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Part IV

Major arcs
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Chapter Fourteen

Major arcs: overview and results

Our task, as in Part III, will be to estimate

Sy, z) = ZA e(an)n(n/z), (14.1)

where 7 : RT™ — C is a smooth function, A is the von Mangoldt function and e(t) =
e?™i Here, we will treat the case of « lying on the major arcs.

We will see how we can obtain good estimates by using smooth functions 7 based
on the Gaussian e~*"/2. This will involve proving new, fully explicit bounds for the
Mellin transform of the twisted Gaussian, or, what is the same, bounds on parabolic
cylindrical functions in certain ranges. It will also require explicit formulae that are
general and strong enough, even for moderate values of z.

Let « = a/q + 0/x. For us, saying that « lies on a major arc will be the same as
saying that ¢ and § are bounded; more precisely, ¢ will be bounded by a constant 7 and
|d] will be bounded by a constant times r/g. As is customary on the major arcs, we will
express our exponential sum (10.1) as a linear combination of twisted sums

Sy (0/z, ) Z A(n)x(n)e(dn/xz)n(n/x), (14.2)

for x : Z — C a Dirichlet character mod ¢, i.e., a multiplicative character on (Z/qZ)*
lifted to Z. (The advantage here is that the phase term is now e(dn/x) rather than
e(an), and e(dn/z) varies very slowly as n grows.) Our task, then, is to estimate
Sy (0/x, x) for § small.

Estimates on S, , (0/x, z) rely on the properties of Dirichlet L-functions L(s, x) =
>, x(n)n~°. What is crucial is the location of the zeros of L(s, x) in the critical strip
0 < Rs < 1 (aregion in which L(s, x) can be defined by analytic continuation). In
contrast to most previous work, we will not use zero-free regions, which are too narrow
for our purposes. Rather, we use a verification of the Generalized Riemann Hypothesis
up to bounded height for all conductors ¢ < 400000 (due to D. Platt [Pla16]).

A key feature of the present work is that it allows one to mimic a wide variety of
smoothing functions by means of estimates on the Mellin transform of a single smooth-
ing function — here, the Gaussian e /2,
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14.1 RESULTS

Let us first give a bound for exponential sums on the primes using a one-sided Gaussian
as the smooth weight.

Theorem 14.1. Let 1) : RT — C be defined by n(t) = \/2/7 - e~ V'/2 Let x be a
primitive Dirichlet character mod q, 1 < q < r, where r = ¢ - 100000 with ¢ = 3 or
c=4.

Then, for any x,8 € R with x > 10% and |6| < 4r/q,

gjlm)x(n)e (2n) 0 (%) = t1msvit-0) 4

where Iy =1ifq=1I,—1 =0ifq# 1, and

|E| < ez + (ke 0o + 43)v/x + 6|6,
where 5o = max(|6],4), e3 = 3.24-1072, ¢4 = 1.26-10717, x5 = 280 and r4 = 242.

Here we write 7)(—3) for [; n(t)e(5t)dt. (Strictly speaking, this is an abuse of
language, since the Fourier transform is defined in this way for functions on R, not for
functions on R.)

As it turns out, smooth weights based on the Gaussian are often better in applica-
tions than the Gaussian itself. Here is a result for the smoothing from Part III.

Theorem 14.2. Let 1) : RT — C be defined by n(t) = \/2/7 - 2(e=*/2 — ¢=2"). Let
X be a primitive Dirichlet character mod q, 1 < q < r, where r = ¢ - 100000 with
c=3o0rc=4.

Then, for any x,6 € R with x > 106 and |6| < 4r/q,

gA(n)X(n)e <6n> n (%) = Iy 7(—08) z+E,

T
where I,—y = 1ifq=1,1,—1 =0ifq# 1, and

|E| < €cx + (Ke/ 0o + 25)v/x + 3|4,
where 6o = max(|§|,4), 3 = 9.7-107%, ¢4 = 3.76 - 10717, k3 = 115 and x4 = 100.

It should be clear that we could obtain an estimate much as in Thm. 14.2 directly
from Thm. 14.1 itself. We derive Thm. 14.2 from our general explicit formula simply
because doing so results in smaller lower-order terms, while taking next to no additional
work.

In much the same way, Thm. 14.1 implies bounds for smoothing functions of the
form Y% | a;e /2, or even g #y e='"/2, with g of compact support. Of course,
we can also use the general explicit formula to deal with smoothing functions that have
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Y

Figure 14.1: A fairly arbitrary f : RT™ — R of compact support

nothing to do with the Gaussian. The advantage of working with the Gaussian is that
the estimates from Chapter 15 result in very small values for the constants €., as above.

Let us now look at a different kind of modification of the Gaussian smoothing. Say
we would like a smoothing that is close in the L?-norm to some function f of compact
support or fast decay — say, the fairly arbitrary function f in Figure 14.1. For instance,
in Part V, we will want a smoothing that is close to the function

32— t)Pe (-2 fort e 0,2
no:tn—>{ (2—t)% ort € [0.2], (14.3)

0 otherwise,

since a function having that shape will make a certain constant optimal. At the same
time, we want our smoothing to be based on the one-sided Gaussian, so that we can
have very small bounds ez.

We will discuss later why a convolution g(¢) *ps € would not do. (In brief:
approximating given functions f by convolutions is possible, but g could be forced to
take enormous values.) We let

—t2/2

14-(8) = hu(t) - no (1), (14.4)

where n¢ (t) = te™"/2 and hy : (0,00) — R is a band-limited approximation to the
function h : (0, 00) — R given by

12(2 —t)3et=1/2 ift <2,
hipy = JL 0% ne== (14.5)
0 otherwise.

By a band-limited function, in the context of the Mellin transform, we mean a function
defined as the inverse Mellin transform, taken on the line o + IR, of a function with
compact support on o + iR. (A band-limited function in the context of the Fourier
transform is the inverse Fourier transform of a function with compact support on R.)
We can simply take hy to be the inverse Mellin transform of a truncation of Mh at
height H:

1 i
hu(z) = %/_H(Mh)(s)x*sds. (14.6)
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This choice makes sense: since the Mellin transform is an isometry, then, among func-
tions defined as inverse Mellin transforms of functions with support on i - [—H, H], the
one closest in the L2 norm to A is hy.

While M hg has no strip of holomorphy, M1 is holomorphic for #£s > —1. We
work out the details in Appendix A.2. The main point will be the following. Define
Mo.5(x) = 16 (w)e(62) and 114,5(x) = 14 e(5). Then

1 i

Mny s(s) = — Mh(z)Mne s(s — z)dz (14.7)

2mi ) g ’

for s > —1 (Lemma A.9). In particular, when ¢ — oo™, Mn, s5(c + it) decays at
least as rapidly as M1 5(o+1t) does, only delayed by a shift of at most i H. Of course
Mg 5(s) = Mno,s(s + 1), where no s(z) = no(z)e(dz) and no : (0,00) = Ris
our favorite function 7o (z) = e~/2,
Theorem 14.3. Let () = 04 (t) = hy (t)te="/2 where hy is as in (14.6). Let x be
a primitive Dirichlet character mod q.

1. Let H = 100, and assume q < r = 400000. Then, for any x,8 € R with x > 108
and 6| < 4r/q,

> Atnxnle (D) n/a) = T -0) -+ B,

where I,—1 =1ifq=1,I,-1 =0ifq# 1, and
|E| < ez + (78480 + 23)vx + 2|6],
where 6y = max(|],4) and e = 1.93- 1076,

2. Let H = 200, and assume ¢’ < v’ = 150000, where ¢ = q/ ged(q, 2). Then, for
any x,6 € Rwithx > 10% and 6| < 4" /¢,

> Atnxole (2 lon/a) = T (-0) -+ B,

where Iy—1 =1ifqg=1,I,—1 =0ifq# 1, and

|E'| < €+ (95v/d0 + 23)Vx + 2/,
where 6y = max(|6|,4) and €/, = 1.81-10~'%.

As can be seen, we are giving two sets of bounds in each of our theorems here; they
correspond to two sets of choices of parameters. The motivation is in part to leave our
options open for later, in part precisely to emphasize that we have some freedom in our
choice of parameters, and in part to facilitate comparisons with previous versions of the
present work. (Bounds have improved.)
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The same method we will use to prove Theorem 14.3 can be used to obtain many
other results of the same kind: following the procedure given in §16.2.2, we can bound
exponential sums with weights of the form fr (t)te="/2 or fy(t)e=""/2, where fy
is a band-limited approximation to just about any continuous function f of fast decay.
Having f be C*~! and piecewise C*, as is the case for our function h with k = 3,
does help, as it makes the approximation better, by making the tails of ¢ — Mh(o +it)
lighter. The use of te=t/Zin place of e~t*/2 makes for a wider strip of holomorphy.

The same idea applies if we have estimates for the Mellin transform of some other
function g(t) (say, g(t) = e™*); we can then follow the same procedure to obtain
explicit formulae with weights of the form f (¢)g(t), approximating a desired weight

f)g ().

14.2 MAIN IDEAS

14.2.1 Explicit formulae

An explicit formula gives an expression

Sy (0/z,x) = Ig=17(—0)x — Z Gs(p)z” + small error, (14.8)

P

where I,—1 = 1if ¢ = 1 and I,—; = 0 otherwise. Here p runs over the complex
numbers p with L(p, x) = 0 and 0 < Rp < 1 (“non-trivial zeros™). The function Gy is
the Mellin transform of e(dt)n(¢).

The questions are then: where are the non-trivial zeros p of L(s, x)? How fast does
Gs(p) decay as Sp — £00?

Write o = Rs, t = S's. The belief is, of course, that o = 1/2 for every non-trivial
zero (Generalized Riemann Hypothesis), but this is far from proved. Most work to date
has used zero-free regions of the form o < 1—1/C'log g|t|, C a constant. These regions
are too narrow to yield by themselves estimates of the strength we need. What we will
use instead is finite verifications of GRH, i.e., computations proving that, for every
Dirichlet character x of conductor less than some constant r, and for some T = T
that may depend on x, hypothesis GRH(T') holds: every non-trivial zero p = o + it
with || < T satisfies Ro = 1/2.

We will first give explicit formulae for general classes of smoothing functions
(§16.1), then specialize to the smoothing functions used in Thms. 14.1-14.3, giving
results in terms of the height 7" up to which GRH has been verified (§16.2). Lastly, we
will apply the verification due to Platt, described in §16.3, and thus obtain Thms. 14.1—
14.3.

Using a zero-free region or density results to supplement GRH(T'), as in [FK15],
would result in some gains in the constants € in the terms in ex in Thms. 14.1-14.3. We
will not go down that route, as our constants e are already much smaller than we need
them to be, and the terms proportional to /= dominate when z is not very large. The
explicit formula in Prop. 16.6 is general enough that it could be used with zero-free
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regions or density results if so wished.

What remains to discuss, then, is how to choose 7 in such a way that G5(s) (s =
o +it, o € [0,1]) decreases fast enough as |¢| increases, so that a functional equation
of the form (14.8) and a verification of GRH(T') result in a good estimate.

14.2.2 Choosing smoothing functions

We will discuss at length (§15.2) the issues involved in choosing a smoothing function.
Let us go over the main issue briefly.

We should not hope for G (s) to start decreasing rapidly before |¢| is at least as large
as a constant times |d|. Our aim is then to choose 7 so that G5(s) decreases very rapidly
as soon as t > C|0|, C a moderate constant. We soon find ourselves in a Scylla-and-
Charybdis situation, courtesy of the uncertainty principle: roughly speaking, Gs(s)
cannot decrease faster than exponentially on |¢|/|d| both for || < 1 and for ¢ large. We
discuss this situation in §15.2.

The most delicate case is that of J large, since then 7'/|| is small. It turns out
we can manage to get decay that is much faster than exponential for § large, while no
slower than exponential for § small. The idea is to work with smoothing functions based
on the (one-sided) Gaussian e=*°/2, Then G5(s) will decay roughly as e=(t/m8)*/2 for
t = 0(0?), and as e~ "/ for larger t. Thus, it is enough for ¢ > max(87d,40),
say, for us to get a factor of roughly about min(e=32,e7107) < 2.28 - 10714, whereas
working with an exponential smoothing would have resulted in a factor of about e =8 =
0.00033546 . . . under the same assumptions. Since there will be many terms to add, it
is clear that 0.00033546 . .. would have been much too large.

We will want to work with reasonably precise bounds. The Mellin transform of the
twisted Gaussian e(5t)e~""/2 is a parabolic cylinder function U(a, z) with z purely
imaginary. Since fully explicit estimates for U(a, z), z imaginary, have not been
worked in the literature, we will have to derive them ourselves.

Once we have fully explicit estimates for the Mellin transform of the twisted Gaus-
sian2, we are able to use essentially any smoothing function based on the Gaussian
e t/2,

There remains the question of which specific smoothing functions to choose to
work with. In Part III, we used a linear combination of two Gaussians. Later on,
in Part V, it will become clear that we want two of our three prime summands to
be weighed by a smoothing function of a certain shape. We already spoke briefly in
§14.1 of how to approximate a given function h(t)e‘t2/ 2 using a band-limited function
hy. An approximation in L? norm makes the most sense in our context, just as an
approximation in L' norm may be best in some other contexts. We will discuss in Part
V why we want our smoothing function to have a specific shape, what are different
ways to approach it, and what makes us rule most of them out and follow the one we
have chosen.
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The Mellin transform of the twisted Gaussian

151 OVERVIEW

15.1.1 Results

Our aim in this chapter is to give fully explicit, yet relatively simple bounds for the
Mellin transform Fj(s) of e(éz)e_IQ/ 2 where § is arbitrary. The task turns out to be
immediately equivalent to that of bounding the parabolic cylinder function U (a, z) for
a complex and z purely imaginary. Existing explicit work on U (a, z) treats the case of
a and z real, or other cases that are not what we need, and so we must prove bounds on
U(a, z) ourselves.

As we shall see, the decay of Fs(s) as §'s — oo is quite fast. It would be
natural to expect that the bounds we will give will make it easier to choose the Gaussian
smoothing in explicit work in number theory, particularly in the context of exponential
sums.

Theorem 15.1. Let f5(z) = e~*/2¢(6z), § € R. Let Fy be the Mellin transform
of fs. Let s = o+ it, 0 < o < 2. Assume |t| > max(4r|d|,40). If 6 # 0 and
sgn(d) # sgn(t), then

- /9 t071/2
|F5(s)| < (1 + C) ulld e B, (15.1)
1) (a1, 27131))°
where » = |t| /7262, co = 5.6 for 0 < o <1, ¢, = 26.94 for 1 < o <2, and
1 1 —1
E(») = 5 arccos o) U(% (15.2)

i) =Vrr 41, u() =1+ i()/2. (15.3)

If 0 # 0 and sgn(9) = sgn(t),
IF5(s)] < (Kg|t|%e(’5<’>—%)“‘ + 0.59) e~ 5l (15.4)

where Kk, = 2.56 for 0 < 0 < 1 and K, = 3.69 for 1 < o < 2. Under the same
conditions, we also have the simpler bound

|F5(s)| < kolt| 7 e T, (15.5)

which is also valid for 6 = 0 and sgn(t) arbitrary.
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Figure 15.1: The function E(»)

See the graph of E(#) (on two ranges) in Figure 15.1.

As we shall see, the choice of smoothing function 7(z) = e¢~*/2 can be easily
motivated by the method of stationary phase, but the problem is actually solved by the
saddle-point method. One of the challenges here is to keep all expressions explicit and
practical.

Our aim has been to give bounds that are strong as soon as Fj(s) starts to decay,
and not just for |¢| very large. As we shall see, decay starts as soon as |¢| is larger than
max(|d], 1) or so.

It will become clear that, when sgn(d) # sgn(t), our function Fis(s) undergoes
a “phase change” when t is about a constant times 62, that is, when the parameter
7 = |t|/726? in the statement of Theorem 15.1 is < 1. For |§| < [t| < 62, the decay
of Fs(s) is Gaussian in [t/d], but, after |¢| increases past §2, the decay of Fj(s) is
exponential in |¢/J|. Our bounds in Theorem 15.1 reflect this fact: since F(») — 1/8
for » — 0" and E(») — 7/4 for »» — oo, the exponent —E(#)[t] is ~ —#|t|/8 =
—(t/mb)? /2 for » — 07T, i.e., for t = 0(6?), and it is ~ — (7 /4)t for » — oo.

The upper bound (15.4) for sgn(t) = sgn(9) is very small: since E(»)—2/7» < 7/4
for all 7, the bound is always < e~™*/4, It is instructive to compare (15.4) with the true
asymptotic for § = 0: since the Mellin transform of e~*"/2 is 25/2-1T(s/2), Stirling’s
formula (Cor. 3.10) gives us that, for 6 = 0and 0 < o < 1, |Fs(s)| ~ /7|t| =" e
Thm. 15.1 gives us a bound of exactly the same form, but with a constant x, = 2.56
instead of /7.

In general, the bounds in Thm. 15.1 are of the right order of magnitude, but the
constants in front are not actually optimal. At the end of §15.5.3, we shall discuss in
passing how one would go about proving a version of (15.1) with the right constant in
front of the main term. The main term in (15.1) is in fact tight for  — 0% and » — oo.
(The values for ¢, in (15.1) are, on the other hand, far from best.)

Lastly, note that the restriction 0 < o < 2 in Theorem 15.1 is not serious, as we
can reduce the case of general s = o + it (s # 0,—2,—4,...)tothecase 0 < o < 2
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using integration by parts:
o0 2
Fs(s) :/ e(6x)e /24 dx
0

o) s [eS] s+1
= —27ri6/ e(éx)eif”z/Qx—dx—l-/ e(5a:)efx2/2x—dz
0 S 0 s

oo 1
__cm Fy(s +1) + ~F(s +2),

S

and so Fs5(s +2) = 2midFs(s + 1) + sFs(s).

15.1.2 Relation to the previous literature

A sketch of a treatment of the Mellin transform of the twisted Gaussian — indeed, of
the Mellin transform of the more general function exp(—P(z)), where P(z) is any
polynomial — can already be found in [dB81, §6.8-6.9]. The treatment there, like the
one here, is based on an application of the saddle-point method. While the initial setup
and contours chosen in [dB81, §6.8] are different from the ones here, it ought to be
possible to make the approach there explicit as well. Some care should be exercised,
however, as [dB81, §6.8] focuses on the case of [¢| — oo, with the coefficients of P(x)
held constant. One of the coefficients of our polynomial P(z) is —27d, and, as we
said, we are especially interested in what happens when |§| < [t| < |§]2. In fact,
faster-than-exponential decay in that range will be crucial in our application later.

Our setup and contours will be more like those in [GST04] and [Tem15, §4.8],
which study the parabolic cylinder function U(a, z). As is well known, our Mellin
transform Fj(s) is closely connected to U(a, z); estimating one is equivalent to esti-
mating the other (see (15.18)). However, [GST04], [Tem15] and several other sources
([TVO03], [GSTO06]) focus on the case of a, z real, whereas we care about a complex
and z purely imaginary.

The work of Olver [Olv58], [Olv59], [Olv61], [Olv65] does treat fully general a
and z, but it is not explicit. At the same time, the bound in the main theorem [Olv61]
does in some sense come close, in that it would only remain to determine the value
of the constant k. Starting from the main term there, or from those in [Olv59], one
can already see what we have already remarked: if sgn(d) # sgn(t¢) and || > 1, the
behavior of Fs changes when [t| goes past |§|2.

We should also comment on applications of the sort we will give, that is, applica-
tions to number theory. The Gaussian smoothing e=2"/2 has certainly been used be-
fore in number theory; see, notably, Serre’s variant (described in [Poi77]) on Odlyzko’s
work on minorizing discriminants, or Heath-Brown’s well-known paper on the fourth
power moment of the Riemann zeta function [HB79]. However, we are talking then of
non-explicit work; explicit bounds on F5 were not available.

There has also been work using the Gaussian after a logarithmic change of vari-
ables; see, in particular, [Leh66]. In that case, the Mellin transform is simply a Gaus-
sian (as in, e.g., [MV07, Ex. XII.2.9]). However, for  non-zero, the Mellin transform
of a twist e(dz)e~(1°8 2)*/2 decays very slowly, and thus would not be useful to us.
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15.2 HOW TO CHOOSE A SMOOTHING FUNCTION?

