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Abstract. In this paper we develop iterative approaches for imaging extended inclusions from multistatic
response measurements at single or multiple frequencies. Assuming measurement noise, we perform
a detailed stability and resolution analysis of the proposed algorithms in two different asymptotic
regimes. We consider both the Born approximation in the nonmagnetic case and a high-frequency
regime in the general case. Based on a high-frequency asymptotic analysis of the measurements,
an algorithm for finding a good initial guess for the illuminated part of the inclusion is provided
and its optimality is shown. The initial guess, obtained through standard statistical arguments,
turns out to be Kirchhoff migration. We illustrate the efficiency and the limitations of the proposed
algorithms with a variety of numerical examples.
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1. Introduction. Recently, we have been interested in the problem of locating and esti-
mating the geometric features of small inclusions (compared to the operating wavelength),
using arrays of point source transmitters and receivers at single or multiple frequencies. This
measurement configuration gives the so-called multistatic response matrix (MSR). In [9], using
long-wavelength asymptotic expansions of the measurements, we have shown how the electro-
magnetic parameters and the equivalent ellipse of the target can be reconstructed. We have
also proposed an optimization approach to image geometric details of the target that are finer
than the equivalent ellipse.

In this paper, we consider extended inclusions, i.e., of characteristic size much larger than
half the operating wavelength. Our purpose is to propose iterative approaches for imaging
them from MSR measurements at single or multiple frequencies. Since the structure of MSR
matrices in this case is quite complicated, a direct approach cannot be developed for imaging
extended inclusions. However, direct approaches can be used to construct a good initial guess.
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MULTISTATIC IMAGING OF EXTENDED TARGETS 565

We first provide new optimization algorithms to reconstruct the inclusion shape and com-
pare them with a standard approach which consists of minimizing the discrepancy between
the computed and measured MSR matrices. Our main motivation is to provide better imaging
algorithms in the sense of resolution and stability than the standard approach. Moreover, in
the presence of measurement noises, a stability and resolution analysis for the proposed imag-
ing algorithms is provided in two different asymptotic regimes. It seems extremely difficult
to carry out such analytic calculations in general. To give insights into the imaging problem
from MSR measurements, we consider both the Born approximation in the case where there
is only a permittivity contrast and a high-frequency regime in the general case where there
are both permittivity and permeability contrasts. We show that while in the Born approxi-
mation points inside the target contribute to the MSR measurements, only the ones on the
illuminated part of the boundary do so in the case of both permittivity and permeability con-
trasts. Furthermore, we propose a weighted subspace migration imaging functional for finding
a good initial guess. In the presence of white noise, we show that the weights are uniform
if the illumination is uniform in the angle space and prove its optimality by using standard
statistical tools. The optimality of the imaging functional for finding the initial guess is to be
understood in the sense that the location of its maximum is exactly the maximum likelihood
estimator of a sampling of the inclusion shape. Finally, to handle topology changes such as
breaking one component into two, we develop a level-set version of our algorithms.

Our results in this paper extend those in [32, 22] on the design of direct imaging procedures
within the Born approximation. The use of weights in subspace migration algorithms to
emphasize information contained in the weak eigenvalues of the MSR matrix was first proposed
in [17]. Here we apply the same idea to design optimal control algorithms capable of providing
images with good resolution. On the other hand, level-set formulations were introduced in
imaging in [29]. See also the review in [18].

The paper is organized as follows. In section 2 we formulate the imaging problem in a
simplified electromagnetic setting. We consider solutions in the presence of the inclusion to
the Helmholtz equation in two and three dimensions. In section 3 we introduce three different
optimization algorithms to reconstruct the inclusion shape from MSR measurements. In order
to minimize these three cost functionals, their shape derivatives are computed in section 4.
Section 5 is devoted to the analysis of the Born approximation in the nonmagnetic (i.e.,
purely dielectric) case. Assuming measurement noises, we perform a resolution and stability
analysis of the proposed algorithms. In section 6 we turn to the case of both permittivity and
permeability contrasts and carry out a high-frequency asymptotic analysis of the MSR matrix.
We show that the MSR matrix in this regime depends only on the part of the boundary of
the target that is illuminated. Furthermore, we give evidence that in order to sharply detect
the edges of the boundary one should choose a weight function in the cost functional that
enhances the contributions of the singular vectors in the plunge region of the singular values.
In section 7 we develop a weighted subspace migration imaging functional for constructing a
good initial guess and show its optimality using standard statistical tools. We illustrate our
main findings on the efficiency and viability of the proposed algorithms with some numerical
examples in section 8. In section 9 our main results for the Helmholtz equation are extended
to the elastic case. We develop three optimal control algorithms for reconstructing the shape
of an extended elastic inclusion. An original algorithm for finding a good initial guess for
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566 AMMARI, GARNIER, KANG, LIM, AND SØLNA

the illuminated part of the elastic inclusion is provided. The algorithm is based on a high-
frequency analysis of the MSR matrices and is of migration type. For doing so, one has to
decompose the contributions to the MSR matrices of the compressional and shear waves. In
section 10, in order to handle topology changes such as breaking one component into two,
we convert the optimization procedures into level-set forms. We also formulate a hopping
algorithm to improve the reconstruction results using recursively measurements at multiple
frequencies. The paper ends with a discussion in section 11. In most of the paper, the MSR
matrices are constructed using arrays that enclose the target.

