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2 NICOLAS THOLOZAN

INTRODUCTION

The goal of these notes is to explain how the space of reparametrizations of
the geodesic flow of a hyperbolic surface can be seen both as the Teichmiiller
space of the weakly unstable foliation and as a subset of the character variety
of the fundamental group of the surface into the group of diffeomorphisms
of the circle. This work stemed out of many discussions Bertrand Deroin,
who I warmly thank here.

0.1. Higher Teichmiiller theory. Our main motivation is do develop a
framework in which we hope to study higher Teichmiiller theory with the
tools of classical Teichmiiller theory. Before we get more precise, let us
briefly recall what these two terms cover.

Classical Teichmiiller theory. Let 3 be a closed oriented surface of genus
g > 2. The Teichmiiller space of ¥ is the space T (X) of complex structures
on Y up to isotopy. It carries a properly discontinuous action of the mapping
class group of ¥, and the quotient under this action is the moduli space of
Riemann surfaces of genus g.

Teichmiiller theory in a broad sense refers to the study of the geometry of
the Teichmiiller space, which can be traced back to the XIXth century and
continued throughout the XXth century, with the works of Ahlfors, Bers, or
Wolpert among many others. In a more restrictive sense it could refer to
the work of the nazi mathematician Oswald Teichmiiller, who proved that
T (¥) is homeomorphic to R%~6 and constructed its complex structure by
studying optimal quasi-conformal maps between Riemann surfaces.

We know since Gauss that a complex structure on X is equivalent to a

conformal class of Riemannian metrics, and since Poincaré that every such
conformal class contains a unique metric of curvature —1. Thus the space
T (¥) is canonically identified with the Fricke space F(3) of hyperbolic met-
rics on > up to isotopy.
_ Now, a hyperbolic metric on X gives an isometry from the universal cover
¥ to the Poincaré half plane H? which is equivariant with respect to some
representation of the fundamental group I' of ¥ which is Fuchsian (i.e. dis-
crete and faithful). This gives an identification between F(X) and the space
X fuchs(I', PSL(2,R) of Fuchsian representations up to conjugation.

What makes Teichmiiller theory so rich is that the three avatars of the
Teichmiiller space: T(X), F(X) and Xpyens(I', PSL(2,R)) carry different geo-
metric structures that “miraculously” combine together. A stricking exam-
ple is the fact that Goldman’s symplectic form on Xjychs(I', PSL(2,R) com-
bines with the complex structure of 7(X) to form the Weil-Petersson metric,
which lives naturally on F(X).

Let us point out that some aspects of Teichmiiller theory have been gen-
eralized to several infinite dimensional contexts, such as Teichmiiller theory
of surface of infinite type, Teichmiiller theory of foliations and universal Te-
ichmdiller theory.

Higher Teichmiiller theory. In the 90’s, Hitchin discovered that the space
X(I',PSL(n,R)) of representations of I" into PSL(n,R) had a distinguished
connected component, that we will denote Xp;(I', PSL(n,R)) which coin-
cided with the space Xpyens(I', PSL(2,R)) for n = 2, and which beared some
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resemblence with a “higher rank” analog of the Teichmiiller space, in par-
ticular, it contains a Fuchsian locus isomorphic to 7 (X). This analogy was
strengthed by Labourie, who proved that representations in Hitchin’ compo-
nent have a very powerful dynamical property that he called Anosov property,
showing in particular that they are all discrete and faithful. Since then other
character varieties X(I', G) have been shown to contain connected compo-
nents consisting only of Anosov representations. This popularized the term
Higher Teichmiiller theory to refer, depending on the context, to the study
of Hitchin or related components of character varieties, of more generally o
the study of Anosov representations of surface groups.

Several authors have been working on extending Teichmiiller geometry
to these higher Teichmiiller spaces. An important work in this direction is
that of Bridgeman—Canary—Labourie-Sambarino, who used the thermody-
namical formalism to construct a Riemannian metric on X, (I, PSL(n,R)),
which restricts to the Weil-Petersson metric on the Fuchsian locus. Let us
briefly sketch how their construction works: they show that one can em-
bed Xp(T, PSL(n,R)) into the space of Holder reparametrizations of the
geodesic flow of a hyperbolic metric on . There lives the pressure metric,
which is roughly speaking the second fundamental form of the hypersurface
formed by reparametrizations of entropy 1.

What has been missing in higher Teichmiiller theory is a higher rank
analog of the complex structure of 7(3). An important open question is
for instance whether the pressure metric of Bridgeman—Canary—Labourie-
Sambarino is Kéhler for some suitable complex structure on X;(I', PSL(n,R)).

Here we construct a complex structure on the space of Holder reparametriza-
tions of the geodesic flow, by identifying it with some foliated Teichiiller
space. We also develop a representation theoretic point of view on that
space, identifying it with the space of “Anosov representations” of I' into
the group of diffeomorphisms of the circle. This that many aspects of the
classical Teichmiiller theory could be generalized to this “highest Teichmiiller
space” of reparametrizations.

We hope that some of these results will descend to interesting geometric
properties of higher Teichmdiiller spaces after a careful understanding of how
these umbed into the space of reparametrizations.

Let us advise the reader that the results presented here are not entirely
new. For the most part they seem to be rephrasings of results well-known
from hyperbolic dynamists. In particular, the general idea that certain mod-
uli spaces of dynamical systems could be identified with Teichmiiller spaces
of foliations was introduced by Sullivan in [|. In [], Cawley studies introduces
the Teichmiiller space of Anosov automorphisms of the torus and carries a
study which is essentially covers what we do here when replacing the geodesic
flow of a hyperbolic surface by the suspension flow of a linear automorphism
of the torus. It was however very useful to the author writing the many
details of these correspondance that he couldn’t find elsewhere, and we hope
it will be useful to some readers too.
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0.2. Three avatars of a highest Teichmiiller space. Let us now state
our results with more precision. We first introduce three avatars of what our
“highest Teichmiiller space” will be.

0.2.1. Parametrizations of the geodesic foliation. Let 3 be a closed hyper-
bolic surface of genus at least 2. In the sequel, we denote by I' its fundamental
group and by Mr its unit tangent bundle. The geodesic flow of ¥ is a flow
on Mrp. It turns out that the topological manifold M and the foliation G
given by the orbits of the geodesic flow are “independent” of the choice of
the hyperbolic structure on X. We call G the geodesic foliation.

Closed leaves of the geodesic foliation correspond to closed geodesics on
> and are in one to one correspondance with conjugacy classes of primitive
elements in I'. We denote by [I'] this set.

A reparametrization of the geodesic flow is a continuous flow on M which
is orbit equivalent to the geodesic flow. To avoid as much as possible refer-
ences to a background hyperbolic metric, we call such flows parametrizations
of the geodesic foliation.

Two parametrizations of the geodesic foliation are comjugate if they are
conjugate by a homeomorphism preserving each geodesic leaf. This equiva-
lence relation is not closed on the space of reparametrizations. We call two
parametrizations weakly conjugate if one is the uniform limit of conjugates
of the other. The space of parametrizations of the geodesic foliation modulo
weak conjugation is denoted

Par(G) .

The subset of equivalence classes of parametrizations which are Holder reg-
ular is denoted by

Par®(G) .

If ¢ is a parametrization of the geodesic foliation, the period map of ¢ is
the function

L,:I'l =Ry

associating to a closed geodesic v the time ¢ takes to run through ~.

There is a natural “scaling” action of R-o on Par(G). The topological
entropy hiop(p) of a flow ¢ provides a way to normalize parametrizations.
Indeed, the function hy,y, is well-defined on Par(G), continuous, positive and
homogeneous of degree —1 with respect to the scaling action. Thus every
parametrization ¢ admits a unique scaling of entropy 1. We denote by

Pary(G)

the space of parametrizations of entropy 1 up to weak equivalence, and by
Parf(G) its intersection with Par®(G).

0.2.2. Anosov actions on the circle. Recall that the hyperbolic surface 3
is isometric to the quotient j(I')\D where D denotes Poincaré’s hyperbolic
disc and j : I' — Isom (D) is a Fuchsian representation (i.e. discrete and
faithful). The representation j provides an analytic action of I' on the unit
circle S' = 9D. This action has mazimal Euler class, i.e. the twisted product
bundle X x; S! is isomorphic to the unit tangent bundle of X.
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Let Diff(S') denote the group of diffeomorphisms of S! of class C' and
Diff" (S') the subgroup of diffeomorphisms with Holder derivatives. We en-
dow Diff(S!) with the C! topology. By a theorem of Matsumoto, a morphism
p: T' — Diff(S') has maximal Euler class if and only if it is semi-conjugate
to a Fuchsian representation j. We call p an Anosov representation into
Diff(S') or an Anosov action on S! if it is conjugate to a Fuchsian repre-
sentation j via a bi-Holder homeomorphism. We will see in Section 77 that
this is equivalent for the action of p to be topologically conjugated to j and
expanding (see for instance [1] for the relevance of expanding properties in
one dimensional dynamics).

Let p be an Anosov action on the circle. for every v € I', the diffeo-
morphism p(7) has a unique attracting fixed point on S! that we denote
abusively 4. The derivative of p(y) at its attracting fixed point is less than
1 and is invariant by conjugation of v by a diffeomorphism. We define the
period map of p as the map

L,: [I] = Rsg
] = —log(p(7)(7+)) -

The space Hom(T, Diff (S')) of morphisms from T' to Diff(S!) inherits a
topology from that of Diff(S!). The group Diff(S!) acts continuously on
Hom(T, Diff (S)) by conjugation. This action may not be proper. We denote
by X(T, Diff (S')) the largest Hausdorff quotient of Hom(T', Diff (S'))/Diff (S').
We also denote by X, (", Diff (S')) the open subset of equivalence classes of
Anosov representations, and by X, (I, Diff*(S')) the subset of equivalence
classes of Anosov representations with values in Diff?(S!).

0.2.3. Teichmdiller space of the weakly stable foliation. The geodesic flow of a
hyperbolic surface is a well-known example of an Anosov flow. In particular,
it has a weakly unstable foliation W* of dimension 2, which contains the ge-
odesic foliation. This foliation is “independent” of the choice of a hyperbolic
structure.

A foliated Riemannian metric g on W" is the data of a scalar product
on each tangent space to W" which is of class C*° along the leaves and
varies transversally continuously for the C* topology. We call it transversally
Hédler if there exists a > 0 such that the metrics on two e-close leaves are
g%*-close for the C* topology.

Two metrics g and h are conformally equivalent if there is a continuous
function o on Mr such that h = e%g. A foliated conformal structure on
W is a conformal equivalence class of Riemannian metrics on WY, It is
transversally Hélder if it admits a transversally Holder representative.

A foliated homotopy (ht)o<t<1 is a continuous family of continuous self
maps of Mrp preserving the leaves of W" and such that hg = Id. Two
foliated conformal structures [g1] and [g2] are homotopic if there exists a
foliated homotopy (h:) such that hi[ga] = g1.

Let [g] be a conformal structure on W*, and let [y] be a closed geodesic.
The weakly unstable leaf containing [y] is conformally equivalent (for the
conformal structure [g]) to I\D for some hyperbolic isometry [. The period
map of [g] is the map

L

q] - [I] = Rxo
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associating to v the translation length of [. The period map is homotopy
invariant.

The Teichmiiller space of the foliation W* is the space of foliated con-
formal structures on W* modulo homotopy. We denote it by 7 (W"). We
denote by 7"(W®) the subset of homotopy classes of transversally Holder
conformal structures.

Teichmiiller spaces of 2-dimensional foliations were introduced by Sullivan
in []. There, he proves that those Teichmiiller spaces (in particular 7 (V")
have the geometry of a (possibly infinite dimensional) complex manifold
biholomorphic to a bounded domain in a complex Banach space.

Note that we could imagine several variations in the definition of a Te-
ichmiiller space. For instance, replacing homotopy equivalence by isotopy
equivalence, or weakening the leafwise regularity of our conformal struc-
tures. In the classical theory, all these definitions are equivalent thanks to
the following classical theorems:

Theorem 0.1. Any two smooth structures on a topological surface are iso-
topic.

Theorem 0.2. Two homeomorphisms of a surface which are homotopic are

1sotopic.

We do not know whether the equivalent results exist for 2-dimensional
foliations and try to avoid entering into those details here.

0.3. Main results. The purpose of these notes is to clarify the relation be-
tween the three spaces described above. This is summarized in the following
theorems:

Theorem 0.3. There exists a continuous map
DF : X,,(T, Diff(S')) — Par((G)

such that

Lorp) = Ly
for all p. This map is a surjective and restricts to a bijection between
X 4n(T, Diff*(SY)) and Parl(G).
Theorem 0.4. There exists a continuous map

CF : TOW") — Par;(9)

such that

Ler(g) = L
for all [g]. This map restricts to a bijection between TH(W™) and Parf(G).

Note that the sets Par?(G) and T"(W*") are respectively dense in Par; (G)
and T(W"). By Theorem 0.4, one can thus see Pari(G) and T (W") as two
natural completions of the space of Holder parametrizations. We do not
know whether the two completions coincide (i.e. whether CF is a bijection).
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1. COCYCLES, COHOMOLOGY AND PARAMETRIZATIONS

In this section, we gather some classical results about cocycles along a con-
tinuous flow and their relation with reparametrizations of that flow. This
leads to the description of the space Par(G) as a convex cone in an infinite
dimensional Banach space. This description seems to date back to Bowen.