15.2.1 The method of stationary phase

Let us motivate our choice of smoothing function 7. The method of stationary phase
([O1v74, §4.11], [WonOl, §I1.3])) suggests that the main contribution to the integral

Fs(s) = /00 e(éx)n(x)xsd—x (15.6)
0 T

should come when the phase has derivative 0, as the contribution of parts of the integral
where the phase is bounded away from zero can be bounded by repeated integration by
parts.

The phase part of (15.6) is

6(51‘)2?%57; _ e(27r51-+t10g )1
(where we write s = o + it); clearly,
t
(2néx +tlogx) =2m6 + — =0
T

when z = —t/27¢. This equality can hold when § # 0 and —t/276 > 0, i.e., sgn(t) #
sgn(d). The contribution of x = —t/27§ to (15.6) is then

n(x)e(dx)z* "t =1 <_t) et (_t>o+it1 (15.7)
278 2md

multiplied by a “width” approximately equal to a constant divided by

27 |0
V| @2midz + tlogx)"| = /| — t/x?] = 29|
The absolute value of (15.7) is

v
(72s).

In other words, if sgn(t) # sgn(d) and J is not too small, asking that Fs(o + it)
decay rapidly as |t| — oo amounts to asking that 7(¢) decay rapidly as t — 0. Thus, if
we ask for F5(o +it) to decay rapidly as |t| — oo for all moderate J, we are requesting
that

o—1

—t

5735 (15.8)

1. n(t) decay rapidly as t — oo,
2. the Mellin transform Fy(o + it) decay rapidly as ¢t — +-o0.

Requirement (2) is there because we also need to consider Fs(o + it) for 4 very small,
and, in particular, for § = 0.

Some readers will recognize the uncertainty principle at work here: one cannot
do arbitrarily well in both aspects at the same time. Let us actually derive a precise
statement for the uncertainty principle for the Mellin transform in a form fit for our
purposes.
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15.2.2 An uncertainty principle for the Fourier and Mellin transforms

In its simplest form, the uncertainty principle states that a function and its Fourier
transform cannot both have compact support. More generally, the uncertainty principle,
or an uncertainty principle, is an inequality showing that a function and its Fourier
transform cannot both decay very rapidly.!

Let us derive a one-sided uncertainty principle, i.e., a statement that describes how
f must behave if f(z) decays rapidly as 2 — oo, making no assumptions about f(z)
for z — —oo. One-sided uncertainty principles can already be found in [Naz93] and,
later, in [BDO06], which refers to [Naz93]; our proof goes along the same lines. (The
basic idea of using the Phragmén-Lindelof principle to prove an uncertainty principle
goes back to Hardy [Har33].)

Proposition 15.2. Let f : R — C be in L. Let r1 > 1 > 0 be such that

ri@

|f(z)| < e as T — oo,
F)) < 5 forallt € R.
Then f(x) = 0 almost everywhere.
Proof. As in [BD06], we will use the Bargmann transform of f, defined to be

2

Bf(z) =e2? (f(x)7e_”(z_z)2> = 6%22/ f(x)e_”(z_z)2d:r. (15.9)
Since the Fourier transform is an isometry,

Bf(z) = 37 (J(t), e 7)== (f(1), e "I, (15.10)

where we use (2.18) in the last equality.

Thus, we have two expressions for 3 f, one in terms of f and one in terms of f
Our assumptions on the decay of f and fwill give us two different bounds for A f,
useful along different lines on the complex plane. The Phragmén-Lindelof principle
for sectors (Lemma 2.13) will allow us to interpolate between these lines.

Letr € (ro,71); say r = (ro + r1)/2, for concreteness. Define

_2mzlogz

Fz)=e 7515 gf(2) (15.11)

using the principal branch of the logarithm (i.e., log z is defined except for z a negative
real number).

I There are some applications to physics.
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First of all, F'(z) is bounded on the imaginary line: for z = i7, 7 > 0,

[F(2)] = |57 (1), 7" < e / Fl)le ™ at

2 e w2t 2 72 o o w\? _x%r a3
<<eT/ e~ T g = o5 / () T e gy
— 00 — 00

1 1

3
= e (2r9)2 e_ﬂ—z(rio_;%— < 6_71.2(%0_%)7_.
and similarly for 7 < 0. Thus,
_p2( 1),
Flir) < e (o= #)i (15.12)

for all 7 real. (It is clear that F'(z) is continuous at 0.)
Let us bound F'(z) on the half-line z = v7, 7 > 0, where v = e, ¢ > 0 small. By
(15.9),

Pie) = e =5 [ pgmstaitay
Now R((x — v7)?) = 22 — 2z7Rv + §R((v7)2)7,oaond, forT > e,
R(vr(logT +i€)) = (log7 - Rv — e - Sv)T > (1 — 362) 7log T,
since Rv > 1 — €2 /2 and Sv < e. Write vg for $v. It is easy to see that

R (67”)272 / f(x)|e—7r(:L'—'U'r)2dI> _ / |f(x)‘e—7r(r2—21‘7'§)?v)dx

—00 —

— 1+ / ()] =2a7R gy
0
R T 2
<1 +/ e ¢t mm(@t=2xTvo) g
0

Taking derivatives, we see that g(z) = "% + m(z? — 227v) has its minimum for
x > 0 either at z = 0 (and then that minimum is 1) or at z = x(, where r1e"'%0 =
27 (Tvg — xp). Clearly zp < min((log(2w7Tvo/r1))/71,TV0), and so

27 (Tvg — To)

g (xo) = " + 7T(Z'(2) — 2x0TV)
1
2 2
> —2mTvgTg > —17'1}0 log 7Y%,
1 1
At the same time,
g"(x) =r?em® 4 21 > 21 (15.13)

for all z. Now, since ¢'(xo) = 0 and ¢"’(z) > 2r for all z, we have g(x) > g(zo) +
$¢(z — x0)? for all « (Taylor expansion). Thus
27Tvg

[e's) oo
: 2 ., 27TV 2 ;
/ eferla",fr(ac272z7'v0)dx S 6?71" Tvg log - 0 / eiﬂuzdu e T71r T log =
0

—00
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Hence, for z = vr, v = e,
_ _ a2 27 27 2w Tvg
|F(Z)| <e (1—-3€%/2) 27 7log 74 ¥ Tvo log =0 ) (15.14)

Since r < 71, we can set € small enough for (1 —3¢2/2)/r to be larger than 1/r1. Then
(15.14) gives us that | F'(z)| is bounded for z = v7, 7 > 0. By symmetry, the same is
true for z = vr, 7 > 0.

(We have not forgotten the case when g(x) has its minimum at = 0. In that case,
by ¢’(z) > 0 and again by (15.13), g(x) > 1 + ma? for all 2, and so fooo e 9@ dy is
bounded. It follows immediately that | F'(z)| is bounded for z = v7, > 0, and thus for
z =7, T > 0, as well.)

Thus, we have that |F'(z)| is bounded on four half-lines: z = it, z = vr, z = U1
and z = —i7, with 7 > 0 in each case. By (15.9) and (15.11), F'(z) equals a function
bounded by ¢CU=1") times the integral

/ f(w)e*“(mfz)zdx.

For z > Rz + |3z or @ < Rz — |Sz|, the exponent —7(x — z)? has negative real
part, and so the contribution of such x is bounded by |f|;. For all other z, it is clear
that |z — 2|2 < 2|2|2, and so their contribution is bounded by | f;¢2™1=I*. Thus, |F(2)|
is bounded by ¢OU=1") " This means that we can apply Phragmén-Lindelof (Lemma
2.13) to each of the three sectors defined by our four half-lines, since each of these
sectors has angle < m/2. We conclude that F'(z) is bounded on the right half-plane
{ze C:Rz>0}.

We will now finish as in [Naz93, §2.3]. Let ¢ be the map z — (1 + 2)/(1 — z),
which takes the unit circle to the imaginary line and the unit disc to the right half-plane.
Then F o ¢ is a bounded holomorphic function on the unit disc S*. By Jensen’s formula
(2.35),

1
;/TSI log [(F o ¢)(2)]|dz| < /S log |(F o ¢)(2)]||dz| (15.15)

for every r € (0, 1), where rS? is the circle around the origin with radius r.

Assume F' is not identically zero on the right half-plane. Then the zeros of F' do
not have an accumulation point in {z € C : £z > 0}. We can thus choose r so that
F o ¢ does not have a zero at distance r from the origin. Then the left side of (15.15)
is > —o0, and hence so is the right side. At the same time,

[ roslroo)ies = [  log |F ()16 (2))]dz]
Sl

—100

= /_OO log ‘F(ZT”de,
since ¢~1(2) = 1 —2/(z + 1). By (15.12), log |F(iT)| < —c|r| + O(1), where
c=m2(1/ro —1/r) > 0. Hence

o0 2 o0
/ log | F(i7)] T T2d7’ < —2c/ T _‘:L2 dr + O(1) = —o0.

—00 —0Q0
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Contradiction. Hence F' is identically zero on the right half-plane.
By (15.9) and (15.11), F(it) = €™ 7/")(—7), where )(z) = f(z)e~™ . Thus, ¢
is identically zero. Hence, 9 is zero almost everywhere, and so is f. O

The relation between the Mellin transform and the Fourier transform gives us a
one-sided uncertainty principle for the Mellin transform, which is what we actually
want.

Proposition 15.3. Let o € R, ¢ : (0,00) — C be such that ¢(z)x°* is in L. Let
r,c > 0 be such that

b(r) < e @ as T — 0o,

(15.16)
|M(o + it)]| < e~cl! forallt e R

If ¢ > w/2r, then ¢(x) = 0 for almost all = € R.

Proof. Assume ¢ > 7/2r. Let rg = m/2¢, 71 = (ro + 7)/2. Since ¢(z) < e~*" and
r1 < r, we clearly have ¢(z) < 2~ %¢~*"" as & — oo. Thus, for f(v) = ¢(e¥)e"?,
we see that f(v) < e ¢ asv — oo.

By (2.25) and (15.16),

F(t) = Mo(o — 2mit) < e~ 2 = e ol

Since o < 71, we apply Prop. 15.2 and obtain that f(z) = 0 almost everywhere;
hence, ¢(x) = 0 almost everywhere. O

Proposition 15.3 is essentially tight: if ¢(x) = e~*', then, by (3.34), M¢(s) =
['(s/r)/r,and T'(o + it) decays much like e~ "!1/2 (see (3.44)).

15.2.3 Conclusions. Choice of smoothing function

The precise form of the uncertainty principle relevant here is that given by Proposi-
tion 15.3. Once we take it into account, the weight 7(xz) = e~ in Hardy-Littlewood
actually looks fairly good: its Mellin transform I'(o + it) decays about as rapidly
as it could when ¢ — 400, namely, roughly as e~ Tlt/2 (see (3.44)). Moreover, for
this choice of 7), the Mellin transform Fj(s) of n(x)e(dz) can be written explicitly:
Fs5(s) =T(s)/(1 — 2mid)®.

It is not hard to work out an explicit formula® (as in Ch. 16) for () = e~*. How-
ever, it is not hard to see that, for Fs(s) as above, F5(1/2 + it) decays roughly like
e~ 111727181 just as we expected from (15.8). This is a little too slow for our purposes:
we will often have to work with relatively large J, and we would like to have to check

2There may be a minor gap in the literature in this respect. The explicit formula given in [HL22a,
Lemma 4] does not make all constants explicit. The constants and trivial-zero terms were fully worked out
for ¢ = 1 by [Wig20] (cited in [MV07, Exercise 12.1.1.8(c)]; the sign of hypmq(z) there seems to be off).
As was pointed out by Landau (see [Har66, p. 628]), [HL22a] seems to neglect the effect of the zeros 7 with
R» = 0, S# # 0 for x imprimitive. (The author thanks R. C. Vaughan for this information.)
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the zeros of L functions only up to relatively low heights ¢ — say, up to 50|d|. Then
e~ It1/2m13] 5 ¢=8 = (0.00033. .., which is not very small.

We should thus choose a function 7 that decays considerably faster than an ex-
ponential. We still want its Mellin transform to decrease exponentially. Proposition
15.3 tells us that, for the Mellin transform to decrease exponentially, n(z) should not
decrease faster than e~ for some r; moreover, the rate of exponential decay of the
Mellin transform will be inversely proportional to r.

We settle for » = 2; in other words, we let 1 be the Gaussian. The decay of
the Gaussian smoothing function n(z) = e=*"/2 is much faster than exponential. Its
Mellin transform is T'(s/2), which decays exponentially as t = s — +oo. (Indeed,
it decays as e~"*/4, which, by Prop. 15.3, is optimal given the rate of decay of 7.)
Moreover, the Mellin transform Fs(s) (§ # 0), while not an elementary or very com-
monly occurring function, equals (after a change of variables) a relatively well-studied
special function, namely, a parabolic cylinder function U (a, z) (see §4.2.3). This fact
is really a decisive factor in our choice of r = 2; a back-of-the-envelope calculation
should convince the reader that, given Platt’s inputs on the zeros of L-functions, a value
of r between 3 and 4 would have been optimal.

For n(t) = e~*"/2 and § not too small, the main term of Fj(s) will indeed work out
to be proportional to e~ (*/ 2m6)*/ 2 as the method of stationary phase indicated. Thus,
F5(s) will decay much more rapidly than if we had chosen to work with (z) = e™*.
The “cost” is that the Mellin transform I'(s/2) for § = 0 now decays like e~ 71t!/4
rather than e~ "I*l/2_ This is a cost we can certainly afford.

15.3 THE TWISTED GAUSSIAN: OVERVIEW AND SETUP

We wish to approximate the Mellin transform of a twisted Gaussian e/ Ze(dz):
R d
F(s) :/ e 2e(52)2° 22, (15.17)
0 x

where § € R. It will be immediate from a standard expression (15.21) for the parabolic
cylinder function U (a, z) that

. 1
Fs(s) = e(’”‘s)QF(s)U <5 — 5 —27m'6> . (15.18)

The second argument of U here is purely imaginary. That would not be the case if a
Gaussian of non-zero mean were chosen.

15.3.1 Parabolic cylinder functions

As was mentioned in §4.2.3, a parabolic cylinder function is an entire function f such
that

- (if + a) f=0, (15.19)
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where a € C is fixed. It is clear that the space of such functions is at most two-
dimensional; as we shall see, it is actually two-dimensional.

Equation (15.19) was first considered by Weber in 1869 [Web69]. Integral repre-
sentations like the ones we are about to see go back to Whittaker [Whi03].

Lemma 15.4 ([AS64, (19.5.4)], [OLBCI10, (12.5.6)]). Let a € C. For ¢ > 0, the
Sunction z — U (a, z) given by

%zz c+ioco 2
Ula,z) = < / ety E gy (15.20)

211 —i00

satisfies equation (15.19), as does z — U(—a, iz).
For a fixed and real z — +o0, U(a, z) — 0 and |U(—a, +iz)| — oo. Together,
2z Ula, z) and z — U(—a, iz) span the space of analytic solutions to (15.19).

Since the integrand is holomorphic in « for Ru > 0, the choice of ¢ > 0 does not
affect the value of the integral.

Proof. Differentiating twice with respect to z, we obtain

U'(a, z) = %zU(a,z) —U(a—1,z),

U'(a,z) = (; + i22> Ula,z) —2U(a—1,2) + U(a — 2, 2).

At the same time, by integration by parts,

c+ico 2 . c+ioco w2 u*a*%
c—100 c—100 —a+ 2
and so
1
<a - 2) Ula,z) = —=U(a —1,2) + Ula —2,).
Hence

U”(a, ) = (i% + a> Ula, 2),

that is, equation (15.19) holds. It is then easy to show that it must also hold for
U(—a,iz).

For z with Rz > 0, we may shift the contour of integration in (15.20) by +z, and
obtain

6%22 c+z+ioco 2 .
Ula,z) = 7/ e Pt Ty T2 gy
C

271 +z—1i00

1,2 ; 1.2 .

eTAF [OEHIO (2 , e"1F [etioo o .

w=2)? 1 w2 a1

= o e 2 u 2du= P e? (u+2)"* 2du.
T Jetz—ico T Je

—100
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It is thus clear that U(a, z) — 0 for real z — 4o00. For z = it and real ¢ — +o0, note
that e=2"/4 = ¢t/ 4, and that, after a change of variables v <— u + 2z, we may shift the
integral to a contour C' consisting of the y axis, except for the segment from —i to ¢,
which gets replaced by the right half of the unit circle. We get:

t2

. erT (u—it)y?2 1
U(—a,it) = 7/ e 2 u' 2du.
c

271

Then it is clear that, as ¢t — oo, the contribution of « close to t dominates and exhibits
little cancellation. Thus |U(—a, it)| — co.

Since U(a, z) and U(—a, iz) display different behavior as z — oo, they must be
linearly independent, and so span the space of solutions to (15.19). O

Lemma 15.5 ([AS64, (19.5.1)], [OLBC10, §12.5]). For Ra > —1/2,
722/4 o0 1 1
Ula,z) = 617/ oz ezt =t gy (15.21)
I'(3+a)Jo

Proof. Write f,(z) for the function on the right side of (15.21). Differentiating twice
with respect to z, we get

@ = (345 ) o+ (a5 1) s+ (a4 5) (a5 3) fonalo)

By integration by parts,

Fuld) = 2hus(2) + (04 3) Foralo)

Hence .
) = (34 ) 1),

that is, equation (15.19) holds.

It is easy to see from (15.21) that f,(z) — O for real z — +oo. Hence, by Lemma
15.4, for any given a, f,(z) is a multiple of U (a, z). It remains to see which multiple.
Let us compare f,(0) and U (a,0).

By substitution of variables and the definition (3.34) of I'(s),

o 1 1.2 a o 3 a_3 a 1
/ 72 2t gt =22~ / r2 2e Pdr=22"4T (+> )
0 0

and so, by Legendre’s duplication formula (3.39),

]
[V

_LesT(5+7) _
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On the other hand, again by substitution of variables,

1 chioe w1 —-a_1 1 z,—a/2-3/4
Ula,0) = ez u v 2du=+/m2"2"1 e“z dz,
c !

271 Je—ioco 211

where C’ is the image of the line from ¢ — 00 to ¢+ iocc under the map u — u2/2. The
contour C’ can be shifted to a Hankel contour, as in Lemma 3.8, and so, by the same
Lemma,

a
2

U(a,0) = ﬁl"Q(a—i-) = fa(0).

NIt =

We conclude that Ul(a, z) = f,(2) for all O

Remark. The moral here is a familiar one: in a function space with few dimen-
sions, one can hope for striking identities, since they are in some sense forced to exist.
Parabolic cylinder functions satisfy a differential equation (15.19) whose dimension
we know to be < 2; as is well known and as we have just shown, that bound on the
dimension implies that the functions on the right sides of (15.20) and (15.21) are one
and the same.

Thus we see one justification of our choice to work with exp(x?/2) instead of
exp(cx”) for some higher power r > 2: for higher r, our Mellin transform would lie
in a space of higher dimension, in which useful identities would be harder to come by.

15.3.2 Estimates and behavior

The function U (a, z) has been well-studied for a and z real; see, e.g., [Tem10], [Tem15,
Ch. 11 and Ch. 30]. Less attention has been paid to the more general case of a and z
complex. The most notable exception is by far the work of Olver [Olv58], [Olv59],
[O1v61], [Olv65]; he gave asymptotic series for U(a, z), a, z € C. These were asymp-
totic series in the sense of Poincaré, and thus not in general convergent. They would
likely solve our problem if only they came with error term bounds.

It would seem that all fully explicit error bounds in the literature are either for a
and z real, or for ¢ and z outside our range of interest (see both Olver’s work and
[TVO03]). The bounds in [Olv61] involve non-explicit constants. Thus, we will have
to find expressions with explicit error bounds ourselves. We will treat the case of
z purely imaginary, since it is the one required by our applications. By a standard
relation [AS64, §19.4.6], we could reduce the case of z purely imaginary to that of z
real; however, we would still need to consider a complex.

To be precise: we need to estimate U(a,z) for —1/2 < Ra < 3/2 and |Sa|
larger than a constant times max(1, |3z|). By (15.18), these conditions correspond to
requiring that 0 < Rs < 2 be within the critical strip, with |3's| larger than a constant
times max(1,|d]).

We will use the saddle-point method (see, e.g., [dB81, §5], [Olv74, §4.7], [WonO1,
§11.4]) to obtain bounds with an optimal leading-order term and small error terms. (We
used the stationary-phase method solely as an exploratory tool.)
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What do we expect to obtain? Both the asymptotic expressions in [Olv59] and the
bounds in [Olv61] make clear that, if the sign of ¢ = S's is different from that of §, there
will be a change in behavior when ¢ gets to be of size about (276)?. This phenomenon
is unsurprising, given our discussion using stationary phase: for |Sa| smaller than a
constant times |3z|2, the term proportional to e~™*//4 should be dominant, whereas

for |Sa| much larger than a constant times |3z|2, the term proportional to e~ 3(zk)"
should be dominant.

