

mo<m<mo+q |In€Z ¢( ) ‘Trz w4 nEL

where ¢ = 7050136 gnd 7, = 1/k +2|n'|1/3|n

1, provided that © > 47y, ..q.

Proof. We begin by using Montgomery’s lemma (Lemma 8.5), much as before, with ¢’
instead of ¢ and a,e(amn)n(n/z) instead of a,,. Let D < \/kx/q. Then, summing
over all mg < m < mg + g all ¢ < D square-free and coprime to ¢, we see that, for
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any choice of weights wy > 0,
2
Wq! (TL)
. ane(amn)n ( —
g:[) o(q') Z Z ne( ) T
qg’'< mo<m<mo+q In€EZ
w2 (q)=1,(¢",q)=1
2
a’ n
Y Y Y S ((mar D) n)n()
<D a'€(Z/q'Z)* mo<m<mo+q nez q
n2(g')=1
(¢",9)=1 829

What we will use now is the fact that an angle a1 /q + a} /¢ is separated from other
angles as/q + ab/qb (¢}, ¢, < D) by at least 1/qq} D rather than just by 1/¢D?. This
will give us a substantial gain when ¢} is considerably less than D. Of course, « is
not exactly a/q; rather, « = a/q + §/z, where |0/z| < 1/¢Q. Still, for any two

angles mi + a} /q}, mac + ab /gy with (¢}, q) = 1, a; € (Z/qZ)* and (my, a1, q1),
(ma, az, g2) distinct,
/ /

a’ at
qq qo a1 qs

>‘(m—m’)a+al—a2 R L
q 4 b

Il
5
:
2
:

a (5>+a'1 al

“adidy QT gD Q
Since ¢D? < kx < Q, we know that 1/qq} D — 1/Q is always positive. Hence, we can
apply Proposition 8.4, and obtain, from conclusion (8.8), that

Z Z Z Wq

q'<D a’€(Z/q'Z)* mo<m<mo+q
w?(q")=1,(¢,q)=1

SEESY

!

e ((ma+ ) n) ()

< 3 JanPn(n/a)

nez

for B
217'11/3
wq/ = (|n|1x + 1|7|_/l
991D Q
Hence
2
n 1 9
S Y anelamny (2)| < 5 Y lanlnn/a)
mo<m<mo+q In€EZ nez
where
-1
wy 2[n'[1/3 1*(d)
s= % q-z<mﬁl : -
q'<D ¢(q/) q'<D qq’' D - a ¢(q/)

w2 (q")=1,(¢’,q)=1 (¢',9)=1
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What remains to do, then, is to bound .S from below.
We will take D = /x/7q, where 7 > 1/k will be set later. Since z < Q/k,

r_1 17 11 1 1
< <

Q= kr KTz KkTgD? "~ KTq¢D’

Hence,
|77| /3 20|y q¢'D
— 1 =Inhz+

1 1
qq’D_Q 3 1-4

2ln'hg @
= x+77
KA Ty

2[n'|1/3Inl1 ¢
<+ r—1/k D b,

iz +

and so

1 20 11/3nl ¢\ 13(d)
S2pie 2 (” Y D) o(a)

where we have let 7 = 1/k + 2|1|1/3|n|1. Much as at the end of the proof of
Lemma 8.6,

1 uz(q’ q) 1 p*(d)
> 1+¢' D=1 ¢(q) 2 1+q’D1¢q)H< )

¢<D @'<D
(¢',9)=1 (g ,q) 1
o(q) ( ) ( L ¢l —1 p*(d)
= 28 1 EAV > DUNT (14dDp7Y) T 222
q Z o(d q (;3 ¢(d)
@ < <D -
Now, for D > 2,
2
d
S dD‘l)‘lu—() > log D + 0.25068. (8.24)
= o(d)

This inequality is true for D > 100 by [MV73, Lemma 8§]; it is easily verifiable
numerically for 2 < D < 100. (It suffices to verify the inequality for D integer with
d < D instead of d < D, as that is the worst case.) Our assumption x > 47, .q = 47q
ensures that D > 2.