In order to stick to our objective, we restrict ourselves to reparametriza-
tions of the geodesic flow of a closed negatively curved surface. However, all
the results here could work in the very general setting of parametrizations
of a 1-dimensional lamination, except for a few results which use the density
of closed orbits and hold for any topologically transitive Anosov flow.

1.1. Geodesic, stable and unstable foliation. In all the paper, ¥ de-
notes a closed oriented surface of genus at least 2 and I' its fundamental
group. Recall that I is hyperbolic in the sense of Gromov. its boundary at
infinity Jx,I" is a topological circle with a canonical Hélder structure. Let
Mp denote the set of cyclically oriented triples of distinct points of Oxol'.
The group I' acts properly discontinuously and cocompactly on ]\AJF. We
denote the quotient by Mr.

For every y # z € 9T, let us denote by W*(z) the set {(z_,xs, x4) €
Mp | x4 = z}, by W¥(y) the set {(z_,ap,24) € Mp | z— = y} and by
G(y, z) the set W“(y) N Ws(z). Note that the cyclic order on 0xI" induces
an order on G (y, z) given by

(y,t,2) < (y,s,2) <= (y,t,s,z) are cyclically ordered.

The sets 5 (y, z) are the leaves of a one dimensional Holder foliation § of
]\7p which is preserved by the action of I' and thus induces a Hélder foliation
G of Mp that we call the geodesic foliation. Similarly, the sets VNVS(Z) and
VNV”(y) respectively induce Hélder foliations of Mr of dimension 2 called the
weakly stable and weakly unstable foliations and denoted W9 and W".

Remark 1.1. If z is a point in Mp, we will denote by G(x), W?*(x) and W*(x)
the geodesic, stable and unstable leaves passing through z.

We can now define a (continuous) parametrization of the geodesic foliation
to be a continuous flow on Mt whose orbits are the leaves of the geodesic
foliation. More precisely:

Definition 1.2. A continuous parametrization of the geodesic foliation G
on Mr is a continuous continuous flow (p;)icr on Mr whose orbits are the
leaves of the foliation G and which respects the orientation of G.

The parametrization (¢;) is Hélder if each ¢y is bi-Holder the map (¢, x) —
(t,o¢(x)) is a Holder homeomorphism of M x R.

Remark 1.3. A parametrization ¢ lifts to a I'-equivariant flow on M that
we still denote . More generally, any object on Mp which lifts naturally
to Mp will called the same when lifted. This will avoid some unnecessarily
heavy notations.
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Every non-trivial element v € I" has a unique attracting fixed point 4 €
OxoI' and a unique repelling repelling fixed point v_ € 9"\ {74 }.

Let € 051" be a point on the geodesic G(v—,7v+). We define L,(y) as
the positive number ¢ such that

(=7 273) = ee(7—5 2, 74)) -
One easily verifies that Lg(v) does not depend on the choice of x, is invariant
by conjugation of v and verifies L, (™) = nL,(7).

Definition 1.4. Let ¢ be a continuous parametrization of the geodesic fo-
liation. The map

L, :[I'] = Ry
is called the period map of .

Definition 1.5. Two continuous parametrizations () and (¢;) of the ge-
odesic foliation are called conjugate if there exists a continuous function
f+ Mp — R such that the flows (¢;) and (¢4) are conjugated by the home-
omorphism

h:z v oy (T).

One can provide the space of all parametrizations of the geodesic folia-
tion with the topology of uniform convergence on compact sets of M x R.
Conjugation of flows defines an equivalence relation on this space. We define
Par(G) as the quotient of the space of all parametrizations by the closure of
this equivalence relation. The main purpose of this section is to describe the
geometry of Par(G).

1.1.1. Main example: geodesic flow of a negatively curved surface. Assume
3 is endowed with a Riemannian metric of negative curvature. Then there
is a well-known identification of Mp with 713, the unit tangent bundle to
>, through which the geodesic flow is a parametrization of the geodesic
foliation. The geodesic flow is Anosov and the foliations W* and W" are
precisely the weakly stable and unstable foliations of this Anosov. Though
different negatively curved metrics give rise to different flows [2], these flows
are orbit equivalent and have the same weakly stable and unstable foliations.

Instead of considering parametrizations of the geodesic foliation, we could
have fixed a negatively curved metric on ¥ and considered reparametriza-
tions of its geodesic flow (this approach is more common in the litterature).
However, for our purpose, we prefer to emphasize that we have no privi-
leged choice of a negatively curved metric or parametrization of the geodesic
foliation.

1.2. Cocycles. Let us fix a continuous parametrization ¢ of the geodesic
foliation. We recall here a few classical facts about continuous cocycles
along .
Definition 1.6. A continuous cocycle along ¢ is a continuous function
c:MrxR—-R
such that
ot + 5) = o(a, ) + (i), 5)
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for all z € Mp and all t,s € R.

The following examples relate cocycles to continuous functions on one side
and to reparametrizations of ¢ on the other side.

Example 1.7. Let f: Mr — R be a continous function. Then the function

Cy . MFXR —- R
(@,t) = fo fp(u,x))du

is a cocycle. We call such a cocycle an integral cocycle.

Example 1.8. Let 1 be another parametrization of the geodesic foliation.
One can associate to the pair (¢,) the cocycle ¢,y along ¢ defined by

¢c¢_,w(x,t) (x) = Spt(x) :

In other words, ¢, (x,t) is the time taken by the flow ¢ to move from z
to pi(z). We call such a cocycle a reparametrization cocycle. When the base
flow ¢ is fixed once and for all, we simply denote this cocycle by cy,.

The space Z(yp) of cocycles along ¢ is a Banach space for the norm

lclloo = sup sup |c(z,t)| .
0<t<1 zeMr

Definition 1.9. A Livsic coboundary is a cocycle ¢ for which there exists a
continuous function F' such that

c(z,t) = Flp(z)) — F(z)

for all x € Mt and t € R. Two cocycles ¢; and co are called Livsic cohomol-
ogous if ¢ — ¢y is a Livsic coboundary.

The following propositions reduce the study of cohomology classes of co-
cycles to that of integral cocycles.

Proposition 1.10. Let ¢y be the integral cocycle associated to a continuous
function f. Then c;y is a Livsic coboundary if and only if f is a derivative
along @, i.e. there exists a continuous function F' : Mr — R such that
L(F(pe(z)) — F(z)) converges uniformly to f.

Proposition 1.11. Let ¢ be a cocycle along ¢ and letT' be a positive number.
Then c is Livsic cohomologous to the integral cocycle cr associated to the
function x — %c(m,T). In particular, every cocycle is Livsic cohomologous
to an integral cocycle.

Proof. Let ¢ be a cocycle along . Define

T
F::cr—>/ c(z,u)du .
0
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For all x € Mrp and all t € R, we have

/Ot c(pu(z), T)dt = /Ot ez, u+T) —c(z,u)du

t+T T

= / c(m,u)du—/ c(z,u)du
t 0
T T

= / c(x,t—i—u)du—/ c(z,u)du
0 0

T T
= / c(x,t) + c(pi(z), udu —/ c(x,u),du
0 0
— Te(n,t) + Flpila)) - F(x)

The integral cocycle associated to the function x — ¢(z,T") is thus cohomol-
ogous to Tc. U

The space of Livsic coboundaries is not closed in Z(¢). We call weak
coboundary a uniform limit of Livsic coboundaries and we say that two co-
cycles are weakly cohomologous if they differ by a weak coboundary. We
denote by B(¢p) the space of weak coboundaries and by H'(p) the quotient
Z(y)/B(p) with the Banach norm

el = inf ||, -

Let Z'(¢) be the space of continuous functions on My with the supremum
norm and B’(¢) C Z'(p) the closure of the subspace of functions which are
derivatives along . Propositions 1.10 and 1.11 imply the following

Corollary 1.12. The space H'(p) is isometric to the quotient Z'(¢) /B’ ()
with the quotient norm

A= inf [lf =gl -

9eB' ()
Proof. Consider the linear maps
A: Z'()
f

Z(¢)
cf

UK

and
B: Zp) — Z'(p)
c — c(,1).
A and B are both continuous of operator norm at most 1, and are inverses
up to coboundaries by Propositions 1.10 and 1.11. They thus factor to
isometries between Z'(p)/B'(¢) and Z(p)/B(p). O

1.3. The dual space of invariant measures. Recall that the dual of the
space Z'(p) is the space of signed Borel measures on My, i.e. linear forms
of the form
prfe | fdut— | fduT
Mrp Mrp

where p™ and p~ are finite Borel measures on Mp. It contains the closed
subspace of signed Borel measures invariant by the flow ¢, which are char-
acterized by the following proposition:
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Proposition 1.13. A signed Borel measure . on Mrp is p-invariant if and
only if

p(f) =0
for all f € B'(y).

The dual statement readily follows from the Hahn—Banach theorem:

Corollary 1.14. Let f be a continuous function on Mp. Then f belongs to
B'(p) if and only if u(f) = 0 for all invariant finite Borel measure p.

It follows that the space of invariant signed Borel measures on Mr is
isomorphic to the dual of H'(y). This also gives a characterization of the
quotient norm on H'!(yp). For every continuous function f and every T' > 0,
define

1 [T 1
Inf o g [ @t = Fesa,T)
Note that I7f is Livsic cohomologous to f by Proposition 1.11. Let M!(yp)
denote the space of p-invariant probability measures on M.
Lemma 1.15. Let f be a continuous function on My. Then the following

equalities hold:

inf sup(f —g) = sup fdp = lim suplpf .
9€B’ M peM () J Mp T—+o0 Mp

Corollary 1.16. Let ¢ be a continuous cocycle. Then we have the equalities

1
= = lim |e(,T
el ME?\I/ilP(cp)‘M(C)’ pim e Dlloo

where p(c) = [ fdu for any function f such that c is cohomologous to cy.

Proof of Lemma 1.15. Note first that the function
T
T — sup / flpe(x))dz
$EM1" 0

is subadditive. Thus sup,,. ITf converges as T' goes to +oo.
The inequality
sup fdp < inf sup(f—g)
peEM?L(p) J My 9EB'(p) Mrp

follows for the inequality | M Jdu < supyy. f and the fact that I} My gdp =20
for g € B'(¢).
The inequality
inf sup(f—g¢g) < lim suplpf
9€B'(¢) Mr T—r+400 Mp

follows from the fact that I f is cohomologous to f for all T'.
Finally, let 7 be a point where I f achieves its supremum and consider
the probability measure pur defined by

1 T
/MF gdur = T/o g(pt(wr))dt .
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Let v be an accumulation point of ur for the vague topology. Then v is
p-invariant and we have

dv= 1l I = 1 Irf .
MFf v T_1>I£OO rf(xT) T_lgloosj\l}f Tf
We conclude that
lim suplpf < sup /fdu.
T=+00 My HEM? ()
O

Proof of Corollary 1.16. By Proposition 1.11, we can assume without loss of
generality that cis the integral cocycle associated to a continuous function cy.
Set N(f) = infycp supy,.(f —g). By Lemma 1.15, we have

1
max(N N(— = = lim — T .
NN = sy (@] = tim e Tl

On one side, we have
max(N(f), N(=f)) < inf |[f —gll = ll[c]ll -

geB’
On the other side, we have
1
li —le(-, T >
Jim e ) 2 1)

since 7.¢(-,T) is cohomologous to f. Hence ||[c]|| = max(N(f),N(—f)). O

1.4. Positive cocycles and reparametrizations. We still fix a parametriza-
tion ¢ of the geodesic foliation. Let ¢ be another parametrization. Recall
that the reparametrization cocycle cy along ¢ is defined by the relation

(1) Tzz)cg,ﬁw(z,t) (x) = th(JT) :

Such a cocycle is positive, i.e. cy_y(x,t) > 0 for t > 0. Conversely, if ¢ is
a positive cocycle, then the relation (1) defines a unique parametrization
such that c,_,y = c.

Proposition 1.17. Two parametrizations 11 and s are conjugate if and
only if their reparametrization cocycles are Livsic cohomologous.

Proof. Let h be a geodesic preserving homeomorphism such that

h(1(t, @) = ¥a(t, h(z)) .
Define F'(z) as the time s such that

Pa(s,x) = h(x) .

We then have
Uaeg (2,0) + Flp(t,),) = a(Fp(t2)),o(t,2)) by definition of ey,
h(p(t,x)) by definition of F'
h(yr(cy, (z,t),x) by definition of ¢y,
wQ(Ciﬂl (1‘, t)v h(.%'))
= 7/)2(61#1 (x’t) + F(x)’x) .
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Therefore,

Cyy (.%',t) - C¢2($,t) - F((P(xvt)) - F(x) :

Conversely, assume there exists a continuous function F' such that

ey (T,8) — ey, (2,8) = Fp(z,t)) — F(2) .
Set h(x) = o(F(x),x). Given x € Mp and s € R, let ¢ be such that
cy, (z,t) = s. We then have

Ua(s, h(z)) = ta(s + F(z),z)
= taley, (2,1) + Fx), z)
= o(cyy(x,t) + F(pi(x)),x) by definition of
= UYo(F(pi(x)),pi(x)) by definition of cy,
= h(ei(x)) by definition of h

- h(wl(sax)) :
Symmetrically, the map g : z +— 11 (—F(z), x) satisfies

1/11309:901/125 .
One can verify that A and g are inverses of each other. They thus provide
the required conjugation. O

Definition 1.18. We call two parametrizations ¢ and o weakly conjugate
if 19 is a uniform limit of conjugates of 1);. (Here and elsewhere, uniform
limit means limit for the compact-open topology.)