There is one important difference between the approach we will follow here and
that in [Hela]. In [Hela], the integral in (15.17) was estimated by a direct application
of the saddle-point method. In the first draft of this book, following a suggestion of
N. Temme, and just as in [GSTO04] or [Tem15, §4.8], identity (15.20) was used instead.

Together, (15.18) and (15.20) give us that

—272§2 ctioco
F ; u?
Fs(s) = GT(S) / 20Ut =S . (15.22)
(Y c—1i00

We can use the saddle-point method to estimate the integral in (15.22).

What we will actually do is use the saddle-point method to estimate (15.17) when
sgn(t) = sgn(d) and to estimate (15.22) when sgn(t) # sgn(d). Much of the work —
in particular, the computation of the saddle point — will need to be done only once, as
it is the same in both cases.

We write )
d(u) = —% — (2mid)u + itlogu (15.23)
for w real or complex, so that the integral in (15.22) equals
ct+ioo
I(s) = / e Wy du, (15.24)

154 THE SADDLE POINT

15.4.1 The saddle-point method

Say we are mountaineers trying to choose a path between two points separated by a
mountain chain. A natural approach is to find the lowest possible mountain pass, and
take our path to go through it. A mountain pass will be a point that is a local minimum
in relation to the mountain range, and a local maximum in relation to our path. The path
should be chosen to be perpendicular to the mountain range, so as to cross it rapidly. In
other words, a mountain pass looks like a saddle. Assuming differentiable mountains,
we see that the gradient of the height must be 0 at the mountain pass. It then suffices to
find the points of gradient 0, and see which ones would be valid mountain passes, and
which one of them is best in practice.




3pupnew April 1,2020 6.125x9.25

THE MELLIN TRANSFORM OF THE TWISTED GAUSSIAN 393

The idea of the saddle-point method, or method of steepest descent, is the same. We
wish to bound an integral of the form

P
F(2)e8 Dz,
Py

where f and g are holomorphic, and P;, P, lie on the complex plane (or possibly at
infinity). Due to the exponential, the dominant term is ¢9(*), and points s where |g(z)|
is large contribute much more than those where |g(z)| is not so large. Hence, what we
should do is choose a path of integration between P; and P> so that the largest value
of |g(z)] on it is as small as possible. Here |g(z)| corresponds to the height above sea
level in the metaphor above. For the gradient of |g(z)]| to be 0 at s, it is necessary and
sufficient that the complex derivative ¢’(z) of ¢ at s be 0. Thus, we should find the
zeros of ¢'(z) and choose the one that is the best mountain pass, or saddle point.

As we already said, ideally, we ought to go through the saddle point in the direction
of steepest descent, that is, the direction in which the ascent to and descent from the
saddle point s is fastest. Since g(z) = g(s) + ¢"(s)(z — 5)?/2 + ..., we see that

1€9)] = [e965) |8 (V=90 | | = |e9(3) R ()9

Thus, if w € C is a unit vector pointing in the direction of steepest descent, g’ (s)w?
should be real and negative.

Of course, even after finding the saddle point and the direction of steepest descent,
we still have to choose the rest of the path of integration. In order for descent and ascent
to be as fast as possible, the path at any point z # s should be tangent to the gradient
of }eg (Z)‘ = e®9(2) at 2. In other words, the path of integration ought to be such that
Sg(z) is constant.

In practice, there are other considerations that can affect our choice of path, includ-
ing of course the fact that it has to go through P; and P». What is truly important is that
it go through the saddle point. That it go through it in the direction of steepest descent
is also highly desirable, as otherwise the constant in front of the main term will not be
optimal.?

15.4.2 Finding the saddle point

We wish to find a saddle point for the integral in (15.24), that is, a point u at which
¢'(u) = 0. Clearly, ¢'(u) = 0 if and only if

it
—u—2mib+ L =0, ie, wl—ilu—it=0, (15.25)
u
where ¢ = —2md. The solutions to ¢'(u) = 0 are thus
0+ \/— 02 + 4it
ug = % (15.26)

3Some reserve the name “method of steepest descent” for cases in which the direction of steepest descent
is chosen, and use “saddle-point method” when that is not necessarily the case. See [Olv70, §1].
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The value of ¢(u) at ug is

d(ug) = —— + tlug + it log ug
il o (15.27)
= —ug + itlog —.
2 Ve
The second derivative at ug is
1 1
¢ (uo) = ——5 (uf + it) = —— (iluo + 2it). (15.28)
U U

Assign the names ug , ug,— to the roots in (15.26) according to the sign in front
of the square root, where the square root is defined so as to have its argument in the
interval (—m/2,7/2]. It is easy to see that ug 4 lies on the right half of the plane,
whereas ug _ lies on the left half of the plane. We will work with ug, 4, as it will be
feasible to deform our contour of integration (originally going from ¢ — i00 to ¢ 4 i00)
so as to go through wug, . We remark that

il + |0\ -1+ % Y At
U+ = 2 =5 14/ —-1+ 672@ (15.29)

where the sign £ is +if £ > 0and — if ¢ < 0. If £ = 0, then ug 4 = (1/v/2+i/v/2)V/t.
We can assume without loss of generality that ¢ > 0. We will find it convenient to
assume ¢ > 0, since we can deal with ¢ = 0 simply by letting ¢t — 0.

15.4.3 The coordinates of the saddle point

We should determine ug 4 explicitly, both in rectangular and polar coordinates. Part
of the reason why we will need both kinds of coordinates is that we will need to es-
timate the integrand in (15.24) for v = ug, 4. The absolute value of the integrand is
e~ yg T | = |ug | ~7e" R0+ and, by (15.27),

L
Ro(up,4) = —§Suo,+ — arg(ug 4 )t. (15.30)
If ¢ = 0, we already know that Rug y = Sugy+ = \/t/2, |ug+| = /t and
arg ug+ = /4. Assume, then, that £ # 0.

Lemma 15.6. Lett,{ € R, t >0, £ # 0. Let ug, € C be as in (15.29). Then

4] [i(r)—1 ~ e i)+
Rug, . = 1y /L2 SR b B AN 15.31
U07+ B) B 5 \SU()H,_ B B) B) 5 ( 53 )

where j(#) = (1 + »2)Y/2 and » = 4t /%, Furthermore,

_ Ve +u() ife>o,
wo+l =75 { T o0 it <0, (15.32)
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1 .
arccos if ¢ >0,
arg(uo.+) = 4 1 ”({) d . (15.33)
2 ArcCos iy if ¢ <0,

where v(#) = /(1 + j(#))/2.

In particular, arg(uo 4+ ) lies in [0, 7/2], and is close to 7/2 only when ¢ > 0 and
# — 0. Notice that Rug 4 and Sug . are always positive, except for ¢t = £ = 0, in
which case Rug 4 = Sug,+ = 0.

Here and elsewhere, we follow the convention that the images of arcsin and arctan
lie in [—7/2, 7 /2], whereas the image of arccos lies in [0, 7].

Proof. Solving a quadratic equation, we see that

at, _ fit) -1 .\/j(f*)+1
14+ —= .
\/ + 5 \/ TRV L (15.34)
where j(#) = (1 4 #?)'/2 and » = 4t/(?. Hence
¢ [i) =1 ¢ G+ 1
Ruo4 = +5 % Sug . = 5 (1 + ()2> . (1535)

Here and in what follows, the sign + is + if ¢ > 0 and — if £ < 0. By (15.31),

j(#) —1 jF)+1Y .
T +<1j: B — )2‘

|£|\/](7‘1 #)2+1+1:|:2 j(f‘)2+1

_

|0, + | D)

||\/( +1i2 j(# ! |£|\/v(7‘2:|:v

We now compute the argument of ug 4 :

arg(uo,+) = arg ( MT_l +i <i1 + Mﬁ))

414 1+;(r) +1 + 4 /HJTM

= arcsin = arcsin

\/1+j(7‘)i2 /1+]2'(7*) 9 1+j2'(1f)

. 1 14 2 T 1 i 2
= arcsin - — = — — —arccos —
2 14 4(#) 2 2 1+ 4(#)

by cos(m — 20) = — cos 20 = 2sin® § — 1. Thus, (15.33) holds. O
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15.4.4 The direction of steepest descent

It is now time to determine the direction of steepest descent at the saddle-point g 4.
Even if we decide to use a contour that goes through the saddle-point in a direction
that is not quite optimal, it will be useful to know what the direction w of steepest
descent actually is. A contour that passes through the saddle-point making an angle
between —7/4 + € and m/4 — e with w may be acceptable, in that the contribution
of the saddle point is then suboptimal by at most a bounded factor depending on «;
an angle approaching —m /4 or 7/4 leads to a contribution that is suboptimal by an
unbounded factor, and would thus be less acceptable.

(The line going through the saddle point in the direction of steepest descent is called
the axis of the saddle point in [dB81].)

Lemma 15.7. Lett,{ € R, t > 0, ¢ # 0. Let ¢ : C — C be given by

2
d(u) = —% + fiu + it log u. (15.37)

and let ug + be as in (15.29), so that ¢'(ug +) = 0. The angle that the direction of
steepest descent for —¢ at ug makes with the y-axis is

1 (arctan 20(#)(j(7) —v(#)) arctan J(")—1> iFL>0,

2 7 2

(15.38)
% (— arctan 20(7)G () + v(r)) + arctan M2_1> ift <0,

7

where 7 = 4t /0%, j(») = (1 + 22 and v(») = /(1 + j(»))/2.

By “the angle that a vector v makes with the y-axis”, we mean arg(v) — w/2. It is
clear that the direction of steepest descent is defined only modulo 7. We care about the
direction of steepest descent for —¢(u) because it is the same as for e~ #(%),

Proof. Letw € C be the unit vector pointing in the direction of steepest descent for —¢,
that is, steepest ascent for ¢. Since ¢(u) = d(ug +) + ¢ (uo +)(u —ug +)> + -+ -, we
see that w?¢” (ug ) is real and positive. Thus arg(w) = — arg(¢” (uo,+))/2 mod .
By (15.28),

arg(¢” (uo,+)) = —m + arg(ilug + + 2it) — 2 arg(ug +) mod 2w

= —g + arg(Luo, 4 + 2t) — 2arg(uo,+) mod 2.

By (15.31),
s jF)—1  4t\ £ i) —1
%(€u0’++2t)_2<i TJFFQ —5 = T )

2 .
S(lug.s +2t) = % (1 + “’”é“) ,
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where the sign + is + if £ > 0 and — if ¢ < 0. Noting that R(fug + + 2t) > 0, we
obtain that arg(fug 4 + 2t) = arctan o, where

1+ Jj()+1
eV 2

>+ j(’g_l

and where, as we said before, we define arctan to have image in [—7/2,7/2]. It is

easy to CheCk that Egn w = bgn 4?. Hence,
/ ‘(7 )71
7 J P)

[3(»)+1
1+ JT

T
arctanw = ii — arctan

At the same time,

,t jl(fivﬁ;)<1$vﬁy>__fiV&U—J)$f¢ﬂj+R

- Jj+1 _
S 1=

riFHE (VP17 G+D) il s(j+1)

1= 1—j
_#(LFj/0) _ (FLEj/0G+D) _ 20(-vE))
L=y 7 P :
(15.39)
where we write simply j for j(#). Hence, modulo 2,
2v(-vEj 0 ifl>0
arg(" (o 1)) = — axctan 2V EI) g gy ) - {0 M0
7 ’ 7w if € <O0.

Therefore, the direction of steepest descent is

! 1 2(—v+xj 0 ifl>0
arg(w) = _w — arg(uo’+) + 5 arctan M % ifé Z O
(15.40)

By (15.33) and arccos 1/v(#) = arctan \/v(#)? — 1 = arctan /(j(#) — 1)/2, we
conclude that

+

ol
N =

arctan M — arctan 751) if ¢ >0,

arg(w) = (15.41)
_l’_

ol
D=

— arctan M + arctan J;1> if £ <0.
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Figure 15.2: Angle between the direction Figure 15.3: Angle between the direction
of steepest descent and the y-axis for £ < 0 of steepest descent and the y-axis for £ > 0

Figures 15.2 and 15.3 plot the angle that the direction of steepest descent makes
with the vertical line, as a function of » = 4t/€2. As can be seen, the direction of
steepest descent is nearly vertical for ¢ > 0, assuming, as usual, ¢ > 0.

The case ¢ < 0 of Lemmas 15.6 and 15.7 will never actually be used in the proof
of Theorem 15.1. We have worked it out simply for it to orient us in our choices.

15.5 THE INTEGRAL OVER THE CONTOUR

We must now choose the contour of integration. As we mentioned in §15.4.1, the opti-
mal contour should be one on which the phase of the integrand in (15.24) is constant,
i.e., S¢(u) is constant.

Writing v = = + 7y, we obtain from (15.23) that

So(u) = —xy + bz + tlog /a2 + y2. (15.42)

We would thus be considering the curve S¢(u) = ¢, where ¢ is a constant. Since
we need the contour to pass through the saddle point ug 4, we set ¢ = I(p(ug +)).
Unfortunately, the curve S¢(u) = c given by (15.42) is rather uncomfortable to work
with. Moreover, as we can tell by some plotting or by taking partial derivatives of
S'¢(u), the curve does not generally go from O(1) —ioco to O(1) + o0, but rather takes
a sharp bend rightwards as we go upwards past ug, 4.

Instead, we shall use very simple contours. Recall that we are meant to choose a
path C going through u¢ 4 with the property that

/ ‘e*‘ﬁ(“)u*(’du‘ :/ e %) 4|7 | du
c c
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is small. Recall also that we are assuming without loss of generality that ¢ > 0. If
¢ = —27§ is positive, then the direction of steepest descent is never far from vertical
(see Figure 15.3). Thus, it seems reasonable to let our contour C be just the vertical
line going through ug 4.

If £ < 0, then the direction of steepest descent may be far from vertical. Of course
we may argue that the bounds we will obtain are so strong that it does not matter much
that they are suboptimal, even if it is by a non-constant factor. However, we will later
see that there are some additional complications. We will be able to simplify matters
while choosing a direction of descent that is close to optimal by rephrasing the problem
first.

(For other contexts in which it is convenient and permissible to choose a direction
that is not quite that of steepest descent, see, e.g., [Wym64] and [Olv70].)

15.5.1 Approximating R¢(u)

Before we settle on our choice of contour C for £ > 0 and ¢ < 0, let us show how to
bound R¢p(u) in a region of the plane. By (15.37),

2 1‘2

Rz + iy) = 2 — by — targ(z + iy). (15.43)

Lemma 15.8. For any ro > 0 and any r € [—2rg, 00),
arctanr < arctanrg + (arctan’ rq) - (r — 79). (15.44)

Proof. First of all, let us prove that

3r
1472

(15.45)

arctanr + arctan 2r >

for all 7 > 0. The derivative of arctan r + arctan 2r — 3r/(1 + r?) is

1814
(r24+1)2(4r2 + 1)’

which is > 0. Both sides of (15.45) equal 0 when r = 0, and so it follows that (15.45)
holds for all » > 0.

Since arctan’ ro = 1/(1 + r3), we see from (15.45) that the inequality (15.44) is
true for r = —2ry. Now, arctan” r = —27/(1 + r2)2, and so arctan is concave for
r > 0 and convex for » < 0. Concavity implies that (15.44) holds for » > 0, whereas
convexity, together with the fact that (15.44) holds for » = —27y and » = 0, implies
that (15.44) holds for all —2rg < r < 0. O

Lemma 15.9. Lett, L € R, t > 0,{ #0. Let p : C — Cbeasin(1537) and uy 4+ € C
beasin(15.29). Let R = Ry U Ry C C, where

o Ry is the quarter-plane v 4 - ([0, 00) + [0, 00)),
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R2 C
Figure 15.4: Regions R; and R» Figure 15.5: Contour C

o Ry is a closed half-disk: the half of the disk with center at —ug 4 /2 and radius
3|uo,+|/2 lying below the line connecting 0 and ug 4.

Then, for every u € R,

Ro(u) > Ro(ug 1) — R0 (15.46)

Proof. Let u € R. Consider the line L going through u¢ 4+ and u, and let z be the
point where the line through the origin orthogonal to L intersects L. By basic Euclidean
geometry, zo lies on the boundary of the disk D with center at u /2 and radius
|uo,+/2|. Since ug,+ lies on the first quadrant, we see that zq lies on the half D~ of
D lying below the line connecting 0 and ug . Now, Ry is the image of D~ under a
homothety centered at uy  with dilation factor 3. We conclude that L N R consists of
all points z on L that either lie on the upper half of L, meaning the same side of 2 as
Uo,+, or satisfy |z — 2| < 2|ug,+ — 2ol
By (15.37) and the fact that ¢'(ug ) = 0,

Ro(u) — Rp(uo,+) = R(B(u) — (P(uo,4+) + ¢ (uo,+)(u — o 1)))

- —%W —H(Slogu — Sf(w)),

(15.47)

where f(u) = logug + + (log"ug +) - (u — ug +). Since Flogu = argu, we see that
u — S f(u) is the real-linear approximation to arg v around u = ug . The restriction
of arg(z) to L is arg zo + arctan l(z), where [(z) = |z — 2z¢|/|20]| is z lies on the upper
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half of L and I(z) = —|z — 2¢|/|20| otherwise. Hence, for v on L,
argu— S f(u) = arctanl(u) — (arctan l(ug + ) + (arctan’ I(ug 1)) - (1(w) —(uo +)))-
If uwis on L N R, we know that [(u) > —2I(ug ). Thus, by Lemma 15.8,
argu — S f(u) < 0.
By (15.47), we conclude that

Ro(u) — Ri(uo 1) > —p (b0

O

If we use the approximation (15.46) to ¢(u) instead of ¢ (u) itself, then the direction
of steepest descent actually becomes vertical.

15.5.2 Integral estimates

Let us now estimate some integrals. The method used will be, in essence, a very simple
case of the Laplace method. (We shall discuss the Laplace method in somewhat greater
generality at the end of §15.5.3.) The basic idea is that, in an integral having an ex-
ponential factor e/(*) and a non-exponential factor g(t) in the integrand, as in (15.48),
we do a Taylor expansion of g(¢) around a point ¢y such that f’(¢p) = 0, and use an
exponential bound on the tails.