2. Problem formulation. Let μ0 and ε0 denote the magnetic permeability and electrical
permittivity of the background, respectively, that are the electromagnetic parameters in the
absence of any inclusion. Suppose that an electromagnetic inclusion D has μ and ε as its
permeability and permittivity. Throughout this paper, we assume that μ0, ε0, μ, and ε are
positive constants.

For a given wavenumber k, let Γk(x) be the outgoing Green function for Δ+k2 in R
d, d =

2, 3, corresponding to a Dirac mass at 0. That is, Γk is the solution to

(Δ + k2)Γk(x) = −δ0(x) in R
d,

subject to the outgoing radiation condition. In three dimensions, the Green function is given

by Γk(x) = eik|x|/(4π|x|), while in two dimensions, Γk(x) = (i/4)H
(1)
0 (k|x|), where H(1)

0 is
the Hankel function of the first kind of order zero.

Suppose that the inclusion D is illuminated by a time-harmonic point source acting at the
point y ∈ R

d \D at the frequency ω. In this case, the electric field perturbed in the presence
of the inclusion is the solution u(·,y) to the transmission problem

(2.1) ∇ ·
(

1

μ0
χ(Rd \D) +

1

μ
χ(D)

)
∇u+ ω2

(
ε0χ(R

d \D) + εχ(D)
)
u = − 1

μ0
δy

with the radiation condition imposed on u or, equivalently,

(2.2)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Δu+ k20u = −δy in R
d \D,

Δu+ k2u = 0 in D,

u
∣∣
+
− u
∣∣
− = 0 on ∂D,

1

μ0

∂u

∂ν

∣∣∣∣
+

− 1

μ

∂u

∂ν

∣∣∣∣
−
= 0 on ∂D,

u satisfies the outgoing radiation condition,

where k0 = ω
√
ε0μ0 and k = ω

√
εμ. Here ∂/∂ν denotes the normal derivative to ∂D and

∂u

∂ν

∣∣
±(x) := lim

t→0+
∇u(x± tν) · ν, x ∈ ∂D,

if the limits exist.
Suppose that we have coincident transmitter and receiver arrays {y1, . . . ,yN} of N ele-

ments, used to detect the inclusion. In most of the paper, we use arrays that enclose the target.
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In the presence of the inclusion the scattered field induced on the nth receiving element, yn,
from the scattering of an incident wave generated at ym can be expressed as follows:

(2.3) Anm = u(yn,ym)− Γk0(yn − ym).

By reciprocity the response matrix is complex symmetric (but not Hermitian).
The MSR matrix A = (Anm)n,m=1,...,N describes the transmit-receive process performed

at the array. The problem we consider is to image the inclusion D from the MSR matrix A.
We assume that the target is extended, i.e., its characteristic size is much larger than half the
wavelength, π/k0.

Note that the use of the formal equivalence between electromagnetics and linear acous-
tics, by term-to-term replacing permittivity and permeability by compressibility and volume
density of mass, and the electric field by the pressure field, extends the investigation and the
results below to acoustics.

3. Optimal control algorithms. Suppose that ε and μ are known. Let Ameas denote the
measured MSR matrix and let A[D] be the (computed) MSR matrix associated with the
inclusion D. The matrix A[D] is symmetric by definition, but the measured matrix Ameas

may not be symmetric due to an additive noise, for instance. Throughout this paper we
symmetrize the measured matrix by the transform A → (A+AT )/2. Here T stands for the
transpose. As noticed in [6], the symmetrization of the MSR matrix reduces the variance of
its off-diagonal entries by a factor of

√
2 in the case of additive noise.

A standard algorithm to image the inclusion is to minimize over D in the class of C1-curves
the cost functional defined by [23],

(3.1) J1[D] :=
1

2

N∑
n,m=1

∣∣Anm[D]−Ameas,nm

∣∣2.
Throughout this paper, the minimization over the domains is carried out in the class

of C1-curves. The parametrization of the domains is a delicate question. Usually, a para-
metric representation is used. Here, we provide a new representation of shapes in terms of
backpropagated significant singular vectors of MSR matrices.

In the following we use extensively the singular value decomposition (SVD) of a symmetric

complex matrix A written in the usual form A = VΣV
T
. Let σ

(l)
meas, l = 1, . . . , L, be the

singular values of Ameas counted according to multiplicity and v
(l)
meas be the singular vector

associated with σ
(l)
meas, so that (v

(l)
meas)Ll=1 is a basis of the image space of Ameas, L being its

dimension.
A second algorithm is to minimize over D in the class of C1-curves the cost functional

defined by

(3.2) J2[D] :=
1

2

L∑
l=1

W (σ(l)meas)
∥∥∥(A[D]−Ameas

)
v(l)
meas

∥∥∥2,
where W is a weight function. A weight function is supposed to be a real-valued positive
function. As we will see the weight function can be useful to enhance some geometrical
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features of the inclusion. Here, the MSR discrepancy is minimized with respect to the signal
space.