Therefore,

x

1 ¢(>(1gD+025068) L ¢()
|77|1CE q

where ¢ = ¢=20-25068 - — 1/k 4 2|n'[1/3|n

1
T 5 108 )
mhz ¢ 2 "erq

1, and so we are done. O
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Chapter Nine

The L? norm and the large sieve for primes

9.1 INTRODUCTION

Let {an }n>1, an € C, be given. We would like to bound

/ |S(a) Pda, ©.1)
m

where S(«) is the exponential sum S(«) =), ane(an) and M = M(Qo) C R/Zis
a union of arcs around rationals a/q with denominator ¢ < Q. In general, the best we
can do is to use the trivial bound coming from Plancherel’s identity:

/m 15()da < /M|S<a>| da =3 o’

Assume from now on that a,, has prime support, that is, a,, = 0 for all non-prime n.
Then we can hope to do better.
There are at least three possible approaches.

1. The integral (9.1) is similar to sums of the form

Y D ISa/g)l,

q<Qo a
(a,q)=1
which can, of course, be bounded by a large sieve. As is well-known — and as we
saw in §8.2 — large-sieve estimates can be improved by a factor when a,, has prime
support. For a,, with support on the primes in [1, N], the upper bound given by the
large sieve is divided by

2
1
Z #*(q) ~ Z - 9.2)
5 ¢(q) q
7<Q/Qo 7<Q/Qo
plg=p>Qo plg=p>Qo

where ( is somewhat smaller than v/N. For ) — oo and Qq such that log Qo =
o(log @), it can be shown by exclusion-inclusion that the second sum in (9.2) asymp-
totes to

1 1 1 log N/Q?
I1 <1_>. Y oS 01‘0’%62%2051 /%07 (9.3)
P<Qo 4<Q/Qo 1 08 o €708 %0
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where v is Euler’s constant. (Proving this asymptotic is a technical exercise. One
natural approach is by the fundamental lemma of sieve theory (see, e.g., [IK04,
Lemma 6.3]), which states, in essence, that small sieves give the right asymptotic
when log Qo = o(log @), where @Q is the length of an interval being sieved by
primes p < Qo.)

Can one improve on the trivial bound on (9.1) by the same factor, using analogous
methods? Yes — this is an observation of Heath-Brown’s, communicated to the au-
thor many years ago. That technique was then used by Tao in his work on sums of
five primes (see [Tao14, Lem. 4.6] and adjoining comments), and also by the author,
in the first version of [Helb].

The downside is that the factor in (9.2) is not actually optimal. In fact, as a compar-
ison of (9.3) with a later asymptotic will make clear, having expression (9.3) in the
denominator leads to bounds that are suboptimal by a factor of at least e7.

. The second approach is like the first one, in that it also takes the proof of an existing
result on the large sieve for a,, of prime support, and adapts it to bound the integral
(9.1). This time, instead of using the method in §8.2, we follow the proof of a result
of Ramaré’s on the large sieve ([Ram09, Thm. 2.1]; see also [Ram09, Thm. 5.2]).
The main difficulty lies not in adapting the method, but in completing it; in [Ram09],
Ramaré carries out his analysis in full for ()g bounded, whereas we will need to
work with Qg as large as a fractional power of N. Of course, we also need to give
completely explicit results.

. The work of Harper and Soundararajan [HS17] also gives estimates on integrals of
the same type as (9.1). Their goal is to give non-trivial lower bounds on the integral
of | S ()| over the complement of 9. They attain this aim by means of a multiplier
>, ne(an), where a,, is defined in terms of the natural quadratic sieve studied in
87.

While giving lower bounds on the integral over the complement of 9t amounts to
the same as giving upper bounds on the integral over 91, the task in [HS17] and our
task are somewhat different. We want our estimate to be as good as possible, in fact
asymptotically optimal, for Q¢ up to a certain level, but, on the other hand, we do
not need bounds so fine as to give non-trivial lower bounds on the complement for
very large QQp.

There are also purely practical difficulties: it seems hard work to carry out the ap-
proach in [HS17] explicitly.

We will take the second approach. It remains the case that an explicit version of the

third approach would be interesting, and could supplement the results we will give.

9.2 THE LARGE SIEVE FOR PRIMES AND ITS ANALOGUE FOR AN
INTEGRAL

We begin by proving Ramaré’s inequality ([Ram09, Thm. 2.1]).
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Proposition 9.1 (Ramaré). Let {a,}> ,, a, € C, bein (1. Let 1 < Qo < Q. Assume
that a,, = 0 whenever n has a prime factor < Q.
Let S(a) =3, ane(an) for « € R/Z. Then

2 Qo/q
> Y 1Sl < (m O S S sl o4
q<Qo a mod q ¢<Q a modq
(a,q9)=1 (a,q)=1

where

Ly(x) = Z K (” (9.5)

n<z
(n,q)=1

Proof. Let us begin by expressing our sums in terms of primitive multiplicative char-
acters. Write