Proposition 15.10. Let g : R — R be 2k times differentiable on R, where k > 1. Let

© t—t 2
I:/ g(t)e " dt (15.48)

oo

for some fixed ty € R, k > 0. Then

k—1
2 .
[N V2R (2) (,) + err, (15.49)

where

21 /K . 27k
M%&Eg(%) (t) < err < migﬂgg”’%)- (15.50)

Moreover, if g2 (ty) < 0 forall 0 < j < k, then, for any 3 > 0,

(28) () 4 i (1) (15.51)
su su . .
= (2K)FE! tz(l—%)t(,g Brtg teﬂ}gg

The condition g(2+1)(t,) < 0 is not indispensable. In its absence, we would have
a factor of 2 in front of the second term in the right side of (15.51).
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Proof. We can express g(t) by a truncated Taylor series around t:

2k=1 () (2k)
9" (to) 95 (s) 2%
t) = t—tg)’ t—t
Jj=0
for some s between ty and t. Hence
2k—1 (J)t o —t0)?
g 0 P to) j c _y{t=to) 2%k

E /Ooe (t — to) dt+(2k)![we 2 (t—to)*kat

for some c € [inf g% (t), sup g®*)(¢)]. The terms coming from odd j cancel out:

e P G tU) e 2 .
/ e (t —to) dt = / e T tdt =0,
—o0 —00

since e=**"/2¢J is an odd function for j odd. For j even,

o0 =t)? 1 00 ,
/ - t— to (tfto)jdt — / 6_u2/2u3du
— 00

:E(J—l)(J—l’»)(j—B)mB-l:WW

by induction. Hence (15.49) holds with an error term err bounded as in (15.50).
To obtain the bound in (15.51), start by splitting the integral I:

o (t—t9)? —(1=F)to (t—tg)?
I=/ g(t)e™ ™ 2 dt+/ g(t)e "= —dt. (15.52)

—(1=B)to 00

We bound the first integral on the right side as before. For j < 2k odd, we remark that

oo 2

(t—tg)
[ e
(1-B)to

Bto 2 . oo 2
= gl to)/ e T dt + g(J)(to)/ e "THdt <0
Bto Bto

) ) . o0 2 .
g(-7)(t0)(t —to)ldt = g(])(to) / e "z tldt
—Bto

because g/)(ty) < 0.
The second integral in (15.52) is bounded by sup,cp g(¢) times

_ _ _ 2
/ ety < L / "t gy =
—oo ~ Brtg Brto

Corollary 15.11. Let o, yo > 0, lo = /23 + y3, 0 > —1. Let

0 o= (y=w0)"/2
I, = /mwdy. (15.53)
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Then, if o0 > 0,
\/27r70\/27; <1, < V2 0\/27T27 (15.54)
g 225t g e3/2zg*

and, if =1 <o <0,

V2m Cf\/ﬂ \/ﬂ U\/ﬂ
Tl T 3/20+2 <I, < o goot2 (15.55)
0 €/ 2T 0 2330
Proof. Let g(t) = 1/(1 +2)?/2. Then
1 o 2 o0 2 (t—tg)?2
I, = 7/ g(y/xo)e” Vv /Qdyzxé*"/ gte s = ar (15.56)
‘TO —00 — 00

for tg = yo/o. Thus, by Proposition 15.10 with x = 3,

V2
1, = x77V2mg(top) + error = ZTW + error,

0
where
V2T V2T
inf ¢"(t) < error < ———— sup ¢ (t).
22512 rer? #) < = 227" te]gg ®)
Now

" o((c+1)t2 - 1)
0=

—((o+ 1)t = 3)o(0 + 2)t
(1 +¢2)o/2+2 '

We can assume o # 0, as otherwise ¢g” (t) = 0 identically, and o # —1, as it is enough
to prove (15.54) and (15.55) for & — —1. Then ¢®®)(t) = Owhent = ++/3/(c + 1) or
t = 0. Thus, g’ (t) can have local extrema only at those . When t — +oc0, g (t) — 07
if o > 0, and ¢"”(t) — 0~ if 0 < 0. It is then clear that the value ¢”(0) = —o is the
global minimum if ¢ > 0, and the global maximum if o < 0. It is also clear that, at
t ==+/3/(c + 1), g"(t) attains its global maximum if ¢ > 0, and its global minimum
if o < 0. The value of g”(¢) for t = +4/3/(c + 1) has absolute value

g (t) =

2|o| _ _ 2|o] < M
(1+1+%)5+2 (f(L+0)/3))3/2 = e3/2

where f(t) = (1+1/t)'"1, since f(t) decreases for ¢ > 0 and tends to e as t — 0o, as
is well-known.
O

Lemma 15.12. Let o > 0. Define g(t) = 1/(1 4 t2)7/2. Then, for every k > 0,
(c+1)--(c+k—1)

otk .

(k) g
g (1) <
g @l (1+12)" 7
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The following elegant proof was kindly contributed by F. Petrov.
Proof. For any a,

1

@y = (e a7

Differentiating k times, we obtain
(k) k
wrer) ~ % () ()7 Jarairmreaoios
s :Z i ] ) (t+a3) (t—ai) .
((a +t2)7/ =\ J k—j

By the triangle inequality, the right side is at most a constant times (a2 + ¢2) (7 +5)/2,
If a = 0, there is no cancellation, and so the constant is

otk (fa)(’“)] —o(o+1)---(0+k—1).

O

Corollary 15.13. Let zo,yo > 0, lo = \/22 +y3, 0 > 0. Let I, be as in (15.53).
Then, for any k > 0,

k—1
Coj
|I,| < V2rm Z lJJr;j +err |,
=0 ‘0
where c.0 = 1,
1)--- 25 —1
Co,j = olotl): (o +2 ) (15.57)

27 41

for1l < j <k, anderr < cgvk/ajg+2k. Moreover, for any 8 € (0,1),

Cok +1/5 B3 /2
(L =B)lo)7 2~ Var  xfyo

Proof. We start with (15.56). Then we apply Prop. 15.10 with x = 3, and bound the
error as in (15.50) and (15.51). Then we bound the derivatives ¢>/)(¢), 0 < j < k, by
Lemma 15.12. When using (15.51), we use the easy inequality (14 ((1— 8)tg)?)"/? >
(1 — B)(1+t3)/? to bound |g®*)(ty/2)| from above. O

err <

15.5.3 Thecase <0

Let us first consider the case § < 0, assuming, as usual, that ¢ > 0. (In other words, we
are in the case sgn(t) # sgn(0).) The variable £ = —27§ is obviously positive.

We will choose a vertical path of integration C through the saddle-point ug 4.
Above ug 4, the contour is in region R, and below ug 4, it stays in R for a good
while (Figure 15.5).
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We may wonder whether the vertical contour C goes too close to the origin, thus
making the factor |u|~7 too large. The critical case is that of » — 0T, as then
arg(ug,+) approaches m/2. Then, by Lemma 15.6, o := Rug 4+ ~ [{|»/4 = t/L.
As we have implied before, we are interested mainly in the case ¢/¢ > 1, as otherwise
there is no hope of decay. Thus xg > 1.

When we compare crossing the z-axis at (zq,0) with crossing it at some point
(z,0), z > xp, we are comparing exp(—R¢(xo))|zo| ™7 with exp(—Re(z))|z|~7,
that is to say — by (15.43) — we are comparing ¢%0/2|xo| = with e*/2|z| =7 It follows
easily from 2o > 1 and z > z that e%0/2|zy|™ = O, (e® /2|x|~7). Thus, even
when we take the factor |u| ™7 into consideration, we find that a vertical contour C is
acceptable.

Before we estimate the path integral, we will prove two easy, useful lemmas.

Lemma 15.14. Let t,{ € R™. Let ug + be as in (15.29). Then

max(Vt,0) < |ug 4| < max (\/ﬂ, ;)E) and  |Sug 4| > max (\/g, Z) .

Proof. The lower bounds are immediate from (15.31), (15.32) and the inequalities

Vo(#)? +o(#) > V2, ‘](#)T_Fl >1,
Vo) +u(z) > o) > Vi(#)/2 > V#/2.

The upper bound on |ug 4 | follows from (15.32) and the fact that v/(v(7)2 + v(#)) /2 <
3 for » < 3 (as the inequality holds for » = ) and \/v(r)2 + v(r) < /r for » > §

(as this second inequality holds for » = %). O

Lemma 15.15. Ler t,¢ € RY. Let ug + = xo + iyo be as in (15.29). Then

ZoYo (2t Vit
>min| --,— | .
|uo,+| 302

Proof. By (15.31) and (15.32), it is enough to show that

W+ g - \/W min (?ﬁ) (15.58)

for any » € [0, c0). The proof will proceed as one might expect, namely, by an expan-
sion around » = 0 and an expansion around » = 0o, complemented by the bisection
method. *

“It would be completely reasonable to ask for standard software to do such a proof on its own. Work in
this direction does exist: see, e.g., the footnote in [Tucl1, p. 72], referring to the work of Berz and Makino
[BM98] on “Taylor models”.
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Since /72 + 1 > 142 /2—#»4/8for0 < » < /8, we know that \/(j () — 1)/2+
#/2 > (#/2)(1 = #2/4) + /2 = » — »3/8; at the same time, \/(v(#)2 + v(#))/2 <
1+ 372/32, and so (15.58) holds for 0 < 7 < 4/3.

Similarly, j(#) = »V1 + »?2 satisfies

1 1 . 1

for » > 1/\/§ and so

for » > 1//2 and

v(#)? 4+ v(#) v(#) +1/2 1 1 1 NG
» » 1Y Ji(») -1
= 2+§2(1__2f) V2

provided that

1 1 1

,_~_7+7§ 1_i ﬁ’

4 47 16~ V2, 2
as is the case for » > 25/4, say.

We finish by checking (15.58) for 4/3 < 7 < 25/4 by bisection. O

Proposition 15.16. Let t,{,0 € R, t > 0, { > 0,0 < o < 2. Assume t >
max(3(/2,6/v/5). Let ¢ : C — C be as in (15.37) and ug y = z¢ + iyo € C be
asin (15.29).

Then, for any B € (0, 1),

To+1i00
/ e~ Wy~ qy
x

0—100

—-B%y3/2
§<(1+60,5(t)) on e )wwuow

|uo,+|7 g Yo

where

olc+1) o(c+1)(oc+2)(c+3) 0.00104.

o8(t) <
€rp(t) < 2% 8(1 — B)o+4t2 +2

(15.59)

Proof. Clearly,

xo+ioco
/ e~ Wy =y
T

0—1%00

xo+i00
< / ¢RI |y~ | .
xT

0—100
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By Lemma 15.9,

xo+io00 xo+ioco (y_y())Q
/ e-%¢<u)|u\—"|du|:e—%(uo,n/ e” 2 |u| "% dul. (15.60)

0—2iYo

We bound the integral on the right of (15.60) by Cor. 15.13 with k& = 2:

Zxo 72iy0

2o4ico 5 0o  (w-yp)?
(w—wvg)
/ e Y 2JO |u|_‘7‘d’u,| S/ 62722/2dy
xo—2tYo —o0 (CCO +y )U

1 Col Co.2 ) 2e=Bv5/2
SV 2 + ,
(lf)' 1572 (lo/2)7+4 z§yo
(15.61)

where ¢, ; is as in (15.57) and lo = /23 + y3 = |uo +|.
By (15.57) and Lemma 15.14, forany 0 < 8 < 1,

o1 o(c+1)/2 o(c+1)/2 1

lg+2 - lg” = ¢ 187
C5,2 _o(c+1)(c+2)(c+3) (1—p)=(t+D
((1 - 5)10)”+4 B 8 lg+4
oo+ De+2(@+3) 1
o 8(1 — B)U+4t2 18

Incidentally, the last term in (15.61) appears only if yo > /1 — (1 — )21, as oth-
erwise g > (1 — f8)lp, in which case Cor. 15.13 gives us (15.61) without the last
term.

It remains to bound the integral going from xg — 700 to x¢ — 2iyy. By (15.43),

2 2
— Y

2

Ro(zo+1iy) = Rp(uo +) + Y +4(yo —y) + t(arg(xo + iyo) — arg(zo +iyo)).

Hence, writing 6y = arg(zo + iyo) — arg(zo — 2iyo), we have

o —21Yo —R¢(uo,+) —2yo 2,2
_ _ e ’ _ _y Yo
/ e R |y 7 |du) < —————¢ got/ e” 2 dy
x

0—100 ‘u0,+|0 —o0

e~ Rd(uo,+)

IN

S e*@ﬁ*%yg,
2yoluo,+]7

where we bound |z + 2yoi| crudely from below by |ug 4 |. Since ¢ > 0, we know that
y > x (by (15.31)) and so 6y > 7/4 + arctan 2. By Lemma 15.14, 2yo > +/2¢ and
(3/2)y2 > 3t/4. Hence

% % 3/2
e ¢(u0‘+)6700t7%y3 < 527r6 ¢ (uo,+) % . 3/ 3791’:7
2yoluo,+17 luo,+|7 2 2y/m

where 0; = /4 + arctan 2 + 3/4.
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It is easy to check that t3/2¢ =91 is decreasing for t > (3/2) /6, and that (3/2) /6, <
6/+/5. Hence we may replace t3/2e~%1* /2, /7 with its value 0.00103 ... att = 6/+/5.

O
We come to our final bound for § < 0.

Corollary 15.17. Let fs5(z) = e=%"/2¢(6x), § € R. Let Fy be the Mellin transform of
fs. Let s =0 +it, 0 < o0 < 2. Assume t > max(4m|0|,40) and § < 0. Then

. /9 tcrfl/2
Fa(s)] < (1+ ) r e EC), (15.62)
t ) (max(vE, 27(0]))"
where » = t/7r2(52, co =b6for0<o<1,¢, =2694forl <o <2 and
v(r)—1
F = - - 15.
(#) 5 AICCos o) » (15.63)

for j(#) = V#2+ 1L u(r) = /(1 +j(#))/2
Proof. By (15.22) and (15.24),

252
e > (s)|
V2T

where ¢ : C — Cisasin (15.37) and ug + = o + iyo € Cis asin (15.29).
By Proposition 15.16 and (15.30),
1

xo+ioco _82,2/2

- /0 e~ Wy, = dul < L"ﬁ(t) \/565%/ e 5Yo+arg(uo )t

= < + ,
27 e |uo,+ | T Z3Yo

ofioo
where ¢ = —276, and €, 3(t) is bounded as in (15.59).
By Lemma 15.6,

|F5(s)] =

I

zo+i00
/ e~ Wy =dqy
xr

0—100

Pt I ORI (15.64)
where 7 = 4t/¢%. Again by Lemma 15.6,

1 —1 1 1

arg(ug 4 )t = <2 arccos U(7‘)> t= (;T — 5 arccos U(7‘)> t. (15.65)
Hence
. 14 e p(t 2 e~ P/

IFy(s)] < [D(s)]eFle B0 (L Cos® | J27 WY (15.66)

|uo,+|7 T Z5Y%

where F(#) is as in (15.63). By Corollary 3.10,

IT(s)e2t < (1 + 0" <92t>) SV 2m|t]o 2,
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Let us now bound and collect our error terms. By Lemma 15.15 and our assump-
tions on ¢, we know that xoyo/|uo,+| > 4/3, and so

2 e—Bv5/2 (3)° 2 e—Bu5/2
— o S o - l—c °
™ ZToYo ‘u07+| ™ Yy
By the bound y > /t/2 from Lemma 15.14 and the assumption ¢ > 40, we know
that 1o > +/20. Since e‘ﬁzl’g/zy(‘,ﬂrl is decreasing for yo > Vo + 1/5,

~B%y3 /2 —108%9( 7%+
% < %6—20[”2/220%“ < 2”7 20 (15.67)
t
Yo Yo

provided that 3 > /o + 1//20.

The term involving £ in €, (%) is

oo+ (e +2)(e+3) _ oo+ 1)(o+2)(0+3)
8(1 — B)ott? = 8-40(1 — B)ott

1
= 15.68
n (15.68)

g
>

Therefore, the expression within parenthesis in (15.66) is at most (14 ¢, /t)/|uo,+
where

160 042 (37 2, 0o +1)(0+2)(0+3)
o S\ — -] 207
Bo =V 7 C O T 0 - gyt
+1 0.00104
n o(c+1) n .

2 t
Looking at (15.67) and (15.68) for o = 1 and o = 2, we see, after a little trial and
error, that it makes sense to choose 8 = 0.4899 for 0 < ¢ < 1 and 8 = 0.4269 for
1 <o <2 Then
{5.34309 for0 <o <1
8,0 <

26.56069 forl <o <2.
Finally,

2 CBo 2 2 1 c
14+ 2 (1 ’)<1 i1 — Ve o<1+,
<+9t> T s +<9+< +9-40>C>t T

where ¢/, = 5.595 for 0 < o < 1 and ¢, = 26.93048 for 1 < ¢ < 2. We know from
Lemma 15.14 that |ug_y| > max(v/t,£), and so we conclude that

) Verto 12 B
(max(v/1, £))° ’

/
Rl < (14

O

Remarks on a better contour and Laplace’s method. In order to obtain a result like
Corollary 15.17, but with the right constant in front, we would need to choose a contour
going through wug 1 in the optimal direction determined in Lemma 15.7. For instance,
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it can consist of a short straight segment [ in that direction, together with two vertical
half-lines going up to infinity.

Within the short segment I going through w -, it is important to work with R¢(u)
itself, rather than with the lower bound provided by Lemma 15.9. (On the vertical half-
lines, we may use Lemma 15.9.) The integral over I can be determined by the Laplace
method, which we are about to outline for our particular case. A more general and
detailed description can be found in [dB81, §4].

For w on I, we can write R¢(u) in the form xg + tf,.(r), where r is the parameter
in a parametrization u = ug 4 + rv of I, with v € C of norm proportional to ¢2, and
hence to ¢ (since £2 = (4/#)t). Here ro = R¢(uo + ), and so f,.(0) = 0. We also know
that f/.(0) = 0, since ug + is a saddle point. It will be useful to assume that I is short
enough that r ranges on an interval [—7, 7] with 7 < t~1/3,

We need to estimate an integral

/ g(r)e My, (15.69)
We can write f,.(r) = aar? +agr® +. .., where a; € C depend on . The main factor
in the integrand will be e~ The remaining factor

g(r) exp(—t(azr® + asr* +...))

can be written as a double power series in the variables ¢r and r. We would trun-
cate the series at some point. The estimation of the non-truncated terms rests on in-
tegrals of the form ffooo P(r, tr?’)e*“?trzdr, with P a monomial of bounded degree.

We would bound error terms by means of integrals of the form | ix;o |7’|’“e‘“2"2 dr and
1= |tr3|Fe=a2t"" dr. See the end of [dB81, §4.4] for details.

The resulting estimate for (15.69) would be of the form co +c; /t +. .. +cp /tM +
O(Cyr /tM+1), for M of our choice, with ¢; and C); depending on 7. The final result
would be an estimate for F5(s) much like (15.62), but with the right constant in front.

15.5.4 Thecased >0

If § > 0, then, as we saw in §15.2.1, the phase is never stationary, and we should expect
F5(s) to be small. Indeed, it becomes clear quickly that it is fairly simple to use the
saddle-point method to obtain good upper bounds on Fj(s) — that is, good enough to
suffice for practical purposes.

Let us try, however, to obtain upper bounds of the right order of magnitude, just as
for & < 0. We could proceed much as for § < 0. Some technical difficulties disappear
— for instance, for ug 4+ defined as before, we obtain from (15.33) that arg(ug 4+) €
[0,7/4], and so Rug,+ > Sug, 4, with the consequence that a vertical contour through
up,+ never gets much closer to the origin than ug 4 itself is. Since we have been
working with an integral on the variable u having a factor of 4~ in the integrand, it is
clear why not approaching the origin is useful.

At the same time, several other difficulties appear. For instance, for § > 0, a vertical
path of integration can be very far from optimal, as we saw in Figure 15.2. There is
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CI

Figure 15.6: Contour C’ for§ > 0,¢ > 0

also the fact that, for 6 > 0 and ¢ = —2m4, the vertical line through u¢ 1 leaves the
shaded region Ry in Figure 15.4 quite quickly.

Instead, let us proceed as follows. We will use the expression for U(a, z) given
by Lemma 15.5, or, what amounts to the same, the expression for Fis(s) given by its
definition (15.17) as a Mellin transform. We can of course treat the variable ¢ in (15.21)
—or the variable z in (15.17) — as a complex variable u. The exponent —u?/2— zu from
(15.21) or (15.17) equals the exponent —zu + u?/2 from (15.20) with sign changed,
provided that we also change the sign of z. In other words, we can write

Fyls) = / 971y
0

with ¢ = 27§ rather than £ = —27§, where ¢(u) is as in (15.37).

Let ¢ = 2m6, then. We will work with a contour C’ starting at the origin and
ending at +oo. The saddle point ug ;- is exactly as before, for the same value of £. The
direction of steepest descent is orthogonal to the one before; thus it will make sense to
choose a contour going through v 4 horizontally.

We can readily see that, by Lemma 15.8, and analogously to Lemma 15.9, the
bound

Rep(u) < Rep(uo,+) — %% (15.70)

holds for « in the region shaded in Figure 15.6, which is simply the region R described
in Lemma 15.9 flipped along the line through ug + and the origin. We can thus allow
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ourselves to let C’ be the contour starting from the origin, going upwards, and then
going to the right horizontally through ug + up to +oo, as depicted in Figure 15.6.

Let us start by bounding an integral that will appear in a lower-order term. We will
treat the range of y close to 0 in Lemma 15.19, since it needs special consideration due
to the factor y*~!.

Lemma 15.18. Let ¢ > 0, yo > max(¢,1), s = o +it, 0 > 0. Then,
Yo 42 vd 1
/ eT WytTldy < 3.31811-e2 Woyst
max(¢,1)
The constant here is not claimed to be even close to optimal.

Proof. First of all, for any r > 0,

2

" y2 > r2 " 1., P % 1
/ ez dy=e"7 / ex = gy = \/56_7/ CeVdy = V2D (r/V?2),
0 0 0
(15.71)
where D () is the Dawson function (4.5). Similarly,

/ Ty = ﬂe_é / v eV dy = e "V2eDy ((r—1)/V2). (15.72)
1 0

By (4.9), the maximum cp, of 2D () is < 0.76516. For 0 < 7' < yp,

Yo 2 Yo 2
¥ _ o—(wo—v)~" _ (o —
/ s eydy / e < £(y0—(yo y))dy
! r

’

, (15.73)
B [T 2 (yo—b)y
=e e? dy.