In this paper we propose a third algorithm. At each step j, we arrange the singular values,
σ(l

′)[Dj ], of the computed matrix A[Dj ] in descending order and count them according to
their multiplicities. Let v(l′)[Dj ], l

′ = 1, . . . , L′, be the first L′ singular vectors associated with
σ(l

′)[Dj ]. Let 〈 , 〉 denote the Hermitian product.
A third algorithm is to minimize at the step j over all the changes δD the cost functional

(3.3) J (j)
3 [δD] :=

1

2

L′∑
l′=1

L∑
l=1

W (σ(l)meas)W
′(σ(l

′)[Dj ])
∣∣∣〈(A[Dj+δD]−Ameas)v

(l)
meas,v

(l′)[Dj ]
〉∣∣∣2,

where W ′ is a second weight function. Here, the MSR discrepancy of the search direction is
minimized in the direction of the signal space. Note that the third algorithm is a discrete
version of the algorithm introduced in [5]. It is also worth emphasizing that the cost functional

J (j)
3 is updated at every step j of the optimization procedure. The first motivation of the

third algorithm is to better explore the weakest significant singular values and vectors of the
MSR matrix and consequently provide images with high resolution. Second, it uses a natural
representation of the shape changes in terms of backpropagation of significant eigenvectors.

In the forthcoming sections, we discuss merits and demerits of these algorithms. We
also carry out a detailed stability and resolution analysis in simplified configurations. Using
asymptotic formulations of the MSR matrix, we propose a method for choosing a prior guess
and show its optimality in the presence of an additive noise in the MSR measurements.

4. Shape derivatives. In order to minimize the cost functional Jj, j = 1, 2, 3, we update
∂D by ∂Dh. To this end we use the shape derivative of the MSR matrix. Let

(4.1) ∂Dh :=
{
x+ h(x)ν(x),x ∈ ∂D

}
,

where ν is the outward unit normal to ∂D and h is a C1 function on ∂D. Let the polarization
tensor

M

[
μ0
μ

]
(x) =

(
μ0
μ

− 1

)(
μ0
μ
ν(x)⊗ ν(x) + τ (x)⊗ τ (x)

)
, x ∈ ∂D,

in two dimensions, where τ (x) is the unit tangential vector to ∂D at x, and

M

[
μ0
μ

]
(x) =

(
μ0
μ

− 1

)(
μ0
μ
ν(x)⊗ ν(x) +

2∑
k=1

τ k(x)⊗ τ k(x)

)
, x ∈ ∂D,

in the three-dimensional case, where τ 1(x) and τ 2(x) are two orthogonal unit tangential
vectors to ∂D at x. The polarization tensors are diagonal matrices in the normal, tangential
basis associated with ∂D.

Let u[D](x,y) be the solution to (2.2). The following asymptotic formula holds as ‖h‖C1 →
0:

u[Dh](x,y) − u[D](x,y) =

∫
∂D

h(z)

[
∇zu[D](x,z)TM

[
μ0
μ

]
(z)∇zu[D](z,y)

+ ω2(ε− ε0)μ0u[D](x,z)u[D](z,y)

]
dσ(z) + o

(‖h‖C1

)
(4.2)
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for x away from D. Formula (4.2) can be proved in exactly the same way as in [13]; see [2]
and [10]. Therefore, we have (using the reciprocity u(x,y) = u(y,x))

Anm[Dh]−Anm[D] =

∫
∂D

h(x)

[
∇xu[D](x,yn)

TM

[
μ0
μ

]
(x)∇xu[D](x,ym)

+ ω2(ε− ε0)μ0u[D](x,yn)u[D](x,ym)

]
dσ(x) + o(‖h‖C1).(4.3)

Let B[D](x) = (Bnm[D](x))Nn,m=1 be the matrix defined by

Bnm[D](x) := ∇xu[D](x,yn)
TM

[
μ0
μ

]
(x)∇xu[D](x,ym)

+ ω2(ε− ε0)μ0u[D](x,yn)u[D](x,ym).(4.4)

Note that B depends not only on D but also on ω and on the contrasts μ0/μ and ε0/ε.
Note also that the matrix B is a propagator since B applied to a vector data corresponds to
propagating the data up the boundary ∂D.

Now, for a cost functional J , define its shape derivative by

(dSJ [D], h) = lim
δ→0

J [Dδh]− J [D]

δ
,

where Dδh is defined as in (4.1) with h replaced by δh. From (4.3) it follows that the shape
derivatives of the cost functionals Jj , j = 1, 2, 3, are given by

(dSJ1[D], h) =
N∑

n,m=1

Re

[(
Anm[D]−Ameas,nm

) ∫
∂D

hBnm[D] dσ

]
,

(dSJ2[D], h) = Re

L∑
l=1

W (σ(l)meas)

∫
∂D

h
〈
(A[D]−Ameas)v

(l)
meas, B[D]v(l)

meas

〉
dσ,

(dSJ (j)
3 [Dj ], h) = Re

L′∑
l′=1

L∑
l=1

W (σ(l)meas)W
′(σ(l

′)[Dj ])
〈
(A[Dj ]−Ameas)v

(l)
meas, v

(l′)[Dj ]
〉

×
∫
∂D

h
〈
B[Dj ]v

(l)
meas , v(l′)[Dj ]

〉
dσ.

Therefore, we look for the changes h in the first, second, and third algorithms in the vector
spaces spanned by {ψp} defined as, respectively,

{ψp} = {Re(Bnm[D])}Nn,m=1 ∪ {Im(Bnm[D])}Nn,m=1,

{ψp} = {Re〈(A[D]−Ameas)v
(l)
meas, B[D]v(l)

meas 〉},
{ψp} = {Re〈B[Dj ]v

(l)
meas , v

(l′)[Dj ]〉} ∪ {Im〈B[Dj ]v
(l)
meas , v

(l′)[Dj ]〉}.