One easily verifies that the map ¢ + ¢, is a homeomorphism from the
space of parametrizations of the geodesic foliation (with the totoplogy of
uniform convergence on compact sets) to the space of positive cocycles. Thus
Proposition 1.17 implies the following corollary:

Corollary 1.19. Two parametrizations 11 and o are weakly conjugate if
and only if their reparametrization cocycles are weakly cohomologous. More-
over, the map

[¢)] = [cy]
Is a homeomorphism from the space Par(G) of weak conjugacy classes of

parametrizations to the domain Hi(cp) of weak cohomology classes of positive
cocycles.

Remark 1.20. This corollary asserts in particular that weak conjugacy of
flows is indeed an equivalence relation, and that Par(G) is the largest Haus-
dorff quotient of the space of parametrizations up to (strong) conjugacy.

The domain H Jlr(l/J) is a convex open cone in H }r (v). The following propo-
sition gives further characterizations of it:

Proposition 1.21. Let ¢ be a cocycle along ¢. The following are equivalent:

(1) ¢ is cohomologous to a positive cocycle,

(2) ¢ is cohomologous to the integral cocycle cy associated to a positive
function f,

(3) There exists T > 0 such that c(xz,T) is positive for all x,
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(4) There exist constants A, B > 0 such that
c(z,t) > At — B

for all x € Mt and allt > 0,
(5) p(c) > 0 for all p e M (),
(6) There exists a constant A > 0 such that p(c) > A for all up € M ().

We call a cocycle satisfying these properties and expanding cocycle.

Proof. The equivalence between (1) and (2) follows from Proposition 1.11.
The equivalence between (2), (3) and (6) follows from applying Lemma 1.15
to the cocycle —c. The equivalence between (5) and (6) follows from the
vague compactness of M1 (y). Finally, the equivalence between (3) and (4)

follows from
1

clz,nT) =) clopr(z),T) .
0

3
I

i

Corollary 1.19 gives a homeomorphism
Id, : Par(G) — Hi(y) ,

depending on the choice of a background parametrization ¢. Let us now de-
scribe the coordinate changes with respect to different background parametriza-

tions.
Let ©1, w9 be two parametrizations of the geodesic foliation. Given a

cocycle ¢ along @1, define

COCpysp i MprxR — R
(x,t) = c(x, cppmp (2,1)) -

Proposition 1.22. The following holds:

(1) If ¢ is a cocycle along @1, then c o cpy—yyp, is a cocycle along @o.

(3) If c and ¢ are cocycles along ¢, then ¢ o cpy—sp, and ¢ o Cpy—yyp, are
Livsic (resp. weakly) cohomologuous if an only if ¢ and ¢ are Livsic
(resp. weakly) cohomologuous.

(4) If v is another parametrization, then

Co1—1 © Cpr—rp1 = Cpp—ep -

It follows that the map ¢ — ¢ 0 Cypyp, induces a map Iy, g, : H (1) —
H'(p3). This map is an isomorphism of Banach spaces and maps H}r(cpl
to HY (¢2). Finally, we have

Idg, o1d, ) = Iy, sy, -

In conclusion, the space Par(G) has the structure of a convex Banach cone.
More precisely, it is endowed with a family of homeomorphisms to open con-
vex cones in Banach spaces whose transition maps are linear isomorphisms.

We all the (I,) the affine charts of Par(G).
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1.5. Period map for cocycles. We fix again a background parametriza-
tion ¢. Recall that closed leaves in G are in bijection with primitive conjugacy
classes in I',; and that for [y] € [I'], the period Ly(7) is the time taken by the
flow ¢ to go through ~.

Definition 1.23. Let ¢ be a cocycle along . The period map of ¢ is the
map
L.: Il - R
Y = C(x’yaLlp(ry))
where ., is any point on the closed geodesic 7.

Ezample 1.24. 1f ¢y is the reparametrization cocycle associated to 1), then
Le, =Ly .
One easily verifies that L. only depends on the weak cohomology class

of ¢. In fact, we have

Proposition 1.25. For every v € [I'] and every c € Z(p),

Le(7) = Ly (7)d4(c)
where - 1s the p-invariant probability measure supported on the closed geo-
desic .
The closing lemma for the geodesic flow of a hyperbolic surface has the

following consequence:

Lemma 1.26. The convex hull of the (6,),eqr) is dense in M'(p) for the
vague topology.

Thus, Proposition 1.21 and 1.16 imply the following

Corollary 1.27 (Corollary of Proposition 1.21). A cocycle ¢ is expanding if
and only if there exists a constant A > 0 such that

Le> AL, .

Corollary 1.28 (Corollary of Corollary 1.16). Two cocycles ¢ and ¢ along
@ are weakly cohomologous if and only if L. = 0.

Note that this last corollary is strengthened by LivSic’s theorem under a
Hoélder regularity hypothesis, see Theorem 6.4.

1.6. Scaling and the space PPar(G). Let ¢ be a parametrization of the
geodesic foliation and A € Rvg. The scaled flow ¥ is defined by

(@) = () -
Scaling defines an action of R~ on the space Par(G). We denote by PPar(G)
the quotient of Par(G) by this action and call it the projective space of
parametrizations.
Let ¢ be a background parametrization of G. We then have

Comspr = ACpsyp -

In other words, the affine chart I, : Par(G) — H'(p) conjugates the scaling
action with the scalar multiplication. The space PPar(G) is thus an open
domain in the projective space over a Banach space.
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Proposition 1.29. The domain PPar(G) C PH'(¢) is a weakly proper
convex domain, .e. it intersects every projective line in a proper interval
(and interval which is not the complement of a point).

Remark 1.30. In this infinite dimensional setting, “weakly proper” is weaker
that the stronger property of being bounded in some affine chart.

Recall that a (weakly) proper convex domain €2 carries a natural projec-
tively invariant metric called the Hilbert metric, defined by

1
d(z,y) = 3 logla, x,b,y] ,

where a and b are the endpoints of the intersection of {2 with the projective
line spanned by x and y, and [a,z,b,y] the cross-ratio of those four points.
We call the Hilbert metric on PPar(G) the Hilbert-Thurston distance be-
cause, as stated in the next theorem, it is a symmetrization of the distance
introduced by Thurston on the Teichmiiller space. We denote it by dyr.

Theorem 1.31. Let ¢ and ¥ be two parametrizations of the geodesic foli-
ation. The Hilbert—Thurston distance between (the projective classes of) ¢
and Y s given by

2 ~velr] Lo(7) e Ly (7)

The proofs of both Proposition 1.29 and Theorem 1.31 follow from the
following computation:

dur(p, ) = ! <log sup Ly(v) + log sup Lg@(W)) .

Lemma 1.32. Let f and g be two points in H}(p). Assume that we don’t
have Ly < Lg. Then

sup{A > 0| (1— N f + Ag € H (9)} = =

1 —infer 7205

Proof. For some A > 0, we have

La—nirg = Lp+AMLg—=ALy)
L

= Liy(1-A1-72)
Ly
Assume first that
A< l-e
- 1— Lg(v)
Ly(v)

for all v € [I'] such that Ly(v) < L¢(y). For some v € I', if Ly(v) > L(7),
then

La_xnpiag(y) = Le(v)
and otherwise,

La-nfiag(y) ZeLs(y) -
In any case, we get

®
hence (1 — A) + Ag belongs to H! () by Corollary 1.27.

L-npirg = €Ly > €'L
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Assume now that there exists v such that L,(y) < L¢(y) and

1

T0)
=2

A >

For this v we then have

La-xfiag(7) <0
Thus (1 — A)f + Ag does not belong to H1 (¢). We conclude that

1
sup{A [ (1 = A)f + Ag € H (o)} ’yE[F],Lgl?Y)<Lf('Y) 1— ]fg((“f)
Pt
1

: Lo(v)~
1 —infyery 2205

O

Proof of Proposition 1.29. Let [f] and [g] be two distinct points in Par(G).
Then Ly is not a multiple of L,. We thus have

L L
infL—§<supL—£.

Up to multiplying f by a scalar, we can assume that

L L
infL—f<1<supL—f.

g g

The set I = {A € R | (1 = A\)f+ Ag € HL(p)} is an open interval since
H! () is open and convex. By Lemma 1.32, it is bounded from above and
from below by inverting the roles of f and g. This shows that PPar(G) is
weakly proper. O

Proof of Theorem 1.31. Let [f] and [g] be two distinct points in Par(G). As-
sume again that

L L
infL—Z<1<supL—];.

By Lemma 1.32, we have
AER[(L-Nf+Age Hi(p)} = (A, A1),

where

and
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By definition of the Hilbert distance, we have

1 A Ao +1
dur(f,9) = 510g<)\+i1 . >

1

) Ly(3) - L:(v)
inf, e —Lj(z) inf) ey L’,f(%

_ ! og [ su L) og [ su Ly ()
2 (1 ® <’y€[112] Lg(V)) *los (wdlr)} Lf(')’))) '

In Section ?? we will introduce a positive continuous function hy,, on
Par(G) which is homogeneous of degree —1 (i.e. hop(¢) = Fhiop(ip)). Ex-
perts will recognize the topological entropy of a flow. We will denote by
Par;(G) set of parametrization ¢ € Par(G) such that h¢y,(¢) = 1. By homo-
geneity of hy,, every parametrization ¢ admits a unique scaling of entropy
1. Thus Par;(G) can be identified with PPar(G).

1
~ I
9 %8

O

2. BUSEMAN COCYCLES, FOLIATED 1-FORMS, AND HOROCYCLES

2.0.1. Buseman cocycles. Let NI‘E (resp. ]fo) denote the space of pairs of

points (z,y) € ME such that z and y are contained in the same stable (resp.
unstable) leaf.

Definition 2.1. A stable Buseman cocycle (resp. unstable Buseman cocycle)
on M is a I'-invariant continuous function B on N} (resp. Nj*) such that for

all x,y,z € ]\7p belonging to the same weakly stable (resp. weakly unstable)
leaf, we have

B(z,z) = B(x,y) + B(y, 2) .

Let ¢ be a parametrization of the geodesic flow. Then every Buseman
cocycle B on Mr induces a cocycle along ¢ defined by

c(z,t) = Bz, pr(x)) .
We will say that a cocycle c¢ is stably (resp. wunstably) Buseman if it is

associated to a stable (resp. unstable) Buseman cocycle via this construction.
We have the following characterization :

Proposition 2.2. Let ¢ be a continuous cocycle along ¢. The following are
equivalent:

e c is stably (resp. unstably) Buseman,
e the function

(2?, y) = C(x’ t) - C(ya t)
converges uniformly on every compact subset of ]Tffi (resp. ]Vfi) when
t goes to +00 (resp. —o0).
More over, the associated Buseman cocycle is determined by

B(.%',y): (xvt)_c(yat) :

In particular it is unique.

lim ¢
t—Foo
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Corollary 2.3. If ¢ is a Hélder parametrization of the geodesic flow, then
every Hélder cocycle along ¢ is stably and unstably Buseman.

We leave the proofs of the previous proposition and corollary as an exer-
cise.

Definition 2.4. A stable (resp. unstable) Buseman cocycle B is a cobound-
ary if there exists a continuous function F' on Mr such that

B(z,y) = F(y) — F(x)

for all (z,y) € ]Vﬁ (resp. ]Vf‘) Two Buseman cocycles are Livsic cohomolo-
gous if their difference is a coboundary.

One easily verifies that two Buseman cocycles are Livsic cohomologous if
and only if their associated cocycles along ¢ are Livsic cohomologous.

2.1. Horocyclic foliations.

Definition 2.5. A parametrization ¢ of the geodesic foliation is said to
admit a stable (resp. unstable) horocyclic foliation or, for short stable (resp.
unstable) horocycles if there exists a 1-dimensional continuous foliation H?*
(resp. H") of Mr such that

e Every leaf of H* (resp. H") is contained in a leaf of W? (resp. W),

e The foliation H?® (resp. H") is transverse to G in W?* (resp. in W),
i.e. locally, each leaf of H® and each leaf of G contained in the same
weakly stable leaf intersect at exactly one point,

o H* (resp. H") is preserved by the flow .

Example 2.6. The geodesic flow of a negatively curved metric on X is Anosov.
It thus admits both stable and unstable horocycles given by the strongly
stable and unstable foliations of the flow.

Remark 2.7. The subtlety of this section is that a continuous parametrization
of an Anosov flow may not admit strongly stable or unstable foliations.

The relation with Buseman cocycles is given by the following proposition:

Proposition 2.8. Let ¢ and v be parametrizations of the geodesic foliation.
Assume that ¢ admits stable (resp. wunstable) horocycles. Then 1 admits
stable (resp. unstable) horocycles if and only if the reparametrization cocycle
Cpy 15 stably (resp. unstably) Buseman.

Proof. Exercise. (]

Definition 2.9. Let ¢ be a parametrization of the geodesic foliation admit-
ing stable (resp. unstable) cocycles. We will say that ¢ admits a horocyclic
flow if there exists a flow h on Mp whose orbit foliation is the stable (resp.
unstable) horocyclic foliation, and such that ¢ and h have the following
comuting property:

®t © hs o Y-t = he*ts
(resp.

2 hs o Y-t = heis )
for all (s,t) € R2.
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The pair (¢, h) gives a locally free action of the affine group on Mr whose
orbit foliation is W* (resp. W*"). We call it a stable (resp. unstable) affine
action.

Example 2.10. The geodesic and horocyclic flows of a hyperbolic metric on
Y give a stable affine action.