0

For o > 1, we conclude from (15.71) (with r = yg — £) and (15.73) (with 7’ = £)
that

Yo 42 Yo 42 y%
/ ez—fyys_ldy’ < yé’_l/ ez Wdy <cp, ez oygl (15.74)
; ‘

Assume now that 0 < o < 1. Using (15.72) instead of (15.71), we see that, for
yo > max((,1) + 1,

yo—1 y2 3

o2 B o vh _

/ = éyya 1dy < 1/2=(vo Z)CD+€ 2 —Yo max (¢, 1) L
max(£,1)

Forr > 1,7+ e"r°~!is increasing; if r < 1, then ¢” < e. Hence

yo—1 2 v2
/ e Tyl dy < e7M2ep e T (yo — 1)7 7L
max(¢,1)
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At the same time, by (15.73), for any yo > 1,

2

Yo 2 y2 1
/ e%_eyy”_ldy <ez max(yo — 1, 1)”_1 / T y"_é)ydy.

max(yo—1,1) 0
(15.75)
Since yo > ¢, the integral on the right side of (15.75) is bounded by

1 1
32 V2 2
/ e dy < \/5/ Y =d, (15.76)
0 0

where ¢, = V2eD, (1/+/2) < 1.19496. Noting that max(yg — 1,1)7~1 < 2y5 1,
we conclude that, for0 < o < 1,

Yo ﬁ,g — CD ﬁ, —1
er Wy lgy <2 ( 4, ) e oygL, (15.77)
/max(zz.;) Ve Pt 0

Since the bound (15.74) is stronger than (15.77), we conclude that (15.77) is true for
allo > 0. O

Lemma 15.19. Let ¢ > 0, yo > max(¢,1), s=0 +1it, 0 < 0 < 2, s # 0. Let

max(£,1) o2 3.84369
/ e Wy ldy < 0.4641 + o
; s

The condition ¢ < 2 serves only to simplify an expression; it could be easily
removed.

Proof. Since e 4071 < e~ lfor¢>1and0 < o < 2, we see that, for £ > 1,

0 2
/ e%’eyys’ldy
1

Let ¢/ = min(¢, 1). By integration by parts,

o0, o0, o0,
/ ey Ty = © +*/ e%_é”yde—E/ e Ty Hdy,
0 S sJo S Jo

<efep,ve<ep, Ve

(";)2 —e (g/)s

The first term on the right is < 1/|s| in absolute value. We may use the bound in
(15.76) for the last integral. For the next to last one, we use

1 2 oS
/ e WyTdy < x/é/ e Wy < §.
0 0

4 2
/ e%—fyys—ldy
0

Consequently,
1+e+cp,

<
5]
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Proposition 15.20. Lett,{,0 e R,t>2,(>0,0< 0 <2 Let¢p: C — Cbheasin
(15.37) and uo 4 = xo + iyo € C be as in (15.29). Then

/ ey 1yl < <1 + 1) _ver ”271Te—(§+72»—15(7‘))t
V2t ) fuo4 '~

0 ) (15.78)
+ (Cley?()ly“yg_l + 0075) e 3t
where E(#) is as in (15.2) and
3.84369
c1 =3.31811,  co. = 0.4641 + i (15.79)
s

Proof. We change the contour of integration to the contour C’ defined as the union of
the segment C/ from 0 to iy, and the horizontal ray C/, from iyg to 4-00:

Fs(s) = / ey gy,
On the segment C/, the integral equals

Yo
/ e? Wy dy = i"e_%t/ e%_lyys_ldy.
C 0

We apply Lemmas 15.18 and 15.19. (By Lemma 15.14 and the assumption ¢t > 2, we
know that the condition yy > 1 is fulfilled.)
By the bound (15.70), which is valid on all of C’,

/ Wy 1y
c

’
2

’
1

< [
C/

2

Ro(uos) [ —le=z0)? o o—1
< entPlto+ e” 2 |z iyl|” de.
0

Applying Cor. 15.11 with 1 — ¢ in place of o, we see that

oo w—wg)? V2 V2 1/v/2
/ 67( 2o) ‘$+iy0|aildl‘< ;T+ Co < Z<1+ /\f>7

oo T W T Tl s

where Iy = |20 + iyo| < v/2yo and
(1—o0)V2r/e3/? if0<o <1,
Co =
(o0 —1)v2m/2 ifl<o<2

we verify that ¢,2(3=9)/2 takes its maximum at ¢ = 2 (namely, 1/1/2). By Lemma
15.14, [lo| > v/£. By (15.30), (15.64) and (15.65),

Re(ug ) = €20 e~ Fte (53 arccos gy )t

— o (3+3-EM)t
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The following lemma will be useful now and later.

Lemma 15.21. Let E(#) be as in (15.2). Then
/ U(") -1
E'(») = —
Proof. Since arccos’(t) = —1/v—t2 + 1,

1 ! 1
arccos V()

d
dr 2 o(7)  202(» 1
Ty rpp

Now
21}2(#)1 /11— ﬁ = 2u(#)\/V%(#
-1 72(»)—1
V)\/ - 2\/ 7
Hence ,
E,(#):Uir)_vi# N 2271 v(# 2271

O

We will simplify the result of Proposition 15.20 by determining the main term. We
will assume ¢ > 40 mainly because we assumed the same in Cor. 15.17; a condition
with a much smaller constant than 40 would be enough to give us a good result here.

Corollary 15.22 (to Prop. 15.20). Let f5(z) = e~*"/2¢(6x), 6§ € R. Let Fs be the
Mellin transform of fs. Let s = 0 + it, 0 < 0 < 2. Assume t > max(4w|d|,40) and
0 > 0. Then

|F5(s)| < (mat%‘le(’%‘)*%)t + 0.59) e, (15.80)

where K, = 2.56 for 0 < 0 < 1 and k, = 3.69 for 1 < o < 2, and E(») is as in
(15.2). Moreover,
|F5(s)| < kot = e %1, (15.81)

Proof. We will sweep the term involving c¢; in (15.78) under the rug provided by one
term for 7 small and another term for # large.

Consider first the case » < 4. By (15.31), %3 — lyo = g(#)yg, where

1 2
9= 3 T

for v(#) as in Lemma 15.6. Since v is an increasing function, g is also increasing,
and so, for » < 4, g(») < g(4) = —0.26909. ... Now, by Lemma 15.14, yo > ¢ =

\At/# > \/4t/4 > +/40. Hence, since 0 < o < 2,

yQ
(:16704”01/3_” < 0169(4)3/33;0 < 0.00044...
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for ¢; as in (15.79), and so, for ¢ ¢ also as in (15.79),

c @—@yo l1-0o <
Le Y7 4+ co.y < 0.56064.

By Lemma 15.21, E'(#) = (v(#)—1)/#2 > 0, and so E is an increasing function.
Hence, 2/ — E(#) is a decreasing function, and thus, for » < 4, 2/» — E(») > ¢
for

co =2/4— E(4) = 0.20216.. .. .

Therefore, by Lemma 15.14 and our assumptions ¢ > 24, t > 40,

~(3-BC) 3t 340
e|ﬁ < max (\/ﬂ 22) et < D100 = 0.00022. ..
Uo,+

Since t > 40, we see that

1
14+ — ) V21 <2.55094 15.82
( ﬁt) - (1582

for any ». We conclude that, for » < 4,

5(s)] < (0. + 0. e 3t = 0. ezt
F 0.56064 + 0.02355 b —(0.58419¢~ 2¢

2
Consider now » > 4. We can write %2 — lyq = f(#)t, where

41 (1+u() 2 140() _J») =1 1+w(»)
f(V)f<2< 2 >_ 2 ) T

and j(#») = V#2 + 1, as usual. Since E'(») = (v(#) — 1)/#»? and f'(») > ((j(») —
1)/4#) = 1/45(#) — (§(#) — 1)/47? we see that

j#)+3 1 7 1

472 4j(») ~ 42 4p 7

Ujf;) N

(BG) -2 — f()) =
since j(#) > ». Hence, for » > 4,
-(2-500) - 10> ¢

where ¢/ = E(4) — 2/4 — f(4) = 0.25275. Therefore,

2 . L o= (2-EM)t —(2-E@)t
cre® Twoye=l < ¢ max(1,2lT)e*”e‘ﬁ < 0.000191‘9| =
Uo,+ Uo,+
(15.83)

We conclude from (15.82) and (15.83) that, for » > 4,

1 /9 y2 _(%_E(r))t
(1 n > VT (G EO)E 4T oyt < 9551145

V2t ) |uo 17 o

|uo, +
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If 0 < o < 1, we simply use the lower bound |ug 4| > v/t from Lemma 15.14. Say
1 < o < 2. 1tis easy to see that (v(#)? + v(#))/# is a decreasing function of 7, and
so, by (15.32) and the assumption » > 4,

o()” 1 v(d) (/7
TR

Hence, for 1 < o < 2,1/|up 4|77 < 1.44258t%7, and so

lup 4| < =1.02005...-V/2t.

|F3(s)| < kot ™ e~ (B! 10,5602 51

with k, = 2.55114 for0 < o < 1and k, = 3.68021 for1 < o < 2.
Therefore, (15.80) holds for # arbitrary. It is clear from (15.2) and (15.3) that, for
any » > 0,

<

Thus (15.81) also holds for any 7.

15.6 CONCLUSION AND FINAL REMARKS

Putting Corollaries 15.17 and 15.22 together, we see that we have proved Theorem
15.1. If t < 0, we simply replace ¢ and 6 by —t and —J; Fs(s) is then replaced by
Fjs(s), and so its absolute value does not change. If 6 = 0, we apply Corollary 15.22
with § — 0.

The following lemma is useful.

Lemma 15.23. The function E : [0, 00) — [0, 00) in (15.2) is increasing and concave.
The function » — »E(#) is convex.

Proof. Let j and v be as in (15.3). By Lemma 15.21,

E,(#):U(f)*l_ (.](1/)71)/2 _ 1

#2241 2w(#) + D)+ 1)

Since j(#:), v(#) are non-negative and increasing, it is evident that E’ is a non-negative,
decreasing function, and thus E is increasing and concave. Since E is increasing,
7 — »E(#) is convex. O
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Explicit formulae

An explicit formula, in our context, is an expression restating a sum of the form
oo
> Am)x(n)g(n/z)
n=1

in terms of a sum of values G(p) of the Mellin transform G of g at the zeros p of the
L-function L(s, x). For us, g will be of the form g(t) = gs(t) = n(t)e(dt) for some
smoothing function n and some § € R. We want a formula whose error terms are good
both for § very close or equal to 0 and for ¢ farther away from 0. (Indeed, our choice(s)
of i will be made so that the transform G(s) = Gs(s) of gs decays rapidly in both
cases.)

We will do as much work as we can for a general smoothing function 7. To be
precise: we will start by proving a very general explicit formula (Lemma 16.1), valid
for a broad class of smoothing functions 7. We will then give a very simple estimation
of a complex integral (§16.1.3), enabling us to give a simpler explicit formula valid
for a still rather large class of continuous smoothing functions (Prop. 16.6). After
dealing with a well-known technical issue arising from the residue at s = 0 (§16.1.2,
§16.1.5) we go on to show how to estimate the contribution of zeros in the critical strip
(Lemmas 16.9 and 16.10). We will then be able to prove a form of the explicit formula
that yields an estimate given a finite verification of GRH and a bound on the decay of
G5 (Prop. 16.11).

For each function 7(t), all or almost all we have to do is bound an integral (in
Prop. 16.11) and a few norms. The first example we will work out is that of the Gaus-
sian smoothing 1(t) = \/2/7 - e=*"/2. Then we will treat the smoothing from Part III,
namely, n(t) = /2/7 - 2(e~t/% — e=21%),

We will also study the case of a function () defined as a multiple 7(t) = hg (¢) -
te=t*/2 of te=t"/2, where hy(t) is chosen so that n(¢) will mimic a function of our
choice. Bounding norms of 7(t) then presents some complications, deferred to Ap-
pendix A. The effect of the factor iy (t) will be to convolve the Mellin transform of
te=t’/2 by a function of compact support on a vertical line, thus delaying the decay of
71 by at most a constant shift H.




3pupnew April 1,2020 6.125x9.25

EXPLICIT FORMULAE 419

16.1 A GENERAL EXPLICIT FORMULA

Explicit formulae for general smoothing functions go back at least to Guinand [Gui42]
and particularly to Weil [Wei52]. However, explicit work on explicit formulae has usu-
ally been done for a specific smoothing chosen from the start. In fact, most explicit
work follows the lead of Rosser [Ros41] or Rosser-Schoenfeld [RS75] in choosing a
polynomial or piecewise polynomial smoothing. (Repeated integration, as in [RS75]
is equivalent to a special case of piecewise polynomial smoothing.) An exception is
[Kad05], which starts from Weil’s explicit formula and later specifies a smoothing func-
tion based on those in [Hea92] and [Ste71]. Another one is [FK15], whose smoothing
function is that from [RS03].

16.1.1 The basic explicit formula

Let us start by proving an explicit formula valid whenever the smoothing 7 and its
derivative i’ satisfy some mild assumptions.

The basic formula is completely straightforward and essentially standard, as is its
proof. Let us just go briefly over the main alternatives, with which the formula here has
minor differences.

Weil’s explicit formula ([Wei52], included in [Wei09, pp. 48-62]; see also the ex-
positions in [Lan94] and [MVO07, §12.2]) expresses the sum of a Mellin transform over
zeros of L(s, x) in terms of a sum over integers, rather than the other way around. The
distinction is not idle, in that the sum over integers is really two sums, one involving x
and one involving . We can eliminate the sum involving ’x by assuming our smoothing
function ¢ — n(t/x) to vanish on [0, 1/2]. However, that will not be the case for our
smoothing functions.

The main idea in deriving any explicit formula is to start with an expression giving
a sum as integral over a vertical line with an integrand involving a Mellin transform
(here, Gs(s)) and an L-function (here, L(s, x)). We then shift the line of integration
to the left. The stronger our assumptions on our smoothing function, the further left
we may shift the line. If we assumed 7)(¢) to vanish in a neighborhood of 0, we could
proceed as in [IK04, §5.5, Exercise], shifting a line of integration to the far left. (The
same holds more generally if 7(¢) is constant in a neighborhood of 0, as in [FK15].)
Again, we can make no such assumption.

We will impose some conditions on 7 that are the same or of the same kind as those
in current versions of Weil’s explicit formula (see the “Barner conditions” in [L.an94,
Ch. XVII, §3], or [MV07, Thm. 12.13]). As usual, when we write that, say, 1't° is in
L', we mean it in the sense of distributions, i.e., ||[t7dn|| < co. We also recall that by
f(zT) and f(z~) we mean lim,_,,+ f(y) and lim,_,,— f(y). We write M1 for the
Mellin transform of 7, as always, and M7/’ for the Mellin transform of 7/, where, again,
if i is not absolutely continuous, 7’ is to be understood in the sense of distributions.

Lemma 16.1. Letn : RT — C be such that n(t)t° =1, o/ (t)t°1, ' (t)t°° are in L with
respect to dt for some —1 < o9 < 0, o1 > 1. Assume that n(t) = (n(t™) +n(t™))/2
foreveryt > 0.
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Let x be a Dirichlet character. Then, for any v € RY,

o0

o r F
g x(n)n(n/x) = [x is principal] - x/o n(t)dt + Ress—o L((;:;:)) is)
) (p) 1 oo+iT L/( )
1 -z F(s)—
R e ; p Tt o vo—ir  L(s,X) () ’
|Sp|<T
(16.1)

where F(s) is the Mellin transform of 1/ (t)t, the sum 3_  is taken over zeros p of
L(s,x) with0 < Rp < landp #0.

[u—

Some remarks are in order.

We recall, that, in general, [true] = 1 and [false] = 0.

It is to be understood that a hypothetical zero p of order £ would be counted k times
in the sum ) ,- As we have remarked before, it is a standard conjecture that every
zero p of L(s, x) has multiplicity 1.

We shall see in the proof that the conditions in the lemma imply that € L', and
thus the first integral in (16.1) is well-defined. In fact, the conditions will imply that
n(t)t°=t € L! forevery o > 0, and so Mn(s) is well-defined for 0 < Rs < 1. We
could thus replace F'(p)/p in the sum over zeros p by the more customary —Mn(p),
provided that  is primitive (as then there are no zeros p with ®p = 0, p # 0).

Proof. Recall that, for any u > 0, the Mellin transform of = — n(ux) is =M.
Hence, for ®s > 1,

L'(s,x) 2°Mn(s) = — Z A(n)x(n)n™z° Mn(s)

L(s; x)
= —Z}A(n)x(n)/o n(nt/x)t*~ " dt.

Since n(t)t°1~! € L1, we see that

> A /Ooo In(nt/x)[t7 " dt = ZA )z /n)° /Oo In(6) 471t
< ZA )(z/n)7t < oo.

(16.2)

Hence, by Fubini’s theorem, for s = o1,

L(s,x) s

s—1
T " M( / ZA n(nt/x)t>" dt. (16.3)
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Write S(t) = >, A(n)x(n)n(nt/z). Again by (16.2), S(¢)t°*~'isin L'. Hence,
the Mellin inversion formula (2.27) applies, and we deduce from (16.3) that
+ _ 1 o141 I/
SUESE) | 1 T L) o
o1—iT L(s, x)
Since n(t) = (n(t™) +n(t™))/2 for every t, we know that S(t) = (S(t+)+S(t7))/2.
We let t = 1, and conclude that

2 2wy T—oo

T D(s,X)
1—iT L(s,x)

Mn(s)x’ds.

1 .
S ACmn(n/a) = g i [

What remains is simply to shift the line of integration to ts = —oy, using Cauchy’s
theorem. The rest of the proof consists essentially of a verification that we can do so
rigorously. First, we must provide a meromorphic continuation of Mn up to s = —oy.
Let F'(s) = M (tn')(s). We know that F'(s) = —s - Mn(s) (see (2.33); by integration
by parts) for s = oy. Since /(t)t°° and 1’ (t)t°! are in L', we see that —F(s)/s
is a meromorphic continuation of Mn(s) to Rs € (oo, 01), continuous on the edges
Rs = g, 01, and with at most one pole, viz., at s = 0.

For f meromorphic, the function f’(s)/f(s) has poles precisely at the zeros and
poles of f; the residue of f/(s)/f(s) is k at a zero of f of order k, and —k at a pole of
f of order k. We know that L(s, x) has a pole at s = 1 if and only if x is principal. We
also know that L(s, x) has no poles and no zeros with 1 < Rs < o1 or g9 < Rs < 0,
since og > —1. Thus, by Cauchy’s theorem, if 7" is such that there are no zeros of
L(s, x) with imaginary part T or —7T,

L L(s) F(s) F(p) L'(s,x) F(s)

[ 28X Sds = —1,— F(1)z— 2\ _

i o Tlo) s © 007 hewFMem 3 S e e Reso TR
[SpI<T

where 3 | goes over the zeros p of L(s, x) with 0 < Rp < 1 and p # 0, and € is the
rectangular contour going from o1 — ¢7 to o1 + ¢I" and then to o¢ + 7', o9 — ¢1" and
back to o1 — 4T Since Mn(s) = —F(s)/s for Rs = o7,

o1+1T L’(s X)
— "2 Mn(s)z®ds
/al—iT L(s, x) (e)

I/ o1 +iT 11 )
[ ENEO gy [T L P
€ L($7X) oo+iT L(S7X) S

oo+iT 17 or—iT 171
+/ L (SaX) F(S)xeds_/ L (S7X) F(S)l‘gdS
og—1iT L(S: X) S oo—iT L(S: X) S

Since n(t)t7~! € L', we know that 7)(t) - 11 o) is in L'. For 0 <t <1,

1
()] < In(D)] + / I (@)l de,
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and so, by 7/ (t) € L!,

[ i < i+ [t @)ds < o
0 0

Hence n € L*. (The same reasoning shows, incidentally, that n(¢)t°~* € L for every
o > 0.) We may thus conclude, by (2.33), that

F(1) = M/ (0t)(1) = —Mn(1) = - / ().