Moreover, in themth algorithm, m = 1, 2, 3, we modify at each step j ∂Dj to obtain ∂Dj+1 :=
∂Dhj by applying the gradient descent method [26], where ∂Dhj := {x+hj(x)ν(x),x ∈ ∂Dj}.
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For doing so, we choose hj as follows:

(4.5) hj[ω](x) = − Jm[Dj ]∑
l |(dSJm[Dj ], ψl)|2

∑
l

(dSJm[Dj ], ψl) ψl.

In the case where Jm[Dj+1] ≥ Jm[Dj ] we choose the descent step length by Armijo’s rule
[26]. We replace hj by hj/2

s, where s is the smallest integer such that Jm[Dhj/2
s
] < Jm[Dj ];

∂Dhj/2s := {x+ hj(x)/2
s ν(x),x ∈ ∂Dj}.

If we have measurements of the MSR matrix at multiple frequencies (ωp)p=1,...,P , then the
change in the step j is given by

(4.6) hj(x) =
1

P

P∑
p=1

hj [ωp](x).

We also note that in the third algorithm the higher L′ is, the better the resolution, which
is quite natural. However, for a finite signal-to-noise ratio in the measurements, large L′ leads
to an instable reconstruction. As will be seen later, there is a trade-off between the resolution
and the stability.

5. The Born approximation in the nonmagnetic case. In this section we assume μ = μ0
and address the case where the Born approximation is valid. We consider a circular geometry
with target in the center. This configuration allows us to do a detailed resolution and stability
analysis in the presence of an additive measurement noise. This analysis is also useful for
choosing the prior guess in the imaging functional as shown in section 7. In connection with
our results, we refer to [32, 22] for the design of direct imaging procedures within the Born
approximation.

5.1. Asymptotic formulation of the response matrix. Let Dtrue be the true inclusion. If
we set μ = μ0 and ε ≈ ε0, then by using the Born approximation

u[Dtrue](x,yn) ≈ Γk0(x− yn) ∀ 1 ≤ n ≤ N and x ∈ Dtrue.

Therefore, we have

Ameas,nm ≈ ω2(ε− ε0)μ0

∫
Dtrue

Γk0(x− yn)Γ
k0(x− ym) dx.

If we define the matrix

B[ω](x) :=

(
Γk0(x− yn)Γ

k0(x− ym)

)N

n,m=1

for x ∈ Dtrue,

then we can write

Ameas ≈ ω2(ε− ε0)μ0

∫
Dtrue

B[ω](x) dx.

Note that in this case B does not depend on Dtrue. Below we assume d = 2. If ω is large,
then

B[ω](x) ≈ i

8πk0

(
eik0(|x−yn|+|x−ym|)√|x− yn||x− ym|

)
n,m

.
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Assuming further that the distance LF between the array and the target is much larger
than the aperture yields

B[ω](x) ≈ i

8πk0LF

(
eik0(|x−yn|+|x−ym|)

)
n,m

.

In polar coordinates, let the points of the array be

yn = (Rn cos θn, Rn sin θn),

and let the domain Dtrue be of the form

(5.1) Dtrue =
{
y = (r cos θ, r sin θ) , 0 ≤ r ≤ R(θ) , 0 ≤ θ ≤ 2π

}
.

Using the Taylor series expansion

(5.2) |yn − x| = |yn| − yn · x
|yn| +O

( |x|2
|yn|

)
,

we find that in polar coordinates x = (r cos θ, r sin θ),

Ameas,mn[Dtrue] = eik0[Rn+Rm]

∫ 2π

0
dθ

∫ R(θ)

0
rdre−ik0r[cos(θ−θm)+cos(θ−θn)],

up to a multiplicative constant, which is valid if k0diam
2(D) is much smaller than the distance

from the target D to the array (this is the Fraunhofer regime).
Note that the first phase factor in the response matrix does not modify the singular values

and it modifies the singular vectors only by a phase term independent of the singular value
itself. In the following this factor is removed.

5.1.1. The unperturbed domain. We assume in this subsection that the domain Dtrue :=
D0, a disk with radius r0. In the continuum approximation (the number of array elements
N → +∞) the response matrix is proportional to the operator whose kernel is

A[D0](θ1, θ2) =
1

πr20

∫ 2π

0
dθ

∫ r0

0
rdre−ik0r[cos(θ−θ1)+cos(θ−θ2)].

The kernel can be written as [1, Formulas 9.1.21 and 9.1.30]

A[D0](θ1, θ2) = a(θ1 − θ2) with a(θ) = 2
J1
(
2k0r0 cos(

θ
2 )
)

2k0r0 cos(
θ
2 )

.

The function a(θ) can be expanded in Fourier series as [1, Formula 11.4.7]

a(θ) =

∞∑
n=−∞

âne
inθ with ân = (−1)n

(
J2
n − Jn−1Jn+1

)
(k0r0),

where Jn is the Bessel function of the first kind of order n, which shows that the singular
values of A[D0] are (

√
2π|âp|)p∈N, each of which (except

√
2π|â0|) is of multiplicity two. The
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associated singular vectors are (ψ(p,±)(θ))θ∈[0,2π) = (e±ipθ/
√
2π)θ∈[0,2π). Moreover, in the

asymptotic framework k0r0 � 1, there are about 2k0r0 significant singular values. More
exactly, using [1, Formula 9.3.3], we find that for k0r0 � 1 and n ∈ [−k0r0, k0r0],

|ân| � 2

πk0r0

√
1−
(

n

k0r0

)2

.