2
s(@) =D D anx(n) (9.6)
x modg* | n
By Lemma 3.16, forany 1 < R < @,
o> S/l => > ¢( o)
q<Ra modgq q<R q*|q
(a,q)=1 (¢*,a/q9%)=1
w3(q/q*)=1 .7
R q*
= Ly (*> c <5 (47),
e\t o)
since, for any ¢,
* * 2 *
q q )3 p=(n) q (R)
Z = % = . Lq* — |-
I COR Ui R S (O B U q
(¢*,9/q*)=1 (n,q*)=1

u2(q/q*)=1

We now compare this last expression for R = Qg and for R = Q. Clearly
Qo) 7"
Lo (22) T (0)
2 L ( ) 3™

7*<Qo
Lq(QO/Q) Q q *
= (52%52 Lq(Q/q)> 'q*Zng Lo (g) o)) o8

<(mn 2iam) I, 0 () dteme

*<Q

Applying (9.7) with R = Qg and R = @ together with (9.8), we obtain (9.4). ]
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For a,, with support on an interval of length < x, we can, of course, bound the
double sum on the right side of (9.4) by

(@ +Q%))  lanl? (9.9)

n

by the large sieve, in the optimal form due to Montgomery-Vaughan and Selberg. (Take
inequality (8.7), with 7 the characteristic function of an interval of unit length.)

We will not actually use (9.9), as we have other goals in mind. We would like to
bound

|S(a)]*dax
M

for M a union of arcs around the fractions a/q in R/Z, where ¢ < Qg and (a, q) = 1.
Consider first the case where M = Ug, 3, where Ug g is a union of arcs (a/q —
B,a/q+ B) of equal length 5 > 0 around all a/q, ¢ < R, (a, q) = 1. Then, integrating
inequality (9.4) (applied with a,e(dn), 6 € (=0, ), instead of a,,), we obtain

uiseoran = (g 2,57 ) 1, Jrre

provided that the arcs in Ug g do not overlap. Then we can simply bound

/ NG / st@Pda =3 jan?

n

The arcs in Ug 3 will not overlap provided that 8 < 1/2Q?.
As it turns out, we can do better under the same assumptions: we can let M be a
union of arcs broader than those in Ug, g around rationals with small denominator.

Proposition 9.2. Let {a,}°, a, € C, bein (1. Let 1 < Qo < Q. Assume that
a,, = 0 whenever n has a prime factor < Q. Let S(o)) = 3, ane(an) for o € R/Z.
ForR>1,83 >0, let

Mrp=1J U < - fﬁ, 1;5). (9.10)

q<R a modgq
(a,q)=1

Then, for any Qo < Q and 3 < 1/2Q?,

/ 1S(a)* da < | max max Qo/sq Z lan|?,
AIQO‘ﬂ n

qeZt+  s€R /sq
q<Qo 1<s< ?10

where Ly(x) is as in (9.5).

We are now stating that ¢ € Z™ for clarity, as s is a real variable. Before, g was
also understood to be a positive integer variable, as is usual for us.
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Proof. For R such that § < 1/ 2R2, the arcs in M R, do not overlap, and so

2
/ S(a)? da—Z/ Z < +a> da
Mg, s q<R amodq
(a,q)=1

, ©.11)

D>
S
1

o

Thus, by (9.7) applied with a,e(an) instead of a,,

) B BR min (R, %) q
/MR,B |S(a)]” da = /5 Z L, . 50 sy (g, a)da,

R quin(R,%)

(9.12)
where

(9.13)

sx (¢, @) Z

x mod g

Z ane(an)x(n

n

Now we compare the expression on the right of (9.12) for R = Q¢ and R = Q:

BQo

/mc > oL i (@) g s (g, a)da

—BQo q<m1n(Q0 5Q0 q ¢(q)

el

5Qo i , 89
<K/ Z L - (Q ‘al) q sy (g, a)da

q
ﬁQO quin(Qg, E‘S‘U q ¢(Q)
BQ min (Q, %) q
<K- o L, . o) sy (g, @)da,
g<min(Q, %)
where
K = max max Lq(QO/SQ).
a<Qo seR - Lq(Q/sq)
1<s< Qo
- — 4q
Hence

/ 1S(a) da < K |S(a)|2da§K/ |S(a)[* da = K |an|*.
AIQO B R/Z n

]VfQ’t}
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9.3 BOUNDING THE QUOTIENT

As we saw in §9.2, following the same approach as in Ramaré’s work on the large sieve
leads us to estimates (Props. 9.1 and 9.2) involving the quotient

max max M, 9.14)

14<Qo 1<5<Qo/a Lq(Q/5q)
where L, is the quantity we defined in (9.5) and studied in §6.1.