+

We will now show that, for any given Ty > 0, there is a T’ close to T such that, not
only are there no zeros p of L(s, x) with |Sp| = T, but the horizontal integrals

o1+iT 717/ o1—iT 17
/ L'(s,x) Mn(s)x*ds, / L'(s,x) Mn(s)x®ds
oo+iT L(S7 X) oo—1T L(Sa X)

are o(1). It will be enough to show that maxs.o,<wrs<ey,9s=7 |L' (s, x)/L(s,x)| is
o(]s]), since |F(s)| is bounded for oy < Rs < o1: we have [F(s)| < |n/(t)t7]; <
[0’ (£)t7° ]y + |’ ()t |1 for op < Rs < o3. (Here is the reason why we assumed
n'(t)t°t € L, rather than just assume that 7’(t)t° € L' for some ¢ > 0 and
n(t)tor =1 n(t)te ~1 € L for some o’ € (0,0).)

By Lemma 3.19, L(s, x) has < log ¢T} zeros with imaginary part between Tp and
Ty + 1. Then, by the pigeonhole principle, there is an absolute constant ¢ > 0 and a
T € [Ty, To + 1] such that there is no zero of L(s, x) or L(—s, x) whose ordinate lies
in [T —c¢/log qTy, T + ¢/ log ¢To]. We apply Lemma 2.6 with f(2) = ((o1 +iT + 2),
r = o1 + 1 and R = 207 + 3, say. Thanks to the bound log L(s, x) < log ¢T from
§3.7.2 (valid for Rs > —4 and, say, Ty > 2), we obtain that

L'(s,x) _ 1
m - ; E + O(log qT)

|Sp—T|<201+3

for §s = T, —1 < Rs < o1, where p ranges over the zeros of L(s,x). Again by
Lemma 3.19, we conclude that L' (s, x)/L(s,x) < (log ¢T)?, which is much stronger
than the bound we need. It follows that

oo+iT L/ F L/ F

/ (S7X) (S)Isds — / (S?X) (8)I5d8+0(1). (164)
oo—1iT L(SaX) S € L(S7X) s

Thus, (16.1) holds at least for an increasing sequence containing at least one 7" in

each interval [Ty, Tp + 1] as Ty — oo. We apply Lemma 2.6 and Lemma 3.19 again to
show that

L (s, x) Fs) o, Elp) »_
/aOiOo Lisx) s x¥ds = 04,(1), Z zf = o(1).

[Spl€[To,To+1]
Hence (16.1) holds for general T — oo. O

Given f : Rt — R and § € R/Z, we may of course apply Lemma 16.1 with
n(t) = f(t)e(5t).
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16.1.2 The residue at s =0

We should determine the residue
L F
Res,_o 2 (5:%) F(s)
L(s,x) s
appearing in (16.1).
Lemma 16.2. Let n : RY — C be such that 7 € L' and v/'(t)t° € L' for o in
some neighborhood of 0. Let F(s) be the Mellin transform of 1/ (t)t. Then the Taylor
expansion of F(s) around s = 0 is
co+cls+0252+...
with -
co = lim n(t), ¢ = —/ n'(t)log tdt. (16.5)
0

t—0+

Proof. First of all,
oo
F(0) = M(n'(t)t)(0) = / n'(t)dt = lim n(t) — lim n(t).
0 t—o0 t—0+
Because ' € L%, limy_,, 7(t) exists; because 7 € L', it must equal 0. Hence ¢y =

F(0) = lim, o+ n(t).
The next coefficient is ¢ :

F(s)— F 1 [
¢ = lim £(s) = F(O) = —lim — 0 (t)(#° — 1)dt
s—0 S s—0 8 0
=— / ' (t) lim ——dt = — / 7' (t) log tdt.
0 s—0 S 0

Here we were able to exchange the limit and the integral because 7/ (t)t° is in L for o
in a neighborhood of 0. O

Corollary 16.3. Let x be a primitive Dirichlet character mod q. Let  : Rt — C be
such that n € L' and 1/ (t)t° € L! for o in some neighborhood of 0. Define F(s) to
be the Mellin transform of ' (¢)t.

Then the residue I’ »
Res,_g = (5:%) F(s)
L(s,x) s

equals
X't logt dt  if x(—1) = 1 and q¢ > 1,
<lim n(t)).b(x) 0 n'(t) log if x( ) and q >
=0t 0 otherwise,

where b(x) is the constant term in the Laurent expansion of L' (s, x)/L(s, x) at s = 0.
Moreover,

blx) = log%”+7— LL((llv’%) ifg>1,
log 27 ifqg=1.
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Proof. It is immediate from Lemma 16.2 that the residue equals cob(x) + c1b—1(X),
where ¢; is as in (16.5) and b_1(x)/s + b(x)/s + ... is the Laurent expansion of
L'(s,x)/L(s,x) at 0. Use (3.68), (3.106) and (3.105). O

16.1.3 The integral for s = —1/2.

Itis time to estimate the second integral in (16.1). We start by bounding L’ (s, x)/L(s, X)
for Rs = o < 0. It will be convenient to fix cg = —1/2.

Lemma 16.4. Let y be a primitive character mod q. Then, for s = —1/2 + it,

L'(s,x) 1 2 9
< 1 -1 -
‘L(&X) <c+ ogq+20g t +4 )
where 4 €'(3/2)
™
c=—+ —+ >——— +log2mr =5.35835... .
c 9+2+C(3/2)+0g7r

Proof. Taking logarithmic derivatives on both sides of the functional equation (3.81),
we get that

L'(s,x) , m 1 s+k 1 1-s+k L'(1-s,%)
T g 2P\ ) T2 ) T as s 000

Using (3.46) and (3.47), it is easy to check that

2 (F (H”) +F (1”“)) z—F(1—s)+log2+gcotw

2 2 2
(16.7)
both for k = 0 and for k = 1, and so
L'(s,x) =w  7(s+k) 27 L'(1-s,%)
=—cot ——=+log— —F(1—8) — —— =, 16.8
L) 2 2 tlery mr=9 =7 (169

Since s = —1/2,

(s + k) eFTI=37 4 et Fit3T

2

cot =1.

oFLi-3T _ gERitET

By Lemma 3.11 and |1 — s| > 3/2,

- 2(11_3) 1o (4;'2) — log(1— 5) + 0" (3)

A comparison of Dirichlet series gives

L’(l—&x)' < 1<B/2)|
L1 =s,%) |~ 1¢<(3/2)]

F(1—s)=log(l—ys)

. (16.9)
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Hence
L’(s,x)’ r1¢3/2) ‘ 277‘ Lo (9
<7+7+ + [log —|+ slog (74— ).
‘M&m 2 1<3/2) q| 2 4
O
To estimate the second integral in (16.1) for 0y = —1/2, it will clearly be enough to

use the following bound. While the proof — based on Plancherel’s identity — is simple,
one might say that this is the one point in all of §16.1 that is not evident in advance,
or at least involves a choice; so far, we have just been doing what one naturally does
when trying to prove an explicit formula. (The proof of Weil’s explicit formula is
substantially different at this point.)

Lemma 16.5. Let x be a primitive Dirichlet character mod q. Let ) : RT™ — C be an
absolutely continuous function such that ' (t)t='/? € L' and 1 € L?. Define F(s) to
be the Mellin transform of 7/ (t)t.

Then

ds| < (1 083). 16.10
Tis.x) |ds| < |n|2 - (log g + 6.083) ( )

It should be clear that we need i to be continuous, or otherwise i’ will not be in
L2. We assume more, namely, that 7 is absolutely continuous, so that 7' means the
same whether understood as a function or as a distribution, or, in terms of measures,

dn = 7' (x)dz, i.e., the fundamental theorem of calculus holds for 7). See the discussion
in §2.3.3.

et ‘L%s ) F(s)

2mi —1/2—ioc0

Proof. By Cauchy-Schwarz, the left side of (16.10) is at most

1 1,

1 72t L(s,x) 1 1 [Tzt
X)) 2 B F(s)|2|ds|.
= 'L(&X) sty 5 [ T RGRs

1—ioco —5—i

2

We now apply Plancherel (as in (2.28)), and obtain that
1 -1 3 tioco

F(s)Plas| = | i () (16.11)
27T 0

———zoc

By Lemma 16.4 and the triangle inequality,

2

1 [atice| 1
/ ‘ (50 11 4 (16.12)

2 L(s,x) s

—1—ico

is at most

< (logq)? / (c+ 3log (2 +9))?
16.1
\/27T/ 1/4—i—t2 2 1/4 +t2 at, (16.13)
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where c is as in Lemma 16.4. The expression under the first square root in (16.13) is
simply (log ¢)2. The integral under the second square root equals

/c (c+3log(P+9)° . o 2/°° (a1 +logt)? (16.14)
—c 1/4+12 c cat? .

for C > 0 arbitrary, with ¢; = ¢ + (1/2)log(1 + 9/4C?) and c; = 1 + 1/4C2.
We let C' = 108 and evaluate the first integral in (16.14) numerically (via ARB); it is
< 232.4446036. Symbolic integration gives us that the second integral is < 6.16-1076.
We conclude that the integral under the second square root in (16.13) is at most

232.44462, and so the expression in (16.12) is < log g + 6.08233.
O

16.1.4 Explicit formula, second version

We can now state a more worked-out version of Lemma 16.1, under stronger assump-
tions. We will include a phase e(dt), 6 € R/Z, since we will need it later.

Proposition 16.6. Let x be a primitive Dirichlet character mod q. Let § € R/Z.

Letn : RT — C be an absolutely continuous function such that W € L? and
()t 0 ()7, ' (t)t=/2 € L for some o > 1. Write G5 for the Mellin transform of
ns(t) = n(t)e(5t). Then, for any x € RT,

> — g =11-7(—8r — i ()P Cn,—.a,0
;A(n)x(n)ns(n/x) =le=1-A(=0) — Jim > Galpa” + s+ =25,
[Spl<T
(16.15)
where the sum p is taken over the non-trivial zeros of L(s, x),
sl < WOWOI+la 1 [ lm0)lostldr, 1616)
0

‘Cn,fﬁqﬁ' < ‘77:5|2 : (logq + 6083)

and b(x) is the constant term in the Laurent expansion of L' (s, x)/L(s, x) at s = 0.
The term [ |ns(t) log t| dt is actually there only if ¢ > 1 and x(—1) = 1.

Proof. We will apply Lemma 16.1 with 7;(t) instead of 7(t). Since 7 is absolutely
continuous, it is bounded on (0, 1], and so n(¢)t° € L' implies n(t)t” ~* € L for
every o/ € (0,0 + 1]. Hence Gs(s) is well-defined for s € (0,0 + 1]. It also
follows that 7§ (t)t” = (1)'(t) + 2midn(t))t” isin L' for all ¢’ € [~1/2, 0], and that
Gs(s) equals the Mellin transform Fj(s) of njs(t)t for Rs € (0, 0]. Moreover, since
n5(t)t°" € L for ¢’ in a neighborhood of 0, we know that 7} (t) logt € L.

Since 7) is absolutely continuous and in L1, it is bounded; being bounded and in 1,
itis in L2. We also see that [n|> < |1'|2 + 276|n|2, and so nj is in L.
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The conditions of Lemma 16.1 are thus fulfilled, and so are those of Corollary 16.3
and Lemma 16.5. We apply them and are done. Since y is primitive, L(s,x) has
no zeros with ®s = 0, s # 0, and thus we need not worry about whether Gs(s) is
well-defined for s = 0. O

Proposition 16.6 leaves us with three tasks: bounding the sum of Gs(p)z? over all
non-trivial zeros p with small imaginary part, bounding the sum of Gs(p)xz” over all
non-trivial zeros p with large imaginary part, and bounding b(x). As we already know
from (3.99), (3.100) and (3.105), bounding b(x) is equivalent to bounding the quotient
AN (1,%)/A(1,%), or L'(1,%)/L(1,%), and also equivalent to bounding the quantity
B(x) in the expression (3.97) coming from the Hadamard product for L(s, x).

In the end, for our main goal, b(x) will not matter, as we will be working with
smoothing functions with n(¢) = 0. It is still good to know how to estimate b().

16.1.5 Bounding b(x), or B(x),or L'(1,x)/L(1, x).

There are at least three different ways in which one can go about bounding the quantity
L' (1,x)/L(1, x) (or A'(1, x)/A(L, X). or B(x). or b(x)).

1. We may want to give a bound valid for all Dirichlet characters y. Now, Lemma 2.6
gives us an expression of the form

L 1
M = Z + error term, (16.17)
L(s,x) e R

where Z is the set of zeros of L(s,x) on a disk around s = 1 of radius 1, say.
It is then clear that the possibility of an exceptional zero poses a problem. The
best we can do is use the bound (3.92), which will result on a bound of the form
IL'(1,x)/L(1,X)| < ¢\/qlog? g, for c a small explicit constant.

2. Since we will apply the explicit formula only for functions L(s,y) for which we
(or rather other people) have verified GRH up to a certain height, we can use an
expression such as (16.17) together with our knowledge that |1 — p| > 1/2 for
every zero p of L(s, x). Then we obtain a bound of the form |L'(1, x)/L(1, x)| <
C1log g + Cs, with C7 and Cs explicit.

3. For a finite number of characters y — and we will apply the explicit formula only for
a finite number — we can compute L'(1, x)/L(1, x) directly.

Here (1) is the approach followed in [McC84a, §3] and [BMORI18, §6]. The quality
of the resulting bound would be enough for our purposes. At the same time, it is a far
larger bound than that resulting from (2) or (3).

In our context, (2) makes sense: we are assuming only that which we will also
need elsewhere. One could still object that the strategy is backwards, compared to (3):
verifying GRH up a height (even a trivial one) involves evaluating L(s, x) at many
points; evaluating L(s, x) and L' (s, x) at a single point s = 1 is more direct.

Let us carry out approach (2) in a way that generalizes an elegant answer given by
MathOverflow contributor Lucia [Luc].
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Lemma 16.7. Let x be a primitive Dirichlet character mod q > 1. Let g > 1. Assume

L(s, x) satisfies GRH (0o/+/2(0o — 1)). Then

A/(17X)‘ < ‘A/(UOaX)’ 9 1 .%A/(O‘va)
‘A@m Moo | 27D T g0
and 1
‘ L((l,,;())‘ < (00 — 1)log g + co(00, k), (16.18)

where k = [x(—1) = —1] and

co(o,k) = (1+2(0 — 1)) CCI((;)) n % <F (0-;&) . (142”;))

+(o—1) (F ("‘5”)10@).

Thus, for instance, for 0g = 4/3, we assume GRH(+/8/3), and get the bound

‘L/(1,X)'<1lo L [3:63508 ifx(-1) =1
L(L,x) |~ 3 3.76368 if x(—1) = —

Proof. For any s, we know from (3.97) that

(16.19)

AL x)  N(s,x) -y s—1
Alx)  Als,x) (1=p)(s—p)
where p goes over the non-trivial zeros of L(s,x). (This way of canceling out the

contribution of B() is standard.) We want to bound the sum over p here in terms of
the sum over p in (3.102). We can work with s = gy > 1 real. Then, by (3.102),

A’ (00, X o9 — Rp
A(Uo, Z loo — p|?

It is clear that, for any real ¢,

1/2 —1/2
# =cos {ABC < cos {AB'C = 007/_,
[1/2 +it| loo —1/2 + it
where A is the point (1/2, |t]), C is the point (1/2,0), B = (1,0) and B’ = (09, 0).
Hence, for p of the form p = 1/2 + it,
1 B 1 o9 —1/2 00— Rp
1 —=plloo —pl  [1/2+it||log —1/2 —it] = |og — (1/2 +it)|? loo — p|?

Now recall that the non-trivial zeros of L(s, ) are invariant under the map p —
1 — p. For p with Rp € [0, 1] and Sp = ¢,
oo — Rp O’o*%(l*ﬁ)>007&ep oo — (1-=Rp) 2001
00— pP Joo—(L=P) ~ Joo+ itk | oo+ itP  og+e
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while 1/(|1 — p|log — p|) < 1/t2. Tt is clear that 1/t* < (200 — 1)/(03 + t2) if

t > 09/+/2(00 — 1). Hence, if L(s, x) fulfills GRH (0¢/+/2(0¢ — 1)),

oo —1 oo o0 =Rp o yph(00.X)
LT oo —p)| <270 D 2Ty =20~ IR,y
and so
A1, x) Ao, x) or— 1) A'(00, x)
‘A(l,x) A(UO,X).SQ( 0D R o)

By (3.98) (applied twice),
L'(l,x) L'(oo,x) 1 1+k oo+ kK
‘L(l,xFL(ao,x)U(F( 2 )‘F( 2 ))l

L'(o0,x) 1 0o+ K 1 q
<20y —1)- (RN 2 Slog 1.
< 2(og—1) (?RL p—— + 2F 5 + 5 log

Since —L' (00, x)/L(00, x) = >_,, A(n)x(n)n~=7°, wesee that | L' (59, x)/L(00, x)| <
—('(00)/¢(00)- and so

fg -4 30 (5 (45)

+ (0p—1)-0O7 <10gq+2 CC((C(:(?)) +F <00;H> —log7r>.

Recalling that f is an increasing function, we reach conclusion (16.18). O

Corollary 16.8. Let x be a primitive Dirichlet character mod q > 1. Let b(x) be the
constant term in the Laurent expansion of L'(s,x)/L(s,x) at s = 0. Assume that

L(s, x) satisfies GRH(\/8/3). Then
4
1b(x)] < glogq—i— 1.349

Proof. Assume first that ¢ > 4. Then 2log g > log 27 + ~, and so, by (3.105),
L'(1,x) ’
LX) |

Ib(x)| < loggq — (log2m + ) + ‘
Therefore, by Lemma 16.7 with og = 4/3,

1 4
|b(x)| < logq — (log2m + ) + 3 log ¢ + 3.76368 < 3 log ¢ + 1.34859.

Assume now that 1 < ¢ < 4. Then Y is the only primitive Dirichlet character mod
3. We let ARB compute L(1, x) and L’(1, x), and we obtain

L'(1,x)

— 0.3682816159. . .
L(1,x)
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Of course Y is real, and so )y = x. Hence, by (3.105),

4
[D(O)] = —b(x) = 0.94819882... < - log3 + 1.34859.

O

There are at least two possible alternatives to Lemma 16.7, that is, other ways to
bound L'(1,x)/L(1, x) assuming GRH(H), H bounded. Let us go over them very
briefly.

a) Littlewood (essentially [Lit28]; see also, e.g., [MV07, Thm. 13.3 and Exer. 13.2.1.4])
proved that, under the assumption of GRH, |L’(1, x)/L(1, x)| < logloggq for x
primitive mod ¢ > 1. (In fact, the proof can be made to yield |L'(1, x)/L(1, x)| <
(2+0(1)) loglog ¢, and generalizes to Dirichlet characters of number fields [IMS09,
Thm. 3].) An explicit version can be extracted from [LLS15, §2]. It seems feasible
to modify the proof so as to yield a weaker bound valid under GRH(H ), H bounded.

b) Another possibility is to apply Lemma 2.6 (Landau). We would bound L(s, x)
from above either by a convexity bound (as in [Rad60]) or by combining Pdlya-
Vinogradov with partial summation. In either case, we would seem to get a bound
of the form |L'(s, x)/L(s,x)| < (4 + €)log q + ce.

Incidentally, Lemma 16.7 does not “recover” Littlewood’s result; under GRH, it gives
us only that |[L'(1, x)/L(1, x)| < (14 o(1))+/Iogq (set oo = 1 + 1/+1/log q).

Let us speak briefly of the computational approach. The main issue is that of effi-
ciency. Just as in §4.3.2, it is standard to use a discrete Fourier transform (FFT). See, for
instance, [FLM14], or [Lan19], which bounds L’(1, x)/L(1, x) for all non-principal x
of prime modulus 1 < p < 10°. A plot in [Lan19] supports the experimental observa-
tion in [IMS09] that |L'(1, x)/L(1, x)| < (1 + o(1)) log log ¢ may hold.

As [Lan19] notes, in the case x(—1) = —1, computing L'(1, x)/L(1, x) does not
require computing ((s, «) as in §4.3.2: one can instead use the classical identities' in
[Coh07, Prop. 10.3.5 and Cor. 10.3.2] so as to express L’(0, x) and L(0, x) as linear
combinations of values of log I, and then apply FFT to compute those linear combina-
tions.

16.1.6 Bounding the sum over non-trivial zeros

It now remains to bound the sum 3 G5(p)z” in (16.15). Clearly

S Gslpat| < > |Gs(p)| 2™

p:|Sp|<T p:|Sp|<T

Recall that these are sums over the non-trivial zeros p of L(s, x).