For k0r0 � 1 and |n| > k0r0 the singular values are exponentially small. See, for instance,
[16, 17].

5.1.2. The perturbed domain. We assume in this subsection that the domain Dtrue is
a deformed disk (around the perfect disk D0 with radius r0). In polar coordinates x =
(r cos θ, r sin θ) the domain Dtrue is given by (5.1) with

(5.3) R(θ) = r0 + htrue(θ), htrue(θ) =

∞∑
p=−∞

ĥtrue,pe
ipθ.

We address the regime in which k0‖htrue‖∞ � 1 < k0r0. In the continuum approximation the
perturbation of the response matrix is the operator with the kernel

H[Dtrue](θ1, θ2) := A[Dtrue](θ1, θ2)−A[D0](θ1, θ2)

≈ 1

πr0

∫ 2π

0
dθhtrue(θ)e

−ik0r0[cos(θ−θ1)+cos(θ−θ2)].

The results of the previous subsection indicate that we should represent the perturbation
of the response matrix in the Fourier domain, since the singular vectors of the unperturbed
response matrix are the Fourier modes. The Fourier coefficients of the kernel of the operator
H[Dtrue] are defined by

Ĥjl[Dtrue] =
1

(2π)2

∫
H[Dtrue](θ1, θ2)e

−ijθ1−ilθ2dθ1dθ2,

and they are given by

Ĥjl[Dtrue] =
2

r0
ĥtrue,j+lJj(k0r0)Jl(k0r0)i

−j−l.

5.2. Resolution and stability analysis of the imaging functionals. Assuming measure-
ment noise, we perform a resolution and stability analysis of the proposed algorithms. We
assume that the receiver-transmitter array covers in a dense manner a closed surface sur-
rounding the inclusion D.

We assume that the domain is the deformed disk Dtrue given by (5.3) and that the re-
sponse matrix is corrupted by an additive Gaussian white noise εmeas or, equivalently, in the
continuum approximation the kernel of the operator is given by

Ameas(θ1, θ2) = A[Dtrue](θ1, θ2) + εmeas(θ1, θ2).

The purpose of the imaging process is to estimate the function htrue(θ) that characterizes
Dtrue. The results of the previous subsection indicate that we should look for the Fourier
coefficients (ĥtrue,p)p∈Z that characterize the boundary of the domain Dtrue.
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5.2.1. First functional. The first imaging functional defined in (3.1) is

J1[D] =
1

2

∥∥A[D](·, ·) −Ameas(·, ·)
∥∥2
2
=

1

2

∥∥H[D](·, ·)−H[Dtrue](·, ·) − εmeas(·, ·)
∥∥2
2
.

Here ‖ ·‖2 denotes the L2 norm. The domain D is characterized by the function (h(θ))θ∈[0,2π).
Using Parseval’s formula the first imaging functional can be written as

J1[D] =
(2π)2

2

∞∑
l′,l=−∞

∣∣(Q1ĥ)l′l − (Q1ĥtrue)l′l − ε̂meas,l′l
∣∣2,

where ε̂meas,l′l are the Fourier coefficients of εmeas(·, ·) and

(Q1ĥ)l′l =
2

r0
ĥl′+lJl′(k0r0)Jl(k0r0)i

−l′−l, l′, l ∈ Z.

The least-square inverse is

(
(Q∗

1Q1)
−1Q∗

1ε̂
)
p
=
r0
∑∞

l=−∞ Jl(k0r0)Jp−l(k0r0)i
pε̂l,p−l

2
∑∞

l=−∞ J2
l (k0r0)J

2
p−l(k0r0)

, p ∈ Z.

Therefore, given the measured kernel Ameas, the least-square estimation (ĥest,p)p∈Z of the
Fourier coefficients of the shape htrue(θ) of the domain Dtrue is

(ĥest,p)p∈Z = (Q∗
1Q1)

−1Q∗
1

(
(Âmeas,l′l − Âl′l(D0))l′,l∈Z

)
.

This gives, for all p ∈ Z,

ĥest,p = ĥtrue,p +
r0
∑∞

l=−∞ Jl(k0r0)Jp−l(k0r0)i
pε̂meas,l,p−l

2
∑∞

l=−∞ J2
l (k0r0)J

2
p−l(k0r0)

,

which shows that the estimation is unbiased with the variance

Var(ĥest,p) =
r20σ

2

4
∑∞

l=−∞ J2
l (k0r0)J

2
p−l(k0r0)

,

where σ2 = E(|ε̂meas,l′l|2) (independent on l′, l for white noise). Here E stands for the expec-
tation (mean value).

Now, from Neumann’s formula [19, Formula 7.7.2(11)], we have for any l ∈ Z

Jl(k0r0)Jp−l(k0r0) =
1

2π

∫ 2π

0
Jp(2k0r0 cos θ) cos

(
(2l − p)θ

)
dθ.