A stable (resp. unstable) affine action (¢, h) induces in particular a foliated
smooth structure (i.e. a transversally continuous family of smooth structures
on the leaves of) W? (resp. W") as well as two vector fields X and Y tangent
to W? (resp. W") that generate respectively the flow ¢ and h and satisfy
the comutation relation

(X, Y]=-Y
(resp.
X,Y]=Y ).

We will come back extensively on stable affine actions and their relation
to foliated hyperbolic structures in Section 4. For now, we only need the
existence of a stable affine action and its associated foliated smooth structure.

2.2. stable 1-forms. In this section, we assume that the weakly stable
(resp. unstable) foliation is provided with an affine action (¢,h). One can
take ¢ and h to be respectively the geodesic and horocyclic flow of a hyper-
bolic metric on 3. In particular, the weakly stable (resp. unstable) leaves
carry a smooth structure. Let X and Y be the vector fields on W?* (resp.
W) generating the flows ¢ and h respectively.

Definition 2.11. A stable 1-form (resp. unstable 1-form) of class C* on Mr

is a family of 1-forms of class C* on the leaves of ws (resp. W”), preserved
by I, and depending continuously on the leaf for the C* topology. It is called
closed if it is closed on each leaf.

(Recall that a continuous 1-form is closed if it is locally the differential of
a C! function.)

A closed stable (resp. unstable) 1-form « gives rise to a stable (resp.
unstable) Buseman cocycle B, defined by

Ba(m,y):/:a.

The associated cocycle ¢, along ¢ is the integral cocycle associated to the
function a(X) (i.e. co(x,t) is the integral of o from z to ¢(¢,x)).

Proposition 2.12. Every (stable or unstable) Buseman cocycle is Livsic co-
homologous to the Buseman cocycle associated to a closed (stable or unstable)
1-form of class C*°.

Proof. Let B be a stable Buseman cocycle. We construct a by “smoothening”
B. To do so, we can for instance choose a probability law v on R? with
smooth density with respect to Lebesgue and compact support. For (z,y) €
NI‘E, define

viB(z,y) = /]12{2 B(z,exp(tX)oexp(sY)-y)dv(t,s) .
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(Watch out that v, B is not a Buseman cocycle.) The function v, B(x,-) is
smooth on each stable leaf. Moreover, for 1 and x5 in the same stable leaf,
we have
viB(z1, ) = vuB(xa,+) + B(x1,z2) ,

so the 1-form a = dv,B(z,-) does not depend on z. This defines a closed
foliated 1-form of class C*° on M.

Let B, be the Buseman cocycle associated to a. For zy,x and y in the
same stable leaf, we have

Bu(z,y) = wvB(zo,y) — v« B(z0, )
- B(xmy) - B(l’o,x) + V*B(y7y) - V*B(.%'7.%')
= B(z,y) + vB(y,y) —viB(z,2) .
The function
x = v, B(z,x) = B(xz,exp(tX) oexp(sY) - z)dv(t, s)
RQ
is continuous and I'-invariant. Therefore, B and B, are cohomologous. [J

Let Z(W?) denote the space of foliated closed 1-forms of class C'. We
provide Z(W?) with the supremum norm:

[l = sup max{|a(X)], [a(Y)[} -
M

Let B(W?) denote the closure of the subspace of exact 1-forms. Finally,
let H1(W?) denote the quotient Z(W?$)/B(W?), provided with the quotient
norm.

The map

Z(Ws) — C°%(M,R)
! = a(X)
induces a linear map IT : H'(W?) — H'(¢p).
Proposition 2.13. The map II is an isometric bijection.

Proof. Let us prove that II preserves the norm. Since by Proposition 2.12,
every Holder function f is in the image of II, we obtain that II has dense
image. Since the domain of II is a Banach space, we will conclude that II is
an isomorphism.

Let a be a closed foliated 1-form on W?*. Then, by definition of the norms,
one clearly has

oy > sup a(X)]
M

It follows that
T[] < Ml -

To prove the converse inequality, let us define

1 (T
aT:T/O pradt .

The form ap is cohomologous to a.
Now, one has
1

T
or(X)@) = 7 [ ol
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By Corollary 1.16, we thus have
X — X))l =1 .
llor (Xl 2 MaCON = [T
Meanwhile, since ¢;,Y = e~ 'Y, one has

1 T 1
arM)@) < 7 [ e oVl dt < Frorma(¥) = 0.

We conclude that

ol — M) -

Therefore, ||[a][| = [[TI([a])]] -

Proposition 2.13 says in particular that every continuous cocycle is weakly
cohomologous to one which is stably Buseman. As a corollary, we obtain the
following theorem:

Theorem 2.14.
Every continuous parametrization of the geodesic foliation is weakly conjugate
to a parametrization admitting a stable horocyclic foliation.

3. ANOSOV GROUPS OF DIFFEOMORPHISMS OF THE CIRCLE

In this section, we associate to certain well-behaved circle actions of a
surface group a parametrization of the geodesic foliation, unique up to Livsic
equivalence. Moreover, these parametrizations admit stable horocycles, and
come with a family of measures on unstable leaves with nice properties with
respect to the stable horocycles.

3.1. Expanding actions. We denote by S! the unit circle, by Diff(S') the
group of diffeomorphisms of S of class C' and by Diﬁh(Sl) the subgroup of
diffeomorphisms whose derivatives are Holder regular.

A homomorphism p from T to Diff(S!) is called a C* action of I on S*.

Let p be a C! action which is topologically conjugate to the action of I on
OsoI. In particular, every element v € I' acts on S! with an attracting fixed
point and a repelling fixed point. When this does not bring any confusion,
we denote these points respectively by 74 and v_ (omitting the dependence
in p).
Definition 3.1. We define the period map of p as the function

L,: Tl = Ry
] = —log(p(7) (7+)) -

This definition is motivated by the proposition:

Proposition 3.2. Let p be a C' action of T' on S' topologically conjugate
to a Fuchsian action. Let ¢ be a parametrization of the geodesic foliation.
Then there exists a cocycle ¢, along ¢ such that

L,=Le, .
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Proof. Let h : 05" = S! be the homeomorphism conjugating the action p
with the action of I' on its boundary. Let E, be the continuous line bundle
over Mt defined by
(EP)(x,y,z) = Th(z)Sl )

and let E, be the line bundle over M obtain by quotienting by the action
of I.

The flow ¢; on My lifts to a flow @; on the total space of E, which is
linear in the fibers, induced by the transformation

((.%', Y, Z), U) = ((pt(wa Y, 2)7 U)
on B,
Let | - | be a continuous norm on L,. We define the cocycle ¢, by

¢ (v)]

[l

cp(w,t) = log

where v is any vector in (£,),\{0}.

The norm |- | lifts to a I'-invariant norm on Ep that we still denote by |- |.
Let v be an element of I' and let (7_,y,v4+) be a point on the axis of . Let
v be a tangent vector to h(y4). Then, by definition of ¢,, we have

v .
ch(’y) _ log‘ ‘(%,vyﬂﬂ
V(v )

[dp(y" D) (W) (- wirs)
M(%vy,w)

= logp(v™") (h(v4))

= Ly(v) -

= log

O

Remark 3.3. The cocycle ¢, above is well-defined up to a Livsic coboundary.
Indeed, it only depends on the choice of a metric on the line bundle L,, and
one easily checks that changing this metric will modify ¢, by a coboundary.

Definition 3.4. A C' action p of I' on S! is expanding if for every z € S,
there exists v € '

lp(7)' ()] > 1.

By a straightforward application of Borel-Lebesgue’s characterization of
compactness, every expanding action satisfies the stronger property:

Proposition 3.5. Let p: T' — Diff(S') be an expanding action. Then there
exists g1,...,gx €T, a covering of S' by open intervals I, ... I, and € > 0
such that
plg;) (@) = 1+e

for all x € I;.
Theorem 3.6. Let p be a C' action of T' on S* topologically conjugate to the
action of T on OI". Then the following are equivalent:

(i) The action p is expanding,

(i1) The cocycle c, is expanding,
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(#i1) The action p is bi-Holder conjugate to the action of T' on OxT.

Proof. (i) = (di1).

We prove more generally that if two dilating C' actions p; and py are
conjugated by a homeomorphism h, then A is bi-Holder continuous. In par-
ticular, a dilating C' action topologically conjugate to the action of T' on
OsoI is bi-Holder conjugate to any Fuchsian action of T' on S'.

Let g1,...,gx be elements in T, I1,...,I; be open intervals covering S'
and € be positive such that pi(g;)’ > 1+ on I;. Let 0 < n < 1 be such
that pa(g;) > non I; for all j € {1,... k}.

Let a > 0 be such that, for all interval J € S, if J has length less or equal
to a, then there exists j € {1,...,k} such that J C I;.

Let us now fix x # y € S!. By the expanding property and the definition
of a, one can find n € N and and 41,...,i, € {1,...,k} such that

e Forall 0 <[ <mn,

lp1(gi, - 9) - —p1(gs, - 9i1) -yl < a,
e Forall 0 <[ <mn,

Giy -+ 9ir - [T,y) C Ly,

101G -~ 9i2) - = p1(Gi, -+ 901) -yl Z a .
Note that, since g; multiplies the length of every interval contained in I; by
at least 1 + ¢, we have
(2) A+ Yr—yl<a.

Now, let h : S' — S! be the homeomorphism conjugating p; and py and
let b > 0 be the infimum of lengths of images by h of an interval of length
at least a.

We then have

1p2(Gi - - - 9ir) - P(x) — p2(Giy, - -~ 9iy) - M(y)| > b

and therefore

(3) () = h(y)| = 7" .
Putting (2) and (3) together, and setting a = llzgg((llﬁ)) > 0, we get
lz—y|l < %
(14¢)nt
< an(n—l)a
a
G )
a
< h(x) — h(y)|* .
e hle) = hw)

Since this is true for all  # y, we conclude that h~! is a-Holder. We
obtain simimarly that h is Holder by switching the roles of p; and ps.

(iii) = (ii)
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Let p: T' — Diff(S!) be a C! action on S! which is bi-Holder conjugate to
a Fuchsian action j. Let h: S! — S! be the homeomorphism conjugating j
and p and « > 0 such that h is a-Holder.

Fix v € T'. Let v4 be the attracting fixed point of j(y) and denote
A =3j(7)(v4) < 1. Let y be a point in S! distinct from v_ and ;. Then
when n goes to +oo,

logj (") -y — x| ~ log(A)n .
Since h is a-Holder, we thus have

log |p(y") - h(y) = h(v+)| = O(alog(Mn) ,
which implies that
p(y) (h(r4)) < A%
We thus have
Le,(v) 2 —alog(A) = aL;(y) .
By proposition 1.21, the cocycle ¢, is thus expanding.

(i) = (1)

Let Ep be the line bundle over Mp defined in the proof of Proposition 3.2.
Let us denote by |- |p the continuous metric on Zp induced by the metric on
S and by | - |1 a T-invariant continuous metric on Ep.

By construction, the metric |- g is invariant under the flow @. Let K be a
compact set in Mp such that UveF ~ - K covers Mp and such that the image
of K by the projection 7 : (x,y, z) — z is the whole circle. Finally, let A > 1
be such that for all z € K and all u € (Ep)m\{()},

Let z be any point in S'. Choose a point # € K such that 7(z) = z and
a non-zero vector u € Ly(z) = T,S*.
Since the cocycle ¢, is expanding, there exists a time ¢ > 0 such that
Bl o
|ul1

Let v € T be such that v - ¢, () € K and let v € (L,),.. be the image of

u by v. We then have
p(7) -z =m(y - x)

and

[vlo
e (w)lo
b -
= -—— since |- o is p-invariant
|ulo
L Jola
A2 Jug]
1 |@e(w)
A2 uly
> 1.

p(v)(2) =

since | - |1 is T-invariant
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We conclude that the C! action p is expanding. O

3.2. The space X4, (I, Diff(S!)) and the map DF.

Definition 3.7. Let p : I' — Diff(S!) be a homomorphism. We will say that
p is an Anosov action on S! or an Anosov representation into Diff(S!) if p
is Holder conjugate to a Fuchsian action.

Proposition 3.8. Let p be an Anosov action on S'. Then there exists a
norm |- | on E, such that

| ()| > Ju|
for allt >0 and all uw #0 € L,.
Proof. Let | - |o be a continuous metric on E,. Since the cocycle ¢, is ex-
panding, we can find constants K > 1 and a > 0 such that
[£-1(wlo
|ulo

for all w # 0 € E,. We can thus define a new continuous metric |- |; on E,
by

S Kefat

—+00 R
jul = /0 1P—a(w)lods -

We now have

+o00
Bw) = /0 B (w)lodls

+oo
= [ lp(wlods
—t
> |uly
O
Corollary 3.9. Let p be an Anosov action on S'. Then there exists a con-
tinuous parametrization 1, of G and a continuous norm | - | on E, such
that

[Up(t, u)] = €'lul
for allu e E,.
Moreover, 1, is unique up to conjugation and | -| is uniquely determined
by ¥, up to a multiplicative constant.

Proof. Let |-| be a continuous metric on E, such that | (u)| > |u|. Then the
cocycle ¢, associated to this norm is positive. It is thus the reparametrization
cocycle of a flow ¢?. For x € Mp and t € R, let s be such that ¢(z,s) = t.
Then for any u € L,(x)\{0}, we have

@) = 1@ ()]

e (T:5) |ul

= e'ful .