We will see how to bound such a quotient in a way that is essentially optimal,
not just asymptotically, but also in the ranges that are most relevant to us. Of course,
besides being necessary for our work, our bounds will be immediately applicable to
Ramaré’s result on the large sieve itself, and thus ought to be useful elsewhere.

We start with a very easy algebraic manipulation.

Lemma 9.3. Let L, be as in (9.5). Let Q,Qo > 1. Let 1 < ¢ < Qo, 1 < s < Qo/q
withq € Z and s € R. Let cy be as in (6.3) and errq g as in (6.14).

Then I )
q(Qo/sq) < log Qo + co ©.15)
Ly(Q/sq) — logQ+co
if and only if
1
logsg> Y 2+ L (Lamerr, a0 —nem, o), (9.16)
) R
plg
where 11 = (log Qo + ¢o)/(log Q/Qo).
Proof. By the definition of errg g, (9.15) holds if and only if
1
log Qo — log sq + ¢ + Z 08P | (;5?(1) err, ao | (log@ + co)
la 9.17)
1
< [1log@ —logsq + o+ Y 2B ¢ ¢(q yert, g | (108 Qo+ co),
plg ¢ '
that is, if and only if
logp Q q
logsq— Y == | log 5>~ ((log @ + co) err, @y —(log Qo + co)err, @ ) .
ol QO ¢(q) 9 5q ' sq
which is equivalent to (9.16). O

The following would seem to be an inviting strategy. By the simple lower bound
(6.6),

?(q) log p
errqngfT Co+z » ,

plg
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whereas, by the upper bound (6.7) with C'y 4 as in (6.8) and C; = 1.47077 (from (6.3)
and (6.15)),

logp  ¢(q) logp
err o, < O + — = — | e+ —

Itis easy to show that ) (logp)/p < loglog g. It follows that (¢/¢(q)) erry,q/sq =

—cloglog g and (q/¢(q)) errg o, /sq < c(loglog q)? for some constant c. We conclude
that, for 1 bounded, (9.16) holds for all ¢ > ¢,, where ¢,, > 0 depends only on 7. We
could then hope to deal with ¢ < ¢;, by brute force.

The main issue with this approach is that, even for small values of ) — say, 1 around
2 — the value of ¢, is very large. We must thus refine this approach, applying (6.5)
(together with the bounds in §6.1.2) instead of (6.8) to establish a better upper bound
on erry g, /sq> and also using (6.5) (together with a condition of the form Q/Qy > C
and the bounds in §6.1.2) to give a better lower bound on errg g /.-

Lemma 94. Let ¢ € 7%, q square-free. Let Ry, R > 1. Let ¢ be as in (6.3) and
erry g as in (6.14).
Then, for any r

q, and any 0 < n < o,

I
Z o8P + 1 ((1 +mn)errq r, —nerry r) (9.18)
p )
pla
is at most
q | o(r) < logp
(1 + 770) + Kiqr | —Co — TNok2,r,
olg) \ pz‘q: p
where
o(r) logp 7 .
Rip = = =Co + max(erry g,y,0), Ko, =co+ Z » + % min (err,, g, 0) .
p|r
Proof. By (6.14), for any R,
I
errg p = Ly(R) — 2D (1og R+ ¢y + Yo ER) (9.19)
4 plq
Write ¢ = r¢. Now, by (6.5), (6.16) and (9.19),
!
I
ey n > 21 Ry XD (1og R g+ ST 18P
q, /
q q plg
?(q) x—~logp | ¢(d) $(q) x—~ logp
= + err, g ——— —
b D B e D
plr pla
_ o(d) _¢(a) 3 logp
o q P

plg’
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On the other hand, by (6.9), (6.10) and (9.19),
o(r) log p #(q) log p
eI'I'q’RO S T CT(RO)_‘_Zi — T CO“‘Z* 5
plg’ plg
where
r log p r
Cr(Ry) = ——L,.(Ry) —log Ry = co + + eIty Ry -
o) = gy b0 A Gl
Hence
r lo
errg, Ry < <¢() - M) o+ Z 5P + eIy, Ry -
r q p
plg
We thus see that, for n > 0,
lo lo
(1+mn)errgr, —nerrgr = (1+ ) +Z &b _925((1)2 &b
plg 4 plg’ p
O /
-1+ ¢(q o+ Z 8p (1+n)erry g, ,(bfj )nerrr’R.
Hence, the expression in (9.18) is at most
q 7”) logp
(1+mn) Z K1y | —Co — Nk2,yr
?(q)
plg
where
o(r) logp = r
= . Co + €rry py, Cay = Co+ Z P + % err, g .