Using Parseval’s formula gives

∞∑
l=−∞

J2
l (k0r0)J

2
p−l(k0r0) =

1

2π

∫ 2π

0
J2
p (2k0r0 cos θ)dθ.
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It follows from [31, Equation (4)] that in the asymptotic framework when k0r0 � 1 and p is
smaller than 2k0r0,

∞∑
l=−∞

J2
l (k0r0)J

2
p−l(k0r0) ∼

1

π2k0r0

[
log k0r0 + 5 ln 2 + γ − 2

(
1 +

1

3
+ · · ·+ 1

2p− 1

)

+O

(
1

(k0r0)1/2

)]
,

where γ is the Euler’s constant, while when p is larger than 2k0r0 the sum is exponentially
close to zero. We can therefore conclude that in the presence of a small additive noise,

(i) the estimation of ĥtrue,p is possible for p < 2k0r0 with the accuracy (standard deviation)

of the order of (σr0/2)π(k0r0)
1/2/ log1/2(k0r0) and impossible for p > 2k0r0;

(ii) the coefficient ĥp corresponds to a feature at the surface of the unperturbed disk D0

whose characteristic length scale is 2πr0/p, and therefore the limitation p < 2k0r0
corresponds to a length scale larger than half a wavelength, which is the diffraction
limit.

5.2.2. The second functional. The second imaging functional defined in (3.2) is

J2[D] =
1

2

2L+1∑
l=1

W (σ(l)meas)
∥∥(A[D](·, ·) −Ameas(·, ·)

)
v(l)meas(·)

∥∥2
2

=
1

2

2L+1∑
l=1

W (σ(l)meas)
∥∥(H[D](·, ·) −H[Dtrue](·, ·) − εmeas(·, ·)

)
v(l)meas(·)

∥∥2
2
,

where σ
(l)
meas and v

(l)
meas are the lth singular value and singular vector of Ameas. IfDtrue is a small

deformation of the disk D0 and the additive white noise is small, then the difference between
the singular vectors of Ameas and those of A[D0] is small, and therefore, after relabeling the
vectors and up to an error that is of higher order, we have

J2[D] =
1

2

L∑
l=−L

wl

∥∥(H[D](·, ·) −H[Dtrue](·, ·) − εmeas(·, ·)
)
ψ(l)(·)∥∥2

2
,

where ψ(l)(θ) = eilθ/
√
2π and wl =W (σ|l|) =W

(
(J2

l − Jl−1Jl+1)(k0r0)
)
. We have

(H[D]ψ(l)
)
(θ) =

2
√
2π

r0

∑
p

ĥpJl+p(k0r0)Jl(k0r0)i
−2l−pei(l+p)θ.

Using Parseval’s formula, we get

J2[D] =
(2π)2

2

∞∑
l′=−∞

L∑
l=−L

wl

∣∣(Q2ĥ)l′l − (Q2ĥtrue)l′l − ε̂meas,l′l
∣∣2,

where

(Q2ĥ)l′l =
2

r0
ĥl′+lJl′(k0r0)Jl(k0r0)i

−(l′+l), l′ ∈ Z, l = −L, . . . , L.
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Introducing the multiplication operator W2 defined by

(W2ε̂)l′l = wlε̂l′l, l′ ∈ Z, l = −L, . . . , L,

the least-square inverse is

(
(Q∗

2W2Q2)
−1Q∗

2W2ε̂
)
p
=
r0
∑L

l=−LwlJl(k0r0)Jp+l(k0r0)i
p+2lε̂p+l,−l

2
∑L

l=−Lwl(Jl(k0r0)Jp+l(k0r0))2
, p ∈ Z.

Therefore the least-square estimation (ĥest,p)p∈Z of the Fourier coefficients of the shape htrue(θ)
of the domain Dtrue is

(ĥest,p)p∈Z =
(
(Q∗

2W2Q2)
−1Q∗

2W2

(
(Âmeas,l′l − Âl′l[D0])l′∈Z,l=−L,...,L

))
.

This gives, for all p ∈ Z,

ĥest,p = ĥtrue,p +
r0
∑L−p

l=−L−pwl+pJl(k0r0)Jp−l(k0r0)i
pε̂meas,l,p+l

2
∑L

l=−LwlJ
2
l (k0r0)J

2
p−l(k0r0)

,

which implies that the estimation is unbiased with the variance

Var(ĥest,p) =
r20σ

2

4

∑L
l=−Lw

2
l J

2
l (k0r0)J

2
p−l(k0r0)[∑L

l=−LwlJ
2
l (k0r0)J

2
p−l(k0r0)

]2 .
It is natural to look for the optimal weight function W , that is, the one that minimizes
the variance. The minimization problem can be solved using Lagrange multipliers, and one
finds that W should be constant. This result shows that the optimal weight function for the
second functional is the uniform weight in the presence of white noise. This is characteristic
of the situation addressed in this section, in which the array surrounds the target and the
Born approximation holds true, which implies that illumination should be uniform (in the
angle space). As we will see in section 6.2, weighting can become important when these ideal
conditions are not fulfilled.

When the weight function W is constant, then the variance of the estimation is

Var(ĥest,p) =
σ2r20

4
∑L

l=−L J
2
l (k0r0)J

2
p−l(k0r0)

.

This result shows that the second functional is more sensitive to an additive white noise than
the first one for small L, while they are equivalent when L > k0r0. If the noise is colored
(which is the case when the noise comes from random heterogeneities in the medium), then
the situation can be more complex.