This proves the existence of ¥”.
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Asume now that there are two norms |- |; and |- |2 on L, and two
reparametrizations 11 and o of ¢ such that
|Bi(t, u) = €'lul;
fori=1,2.
Let ¢ be the reparametrization cocycle of ¥y along 1. Let x be a point
in Mr, u € (L,)z\{0}, t € R and set v = 91 (t,u). We then have
t = log m
uly
and
vl
c(x,t) =log —— .
It follows that
c(x,t) —t = F(u(t,z)) — F(z) ,
where
Folle
-1
The cocycle ¢ is thus Livsic cohomologous to the tautological cocycle
co(z,t) = t, and 19 is thus equivalent to ;.
Finally, fix ¢, a reparametrization of ¢. Assume that |- |; and |- |2 are
two continuous metrics on L, such that

[, (t ) = €'|ul;

fori=1,2.
Then the function % on Mr is continuous and invariant by 1,. It is thus
constant by topological transitivity of the geodesic foliation. O

Recall that Diff*(S') denotes the set of diffeomorphisms of the circle with
Holder derivatives.

Proposition 3.10. If p takes values in Diff h(Sl), then the associated parametriza-
tion 1, 1s conjugate to a Holder continuous reparametrization.

Proof. Exercise. O

Let us now see how Corollary 3.9 defines a continuous map from the space
of Anosov representations to the space Par(G).

Let us provide the group Diff(S!) with the C! topology. Since T is finitely
generated, the space Hom(T', Diff(S!)) of homomorphisms from I to Diff(S')
embeds in a product of finitely many copies of Diff(S!) and inherits its
topology.

The group Diff (S') acts continuously on Hom(T', Diff (S')) by conjugation.
Its orbit equivalence relation has a priori no reason to be Hausdorff, so we
define

X(T, Diff(Sh))
as the largest Hausdorff quotient of Hom(T', Diff (S!))/Diff (S') (i.e. the quo-
tient of Hom (T, Diff (S')) by the smallest closed equivalence relation contain-
ing the conjugation).
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The set Homy,, (T, Diff (S!)) of Anosov actions is open in Hom(T', Diff (S'))
and invariant under conjugation. We denote by
Xan (T, Diff(S"))
its image in X (T, Diff(S1)).

Corollary 3.9 associates to each Anosov action p a parametrization v, of
the geodesic foliation such that Ly, = L,. This defines a map

DF : Homgy, (T, Diff (S)) — Par(G) .
Here we prove the following;:
Theorem 3.11. The map DF factors to a continuous map
DF : X,,(T, Diff(S')) — Par(G) ,
which maps X" (T, Diff (SY)) into Par*(G).
Let us first see that DF factors to Xqp (T, Diff (S1)).

Proposition 3.12. For every v € T, the function
Xy Homg,(T,Diff(SY)) — R
p = Ly(v)

s continuous and tnvartant by conjugation.

Proof. The conjugation invariance is easy. The continuity follows from the
stability of contracting dynamics. O

By universal property of the largest Hausdorff quotient, the functions
x4 factor to continuous functions on X, (T, Diff(S!)). In other words, two
Anosov actions in the same equivalence class in X4, (I, Diff(S')) have the
same period map. Since the map DF preserves period maps and since points
in Par(G) are uniquely determined by their period map, we conclude that

the map DF factors to a map
DF : X,,(T, Diff(S')) — Par(G) .

Let us now prove the continuity of DF. Note that it is not sufficient
to know that L,(v) varies continuously with p for each v: one needs some
uniformity in ~.

Lemma 3.13. Let (p,) be a sequence of Anosov actions on the circle con-
verging to p € Homg, (I, Diff (SY)). let h,, and h denote the homeomorphisms
from OsoI" to ST conjugating the action of T with p, and p respectively. Then
hy, converges uniformly to h.

Proof. For each v € T'\{Id}, the homeomorphism h,, maps 4 to the attract-
ing fixed point of p,(v). By stability of contracting dynamics, we deduce
that hp(y4) converges to h(7y4). Since attracting fixed points of elements in
I"\{Id} are dense in 05 I' we obtain that h,, converges pointwise to h on a
dense subset. Now, h,, and h are locally given by continuous and monoto-
nous maps of a compact interval, so Dini’s second theorem implies tha h,,
converges uniformly to h. O
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From here, one could argue that the whole construction of the flat line
bundle and corresponding cocycle associated to p vary continuously with p.
Alternatively, one can prove in a more down to earth way the following:

Proposition 3.14. Let (p,) be a sequence of Anosov actions on the circle

converging to p € Homyg, (I, Diff(S!)). Then LLLP" converges uniformly to 1.

Since DF preserves period maps, this shows that dgyr(DF(p,), DF(p))
converges to 0, concluding the proof of the continuity of DF.

Proof. Fix € > 0 and choose a finite generating set S of I'. Let 1 be such
that for all s € S,
|log p'(s)(x) —log p'(s)(y)| < €

whenever |z — y| <n. Choose n large enough so that
|log pn(s)'(z) —log p(s)'(x)| < &
for all z € S' and all s € S, and
hn () = h(z)| <7

for all x € 0TI

Fix [7] € [I'] and choose v a representative of [y] of minimal length &
with respect to the generating set S. Write v = s1...sE with s; € S. Since
p is Anosov, there exists a constant A > 0 independent of [y] such that
L,(v) > Ak. Let us now compute:

Ly, @p(—wLp(v)\ _ Lplm [10g pr (1)’ (hn(+)) = log p(7)' ()|
k k
S Zlog Pp(50) (P (Sig1 ... Sk - 74)) — Zlog p(si) (h(sit1 .- s 74))
Ly(v) |= P
k
< % Z | 1og pn(8i) (hn(sit1 -8k - v+)) = p(8i) (hn(Sig1 - - 852 74)]|
i=1
+lo(si) (hn(sit1 - sk v4)) = p(si) (h(sir1 - - s 74)]
2e
< =.
A

O

3.3. Anosov actions and stable measures. Here we investigate further
properties of the flow ¥” associated to an Anosov action: we show that ¢”
admits stable horocycles, and that the metric | -| on L, which is scaled by ¢
induces a family of measures on the leaves of W* with nice properties with
respect to the horocycles.

Let us start with the first point.

Proposition 3.15. The flow ¢ associated to an Anosov representation into
Diff(S') admits stable horocycles.
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Proof. Let | - | be the metric on E, satisfying
[ ()] = €'lul .

Let x and y € Mp be two points belonging to the same stable leaf VNVS(p).
Let u be a non-zero vector in T,S!. We define

where |u, and |u|, denote respectively the norm of u seen as a vector in £,
and in Epy. It is clear that this definition does not depend on wu.

One easily verifies that B is a Buseman cocycle. Moreover, for any x € My
and any u € E, \{0}, we have

o
B(x, $u(x)) = log '% N_y
The sets
H(z) = {y € W(z) | B(x,y) = 0}
thus define stable horocycles for the flow ”. O

We now turn to the construction of unstable measures which are scaled
by the flow. Let us start with some definitions.

Definition 3.16. An unstable (resp. stable) measure on Mp is a collection
of Radon measures on the leaves of W* (resp. W?*) which is preserved by T

Let ¢ be a parametrization of the geodesic foliation. One can naturally
push forward or pull back an unstable measure by ;.

Definition 3.17. We say that an unstable measure y is scaled by ¢ if for
every t € R,

e = c(t)p
for some constant c(t). Since ¢ is a flow, we necessarily have c(t) = e for
some a € R. We call a the scaling factor.

Let us now assume that ¢ admits a stable horocyclic foliation H?®. Let
p and ¢ be two points in Jd, I, labelling two unstable leaves W”(p) and
VNV”(q) Then, for every point z € VNV”(p)\Q (p, q), the stable horocycle pass-
ing through z intersects VNV“(q) in a unique point.

Definition 3.18. The map
Ty q : W ()\G(p,q) = W*(9)\G (g, )

sending z to the unique intersection between H* () and we (q) is called the
holonomy of the stable horocyclic foliation.

Definition 3.19. An unstable measure p is called invariant under horocyclic
holonomy if

Tpq" Ha = tp
for all p,q € 0. An unstable (resp. stable) measure which is invariant
under horocyclic holonomy and scaled by the flow ¢ is called an unstable
(resp. stable) Margulis measure.
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Let now v” be the flow associated to an Anosov action p. Let 0, I' — S!
be the homeomorphism conjugating the action of I' on its boundary with p.
Let | - | be the metric on E, such that

CAOIEE
We define an unstable measure p, in the following way: let ¢ be a point
OsoI'. Choose s — p(s) a homeomorphism from (0, 1) to d-I"\{q} such that
hop: (0,1) — S"\{h(q)} is a diffeomorphism, and choose continuously z(s)

in G(q,p(s)). For a continuous function f on Wu (¢) with compact support,
define

1 p+4oo
Jran= [ e e p) ()]s

Proposition 3.20. The family of measures ul defines an unstable Margulis
measure with scale factor 1.

Proof. Let us first remark that the measure p defined above does not depend
on the Ch01ce of z(s). Indeed, for another choice 2'(s), we can write z'(s) =
x(s)) for some u(s) € R. We then have

+oo 1 “+o00
// FOL D ton) (oodids = [ [ 10l @)l ) (9 ugioaindtd

1 +oo

= [ @O o p) ()]s dtds
+oo

:// S ((5))e! | (h 0 p)'(5) ey dsdt

showing that uf does not depend on the choice of z(s). Now, the fact
that ufj does not depend on the choice of p(s) either is just the change of
variable formula for the integration in s. We conclude that pf is well-defined.
Moreover, by I'-Invariance of the metric |-|, we easily verify that v, pf = pi5.,.
Hence (p§)qes..r defines an unstable measure on W".

From the definition of uf one easily proves that

Pl = el .
Thus p is scaled by ¥* with scale factor 1.
It remains to prove that u” is invariant by holonomy along the horocycles
of 1. We leave that as an exercise to the reader. O

4. FOLIATED AFFINE, HYPERBOLIC AND COMPLEX STRUCTURES

In this section, we show that the foliated affine actions introduced in
Section 2.1 can be recovered from a foliated conformal structure. This allows
us to construct the map CF.

4.1. Affine actions and affine charts. Let us first recall the definition of
a foliated affine action.

Definition 4.1. A foliated affine action on My is a I'-equivariant pair of
continuous flows ((¢¢), (hs)) on M such that

e () is a parametrization of G,
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e the map (¢,5) — @;(hs(z)) is a covering from R? to the stable leaf
W?(z),
® 0 _40hs0 = hgty.
It is called Holder continuous if the flows () and (hs) are Holder continuous.

Two foliated affine actions (¢, hs) and (@}, h}) are conjugated if there
exists a homeomorphism of Mr preserving the leaves of G and conjugating

(¢#1) to (1) and (hs) to ().

As we will see, the data of a foliated affine action is essentially the same
as what we call an equivariant family of affine charts:

Definition 4.2. An equivariant family of affine charts on 9,1 is the data,
for any x = (x_,zg,x4+) € Mp, of a homeomorphism my : oo T\{z4+} — R
such that:

o my(xp) =0 and my(xy) =1,
m, depends continuously on z for the compact open topology
Moy = My O v~ ! forall y €T,
if z and 2’ belong to the same stable leaf, then m, om;
transformation of R.

1

is an affine

It is called Hélder continuous if the homeomorphisms m, are bi-Hélder con-
tinuous and vary Hoélder continuously for the compact open topology.

From an equivariant family of affine charts, one gets a foliated affine action

by setting
o wi(r—,x0,m4) = (x—,my " (e"), x1) (where x = (z_,m, ),
o ho(z_,z0,m4) = (mz'(s),mz" (s + 1), z4).

Note that this affine action has the following property: for every z =

(r_,z0,24) € M,
hi(z) € G(zo, x4) .
We call such a foliated affine action normalized.

From a normalized foliated affine action, one gets an equivariant family of
affine charts by setting m,(y—) = s where s is the unique real number such
that the hg(x) belongs to the geodesic G(y—_,x4+). One can verify that the
construction is inverse of the previous one. There is thus a bijection between
normalized foliated affine actions and equivariant families of affine charts.
Finally, we have the following:

Proposition 4.3. Fvery foliated affine action is conjugated to a unique nor-
malized one.

Proof. Let (¢4, hs) be a foliated affine action. Define F(z) = (z_,z1,24),
where 7 is such that hi(z) belongs to G(z1,24). Then F descends to a
homeomorphism of Mr preserving the leaves of G.
Set ¢, = FogioF~tand b, = Fohgso F~!. Then (¢}, h)) is a foliated
affine action. Let (x_,z1,24) be a point in Mp. Then
hll($,,$1,$+) = FohloFfl(x)
€ F(G(x1,z4)) by definition of F
€ G(xy,2q) .
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Hence (¢}, h;) is normalized.

Assume now that two normalized affine actions (4, hs) and (¢}, h}) are
conjugated via I : z +— pp(y) (7). Then we have

hﬁ(xﬂﬁﬂo,ﬁm) = F'o hy o @T(x)(l“)
€ F_l(g(xT(J:)’er)) = g(xT($)’x+) ’
where ¢p)(7) = (T, 2p(),z4). However, since h' is also normalized,
W (x_,x0,71) belongs to G(xo,z+). We conclude that F(x) = op)(r) ==
for all . Thus F' is the identity. (]

4.2. Foliated hyperbolic structures.

Definition 4.4. A foliated hyperbolic structure on Mr is the data, for each
2 € Osol', of a homeomorphism m,, : W?*(z) — H? such that:

e m, varies continuously with z for the compact open topology,
e For every v € I,

M., 0yom; € Isom™ (H?) .
Two foliated hyperbolic structures (m.) and (m’,) are equivalent if m/, o
m; ! € Isom™ (H?) for all z.