IThe identity for L(0, x) is equivalent to the Dirichlet class number formula; see [Kan89] for a historical
discussion of the identity for L’ (0, x). Thanks are due to A. Languasco for the latter reference.




3pupnew April 1,2020 6.125x9.25

EXPLICIT FORMULAE 431

We first prove a general lemma on sums of values of functions on the non-trivial
zeros of L(s,x). The proof involves little more than integration by parts, given the
bounds in §3.7.3.3 on the number of zeros N (T, x) of L(s, x) with 0 < §s < T'. The
error term becomes particularly simple if f is real-valued and decreasing; the statement
is then practically identical to that of [Leh66, Lemma 1] (for x principal), except for
the fact that the error term is improved here, or to that of [RS75, Lemma 7] (again for
X principal), except that the error term here is slightly simpler.

Lemma 16.9. Lety > 1. Let f : [y,00) — C be a continuous function such that
f(t)logt and f'(t)tlogt are in L'. Let x be a primitive character modgq, ¢ > 1.

Then | oo .
) q
NCORS S RCLS 8
Sp>y (16.20)
20 (Il + [ 170l 0at).

y
where the sum ) , is taken over all non-trivial zeros p of L(s, x), and

gy () = 0.15log gt + 3.389 (16.21)

If f is real-valued and decreasing, the second line of (16.20) can be replaced by

o* <0.15/:O fff)dt) .

As usual, when we say that f/(t)tlogt € L', we mean it in the sense of distribu-
tions, or, what is the same, tlogt - df (t) € L'.

Proof. As in §3.7.3.3, we let N (T, x) count only half of any zero with imaginary part
exactly 0 and 7. By the functional equation (3.81), p is a non-trivial zero of L(s,%) if
and only if 1 — p is a non-trivial zero of L(s, x). Thus

S FSp)= [ F(T)dAN(T,x).
2 vt
Sp>y

Since f(t)logt € L', we know that lim;_,, f(t)logt = 0. Hence, thanks to the
estimate given by (3.95) on N(T, x), we obtain, for any 77 > y,

Too F(T) dN(T, x) = - T°° FTYN(T,X) — Ny, x))dT
_ Tw FTINT AT — F@)N (g x)

by integration by parts. Also by (3.95),

> / _ > / T qT * * /
[~ pawaoir = [~ pagie o ([T i@ ar).
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FT)N(Ty, x) = f(Tl)*log i o+ O (IF(T1)lgx (T0))-

Integrating by parts again, we obtain that

- f(T)(T e T Ty, qu)dT_l Oof(T)log—TdT

T 27Te 2 2 me 21 Jpy

(We can take the upper limit — oo of the improper integral along a sequence of values
of T for which f(T)T logT — 0, by f(t)logt € L'.) Thus

HT) AN ) = / 7110 T ar

+0" (1fWlan+ [ 17Dl )it )

We conclude that (16.20) holds.
If f is real-valued and decreasing (and so, by lim;_, -, f(¢) = 0, non-negative),

\f(y)\gx(y)Jr/oo\f’(T)l-gx(T)dT=f(y)gx(y)—/m F(T)g, (T)dT
- /Oo F(T)gl(T)dT = 0.15 /Oo A1)

Y

dr.

by integration by parts once more. L

Let us bound the part of the sum }_ G5(p) corresponding to p with [Sp| < Tj.
The bound we will give is proportional to /Ty log T}, whereas a very naive approach
(based on the trivial bound |G5(o + i7)| < |Go(o)|) would give a bound proportional
to Ty log qTp. The proof of our bound is simple; it is based on Cauchy-Schwarz and
the fact that the Mellin transform is an isometry.

Lemma 16.10. Let 1) : R — R be such that both n(t) and (log t)n(t) lie in L' N L?
and n(t)/\/t lies in L (with respect to dt). Let § € R. Let Gs(s) be the Mellin
transform of n(t)e(dt).

Let X be a primitive character mod q, ¢ > 1. Let Ty > 2me?/q. Assume that all
non-trivial zeros p of L(s, x) with |Sp| < Ty lie on the critical line. Then

> 1Gs(ol < (12 + 03N - os(o)e ) v/ ogaT:

p non-trivial
[Sp|<To

log 2 (16.22)
+ (6.484+/7|n(t) log | — OgT::\/EITilz)\/TT)

+ ‘n(t)t‘l/Ql - (0.919log ¢ + 12.653).
1
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Proof. The trivial bounds

Gats)l < [ e = lnteyee ], (1623)
0

° Sdt o LAt o
Ga(o) = | [ ozt ¥ | < [T 10ognnoier = foganore ],
0 0
(16.24)
are valid for any s = o + 7.
Let us bound first the contribution of very low-lying zeros (|Sp| < 1). By (3.95),

1
N(1,x)+ N(1,x) < —log QL + (0.3log g + 6.778) < 0.6191log g + 5.875.
0 e
Therefore,

S (Gslp)l < ’n(t)t_l/Q‘ - (0.619log ¢ + 5.875). (16.25)
p non-trivial !
[Sp|<1

Let us now consider zeros p with |Sp| > 1. Apply Lemma 16.9 with y = 1 and

1/2 44t if t <T;
vy [[Gstz i) o<,
0 if t > Tp.

We obtain that, for T, > 1,

1 (T ¢
> 1@ =g [ s

p:1<Sp<To
20 (Il + [ 170l ).

We apply Cauchy-Schwarz:

To To
f(t)log —dt < / |f(®))? dt - / log— dt.
1
Since
To t o [ T\ T,
/ logq— dt<— (logt)?dt = logH —210gqf0+2 -Ty.
1 2m q Jo 27 2

we see, under the assumption 7y > 2me? /q, that

o gt 2 ¢To qTo
/ log — | dt </log® — +1-+/Ty <log -/ Ty,
1 2 2em 2m\/e
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since vVa?+1<a+1/2a < a+1/2fora > 1. Thus, by Cauchy-Schwarz again, we
obtain

Z f(Sp) < \/471_/0 |Gs(1/2 + it)|%dt - \/E]og 23{-\;5

p1<Sp<To (16.26)

+ 1 FMlgx (1) + \//100 (G5(1/2 + it) | dt - \//100 l9x(8)[ dt,

since f(t) = G5(1/2 +it).
We can estimate the sum over p with —Ty < Sp < —1 in exactly the same way,

only with  instead of x (since L(S, x) = L(s,X)) and f(t) = G5(1/2 — it) instead of
G5(1/2 + it). By Plancherel (as in (2.28)),

\//ooG5(1/2+it)|2dt+\//OO|G5(1/2it)2dt§ \/2/00 1G5(1/2 — it) 2t
0 0 —00
- \/477 | et = Vil
0

Similarly, since G(s) is the Mellin transform of log(¢)e(d¢)n(¢) (by (2.33)),

\//OC |G (1/2 + it)|* dt + \//OO |Gl (1/2 — it)|” dt

< \/47T /OOO |Log(t)e(8t)n(t)|2dt = v/4x|n(t) log(t)]2.

Much as before, since Ty > 1/q,
Ty Ty
/ lgy (1)|?dt < / (0.15log gt + 3.389)%dt
1 0
qTo 2 2
< [ (0.1510g 7 +3.389)° + 0.15° | Tj
and so, since ¢Tp > 2me?,

/TU lg (t)|2dt < { 0.151 aTo +3.380 + 0.15% VT
. og —— .
C B S 2(0.15 log 27e + 3.389) 0

< (0.151og qTp + 3.242) \/Tp.
Finally, by (16.23) and (16.21),

(1Gs(1/2+ )| +1Gs(1/2 = D)) - gy (1) < (02| - (0310gq +6.778).

We sum all terms and conclude that (16.22) holds. ]
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16.1.7 Explicit formula, third version

We can now give our last fairly general explicit formula. As in Prop. 16.6, we will be
working with a continuous 7 that satisfies some more technical conditions. Moreover,
we will be assuming that GRH has been checked up to a certain height T'. Since we are
not otherwise using a zero-free region, it stands to sense that our main error term will
be of the form ex, where € is a small constant depending on the decay of the Mellin
transform G's.

Proposition 16.11. Let x be a primitive Dirichlet character mod q, ¢ > 1. Let 6 €
R/Z. Letn : Rt — C be an absolutely continuous function such that ' € L? and
n(t)t7, ' ()7, ' (t)t~1/2 € L' for some o > 1. Write G5 for the Mellin transform of
15(t) = n(t)e(dt).

Let T > max(2me?/q,5/3). Assume that all non-trivial zeros p of L(s,x) with
|Sp| < T lie on the critical line. Let f : (—oo, =T U [T, 00) — [0,00) be such that
|Gs(o +it)] < f(t) for 0 < o <1, [¢t| > T. Assume that t — f(t), t — f(—t) are
continuous and non-increasing on [T, o), and that f(t)logt, f'(t)tlogt € L .

Then, for any x € RT,

Y _Alm)x(n)ns(n/z) = ¢ = 1] - (=8)x + O (14,5 - 7)

Cy.
+ 0" (Cmgﬁlog qT + (37,71\/T + Cn71/27q) N Cn,0,q,6 T €T,q,f + 71;/%1,57

(16.27)
where

(=)

equ,fzi/T (f(t)+f(—t))1og%dt+0.o75/T f(t)%fdt, (16.28)

log 2my/e
Cp,2 = L?b + 03ﬁ|n(t) log(t)|2, Cp,1 = 6484ﬁ‘ﬁ(t) logt\g — 72% \/>|7’}‘2,
ﬁ ™

(16.29)
Cp12.q = (0.91910g g + 12.653) ‘n(t)fl/a'l 7 (16.30)
4 1.349|n(0)| + |ns(t) logtly ifqg # 1,
_ 4o 16.31
Cn,0,q,6 377( ) 0gq + {|77(0)| log 27 ifqg=1, ( )

ey —q.0 = (log g + 6.083) |n5], -
Here, as before, we write 7)(—4) for [} n(t)e(5t)dt.
Proof. Apply Prop. 16.6. Recall that b(x) = log 2x for ¢ = 1 (by Cor. 16.3). If ¢ # 1,
bound b() by Cor. 16.8, noting that 5/3 > /8/3.

It remains to bound the sum 0 Gs(p)x” in Prop. 16.6. (Given our conditions, the
convergence in this sum will be absolute.) By the functional equation, if p = o + it is
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anon-trivial zero of L(s, x),sois 1 —p = (1 — o) + it. (They are, of course, the same
zero if o = 1/2.) Now, for0 < o < 1,

27 4277 < 1+,
by convexity of ¢ — z. Hence

r+1

< Y 1Gs(0)] -

> Gslp)a*

We bound the sum over p with |Sp| > T by Lemma 16.9 and Lemma 16.10. O

We could save a factor of log T in er 4 ¢ by using a zero-density estimate, as in
[KL14], at the cost of introducing a summand proportional to 2%, 0 < o < 1.

We will now bound the norms appearing in (16.29)—(16.31) and the integrals in
(16.28) for some specific smoothing functions n. Everything else we have done in
general.

16.2 EXPLICIT FORMULAE FOR SOME SMOOTHING FUNCTIONS

16.2.1 Decay and norms for the Gaussian
We will now work with smoothing functions 5 : RT™ — R defined by n(z) = e~ /2,
or multiples or linear combinations thereof. (For instance, it makes sense to define

n:RT o Rbyn(z) = /2/7- e /2 so that |n|; = 1.)

16.2.1.1 Decay

Our main task will be to bound the two integrals in (16.28). The following basic lemma
will be useful.

Lemma 16.12. Let fi1, fo,g : [x,00) — R be such that fi(t) is non-increasing,
f2 and g are absolutely continuous, log fa(t) is concave, g(t) is convex, F(t) =
F1 () fa(t)e™9W satisfies limy oo F(t) = 0 and R = ¢'(z) — f5(z)/ f2(x) is posi-
tive. Then

Proof. Since [~ F(t)dt < fi(z) [7° fo(x)e 9(*), we can assume without loss of
generality that f is identically 1. Replacing g(t) by g(t) — log f2(t), we can assume
f2 is also identically 1. Because g(t) is convex (i.e. ¢'() is increasing),

[es} / [ee) [e's}
9@ = / (eﬂ(t)) dt = / g (t)e9Wdt > ¢ (x) / e 9Wdt,

andso [ e 9Wdt < e79®) /¢/(z), as desired. O




3pupnew April 1,2020 6.125x9.25

EXPLICIT FORMULAE 437

As can be seen from Theorem 15.1, the decay of the Mellin transform Gs(o + it)
as |t| grows is fast and simple for sgn(t) = sgn(d), and a little more delicate for
sgn(t) # sgn(d). Let us do an estimate for the simple case first.

Lemma 16.13. Let ¢(t) = e~ i'. Let g € Z*. Then, for T > max(2mwe/q, 7 /4),

o) Tl
/ ()log—dt< i, (16.32)
T Z T
) e it
P gy < € 2 16.
/T ;< 57 (16.33)

Proof. First, apply Lemma 16.12 with f1(t) = 1, f2(t) = log(qt/27), g(t) = wt/4
and x = T. The conditions of the lemma are fulfilled because log log ¢ is concave for
t > 1and
/
R:E_fz(t)zﬂ_ 1f2
4 fo(t) 4 tlogL
for t > T'. Hence (16.32) holds.
To obtain (16.33), apply Lemma 16.12 with f1(¢) = 1/t, fo(t) = 1, g(t) = nt/4.

>0

~1
&+ | =

O
Let us now do the case corresponding to sgn(¢) # sgn(9).
Lemma 16.14. Let 6 < 0. Let
t
o(t) = (1 n @) Varmin (1, V) B0 (16.34)
t 27 |d|

where cg > 0, » = »(t) = t/n26% and E(») is as in (15.2). Let ¢ € Z". Then, for
T > max(2me?/q,4m|8|,40) and ¢ > 0,

- 5.927 ifr >4,
[ o010 85 Dt < (114 ) T 1 ). { iFr>

15.527 .
T 2m NG if r <4,

(16.35)

ot

6 if >4,
ifr < A4

) go(t) o efE(r(T))T
1 _ 16.
/T i3t ( +T> T +c (16.36)

Moreover, ©(t) is decreasing fort > T.

S\H

Proof. We let

£u(t) = Vam (142, fult) = min (1, v ) log 849 0y = B,

27|4)| 27

and z = T. Since log ¢ is concave, so is min(0, log ¢t — 21og 27|d|); when we consider
that loglog ¢ is concave as well, we see that log f2(t) is concave. By Lemma 15.23,
g(t) = w262 E(#)# is convex with respect to » and hence with respect to t.
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We apply Lemma 16.12, and obtain

/Too ¢(t) log at+o) <1 o(t)log M,

2m R 2
where
o @ d /()
R=dD-5m = %"~ Lm
B 1 1 o T < (270)2,
= 5 arccos 0 (T) " (T + c) log 4LF o5 AT > (2m6)%

If T = (276)?, we use the same expression as for T > (2d)?2, by continuity.
Consider first the case T > (276)2. Then #(T) > 4, and so, since v is increasing,

1 1 1 1 1 1 1
R > 3 arccos — arccos —— — — > 0.42295,

T—+c -
v(4) (T +¢)log % 2T 2 v(d4) T

where we have used the condition 7' > max(2me? /g, 40). Hence

Vit V2T
— < — <5 .
\/ T min < ' o |(5\ = 5.92654

On a different matter: it is clear from (16.34) that ((t) is decreasing for t > (276)2,
since E(#) is increasing.
Consider now T < (275)2. We know from the proof of Lemma 15.21 that
1 /
arccos —— = — ()

dr 2 v(#) #

It is easy to verify that v’ (7<) /# is decreasing, and thus (1/2) arccos(1/v(#)) is con-
cave. Since arccos(1/v(0)) = 0, and T' < (276)? means that » < 4, we see that

1 oo 1 1 arccos v( T
2 v(#) 4

By T > 476, T > 2me?/qand ¢ > 0,

| \/

» > 0.111987. (16.37)

1 < 1 ~(T) » <7
(T + ¢)log 229 — 2T 2T 272/m252 — 32°

Hence
R > (0 11198 — ) > 0.08072#,

and so

Vit V2m \/# _ 15.52669
fmm( 2|5|>§R'2§¢;~
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To prove that ¢(t) is decreasing for T < t < (276)?, it is enough to show that
(log Vte ENY = 1 /9t — ¢/(t) is negative for t > T. We know from (16.37) that
g'(t) > 0.11198#, and so, by the assumption T' > 474,

2

t 1
g ()t >0.11198—— —5gz 2 0-11198- 42 > 3

and so ¢(t) is decreasing for T < t < (2m5)2.
Let us now prove the second inequality in (16.35). Let

A0 = 2 (1+2) o = min (1.,55) 90 = B0

and x = T'. We apply Lemma 16.12, and obtain

= () e(t)
/T P R

where, by Lemma 15.21,
d 1 1
Ry =¢(T)=—F == ,
1=4¢'(T) . (#)# 5 Arccos oo (D))

As we have already seen, for T > (275)2,

1 1
Ry > 5 arccos @ > 0.44795,

L /o min (1 ﬁ) < v2m < 5.59578,
Y Rl

V2r min (1, Vit < Ver 7 p 11.19231
omd] R, 2 N

16.2.1.2 Norms

We record a few norms related to the one-sided Gaussian.

Lemma 16.15. Letn : Rt — R be defined by n(z) = 2/7T e="/2, Then

=1, |nla= \[ ,/ e~ dr = 71/4, (16.38)
s = \f \// (ses/2)ds = —— 74, (16.39)
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2 oo
[n(z) log(z)|s = \/> \// e=** (log x)2dt < 1.11348, (16.40)
m 0

2 [ e/ I(1/4)
n(x)/Vah = \/;/O 75 %= g gy < 172008, (16.41)

2 [ee]
[n(x)logz|; = \/7 \// e=#*/2 |log x|dx < 0.87929, (16.42)
™ 0

2 [ee]
In'(z)log x|, = \/; \// ze=**/2 |log z|dz < 0.40039. (16.43)
0

Hence, for § € R and ns(z) = n(x)e(dz),

n5la < |n'l2 + 27(6]|nle < —+ 249, (16.44)

1
V2 -t/
Ins(z)logz|1 < |n'(x)logz|1+27|d]-n(x) log 2|1 < 0.40039+5.52475|4]. (16.45)

Proof. By symbolic integration for (16.38)—(16.41), rigorous numerical integration for
(16.42)—(16.43), and the triangle inequality for (16.44)—(16.45). O

We also record some norms for the smoothing function we used in Part III.

Lemma 16.16. Let ) : RT — R be defined by

2
n(x) _ 2.9 (6—12/2 —2:22)
™
Then
6 —8v/2/5
h =1 |nle = 77— < 0.72839, (16.46)
T
—32,/10
25
[n']2 = R . < 1.04951, (16.47)
In(z)log |2 < 0.27686, (16.48)
I(1/4
In(z) /v = %(23/4 —21/%) < 1.0076, (16.49)
iy

[n(z)log x|y < 0.4155, (16.50)




3pupnew April 1,2020 6.125x9.25

EXPLICIT FORMULAE 441
7 () log z|; < 1.10616, (16.51)
nhl2 < 0|2 + 2715] - |nl2 < 1.04951 + 4.576615], (16.52)

Ins(x)log x|y < |n'(z)log x| +27|d|-|n(x)log z|; < 1.10616+2.61067|5]. (16.53)

Proof. By symbolic integration for (16.46), (16.47) and (16.49), by rigorous numerical
integration for (16.48), (16.50) and (16.51), and by the triangle inequality for (16.52)—
(16.53). O

16.2.1.3 Conclusions

We can now state what is really our main result for the Gaussian smoothing. (The ver-
sion in §14.1 will, as we shall later see, follow from this one, given numerical inputs.)

Proposition 16.17. Let x be a primitive Dirichlet character mod q, g > 1. Let § € R.
Letn : RT — C be defined by n(t) = \/2/m - e~t/2,

Let T > max(2me?/q, 4n|d|,40). Assume that all non-trivial zeros p of L(s,X)
with |Sp| < T lie on the critical line. Then, for any x € RY,

i A(n)x(n)e <fcn> " (ﬁ) = {ﬁ(_(s)‘r +O ey (0,2) Fa=L 4oy

x O* (erry 1 (0,7)) ifg>1,
where
_ 0.44 ifr>4 C qT
5 ) = E((T)T 0.22¢7 17 | zlog —
ert(9.) (e L14) ST ifr<a 000 TG,
+ (1.02VTlog qT + 11.81VT + 1.6 log g + 21.8)v/x
+1.1log q + 5.6/6]| + 2 + (log ¢ + 6.1)(0.6 + 4.8|6])z /2,
(16.55)

with » = »(t) = t/m26% and E(#) as in (15.2).