p|r

The bound obviously still holds if we replace err,. r, by max(err, g,,0) and err, g by

min(err, r,0). After that, a quick examination shows that the coefficient of 7 mus
positive, and thus, if we replace 1 by 7, the bound is still valid.

t be
O

Our aim is to prove inequality (9.15). Before doing the general case, let us prove it
in the special case of ¢ > 1 not divisible by any prime p < 7, so as to make the basic

method clear.

Lemma 9.5. Let L, be as in (9.5). Let co be as in (6.3). Let Qo > 1, @ > 200

Qo,

with log Q/Qo > (3/10)(long +co) Let1 < qg< Qo 1<5<Qo/q withqeZ

and s € R. Assume that q is not divisible by any prime p < 7.

Then
L,(Qo/sq) < log Qo + co
Ly(Q/sq) ~ logQ+co
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Proof. We can assume without loss of generality that ¢ is square-free: if p*|q, we can
redefine q as ¢/p*~' and s as spF~ 1.

By assumption, n = (log Qo + ¢o)/(log @/Qo) > 10/3. Then, by Lemmas 9.3
and 9.4 with r = 1, inequality (9.15) will be true provided that

13 g¢q logp 10
logqg > ——~ +c1 | —co— k2, (9.20)
3 3(q) pz‘[; » 1,1 0= gh21

where
K1,1 = Co + max(erry g, /4s,0), k2,1 = ¢o + min (errllQ/qs, 0) .
By (6.15)—(6.16),
orry gy /gs < 0.13818,  erry /46 > —0.02003.

Thus
K11 S 1470777 K21 Z 1.31255.

We must now show that (9.20) holds for ¢ > 1 not divisible by any prime p < 7.
For ¢ having r prime factors, the right side of (9.20) is maximized when q is the product
of the first r primes < 7, whereas the left side is then maximized. Thus, it is enough
to consider ¢ of the form ¢ = P(z)/P(7), = > 11, where P(z) = [],., p. Then
logg = 3, logp —log210, 3°  (logp)/p = >>;_,<.(logp)/p and ¢/¢(q) =
(¢(210)/210) [T,<. p/(p = 1)

For 7 < z < 41 (say), we verify (9.20) directly. For larger z, we may use the
bounds in [RS62, (3.24), (3.30)]:

1
Z(logp)/p < log z, H P logz+ — ), (9.21)
p—1 log z
p<z p<z
valid for z > 1, and the bound, valid for z > 17,
9(z) = > _logp > 0.6628652, (9.22)

p<z

which is true by (5.17) together with a simple check for 17 < z < 10°.
It is now clearly enough to verify that

0.6628652 — log 210 (9.23)

is at least

13 6(210)
3 210

1 1 1
e <logz n ) logz— > 2P 1 147077 | — o - 101 31955,
log z et 3

(9.24)
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This inequality is easily seen to hold for z > 41: it holds for z = 41, and the derivative
of the expression in (9.23) is greater than the derivative of the expression in (9.24) for
z = 41, and the expression in (9.24) is a concave function (for z > 41, indeed for
z > e), while the second derivative of the expression in (9.23) is of course 0. We
conclude that inequality (9.15) holds. O

We will find it convenient to consider separately the case of Qy/sq very small. In
particular, if Qo/sq is > 1 but smaller than the smallest prime not dividing ¢, we know
that L,(Qo/sq) = 1, and so we can use the following bound.

Lemma 9.6. Let L, be as in (9.5); let ¢y be as in (6.3). Let Qo > 100, @ > 200Q,
with log Q/Qo > (log Qo + co)/4. Let1 < ¢ < Qo, 1 < s < Qo, with q € Z and
seR.
Then
1 < 10g Qo + o

Lg(Q/sq) — logQ+co

Much as in Lemma 9.5, we have not bothered to make the constant 1/4 in the
condition log Q/Qo > (log Qo + co)/4 quite as small as possible. (We will later
use a stricter inequality in other cases.) It is clear that some condition of the form
log Q/Qo > (log Qo + ¢o) is needed, as otherwise ¢ could be so large that no integer
1 < m < @Q/sqis coprime to g; in that case, we would have L,(Q/sq) = 1, and (9.25)

would be false.