A foliated hyperbolic structure is transversally Holder if m, varies Holder
continuously with z for the compact open topology.

Let (m,) and (m),) be two foliated hyperbolic structures. By compactness
of Mp, there exists a constant C' > 1 such that for all z € 9,.I" and all

T,y € Ws(z),
d(ma (@) ma(y) =1 = 1/C < dr(ml,(2),ml(y)) < C .

z

Extending this globally, we get:

Proposition 4.5. Let (m,) and (m’,) be two foliated hyperbolic structures.
Then there exist constants C > 1 and K > 0 such that m’, o m;! is a
(C, K)-quasi-isometry for all z.

Recall that the affine group is the group of orientation preserving isome-
tries of the upper half-space H? fixing infinity. One can thus associate to a
foliated affine action the foliated hyperbolic structure that conjugates those
affine actions.

To be more precise, let (¢, hs) be a foliated affine action on Mp. Choose

in a continuous way a point x, in each stable leaf Ws(z).
Proposition 4.6. The family of maps (m,) defined by
m (pi(hs(x,)) = s + €',

is a foliated hyperbolic structure. Moreover, a different choice of (x,) defines
a foliated hyperbolic structure which is equivalent.

The main claim of this section is that, conversely, every foliated hyperbolic
structure comes from a foliated affine action.
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Theorem 4.7. Let (m.) be a foliated hyperbolic structure. Then each m,
extends continuously to a bi-Hélder homeomorphism m, : Ossl' — OsH?2.
For every x = (x_,x0,2) € F(2), define g, as the unique isometry of H?
mapping (my(x_),mz(xo), mz(xy)) to (0,1,00). Then the family (g o m.)
is an equivariant family of affine charts on O L.

Most of the proof of the theorem is straightforward once we know that
quasi-isometries of H? extend to homeomorphisms of the boundary. The
main technical difficulty is to control that this extension varies continuously
with z. This is dealt with in the next subsection.

4.3. boundary extension of quasi-isometries. Let us first recall the
classical Morse lemma for quasi-geodesics in the hyperbolic plane states
that every quasi-geodesic ray of H? (i.e. every quasi-isometric embedding
f: R — H?) is at bounded distance from a geodesic ray.

Proposition 4.8. Let f : R, — H? be a C-quasi-geodesic ray. Then f(t)
converges as t goes to +00 to a point f(00) in OxH?, and there exists a
constant D depending only on C' such that any f(t) is at distance at most D
from the geodesic ray [f(0), f(o0)].

Moreover, the point f(oo) varies continuously with f for the compact open
topology. More precisely, we have

Proposition 4.9. Let f : and g : R, — H? be two C-quasi-geodesics
with f(0) = ¢(0). Let f(c0) and g(oo) denote there respective endpoints
in OsoH?. Then there exists a constant K depending only on C such that, if
du(f(t),g(t)) <1 for somet > 1, then

df (f(00,9(00)) < Ke "/,

where d{* denotes the visual distance from £(0) on O H?.

As a corollary, one obtains that the boundary map induced by a quasi-
isometry varies continuously for the compact-open topology:

Corollary 4.10. Let f : H?> — H? be a C-quasi-isometric homeomorphism.
Then f extends to a %—bi—Hé’lder homeomorphism Osof : OsoH? — OsH2.
Moreover, let g : H> — H? be another C-quasi-isometric homeomorphism.
Then there is a constant K depending only on C such that, if R > 1 and
du(f(x),g9(x)) <1 for all z in B(o, R), then

AL (Do f (2), Do g () < Ke™ /¢
for all x € O, H2.
Proof. Exercise. O
We can now turn to the

Proof of Theorem 4.7. Let us fix a background hyperbolic metric on Y. This
provides us with an identification of 9,I" with O H2.

Using the identification of Mpr with T7H?, one also obtains a reference
foliated hyperbolic structure on W?*, which simply projects every leaf T1H?
to H2. We see this reference foliated structure as an identification of each

leaf of W‘S with HZ2.
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Let now (m,) be another foliated hyperbolic structure. Then
ms s W3 (z) ~ H? — H?

is a C-quasi-isometry for some C' independent of z. It thus extends to a
bi-Hoélder hoemomorphism s, @ OsoH? ~ 05’ — OscH?. Moreover, for
every © = (x_,xg,2) € F*(z), there is a unique hyperbolic isometry g, such
that m, = g 0 Oxm, maps x_ to 0, xg to 1 and 2z to co. By restriction, m,,
defines a bi-Holder continuous homeomorphism from ds,I'\{z} to R.

By Corollary 4.10, since m, varies continuously with z for the compact-
open topology, so does the family of maps (m,). One easily checks that (m,)

also satisfies the other properties of an equivariant family of affine charts.
O

4.4. Smoothening foliated hyperbolic structures. So far we associated
to every foliated affine action a foliated hyperbolic structure. This hyper-
bolic structure, however, has rather low regularity (the developping map of
each leaf is only continuous, and varies transversally continuously for the C°
topology. Foliated Teichmiiller theory, on the other side, has been developed
mainly for leafwise smooth foliated structures. This section is thus devoted
to the proof of the following lemma:

Lemma 4.11. Let ((¢¢), (hs)) and ((¢}), (h})) be two foliated afine actions
on Mp. Let (my) and (n,) be the foliated hyperbolic structures associated
respectively to affine actions (m;) and (n,) as in Proposition 4.6. Then (n)
is isotopic to a foliated hyperbolic structure (nl,) such that nl,om,—1 is a C*
diffeomorphism that varies continuously with z for the C* topology.

Proof. One easily goes from C' regularity to C* regularity by a standard
smoothening argument. We focus here on isotoping n, to a hyperbolic struc-
ture with C! regularity. Recall first that, by Proposition 1.11, we can assume
without loss of generality that (p}) is a reparametrization of (yp;) which is
C! along the orbits.

For e small enough (to be chosen later), define (n) by

ne(z) = 1/06 na(hy(2))ds |

€
where n, is seen as a map to the upper-half space inside the complex plane.
Recall that for every v € I', we have

—1
Nyz=9gO0MNz07%

for some affine transformation ¢ of H2. This induces the same property for
nS. It remains to see that nSom; ! is a C! diffeomorphism for ¢ small enough.
Since both m, and n, map geodesics in Mp to vertical geodesics in H?,
we can write F' = n, om ! in the form
F(x +iy) = f(x) +ig(z,y) ,
where f : R — R is an increasing homeomorphism, and where g(z,-) : Ryg —

R~q is a C! diffeomorphism varying continuously with z for the C! topology.
Writing G° = n om_ !, we have

1o
Ge(x—l—iy):@/o F(z+s+iy)ds .
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An elementary computation shows that G¢ is C! and that

/

0 . 1 . .
5,0 @tw) = 6y(F(:vﬂLeerzy)—F(ﬂﬂr%y))
1 o1
= 5(f($+€yv)—f(x))jrz-a(g(wréy,y)—g(w,y)),
Afe) B(e)
9 -1 1 1 [V 9
—G* (=, = —G*(z+wy)+-Flz+ey+iy) +— T+ s+ 1y)ds
ay(y) y( y)y( yy)eyoay( Y)
1 1 [
- = f(x-|—5y)——/ f(x—i—s)ds
Y €Y Jo
cle)
—H’.l((m—i—s )—i/ey (x + s, ds> / x + s,y)ds
” g Y,y = )y g Yy ag Yy
D(e)

Note that, since f is an increasing homeomorphism, we have
0<C(e) < Ale) .
Let us compute the determinent of dG*. We have

Jac G (z +iy) — i (A€)(D(e) + D'(e)) — B(E)C(e))
_ @ c '(e) — C(e) c
S COR-CRET= O

By continuity of g, the terms B(e) and D(e) go to 0 as € goes to 0, while

0
/
D'(e) =3 5-0(0.) > 0.
Thus Jac G®(x + iy) is positive for £ small enough depending only on the
(local) module of continuity of F'. By compactness of Mt and the equivari-
ance of nf, we deduce the existence of n such that nf is a diffeomorphism
for all z and all for ¢ < 7.

Hence, for € small enough, (n) is a foliated hyperbolic structure isotopic

to (n,) and such that ng om ! is C! for all z.
U

4.5. The space 7 (W?) and the map CF. Teichmiiller spaces of 2-dimensional

foliations (or, more generally, of 2-dimensional laminations) were introduced
by Sullivan in [3]. Building on the works of Ahlfors and Bers, he pointed out
that large aspects of classical Teichmiiller theory extended to the context of
foliated conformal structures.

Definition 4.12. A smooth foliated conformal structure on W?* is a family
of conformal classes of metrics on the leaves of WW* which vary continuously
with the leaf for the smooth topology. Two foliated conformal structures are
homotopic if one is the pull-back of the other by a leafwise homotopy of W?.
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The Teichmiiller space of the foliation W#, denoted T (W?), is the set of
homotopy classes of smooth foliated conformal structures on W¥*.

Candel’s theorem, the foliated analog of Poincaré’s uniformization, shows
that one can alternatively see 7 (WW?9) as the space of homotopy classes of
foliated hyperbolic structures.

Theorem 4.13 (Candel). Let [g] be a smooth foliated conformal structure
on W5. Then [g] contains a unique foliated Riemannian metric of curvature
—1.

Given [g1] and [g2] two foliated conformal classes, define the conformal
dialation dil([g1],[g2]) as the infimum of the constants K > 1 such that
there exists g1 € [g2] and g2 € [g2] with

1
— g < < Kqgy .
K91_92_ g1

Definition 4.14. The Teichmiller distance between [g1] and [go] is defined
as

dr([91], [g2]) = inf{log dil([g}], [g5]), [¢1] homotopic to [g1], [g5] homotopic to

By definition, the Teichmiiller distance is well-defined on 7 (W?#). Sullivan
proves in || that it is indeed a distance. Moreover the space 7 (W?*) with the
induced topology has a structure of complex Banach manifold:

Theorem 4.15 (Sullivan). The space (T (W?),d7) is homeomorphic to a
Banach manifold such that, for every foliated conformal structure [g|, there
is a biholomorphism from T (W?*) to a bounded open domain in the space
QD(W#,[g]) of foliated quadratic differentials which are holomorphic with
respect to the conformal structure [g].

Let [g] be a foliated conformal structure on W* and let v € [I'] be a
closed leaf of G. This leaf is contained in a unique leaf W#(vy) which is
homeomorphic to a cylinder.

Definition 4.16. The period map L, of the conformal structure [g] asso-

ciates to v € [I'] the translation length of [, where [, is an isometry of H?
such that (W?*(7), [g]) is conformal to I, \H?.

We can now turn to the proof of Theorem 0.4. We start with the first
part:

Theorem 4.17. There exists a map CF : T(W?®) — Par(G) such that

Lerg) = Lig) -

Proof. Let [g] be a foliated conformal structure on W*. By Candel’s theorem,
the conformal class [g] contains a unique foliated hyperbolic metric gpyp,
which can be seen as a smooth foliated hyperbolic structure. One then
associates to gnyp a family of affine charts (m?) on 05 I" via Theorem 4.7.
If [¢] is homotopic to [g] then ggyp is homotopic to gayp. In particular, the
developments of a given leaf into H? associated respectively to Ghyp and g;Lyp
remain at bounded distance from each other. They thus induce the same

—

9]}
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boundary maps, and therefore the same families of affine charts on 0,I'. In
conclusion, the map

9] = (m?)
is well defined from 7 (WW?®) to the space of equivariant families of affine
charts. Finally, the family of affine charts (m9) defines a foliated affine
action (oY, hY), and we define

CF: T(W?) — Par(G)
lg] = [¥].

Let us prove that CF preserves the period maps. Let v be an element
in T\Id. Fix a point z = (vy_,x0,7+) and let m be the isometry from
V5 (714), ghyp) to H? whose extension to the boundary maps v to oo, v_
to 0 and zg to 1.

Since v acts on (Ws (74)s ghyp) as an isometry of translation length [ =
Lig)([7]) and fixes v— and 74, we have

moyom_1 czeelz .

On the other side, by definition of the affine action associated to m9, we

have ¢f(z) = (v—, ¢, v4), where m(z;) = e'. We deduce that ¢ (z) =~ - z,
hence | = Lo ([7]). O

It remains to prove the continuity of the map CF. We actually prove a
stronger result:

Theorem 4.18. The map CF : (T(W?),d7r) — (PPar(G),dur) is Lipschitz
continuous.

Proof. Let [y] be a closed leaf of G and [g] a foliated conformal structure on
W?. Recall that the hyperbolic length L, (7) is proportional to its extremal
length, defined as

length, (v/)?
ELy(y) = supinf ——L~

g 7 area(g)

where the infimum is taken over all curves 4/ freely homotopic to v in W#(7)
and the suppremum is taken over all metrics ¢’ on W?*(v) in the conformal
class of [g] and of finite area.

Now, one easily verifies that, if dil([g1], [g2]) = K, then

1
=3 B L1 (1) < ELjgy) () < K*ELigy)(7) -
We deduce that

P%@%%N=F4%%%kammmm

and therefore

dur(CF([g91]), CF([g2])) = %(S;?}10g<

dr(lg1]; [92]) -

Ligd MY | o 1og ((Le2()
[92}(7)) +'y€[II)‘]l & <L[g1](7)>>

O

IN
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5. CONSTRUCTION OF MARGULIS MEASURES

In his thesis, Margulis constructed the measure of maximal entropy of an
Anosov flow by first constructing what we called Margulis measures along
stable and unstable leaves. Here we reproduce his argument to prove the
following theorem:

Theorem 5.1 (Margulis). Let ¢ be a parametrization of the geodesic foli-
ation which admits stable (resp. unstable) horocycles. Then ¢ admits an
unstable (resp. stable) Margulis measure.