Proof. We can assume without loss of generality that 6 < 0. (If 6 = 0, we let § —
07.) We define f(¢) fort > T as f(t) = \/2/7 - p(t), where () is as in (16.34)
with ¢g = 5.6 and ¢ = 0, and f(t) = /2/7 - 2.56e~ /DI for t < —T. We
apply Proposition 16.11, using Theorem 15.1 to ensure that f(¢) is a valid bound for
Gs(o +it), 0 < o < 1, where G is the Mellin transform of 7(t)e(dt).

Let us first bound ep 4 ¢, starting with the part of (16.28) coming from f(¢) rather
than f(—t). We apply Lemma 16.14 with ¢ = 0 and ¢y = 5.6, remembering to multiply

by the factor y/2/ in the definition of 7)(¢), and obtain that

1 o0 o0
—/ F(t)10g L at + 0.075/ IO
47T T 271' T t
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is at most
O .
e~ EC(T)T {? fzilog + 0T7 if7 24,
NG log + T if » < 4.
Since T > max(2we?/q, 40), we see that
T 0.39
0.43log q— + == <0435 log

qT
1.124 1o, —+0—;7<11341

We now bound the part coming from f(—t). By Lemma 16.13, T > 40 and ¢7'/27 >

2
il —#) log =— . SN
47T/T f(=t) 0g27rdt+0075/T ; dt

e“, we obtain

is at most

T 01 T
(02141 q+OT96> "T<02210g2 -iT,

It remains to bound the constants in Prop. 16.11. By Lemma 16.15,
cp2 < 1.01586, cp1 < 11.80604, ¢y 1/2,4 < 1.580761og g + 21.76418,
Cn.0,q,6 < 1.06385log g + 5.52476|5| + 1.47674,
Cn,—.q,6 < (log g +6.083)(0.53113 + 4.71947|4]).
O

Now we give our main result for the smoothing from Part III. We could, of course,
deduce an estimate from Prop. 16.17, but considering this smoothing on its own leads
to better constants.

Proposition 16.18. Let x be a primitive Dirichlet chamcter mod q, q > 1. Let § € R.
Let n: RT — C be defined by 1(t) = /2] - 2(e /2 — =2t),

Let T > max(2me?/q, 4x|6|,40). Assume that all non-trivial zeros p of L(s,x)
with |Sp| < T lie on the critical line. Then, for any x € R,

iA(n)X(n)e (in) 7 (@) = {ﬁ(_é)x +O (e (0,2)) Fa=L 5

x O* (erry (9, x)) ifg>1,
where
ert,  (3,2) = (e’E(’(T”T | {éi/m ;: et 0886_”) riog
+ (0.56VT log ¢T + 2.23V'T + 0.93 log ¢ + 12.8)\/z
+2.7|6| + 1.2 + (log g + 6.1) (1.1 + 4.6[6 )z~ /2,
(16.57)

with » = #(t) = t/7%5% and E(») as in (15.2).
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Proof. We wish to apply Proposition 16.11. Writing 79 (¢) for the function 7(¢) in
Prop. 16.17, we see we can write our 7)(t)e(dt) here as 2(ng(¢)e(dt) — no(2t)e(dt)).
Hence, the Mellin transform of 7)(¢)e(dt) here equals 2(Go, 5(s) —27°G 5/2) in terms
of the Mellin transform G s of 1o (t)e(dt).

Assuming 6 < 0 without loss of generality, just as before, we notice that we can
define f(t) =4-/2/7- 2.56e= (/D] for t < —T. Let us see what to do for t > T.
A moment’s thought shows that the right side of the (15.1), multiplied by 277, takes its
maximum for 0 < o < 1ato = 1, if § and ¢ are kept constant and |¢t| > max(4x|d|, 4).
Hence, |2'7*Gy 5/2(c + it)] is bounded by f(t) as in (16.34), with 6/2 instead of 4.
The bounds in (16.35) and (16.36) decrease as § decreases. Thus, applying Lemma
16.14 twice, once for 2G 5(s) and once for 21_SG075/2(5), both times with ¢ = 0, we
obtain a bound for ¢ > 0 equal to three times the one we obtained for Gy 5(s) in the
proof of Prop. 16.17. Taking totals, we see that

1.305 if» >4 . T
< e BN = 4088 i | log .
Taf = (6 3402 ifr >4 € %8 or

Now we bound the constants in Prop. 16.11. By Lemma 16.16,
Cp2 < 055817, ¢ < 2.22109, ¢y 172, < 0.925991log g + 12.74917,

Cn0.q. < 2.61067|8] +1.10616,
Coqs < (log q + 6.083)(1.04951 + 4.57661|5]).

16.2.2 The case of 7, (t)

We will work with ,
n(t) =n4(t) = hg(t) - te /2, (16.58)

where hy is as in (14.6). We recall that hy; is a band-limited approximation to the
function h defined in (14.5) — to be more precise, hy(it) is defined as the inverse
Mellin transform of the truncation of M h(it) to the interval [—H, H].

We are actually defining h, h and ) in a slightly different way from what was done
in the first version of [Hela]. The difference is instructive. There, 7(t) was defined as
h H(t)e_t2/ 2 and hy was a band-limited approximation to a function & defined as in
(14.5), but with t3(2 — t)3 instead of t?>(2 — t)3. The reason for our new definitions
is that now Mn(it) will be holomorphic on a wider strip, extending up to Rs > —1.
Equally to the point, and more or less equivalently, A’ (¢)t’ will be in L* for ¢ > —1,
and thus the conditions of our general explicit formulae (Lemma 16.1, Prop. 16.6 and
Prop. 16.11) will be fulfilled. Were they not — in particular, if we had kept the definition
of 1 and hy from the first version — we would be able to shift the line of integration
only just to the right of s = 0. (Since the Mellin transform of e /2 has a pole at
s = 0, convolving that transform by another function vertically (as in (2.31)) “spreads”
the pole nastily on the line Rs = 0.) This issue would not be a serious problem, but it
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is much more pleasant to be able to use our general procedure, which involves shifting
the line of integration to the left of s = 0.

As usual, we start by bounding the contribution of zeros with large imaginary part.
The procedure is much as before: since 74 (t) = h H(t)te_t2/ 2, the Mellin transform
Mmny is a convolution of M (te‘t2/ 2) and a function of support in [—H, H]i, namely,
M h restricted to the imaginary axis. As a consequence, the decay of M is (at worst)
like the decay of M (te‘tQ/ 2), delayed by a shift by H.

Proposition 16.19. Let n = n4 be as in (16.58) for some H > 100. Let x be a
primitive character mod q, ¢ > 1. Let 6 € R.

Let T = Ty + H, where Ty > max(2me?/q, 4|0, 40). Assume that all non-trivial
zeros p of L(s, x) with |Sp| < T lie on the critical line.

Then, for any x € R,

S~ Axne (%) 04 (nfz) = {W‘W + 07 (erry, 1(6,2) ifg=1

o* (errn+7x(5, x)) ifqg>1,
(16.59)
where
_ 1.05 ifr>4 . qT
S,z) = E(#(To))To +0.75¢" 170 log 21—
errn+7X( ‘/E) (6 272/m l"f# < 4 e x log Gy
+ (0.566VT log qT + 1.41V/T + 0.84log ¢ 4 11.52)2'/2,
+1.60] + 1.1 + (6.11log q) (6 + 2|6])=~/2,
(16.60)

with » = 7(t) = t/726% and E(#) is as in (15.2).

Proof. We will apply Proposition 16.11. The first order of business is to bound the
integrals in (16.28). Here we take a very simple approach.
By Lemma A.9, the Mellin transform G of 7(t)e(dt) equals

— Mh(z)M 1—2)d

57t ) (2)Mno s(s + z)dz,
where 1o 5(t) = e‘t2/2e(6t). We know from Theorem 15.1 that, for ¢ > T and
0<o0 <1, |Mnys(c+1+it)| < p(t), where ¢(t) is as in (16.34) with ¢y = 26.94,
and [Mno s(o + 1 —it)| < 3.69¢~ 4!, Since t — () is non-increasing, it follows
that |Gs(o + it)| < f(t) for0 < o < 1and [t| > T, where

1 ) o(t—H) ift > 0,
t) = —|Mh(it)|; - x
Jt) = g7 IMAGD {3.6964 H=)if ¢ < 0.
We apply Lemma 16.14 with ¢ = H and ¢y = 26.94, and obtain that

1 [ < ot —H
— / ot — H)log Lt + 0.075 / pt=H)
47T T 27T T t
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is at most
0.48 :
B )0 538log 4L + 918 if > 4,
L% log &1 + g0 if < 4.

Since T' > max(2me?/q,40), we see that

qT 048 qT
.538log — + —— < 0.545log —
05380g2ﬂ_—|— T _0550g2ﬂ,

T 0. T
1.40910g L2+ 295 1 499105 1
2w T

Again as in the proof of Prop. 16.17, we apply Lemma 16.13, and see that

1 t+H oo - % (|t|-H)
5 69e-F1t-H) 1o deo.om/ 3695 gt
471' 27T T t
1s at most
T 0353\ - T .
0.387log q— £ 2222 —FT < (0.39210g Lo T 10,
T 27
By (A.35),

1
= |Mh(it)[1 < 1.90966.
T

We conclude that the quantity e 4 5 defined in Proposition 16.11 is at most

<6—E(7‘(To))To ' {1 041 if » > n 0.7496_1%) log qr

2.716/+/#( ifr <4 2

We may apply Proposition 16.11 because 7. is absolutely continuous, 7/, (¢) is in
L? (by Lemma A.15) and 74 (t)t2, i/ (t)t* and 1/, (t)t~*/? are in L' (by Lemmas A.14
and A.17). We bound the norms involving 14 using the estimates in §A.3. To wit, by
(A.43), (A.44), (A.45), and Lemmas A.15 and A.18, and the assumption H > 100,
42 < 0.80015, | (t) log tlo < 0.21388,  |n(£)/VE1 < 0.9099,

Ine(t)logtly <0.24522, |n/ (t)|]2 < 1.67, |5/ (t)logt|; < 1.03.
By definition (A.23) and the boundedness of hy (see §A.2), we know that 7, (0) = 0.
We can now compute the constants in Proposition 16.11: for n = n,
[n]2(log ¢T" — log 27/€)
NS
< 0.56521og ¢T" + 1.403,

+ (0.3 log ¢T + 6.484)\/7|n(t) log t|o

cp2logqT + ¢,y =

where we have used the assumption that ¢7" > 2re? > 2m+/e, and
Cp1/2,q = 0.837log g + 11.52,
0,00 = |n5(t)logtly < 2md|n(t) logt|y + |n'(t) logt|; < 1.5418 + 1.03,
y—.q.0 = (logq + 6.083)(27d|n(t)|2 + |0’ (t)]2) < (log g + 6.083)(5.038 + 1.67).
O
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16.3 APPLYING GRH(T). CONCLUSIONS.

In §4.3, we discussed D. Platt’s numerical verification of GRH up to a given height and
conductor (Prop. 4.2) [Plal6]. Let us see what this verification gives us when used as
an input to Prop. 16.17.

Proof of Theorem 14.1. We are interested in bounds on | err,, ,« (4, z)| for ¢ < r and
|6] < 4r/q, where 7 = ¢ - 100000, ¢ = 3 or ¢ = 4. We let T = 10% max(|d|,4)/4r =
max(250/4]/c, 1000/c). Thus qT < 108,

We apply Prop. 16.17, and write » = T/7262. The idea now is that there are
two ways to bound the exponent F(7)T'; we will follow one way for » < 7 and the
other one for » > 7, where ¢ will be chosen soon. On the one hand, since E(#) is

increasing,

E()T > E(rg)T > E(rg) - 2020

for » > 7. On the other hand, since E(#) is concave (Lemma 15.23), we see that

_ E(r0) T? _ E(r0) <250)2

E(ro) »1T =
c

E»)T >
(1‘) - 70 7T27‘0 (52 - 7T27/0

for » > 7. Our two bounds are equal when

c 250\* 125 1
70 = e\ ) =5 =
10007 c 2  wc

and so that is the value of 7( we choose. We obtain that, for any #,

E(»)T > E(»0)

Cc

1000 . 68.16791 ifc =3,
T 141.62864 ifc =4,

and so, for » > 7,

. -30 _
max (044, B2 g-Beyr ] 194863107 if e =3,
v 7.5519-10719  ifc =4,

We have to examine the case » > #( more closely, on account of the factor 1/+/7. We
can provide an upper bound on this factor, namely,

1 i) 1) c
— — < . = .
o UT 7T 7 < 100007 - o 407c

Hence, for » < 0.1 (say),

E(0.1) { 250 \2 .10—36 T
1.146_E(f)TS 114 d0me . o B (250) < 2.98987 - 10 ch 3,
7 1.970304 - 10719 ifc = 4.
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Finally, we use the bisection method (as in §4.1) with 25 iterations, and obtain that, for
0.1 <7 < 70,

1.94863 - 10730 if ¢ = 3,

7.55189 - 10719 ifc =4.

LI 20T < 114 d0me- o 2 (30) <
NG - R

Here we can work only with the factor 1.14/4/7 and not with 0.44 because 7o < 4.

It is clear that
1000

e iT <e"i 1 <533.-107%,

Recall that ¢Ty < 108. We conclude that

. i > ~
e BT 0.44 Tfﬁ 24 +0.22e 1T log —qT
114/ /7 if» < 4 27

is at most

o’

1.94863 - 10730 ifc =3
7.5519-1071°  ife=4

1 8
+1.18- 10—86> 1ogi

which, in turn, is at most

3231375107 ifc =3,
T )1.25232-1077  ife = 4.

As for the second and third lines of (16.55),

250 max(]4], 4)

1.02V'T log qT + 11.81VT < (1.021og 10% + 11.81)
C

< key/max(|9],4),

where k3 = 279.34, k4 = 241.91, and
1.6log g + 21.8 < 1.61og 400000 + 21.8 < 42.5,

1.1log g+ 5.60| +2 < 5.6/0] + 14.2,
(logg +6.1)(0.6 + 4.8/4]) < 91.2|6| + 11.4.

Hence, assuming = > 106 to simplify, we see that Prop. 16.17 gives us that

91.20| +11.4

erry (0, ) < e.x + (ken/max(|6],4) + 42.5)/x + (5.6]0] + 14.2) + NG

< et + (Ke/max(|6],4) + 43)v/x + 6|4].
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Proof of Theorem 14.2. We proceed just as in the proof of Theorem 14.1, setting again
r = c-100000 and T = 10% max(|6|,4)/4r. The bounds on e~ #)T 1/,/7 and
e~™T/4 are as before. We obtain that the first line of the right side of (16.57) is at most

8

+4.72 - 10—86) -log ﬁ,
2

5.84589 - 10730 ifc =3
2.26557-1071% ifc=4

which, in turn, is at most

9.6942-1072°  ifc¢ =3,
Ec =
3.75696 - 10717 if ¢ = 4.

We now bound the second and third lines of (16.57):

250 max(|4[, 4)
c

0.56V/T log qT + 2.23V'T < (0.56 log 10° 4 2.23)
< kiey/max([0], 4),
where k3 = 114.53, k4 = 99.19, and
0.931og ¢ + 12.8 < 0.9310g 400000 + 12.8 < 24.8,

(logq + 6.1)(1.1 4 4.6|8]) < 87.4]8] + 20.9.

Hence, assuming = > 106 to simplify, we see that Prop. 16.18 gives us that

87.4/6| + 20.9

ety (6,2) < eott + (Kor/max((0], 4) + 24.8)V/Z + (2.7)6] + 1.2) + %
< e.x + (Ke/max(|6],4) + 25)v/x + 3|d].

O

Proof of Theorem 14.3, part 1. Let us work first with the parameters in part 1 of the
statement: H = 100 and r = 400000. We are interested in bounds on | err,; ,«(J, z)|
for g < rand |§] < 4r/q. WeletT =T, + H, where

T, = 6.875. 107 . 2xL4) _ 1875 (I5 1) :

4r 8 4’

Then ¢T < 6.875 - 107 + Hgq, which is at most 10® for ¢ < 312500, and less than
3.75-107 + 2Hq for ¢ > 312500. Hence, T is at most H, in Proposition 4.2, and so
GRH(T) holds.

We apply Prop. 16.19, and write » = T, /7252. Much as before, we note that, for
7 > 7o, where 7 > 0 is arbitrary,

1375
E(?‘)Tg Z E(?‘Q)TO Z E(V()) . ?,
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whereas, for » < 7,

E(70) E(r0) T2 _ E(r0) (1375\°
EATy > —#+Ty= ——— > )
()To = #0 740 m2rg 02 T w2y 32
These two bounds are equal when »¢ = %785%’2, and so we choose that value of 7.
Then, for any » > 7,
1375

E(#)Ty > E(ro)—g~ > 21.21593,

and so,

max 1.05,@ e FUITo <1.59299 - 1077,
Nz

We have an upper bound on 1/+/7:

i w5
V7o VT
Thus, for » < 0.001,

0 32
/Ty = < 7V6.875-107 - —— < 606.225.
To 1375

2.72 E(r 512
max [ 1.05, e (88)" < 115275 - 1077, (16.61)
#(T)

The bisection method applied to [0.001, %W’z} shows that the maximum of the left

side of (16.61) on that range is less than 1.15275 - 1077,

Since
1375

0.75-e" 110 <0.75- 7575 < 1.7763-107°7,

we conclude that the first line of the right side of (16.60) is at most

1.0875 - 108
2

(1.15275 - 107" + 1.7763 - 107°?) - log < 1.92126 - 1075,

We bound the other terms in (16.60):

1375
0.566v'T log T + 1.41V/T < (0.566 log 108750000 + 1.41) 55 max(|d],4)

< 77.9y/max(|4], 4),

0.841og ¢ + 11.52 < 0.8410g 400000 + 11.52 < 22.4,
(6.11og q)(6 + 2|6]) < 473 + 158]4].

Hence, assuming = > 106 to simplify, we see that Prop. 16.19 gives us that

erry, 1 (8,2) < 1.92126 - 10~z + (77.9/max(|6], 4) + 22.5)v/x + 2|4].
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Proof of Theorem 14.3, part 2. Let us now work with the parameters in part 2 of the
statement: H = 200, v/ = 150000, ¢/ ged(q,2) < ', 6] < 4r'/¢'. Welet T =
To + H, where

Ty = 250 max (T, 1> ,

and so Tq < Toq + Hq < 250 - 2r' + 200 - 21" < 135000000. By Proposition 4.2,
GRH(T) holds.

We apply Prop. 16.19, and write » = T, /m262. Much as before, we note that, for
7 > 7o, where 7o > 0 is arbitrary,

E(#)To Z E(?‘())TU 2 250E(7‘0),

whereas, for » < 7,

BT > P00 g E(r0) Tg _ E(ro) (125>2

#0 w21y 02 T w2y 2
The two bounds are equal when 7¢ = %W*Q, and so we set 7 to that value. Then,

for any 7 > 7o, E(#)Ty > E(#9)250, and so

2.72
max 1.057—7 e~ PUITo < 1.80186 - 107 '8.
NG

Now

1 70 0 2

=" /Ty 2 < V135000000 - —— < 584.033.

NN A S T 125 =

Thus, for » < 0.001,
2.72 ) (1252
max [ 1.05, = | =55 () < 54621710719, (16.62)
v#(T)

By the bisection method, we obtain that, for 0.1 < 7 < 7,

2.72 ) (12312
max <1.05, )) e~ 5 ()" < 1.8019- 10715,

»(T

We obtain that the first line of the right side of (16.60) is at most

< 1.802-10718.

1.35-108
(1.8019 - 107 4 3.9953 - 107%9) - log e
Y

We bound the other terms in (16.60):

[125
0.566v/T log ¢T + 1.41VT < (0.566log 1.35 - 10° + 1.41) - max(|d],4)

< 95y/max(|d],4),
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0.84log g + 11.52 < 0.8410og 300000 + 11.52 < 22.2,
(6.11og q)(6 + 2|8]) < 462 + 1545).

Hence, assuming = > 106 to simplify, we see that Prop. 16.19 gives us that

err 5,x) < 1.802-107 8z + (95y/max(|d],4) + 22.3) vz + 2|
N+5X