(9.25)

Proof. The worst-case scenario here is clearly Qo = max(gs, 100); we will assume as
much from now on. Write R = ()/gs. For ¢ and R fixed, the left side of (9.25) is fixed.
If ¢ < 100, the right side is minimized when s = 100/q. Thus, it is then necessary and
sufficient to show that

log 100 + log R + ¢co
log 100 + co

Ly(R) =
For ¢ > 100, the right side of (9.25) is minimized for s = 1, and it is thus necessary
and sufficient to show that

1 1
Ly(R) > ogq+ ogR—i—c().
logq + co

Hence, in either case, it is enough to show that

log R
L, R)>1+ —— 9.26
a(F) 2 +10gq’+co (9.26)
for R > max(200, (e®q)'/4), where ¢’ = min(q, 100).
Assume first that ¢ is odd. It will be enough to use the lower bound

Ly(R) > @(logR +c1)
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with ¢; = ¢p + maxp>200 erry,g > 1.31255, valid by (6.5) and (6.16). Thanks to this
bound, (9.26) holds when

(d)(q) - ! >logR21—¢(q)cl.
q log ¢’ + co q

It is easy to check that this inequality holds for ¢ < 1000 odd and R = 200 (and thus
for any higher ). We must also check it for ¢ > 1000 and R = max (200, (e0g)/4).
It is clearly enough if

$(q) 1 1 ¢(q)
(%~ paa) om0 21- Gl
i.e.,

@ <i(logq +co) + C1> >1+ i

By [RS62, Thm. 15], 2¢/$(2q) > 2(2q), where 2(r) = €7 log log r+2.50637/ log log r.
Of course, since ¢ is odd, q/¢(q) = (2q/¢(q))/2. Hence, it suffices to check that

z+c 5 2.50637
~Treo > 2 e
PR (e (
for z > log 1000. We do so by comparing the values and first derivatives of both sides
for z = log 1000, and noting that the right side is concave.

Let us now consider g even. In general, for r fixed and ¢ square-free and divisible
by r, we deduce from (6.5) and (6.14) that

P(q/7)
= q/r

with ¢, = ¢o + 3, (log p) /p + (r/d(r)) maxg>200 erry, . Just as before, we see it
is enough to show that

(d)(Q) - ! )logRZI—d)(Q)cr.
q log ¢’ + co q

log log 2000)2 ) log(= +log2)

Ly(R) L.(r) >

¢E]q) (log R+ Cr)

For each even |2310, we verify this bound for all ¢ < 300007 such that gcd(q, 2310) =
r. We also verify that, for every even (2310 and r' = 2310/r,
/
s B0 ( 2.50637
4 4 7 (log log 3000077")2

for z > log 300007, in that we compare values and derivatives at z = log 30000r. [

> log (z + log ")

We can now consider the general case.

Proposition 9.7. Let L, be as in (9.5). Let co be as in (6.3). Let Qp > 360, Q >
200Qq, with log Q/Qo > (2/5)(log Qo + co). Let 1 < ¢ < Qo, 1 < 5 < Qo/q, with
q € Zands eR.
Then
Ly(Qo/s9) < log Qo + ¢o
Ly(Q/sq) — logQ+co

9.27)
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As we will see, the conditions )y > 360 and @@ > 200Q), are essentially tight,
though one can be loosened if the other one is strengthened. We could also loosen the
condition log Q/Qo > (2/5)(log Qo + co) somewhat, at the cost of more ad hoc work.

Proof. As always, we can assume that ¢ is square-free. Let 7|2310. By Lemmas 9.3
and 9.4, inequality (9.15) will be true for ¢ with r| ged(q, 2310) provided that-

7 q [ () —logp 5
logg > = + K1, | —co— sk2,r, (9.28)
2¢(q) \ r 2 P ' 2
plg
where
Kly = o(r) co + max(err,,}Qo/Sq, 0).
r

logp 17 .
Ko,y = Co + Z » + M min(err,. g/qs,0).

plr

We can assume Qo/qs > p,, where p, is the least prime not dividing r, as otherwise
the result follows from Lemma 9.6. Just as in (6.15)—(6.16), we establish an upper
bound on maxg,>p, eI, g, and a lower bound on maxpg>200 €11, g by Proposition
6.1 and some computation. We thus obtain an upper bound c; , on 1 , and a lower
bound ¢y ;- on k3, for each r|2310. Here C2,r 18 the same as ¢, in the proof of Lemma
9.6.