Note that these conclusions hold because of the continuum approximation. However, in
the discrete case when there is only a finite number of transmitters and receivers, as will be
seen later, method 2 is better than method 1 since the information in the noise space is filtered
out.
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5.2.3. The third functional. The third imaging functional defined in (3.3) (for j = 0) is

J3[D] =
1

2

2L′+1∑
l′=1

2L+1∑
l=1

W (σ(l)meas)W
′(σ(l

′)[D0])
∣∣∣〈(A[D]−Ameas

)
v(l)meas, v

(l′)[D0]
〉∣∣∣2.

To leading order in the amplitude of the noise and the deformation of the domain, we have
after relabeling the vectors

J3[D] =
1

2

L∑
l=−L

L′∑
l′=−L′

wlw
′
l′

∣∣∣〈(H[D]−H[Dtrue]− εmeas

)
ψ(l), ψ(l′)

〉∣∣∣2
with wl =W (σ|l|) =W

(
(J2

l −Jl−1Jl+1)(k0r0)
)
and w′

l′ =W ′(σ|l′|). Using Parseval’s formula,
we get

J3[D] =
(2π)2

2

L′∑
l′=−L′

L∑
l=−L

wlw
′
l′
∣∣(Q3ĥ)l′l − (Q3ĥtrue)l′l − ε̂meas,l′,−l

∣∣2,
where

(Q3ĥ)l′l =
2

r0
ĥl′−lJl′(k0r0)Jl(k0r0)i

−l′−l, l′ = −L′, . . . , L′, l = −L, . . . , L.

Note that Q3ĥ is a function of (ĥp)p=−L−L′,L+L′ only. Denoting by W3 the multiplication
operator

(W3ε̂)l′l = w′
l′wlε̂l′l, l′ = −L′, . . . , L′, l = −L, . . . , L,

the least-square estimation (ĥest,p)p=−L−L′,...,L+L′ of the first Fourier coefficients of the shape
htrue(θ) of the domain Dtrue is

(ĥest,p)p=−L−L′,...,L+L′ = (Q∗
3W3Q3)

−1Q∗
3W3

(
(Âmeas,l′l − Âl′l[D0])l′=−L′,...,L′,l=−L,...,L

)
.

This gives, for all p = −L− L′, . . . , L+ L′,

ĥest,p = ĥtrue,p +
r0
∑L∧L′+p

l=−L∨−L′+p Jl(k0r0)Jp−l(k0r0)i
pε̂meas,l,p−l

2
∑L∧L′+p

l=−L∨−L′+p(Jl(k0r0)Jp−l(k0r0))2
,

which implies that the estimation is unbiased with the variance

Var(ĥest,p) =
σ2r20

4
∑L∧L′+p

l=−L∨−L′+p(Jl(k0r0)Jp−l(k0r0))2
.

This result shows that it is possible to reconstruct the Fourier coefficients ĥp up to p =
(L + L′) ∧ 2k0r0 using the third functional. Here a ∧ b and a ∨ b, respectively, denote the
minimum and the maximum between a and b.

In this section we have chosen a particular geometry so as to be able to carry out a detailed
resolution and stability analysis. It should be possible to carry out such detailed analysis in
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different geometries. For instance, if the array has finite aperture and covers only an angular
cone with angular width θa � 2π, then it should be possible to express the singular vectors
in terms of prolate spheroidal functions [17, 20] and to use asymptotic results of the singular
value distribution for the sinc kernel [25, 30]. The analysis should then be similar to the one
carried out in section 6 and should lead to the conclusion that it is possible to reconstruct
the shape of the inclusion with a resolution of the order of the Rayleigh resolution formula
(2π/θa)(π/k0). The case in which the continuum approximation is not valid (which means that
there is only a finite number of transmitters and receivers and the interdistance between the
sensors is large) is also of interest but its analysis is more complicated. Numerical simulations
may be the right tool to study such situations.

Note also because of the continuum approximation and the simplicity of the configuration
considered here, weighting plays no role. As we will see in the next sections, it can become
important when the ideal conditions assumed here are not fulfilled.

6. Asymptotic formulation in the case of both permittivity and permeability contrasts.
Now we turn to the general case of both permittivity and permeability contrasts, that is,
without assuming Born approximation. As in the case where the Born approximation is valid,
we carry out a (formal) high-frequency asymptotic analysis of the MSR matrix. We use such
high-frequency asymptotic analysis to derive a method for constructing a good initial guess.
We also make use of it in order to connect the eigenvalues and the eigenvectors of the MSR
matrix to the target shape and give a detailed resolution analysis in a simplified configuration.

6.1. High-frequency asymptotics of the response matrix. Write

u[D](x,yn) =

{
Γk0(x− yn) + u

(s)
n (x) for x ∈ R

2 \D,
u
(t)
n (x) for x ∈ D.

Using Green’s formula, we get

Anm[D,ω] =

∫
∂D

(
∂Γk0

∂ν
(ym − x)u(s)n (x)− Γk0(ym − x)

∂u
(s)
n

∂ν
(x)

)
dσ(x).