The starting point of Margulis’s consruction is a family of unstable mea-
sures (vp) which are “almost preserved” by the horocycle holonomy. These
measures are gven by the volume form associated to some Riemannian met-
ric on unstable leaves. Since we work in low regularity here, one needs an
additional argument to find such a family of measures.

5.1. Almost invariant unstable measures.

Definition 5.2. An unstable measure p is called almost holonomy invariant
if for every p,q € 0-I', we have

Tpq"1q = fpattp

where f,, is continuous on W“(p), depends continuously on p and ¢ and
satisfies

[ fp.a(®) = 1] < n(d(z, Ty 4(2)))

where d is a T-invariant distance on My and n: Ry — Ry is a function such
that 7(s) - 0.
55—

Our argument here to construct an almost holonomy invariant unstable
measure slightly more elaborate than that of Margulis due to the a priori
weak regularity of ¢ and H?°.

Let us start by fixing a hyperbolic metric on ¥ and denote by ¢y and
H§ the associated geodesic flow and stable horocyclic foliation. We provide
My with the smooth structure and the Riemannian metric induced by the
identification Mp ~ T1X. We denote by Xy the vector field generating ¢o.

Each unstable leaf W"(p) is identified with the hyperbolic plane, and we
provide it with the hyperbolic area form \,. These area forms thus give rise
to an unstable measure A. The following is a good exercise:

Proposition 5.3. The unstable measure A is a Margulis measure for ¢q.

Let now ¢ be another parametrization of the geodesic foliation which
admits a stable horocyclic foliation H®. We want to find an unstable measure
which is almost invariant by the holonomy along H?*.

By Proposition 2.12, without loss of generality, we can assume that the
reparametrization cocycle ¢, is the stable Buseman cocycle B associated
to a closed stable 1-form « that is smooth on each stable leaf. Let p, g be
two points in JxI' and let T}, ; and ng{q denote the holonomies from W"(p)

to W“(q) along H*® and H{ respectively.
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Proposition 5.4. There is a constant C (independent of p and q) such that
for all x € W*(p),

Top© Tpq(@) = o(@, s(x)) ,
where

® s is continuous and
|s(z)| < Cd(z,Tp,q(2)) ,
e s is differentiable along pg, Xo - s is continuous and

[ Xo - s(2)] < Cd(z, T 4(2)) -

Corollary 5.5. The stable measure X is almost invariant under the holo-
nomy of H?.

Proof of Proposition 5.4. By construction, T, , and Tg,p map a geodesic to a
geodesic. Indeed, if  and y belong to a geodesic contained in Wu (p), then
Tp.q(z) and T}, 4(y) belong to the same unstable leaf W"(q) and to the same

stable leaf W*(x) = W?*(y) (since T, , “follows” stable horocycles). The same
holds for Tgp. Therefore, for x and qu »°Tpq(z) belong to the same geodesic.
Let s(x) be such that T) , o T}, 4(x) = @o(x, s(x)). Let ag be the smooth

closed stable 1-form such that fy‘po(y’t) = t. By definition of T(?,p, we have

TO’ oTp q(x)
fT:qp(z ag = 0 and thus

)
po(w,s(z))
s(z) = / Qg

Tp,q(z)
== / Qg .

By continuity of o and T, 4, we have
|s(z)] < Cd(x, Tp,q(2))
where C' is a uniform bound on «g.
Let us now prove the derivability of s along ¢g. Recall that ¢y and ¢ are
respectively generated by the vector fields Xy and X, tangent to the geodesic

foliations, such that ap(Xp) = a(X) = 1.
By construction, we have T}, ,(¢(z,€)) = @(Tp 4(z),€). Thus

Tp,q(p(z,€)) Tp,q(x)
selae) ~s@) = [ ao= [ ag

o(z,€)

e(z.€) ©(Tp,q(2),€)
= / ag — / agp .
z Tp,q(x)

It follows that s is derivable along ¢ and
X s(x) = ap(X)z — ao(X)7, . (@) -
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Since a(X) = ap(Xo) = 1, we have Xo = fX where f = a(Xy) = m
Hence s is derivable along g and
2(X
XQ'S(x):l—u.
ar, () (Xo)

Since (X)) is continuous, positive and smooth in restriction to weakly stable
leaves, we deduce the existence of a constant C such that

| Xo - s(2)| < Cd(w,Tp (7)) -
O

Let us now deduce Corollary 5.5. Set o(z) = T}, 0 Tj 4(x) = @o(z, s(x)).
Since Tﬁq*}\p = Ay, we have

T;,q)\q =0" )\ .

Now, there are coordinates (u, v) on we (p) with respect to which @g((u,v),t) =
(u+t,v) and such that A\, = e"*dudv. Corollary 5.5 thus follows from the
following computation:

Lemma 5.6. Let o : R? = R? be a homeomorphism given by
o(u,v) = (u+ s(u,v),v) ,

where s is continuous and differentiable with respect to w with continuous
partial derivative. Then

o (e du dv) = e *(1 + %)dudv .
Proof. Exercise. O

5.2. Margulis measures on unstable leaves. To construct an unstable
measure which is holonomy invariant and scaled by ¢, Margulis’s approach
is roughly to “pull back” the measure A by ¢! for large ¢t and suitably rescale
it. The crucial point of this approach is the following lemma, which gives a
“uniform way” to rescale i \. Let us first set some terminology.

We call a subset K of Mr a compact subset of W" if it is a finite union of
subsets K; which are each contained in a single unstable leaf and compact
for the topology of the leaf.

Given a compact subset K of W", we call a function f : Mr — R a
continuous function on WY with support in K if f is continuous in restric-
tion to each leaf and vanishes outside K. We denote by C(K) the space of
continuous functions on W* with support in K, and by denote by C.(W")
the vector space of continuous functions on W* with compact support. We
endow this space with the norm

[flloc = sup |f] -
Mr
Lemma 5.7. There exists a non-negative function fy € C.(W") such that,

for every compact subset K of W', there is a constant C = C(K, fy) such
that for every f € C(K) and all t > 0, we have

‘/fo@—td/\‘ = CHfHoo/foow—td/\ :
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Proof. Given an open subset U of W", denote by H*(U) the union of all the
leaves of H?® intersecting U. We first claim that we can find U with compact
closure and large enough so that H*(U) = Mp.! Indeed,

" <U SDt(U)> = U# (@)

teR teR

is a non empty open set saturated by the leaves of W*. It is thus equal to the
whole Mt by minimality of the weakly unstable foliation. By compactness
of Mp, there is T' > 0 such that

1w |J @] =M.

—T<t<T

Let us hence fix an open subset Uy of W" with compact closure such
that every horocycle intersects Uy, and let fy be a continuous non-negative
function on W" with compact support such that fo = 1 on Uy. Let now
K be a compact subset of W". Let us lift K" and Up to compact and open
sets K and U respectively contained in W¥(p) and W¥(q) for some p,q €

OxoI', and lift fy to a continuous I'-invariant function on W* (that we still
denote fp). By construction of Uy, we can find a covering of K by finitely
many open subsets (Vj)i<i<x and v1,...,7 € I' such that V; is contained
in Ty,.qp(7i - Up). Let f be a continuous function with support in K. Using
partitions of unity, we can assume without loss of generality that f has
support in one of the V;’s, say Vi. We can also assume that v, = Id.

For all ¢ > 0, we have

'/f o p_¢dAp

IN

[1flloe Al (V1))

= HfHoo/ Tq,p*)‘p
T,

p,a(pe(V1))

< Cst|flle sup  d(z, Top(x)Ag(Tpq(ee (V1))
z€pt (V1)

< Ostfll Su(pv | d(z, Ty p(z)) / foow_tdX, since fyo p_; is positive and equ
xept(Va

Finally, since T}, is the holonomy along the stable horocycles of ¢, we
have that d(p¢(z),Tpq(¢t(x)) goes to 0 as t goes to +oo, from which we
deduce that sup,c,, vy d(z, Typ(r)) is bounded uniformly in ¢, giving the
inequality

‘ / fosotdx\ <Cst |7l [ oopmrar.
O

Let L = R%"W") denote the space of all functions on C.(WW)*, provided
with the product topology (i.e. the topology of pointwise convergence). We

INote that any U would suit if we knew that the horocycle foliation was minimal. We
believe it is true but could not easily adapt Hedlund’s theorem in our setting.
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see an unstable measure p as an element of L by setting
u(f) = / fdu .

For t € Ry, define \(f) = %. For each T > 0, let Q7 denote the

convex hull of {\,t > T} in L = RCOV*),
By Lemma 5.7, for every f € C.(W"), there is a constant Cy such that
IAe(f)| < Cf for all t € Ry. Thus

Qr C{aeL|a(f) <Cfforall feC (W)}

and the closure of {27 is compact for all T'.
For each s > 0, there is a constant A, such that

)\t(fO O(P—s) Z As .

thus, a — a(fg o ¢_) is positive on €. Since it is continuous, we conclude
that the operator

(/ﬁ:: ﬁo — QSCQO
a(fop—s)

a — Qia:f aUoor)

is continuous. The following proposition concludes the proof of Theorem 5.1.

Proposition 5.8. There exists a point in Qo which is fived by $% for all s.
This point is associated to an unstable Margulis measure for .

Proof. The Tychonoff fixed point theorem implies that each ¢*, has a fixed
omn

point s, in Q. Let p be an accumulation point of (4,). Then p is fixed by
% for every diadic s.

Let K be a compact subset of W*. By Lemma 5.7, for every f € C(K),
we have A\(f) < C(K, fo) || o, for all £ > 0. Passing to the convex hull and
then to the limit, we deduce that p is linear on C(K), continuous, and non
negative on positive functions. Riesz’s representation theorem then implies
that u is an unstable measure. We also get that u is fixed by ¢ for all s by
continuity. Thus p is scaled by ¢.

It remains to prove that y is holonomy invariant. Let f be a continuous
function on W* with compact support K C W"(p) for some p € d.I', and
let ¢ be another point in JxI". We have

'f Jop 40T, dNg — f Jop_tdApy
f Joop—tdA

[ fopdTi A\ — [ fop_idX,
f Joop_dA

|Ae(f o Tp,q) —Xe(f)l

f‘foﬂﬂ—t‘d)‘
< Cst sup d(z,Tpq(x))—F——+
xewt(K) ( p(I( )) ff(] ngftdA

< Cst(f) sup (s Tygle))
z€pt(K)

Since T, 4 is the holonomy along the horocyclic foliation of ¢, we have that
d(pe(x), Tp q(pe(2))) o 0 uniformly on K. Passing to the convex hull
— 100
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and to the limit, we deduce that

/foand,u:/fd,u.

Thus p is invariant under horocyclic holonomy. O

5.3. Scaling factor and entropy. In general, we don’t know whether un-
stable Marguils measure is unique (see Section 6.2). Nonetheless, we prove
here that the scaling factor of any such measure is the same, and that this
scaling factor defines in fact a continuous function hy,, on Par(G). Experts
will have recognized the topological entropy. More precisely we could prove
the following:

Theorem 5.9. Let ¢ be a parametrization of G with stable horocycles, and
let p be an unstable Margulis measure for ¢ with scale factor a. Then:

e a is the topological entropy of o,

o There exists a p-invariant probability measure v on Mpr which disin-
tegrates to v along stable horocycles,

e The measure v has metric entropy equal to a (equivalently, v is a
measure of mazimal entropy).

Since we try to avoid introducing the entropy here, we content ourselves
with the following theorem:

Theorem 5.10. Let exists a function
hiop : Par(G) — Ry

such that if ¢ is a parametrization of G with stable (resp. unstable) horocycles
and p is an unstable (resp. stable) Margulis measure for ¢, then the scale

factor of p equals hiop([]) (resp. —hiop([¢])).

To prove this, we describe a standard procedure to combine a stable and
an unstable measure into a measure on M.

Let u be a stable measure on W? and let ¢ be a continuous curve contained
in a leaf of W and transverse to G inside that leaf. We define the projection
of p to ¢ as the measure p. defined by

pe(D)=pn [ @D |

t>0

where [ is some interval in ¢ and ¢ is any parametrization of G.

Let now ¢ be a parametrization of G admitting a stable horocyclic foliation
H. We call a family of measures on the leaves of H a horocyclic measure.
Given a stable measure u, we get an horocyclic measure pgy by projecting p
onto the leaves of H.

Proposition 5.11. Let ¢ and ¢ be two parametrizations of G such that

e ¢ admits a stable horocyclic foliation H,
o there is a locally finite stable measure p which is scaled by ¢ with
scale factor b.
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Then the horocyclic projection gy is locally finite and stafisfies

pipn = e g

where ¢ is the reparametrization cocycle of ¥ with respect to .

Proof. Let H(x) be some horocycle of ¢ and identify the weakly stable leave
W#(z) containing H(x) with Hh(z) x R via the map

(Y, 1) = i(y) -

Since the measure p is scaled by ¢, it can be written in those coordinates in
the form

dpy=dr® e bt |
where v is a locally finite measure on H(z). An easy computation then shows

that
1
() = EV .