We must now prove that (9.28) holds for all ¢ with ged(gq,2310) = r. For the
same reason as in the proof of Lemma 9.5, it is enough to consider ¢ of the form
q=71- HH@SZp, q > 1. Again, we can use the bounds (9.21)—(9.22); thanks to
them, for z > 17, it is enough to show that

2310
0.6628652z — log ;
is at least
7$(2310/7) o(r) logp 5
LAZIT) v (4 AT | 1og - — S 08P o Zea
2 2310/r © \ %% T iogz | losz = 2 p | T T

p<11

For each 2310, a simple computation shows that this inequality holds for z = 30, and
that the derivative of the first expression is also greater than the derivative of the second
one at z = 30; since the second expression is concave, it follows that the inequality
holds for all z > 30.
We check (9.28) forall g =7 - [];; <p<z P> 2 < 30, directly. The only failures are
for
q€{1,2,3,5,10,15,21,39,70, 105, 165, 195, 1365}.

What is more, (9.28) holds also for all such ¢ other than ¢ = 2,5 if we set ¢y, =
co + Maxp, >y ety g instead of ¢1 , = co + maxpg,>p, €17, g as an upper bound on
K1, for r = ged(g, 2310), where p!. is the least prime that does not divide r and is
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easily do so: we just have to check, much as in the proof of Lemma 9.6, that

larger than 3. We then have to consider the case p, < Ry < p.. separately, but we can

1 2 if 3,15, 21, 39,105, 165, 195, 1365},
Lq<R>2<1+ F >{ ifg € {3, 13, 21,39, 105, 165, 185, 1365}

log 360 + co 3/2 if g € {10,70}.

For all cases except 105, 165 and 1365, the inequality follows immediately from
L8 = "oy R+ 1),

where r = ged(g,2310), and R > 200. For ¢ € {105,165,1365}, the inequality
follows in the same way for R > 275, and can be checked case-by-case for 200 < R <
275.

It remains to consider ¢ = 2 and ¢ = 5. Inequality (9.16) is certainly satisfied
forn = 5/2, ¢ = 2 and sq > 4, given the bounds €ITy /sq = MAXR>200 €IT2,R =
—0.00906 and erry ¢, /5q < Maxpg,>3erra g, < 0.11112. If sq < 4, then Qo/sq >
360/4 = 90, and so we can use the better bound eIT2 y/sq < MAXR,>90 €TT2 Ry <
0.01947, which also gives us that (9.16) is satisfied for n = 5/2. Hence, in either case,
Lemma 9.3 gives us the conclusion we want.

The case ¢ = 5, 7 = 5/2 is similar: for s¢ > 6, the bounds eIty 9/sq =
maxpg>200 €rr2 g > —0.01924 and erry g, /5y < maxp,>2erre g, < 0.29754 give
us inequality (9.16); for sq < 6, we have Qy/sq > 360/6 = 60, and so we use the
better bound errs g, /5 < Maxpg,>eo €1T5, R, < 0.03324 to establish (9.16). ]

We now pass to the main result of the section. The constant ¢p = 1.33258... in
the numerator of the right side of inequality (9.27) will now be replaced by c; = 1.35.
The reason is that, while (9.27) still holds asymptotically for ¢ = 1, etrors terms exist.

Proposition 9.8. Let L, be as in (9.5). Let co be as in (6.3). Let Qo > 360, Q@ > 200Qq
with Qo < Q%/3. Let 1 < ¢ < Qo, 1 < 5 < Qo/q, withq € Zand s € R.

Then
L,(Qo/5q) < log Qo + ¢4
Ly(Q/sq) — logQ+co’

(9.29)

where cy = 1.35.

As should be clear by now, none of the constants in the conditions Qg > 360,
Q > 200Q0, Qo < Q33 is in itself meaningful: some can be relaxed if others are
strengthened. The value of ¢ could also be lowered a little.

Proof. Since Qo > 360 and Qo < Q%/3, we know that log Qo > 4cg, and so
logQ/Qo > (log Qo)/2 > (2/5)(log Qo + ¢p). We can thus apply Proposition 9.7,
and obtain that (9.29) holds for ¢ > 1.