Let I be an interval in H(x). Withe respect to the coordinates above, we
have

() ={(y,cy, 1),y € I} .
We thus have

+
(1)) = / / ooe” P dsdy(y)
yel Js=c(y,t)

= / e "W g (y) .
yel

This concludes the proof. O

Now, if ¢ is a parametrization of G with stable horocycles, v a locally
finite horocyclic measure and p an unstable measure which is invariant under
horocycle holonomy, one obtains a finite measure g x v on Mt by setting

locally
fd = d d s
/ TSN % /yEWu(m) /ZE » f(z)dv(z)du(y)

where x is any point on Mp and f a continuous function supported in a
neighbourhood of z. (The holonomy invariance of p guaranties that the
measure is well-defined independently of z.)

Using the fact that the total mass of p must be preserved by the flow ¢,
we prove the following:

Lemma 5.12. Let o' and ¢? be a parametrizations of G admitting respec-
tively stable and unstable horocycles. Let u' (resp. u?) be an unstable (resp.
stable) Margulis measure for o' (resp. ¢*) with scale factor a (resp. —b).

Then
L L
e Lo (") < sup 2 ()
€[l L<p1 ('7) ~eE[T] Lgol (7)

IN

a
b

Proof. Let H be the stable horocyclic foliation of ¢! and consider the finite
measure

v =p'xp
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on Mr. By Proposition ?? and since u! is scaled by ¢!, we have
QO%*V _ eanffbc(-,t) )
Since the total mass of the measure p must be preserved, we must have

. t—be(-t t—be(-t
inf ¥ttt <1< sup ¥ tel:)

xeMrp x€Mp
which rewrites
clx,t a clx,t
e & )g—gsup(’)
xE€Mr t b rEMr t

Taking the limit as ¢ goes to +o0o and applying Lemma 1.15, we get the
conclusion. O

We can now deduce Theorem 5.10 from Lemma 5.12.

Proof of Theorem 5.10. Let [p] be a point in Par(G). By Theorem 2.14,
there exists (! in [¢] which admits stable horocycles. By Theorem 5.1 there
exists an unstable Margulis measure u! for ¢! with scale factor a;. We want
to set

hiop([g]) = a1 .

To see that this is well-defined, let (¢?, u?) be another such pair, with ©? €
[¢] and p? scaled by ¢? with scale factor as. There also exists ¢ € [p] which
admits unstable horocycles, and a stable Margulis measure v for ¢ with
scale factor —b. Since ¢!, ©? and 1) all have the same period map, applying
Lemma 5.12 gives

al a9

hence a1 = ag = b. Thus hy,, is well-defined.

Similarly, the continuity of Ay, follows from Lemma 5.12 and the conti-
nuity of

(e ) supj—j; .

Note that the function hy,, satisfies

1
htop(ﬂﬂ)\) = Xhtop(@) .

Therefore, every flow ¢ admits a unique scaling of entropy 1. This gives an
isomorphism between PPar(G) and the hypersurface

Pary(G) = {[#] € Par(9) | hiop([g]) =1 .
Finally, by construction of the maps DF and CF, we have

Proposition 5.13. The maps DF and CF take values into the set Pari(G).
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5.4. Surjectivity of the map DF. In Section 7?7, we associated to an
Anosov representation of I' into Diff (S!) a parametrization ¢ of G with sta-
ble horocycles and a unstable Margulis measure with scale factor 1. Here we
explain how to recover a C! action from the data of the flow and its Margulis
measure.

Let ¢ be a parametrization of G with stable horocycles and u* an unstable
Margulis measure for . We want to integrate the projections of the Margulis
measure on unstable paths transverse to G. We first need the following
lemma:

Lemma 5.14. Let ¢ be a parametrization of G with stable horocycles, let
uY be an unstable Margulis measure, and ¢ an unstable path transverse to G.
Then the projection py of p* to c has full support and no atom.

Proof. Let Supp(u") denote the union of the supports of u* on each leaf.
Since p* is scaled by ¢ and holonomy invariant, Supp(u") is a union of
weakly stable leaves. Moreover, the complement of Supp(u*) intersects each
unstable leaf in an open set. The holonomy invariance thus implies that
Supp(p*) is closed. Therefore Supp(p*) = Mrp by minimality of the weakly
unstable foliation (which follows from instance from the minimality of the
action of T' on 05 I"). We easily deduce that the projections of u* have full
support.

Assume now that some projections have atoms. Let us first bound the size
of these atomes. For this, let U be a relatively compact unstable open domain
such that every stable horocycle intersects U, and take V' = (J;~q¢—t(U).
By local finiteness and scaling property of u*, we have p*(V) = A < 4o0.
Therefore, for every x € U,

p({o—e(x),t >0}) < A.

Since p* is holonomy invariant and since every stable horocycle intersects
U, the same conclusion holds for every z € Mr.
Applying this to ¢s(x) with large s, one gets

/j'u({@s—t(x%t = 0}) = esﬂu({@—t($)7t = 0}) <A,

which implies that p"({¢—¢(x),t > 0}) has no atom. Thus, the projections
of p* have no atom. O

Let us now use these projections to form a C! atlas on 9, I'. Let I = [q1, ¢2]
be an interval in I', p a point in 9, I that does not belong to I, an ¢ a
continuous map from [ to the unstable leaf W*(p) such that ¢(q) belongs to
the geodesic G(p, q) for all ¢ € [q1, g2]. Define

hpe: I — R
q = pel)(c(lar,q)) -

By Lemma 5.14, hy, . is a homeomorphism from I to [0, hy c(g2)].

Proposition 5.15. Let hy . and hy » be two homeomorphisms constructed

as above. Then hy o h;é is a C' diffeomorphism.
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Proof. Let (p', ') be another choice of (p, ¢). The holonomy invariance of u*
implies that
hp’,c’ = hp,c” s
where ¢/ =T, ,0c. Now, ¢(q) and ¢”’(g) belong to the same geodesic, so we
can write
"(q) = ¢i(q) (c(q))
for some continuous function ¢. The scaling property of u* gives

hp,e(q) _
hp.er(q) = /O T ethno)gs

(See the proof of Proposition 5.11.)
It follows that fy o 0 byl = hy er 0 byl is a Ct diffeomorphism. O

By Proposition 5.15, the family of charts (I, h, ) define a C! atlas on OsT.
Since this family is globally T-invariant, the associated C' structure on 9.,
is I-invariant.

Let h be a homeomorphism from 0,I' to S! which is a diffeomorphism
in the local charts h,.. Then h conjugates the action of I' on J5.I" to a ct
action p on S’

Proposition 5.16. We have

L,= htOp(@)Lso :
Proof. Exercise. O
Corollary 5.17. The map DF : X4, (T, Diff (S')) — Par1(G) is surjective.

Proof. Let [¢] be a point in Par(G). By Theorem 2.14, there exists a flow
¢ in [p] which admits stable horocycles. By Theorem 5.1, the exists an
unstable Margulis measure p* for ¢ with scale factor 1. Let p : I' — Diff(S!)
be constructed as above. Then p is topologically conjugate to the action of
I' on O, I'. The equality L, = L, implies that p is Anosov by Proposition
1.21, and gives

O

Remark 5.18. Though we did not explicitly proved it, the reader can convince
himself that the construction of p from (p, u") is inverse of the construction
of (¢, u") from p. There is thus a bijection DF between the set of conjugacy
classes of Anosov representations into Diff (S!) and the set of pairs (¢, u)
up to conjugacy. This bijection factors to the map DF when forgetting the
second coordinate and passing to Hausdorff quotients.

The question of whether DF is injective is thus deeply related to the
question of whether the instable Margulis measure of a flow is unique. We
prove uniqueness Holder parametrizations in the next section.

6. CONSTRUCTING INVERSES OF DF aAND CF

In this section, we construct inverses of DF and CF in restriction to the
set of Holder parametrizations of entropy 1. The Holder assumption is nec-
essary to guaranty that the flow considered admits both stable and unstable
horocycles.



HIGHST TEICHMULLER 49

6.1. Anosov parametrizations. Let us first gather the various results pre-
sented above and specialize them to the case of Anosov parametrization.

Definition 6.1. A parametrization of the geodesic foliation is Anosov if it
admits both stable and unstable horocycles.

This is verified for instance by the geodesic flow ¢ of a hyperbolic metric.

Proposition 6.2. Let ¢ be a Hélder cocycle along ©°. Then c is both stably
and unstably Buseman.

Proof. Up to a coboundary, we can assume c is the integral cocycle associated
to a Holder function f. If z and y belong to the same stable leaf, then
©9(z) and cpléy) get exponentially close for t — +o00, and so do f(¢Y(r)) and

¢
F(P(y)) since f is Holder. We deduce that

/0 F@0(@)) — F(L0(y))ds

converges as s goes to +00. One proves with a little extra care that the
convergence is uniform on every compact. Thus c; is stably Buseman. The
same argument with z and y in the same unstable leaf and ¢ — —oo shows
that c; is also unstably Buseman. O

Now, if ¢ is a Holder parametrization of G, then the reparametrization
cocycle of ¢ with respect to ¢ is Holder. One thus obtains the following
(well-known) corollary:

Corollary 6.3. Every Holder parametrization of G is Anosov.

A variant of Livsic theorem asserts that Anosov parametrizations are char-
acterized up to conjugacy by their periods.

Theorem 6.4 (Livsic). Let ¢ and i) be two Anosov parametrizations of G.
If Ly = Ly, then ¢ and v are conjugate.

Proof. Exercise. O

Let us denote by Par®(G) the of Anosov parametrizations of G. It is
a dense convex subcone of Par(G) which contains Par’(G). We denote
Par{"(G) its intersection with Par;(G) and by PPar®(G) its projection to
PPar(G).

Let ¢ be an Anosov parametrization of the geodesic foliation. Let H® and
H" denote respectively the stable and unstable horocyclic foliations of .
Let p® and p* denote respectively some stable and unstable measures scaled
by ¢ and invariant under horocyclic holonomy and denote by v* and v their
respective projections to H® and H". In the next sections, we explain how to
recover from these data an Anosov action on the circle and a foliated affine
action.

6.2. Inverses of DF and CF. This inverse has essentially been constructed
in Section 5.4 if we are given an unstable Margulis measure. Similarly, we
construct the inverse of CF via projections of a stable Margulis measure.
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Let ¢ be an Anosov parametrization of G with hy, (1) = 1, and let p° be
a stable Margulis measure. recall that p3, denotes its projection onto the
horocyclic foliation of .

Proposition 6.5. There exists a stable horocyclic flow (hs) for ¢ such that

([, hs(2)]) = s
for all s > 0.

Proof. Given x € Mr, let f, be the primitive of p* on H*(z) vanishing at x.
By Proposition ??, the measure p® on H*(z) has full support and is atome
free, by compactness of Mr, one can fine some uniform € > 0 such that the
total mass p®(H*(x)) is at least €. Applying this to ¢¢(z), one obtains that

W (H (x)) = €' p*(H* (1(2))) = ee .
Thus p*(H?®(x)) is infinite and f, is a global homeomorphism.
We can now set hs(z) = f;1(s). It is clear that hs is a flow. The holo-
nomy invariance of p® give the continuity of hs when moving in directions
transverse to the stable leaves, and the scaling property gives the relation

®t © hS CY—t = he*ts .
O

To conclude the construction of the inverses of DF and CF we need the
following:

Proposition 6.6. Let ¢ be parametrization of the geodesic foliation with
stable (resp. wunstable) horocycles. Assume there exist (hs) and (k) two
stable (resp. unstable) horocyclic flows. Then there is a constant X\ # 0 such
that

bl = hys .

Proof. Exercise. O

Corollary 6.7. Let ¢ be an Anosov parametrization of G. Then the sta-
ble and unstable Margulis measures of ¢ are unique up to a multiplicative
constant.

Proof. Let u$ and u? be two stable Margulis measures. By Proposition ?7?,
the projections of pf and p5 on H? differ by a multiplicative constant. Hense
so do p and p3. U

We can now finally define a map
DF~!: Par{™(G) — Xan (T, Diff(S1))

in the following way: for [¢] € Par{"(G), let ¢ € [¢] be the parametrization of
G which admits both stable and unstable horocycles (¢ is unique by Livsic’s
theorem). Let u* be the stable Margulis measure of ¢ (which is unique by
Corollary 6.7) and define DF~1([¢]) to be the class of the Anosov C' action
associated to (¢, u*) in Section 5.4. It follows from the results of Section 5.4
that
DF ¢] ])F_1 - IdPar‘lm(g) .
Similarly, we can construct a map

CF~!: Par®(G) — T(W?)
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in the following way: for [p] € Par{"(G), let ¢ € [¢] be the parametrization of
G which admits both stable and unstable horocycles (¢ is unique by Livsic’s
theorem). Let (hs) be the horocycle flow of ¢ constructed in Proposition
6.5. By Proposition 6.6, the flow (hs) is well-defined up to a scaling. Note
however that ¢, centralizes ¢ and conjugates hg to h.-as. Thus the foliated
affine action (i, h) is well-defined up to conjugation, and thus defines a point
CF~1([¢]) € T(W?) by the results of Section 4, which satisfies

CF o CF~([¢]) = [¢] -

6.3. Holder regularity. Recall that, by Corollary 6.3, Par?(G) is contained
in Par{"(G). To conclude the proof of Theorems 0.4 and 0.3, we just need
the following Proposition:

Proposition 6.8. The maps DF™! and CF~! map Par’f(g) respectively to
Xon (L, Diff*(S1)) and to TH(W?).

Proof. Exercise. O
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