Assume now that ¢ = 1. The case s > 2 is easy: by (6.15)—(6.16),

7
log2 > — maxerr; g —— max erry g
& 2 R>1 ’ 2 R>200 Y
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and so Lemma 9.3 tells us we are done. The case 3/2 < s < 2 is the same, with the
difference that we use that

7
log — > — max err; g —— max errj .
J 2 2 R>180 ’ 2 R>200 ’

Consider, then, 1 < s < 3/2. By definition of err, g, for s < 3/2,

Li(Qo/s) < log Qo/s + co + ety g, /s < log Qg + co + 61
Li(Q/s) — logQ/s+co+erry g/ ~ logQ+co— 02’

where
01 = max err; g < 0.01379
1 R>240 1,R > )
02 = — max err; g < 0.001.
R>48000

(As a larger computation establishes, the true value of &5 is lower, but the bound
here is enough.) Then, to establish the upper bound (log Qo + c4+)/(log @ + ¢¢) on
L1(Qo/s)/L1(Q/s), it suffices to show that, for § = ¢4 — ¢y,

(log Qo + co + 6)(log @ + co — d2) > (log Qo + ¢ + 01)(log @ + co).

Since (log Qo + ¢o) < (5/7)(log @ + ¢p), this inequality follows from

<(§ — (51 — 57)52> (logQ + Co) > 552 (930)

Since § — 01 — (5/7)d2 > 0.00291, log @ + c¢o > log 48000 + ¢ > 12.11153 and
062 < 0.00002, inequality (9.30) holds, and so we are done. O

9.4 CONCLUSIONS

We first state our final result on the large sieve, as it is applicable elsewhere. It combines
Ramaré’s result (Prop. 9.1) with the work in §6.1-9.3 (including bounds using [RA17,
Thm. 1.1]) and the large sieve.

Theorem 9.9. Let {a,}52 1, a,, € C, have support on an interval [zo, xo + x|. Let
Qo > 360, Q > 200Q¢ with Qy < Q2/3. Assume that a,, = 0 whenever n has a prime
factor < Q.

Let S(o) =Y, ane(an) for o € R/Z. Then

log Qo +
> Y ISl < RS @ @) Yl 03D
q<Qo a mod q n

(a,q)=1

where ¢, =1.35and co =7+ Y, p};gj;) =1.33258227 .. ..
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Proof. By Propositions 9.1 and 9.8,

> Y ISt/ < TEBLEST Y IS/l

q<Qo a mod q ¢<Q a mod q
(a,q)=1 (a,q)=1

By the large sieve (as in [MV74] or [Sel91, §20]; see the exposition in [IK04, §7.4],
apply Prop. 8.4 with 1 = 113 /2 1420 /2])

S Y IS/ < @+ Q)Y

<@ a mod q
(a,q)=1

Let us finally prove the result we will actually use.

Theorem 9.10. Let {a,}2> ,, a, € C, be in {*. Let Qo > 360, Q > 200Q¢ with
Qo < Q3. Assume that a,, = 0 whenever n has a prime factor < Q.
Let S(a) =3, ane(an) fora € R/Z. For R > 1, 8 > 0, let

Mrp=J) U ( ——6, Z;B). 9.32)

g<R a modq
(a,q)=1

Then, for any 3 < 1/2Q%,

log Qo + ¢4
S(a))? do < an|? (9.33)
[, 1S o< TGS
where . =1.35andco =v+3_, pz‘;}g’i) = 1.33258227....
Proof. By Propositions 9.2 and 9.8. O

Final remarks. (a) It would be interesting to see what one could do with a variant
of Prop. 9.1 that reduces matters to (8.6) instead of (8.5). Presumably the final bound
would improve for the habitual reason why (8.6) is sometimes used instead of (8.5):
(8.6) lets one exploit the fact that the rationals a/q, ¢ < @ are unevenly spaced.

(b) As inequality (9.27) is particularly clean, it would be tempting to hope for a
clean, short proof. It is in fact the case that conditions have been relaxed and the need
for computation has been lessened in comparison to the first version of this chapter
in [Helc, §5] — thanks in part to the use of improved bounds from [RA17], but also
because the proof has been completely redone.

However, we probably should not hope for a short, analysis-free proof of the fact
that the minimum of L4(Qo/sq)/Le(Q/sq) is reached when s = ¢ = 1. For one
thing, as we already made clear in the comment after the statement of Prop. 9.7, our
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conditions on @)y and () are fairly tight. Here is another, simple example showing that
some conditions on )y and @ are needed: by (6.11) or (6.12), for Qy = 2 and @ large,

Q
Lz(g")N 1 B 2 .2 L)
- log 2 :
15(2)  1(log9+co+'82) logQta— " lgQta  L(Q)

It may thus be best to accept that (9.27) is an analytic inequality, and not hope for
an algebraic proof. The same then goes for Theorems 9.9 and 9.10.