Using a WKB approximation for u
(s)
n and ∂u

(s)
n

∂ν on ∂D as ω → +∞ [24], we find the high-
frequency asymptotic expansion

(6.1) u(s)n (x) ≈ a(s)n (x)
eik0|x−yn|√|x− yn|

and
∂u

(s)
n

∂ν
(x) ≈ −ik0a(s)n (x)

(x− yn) · ν(x)
|x− yn|

eik0|x−yn|√|x− yn|

if (x− yn) · ν(x) < 0, where a
(s)
n is the amplitude, and

(6.2) u(s)n (x) ≈ ∂u
(s)
n

∂ν
(x) ≈ 0 if (x− yn) · ν(x) ≥ 0.

Since, in dimension d = 2,

Γk0(x− ym) ≈ − eiπ/4

2
√
2πk0

eik0|x−ym|√|x− ym|
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and
∂Γk0

∂ν
(x− ym) ≈ −i

√
k0e

iπ/4

2
√
2π

(x− ym) · ν(x)
|x− ym|

eik0|x−ym|√|x− ym| ,

then
(6.3)

Anm[D,ω] ≈ −i
√
k0e

iπ/4

2
√
2π

∫
∂Dillum,yn

a(s)n (x)

(
(x− ym) · ν(x)

|x− ym|

+
(x− yn) · ν(x)

|x− yn|
)
eik0(|x−ym|+|x−yn|)√|x− ym||x− yn|

dσ(x),

where ∂Dillum,yn =
{
x ∈ ∂D : (x− yn) · ν(x) < 0

}
. Equation (6.3) shows that the response

matrix in this regime depends only on the boundary of the target that is illuminated. Note
that if the aperture of the array is small compared to the distance from the array to the target,
then the illuminated part of the target boundary ∂Dillum,yn does not depend on yn.

6.2. Resolution analysis. In this section, our main aim is to connect the singular values
and vectors of the MSR matrix to the target shape. In order to make explicit calculations
we assume that the used array of transmitters and receivers is linear. A very similar analysis
using the spheroidal wave functions was first done in [16].

6.2.1. The unperturbed domain. Let us consider the situation in which the array is linear
and densely samples the line {(y, 0), y ∈ (−α/2, α/2)} while the illuminated boundary ∂D0

of the target is the line

∂D0 =
{
(x,−LF ), x ∈ (−β/2, β/2)}.

Assuming that the distance LF from the array to the target is much larger than the diameter
α of the array and the diameter β of the target, the response matrix is proportional to

Anm =

∫
∂D0

eik0[|x−ym|+|x−yn|]dσ(x).

Using the Taylor series expansion (5.2), we find that in the Fraunhofer regime k0β
2/LF � 1,

the response matrix is

Anm = βe2ik0LF e
ik0

y2m+y2n
2LF sinc

[
k0β

2LF
(yn + ym)

]
.

Note that the first phase factor in the response matrix does not modify the singular values
and it only modifies the singular vectors by a phase term independent of the singular value
itself. In the following this factor is removed. Therefore, in the continuum approximation
(writing ym = αy/2), the response matrix is proportional to the operator (from L2[−1, 1] to
L2[−1, 1]): A[D0] = RS, where R is the involution operator Rf(x, y) = f(−x, y) and S is the
sinc operator whose kernel is

S(x, y) = sin[C(x− y)]

π(x− y)
, x, y ∈ [−1, 1],
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with C = (k0βα)/(4LF ). The singular values (σ(l))l≥1 and singular vectors (ψ(l))l≥1 of the
sinc operator S are known and they are described in Appendix A. In particular the singular
vectors are the prolate spheroidal functions which are either odd or even functions, so that
(σ(l), ψ(l))l≥1 are also the singular values and vectors of A. We consider the situation C � 1.
According to [30], the important facts in this regime are as follows:

(i) There are about [2C/π] significant singular values; more exactly, the first [2C/π] sin-
gular values are close to one, while the following ones are close to zero. The Fourier
transforms of the significant singular vectors are concentrated in (−C,C).

(ii) The first singular vectors are concentrated around the center of the interval (−1, 1), and
they contain only low frequencies; more exactly, the singular vectors are approximately
concentrated on an interval with length of the order of 1/

√
C centered at 0, and their

Fourier transforms are approximately concentrated on an interval with length of the
order of

√
C.

(iii) The last significant singular vectors (i.e., those with indices close to [2C/π]) are con-
centrated at the edges of the interval (−1, 1) and their Fourier transforms are approx-
imately concentrated on (−C,C).

6.2.2. The perturbed domain. Here we consider the case when the illuminated boundary
∂D of the target is the perturbed curve

∂D =
{
x = (x,−LF + h(x)), x ∈ (−β/2, β/2)}.

Denoting h̃(y) = h(βy/2), y ∈ (−1, 1), the response matrix in the continuum approximation
is proportional to the operator

A[D] = A[D0]− ik0RH[D], H[D](x, y) =

∫ 1

−1
h̃(z)eiCz(x−y)dz, x, y ∈ (−1, 1).

By expanding the function h̃(y) over the image basis of the unperturbed operator A[D0],

h̃(y) =

∞∑
p=1

h̃pψ
(p)(y), y ∈ (−1, 1),

we find using (A.6) that

〈
ψ(l′),H[D]ψ(l)

〉
= (Qh̃)l′l =

⎛⎝ ∞∑
p=1

Ql′lph̃p

⎞⎠
l′l

with

Ql′lp = 2πil−l′
√
σ(l)σ(l′)

C

∫ 1

−1
ψ(l′)(y)ψ(l)(y)ψ(p)(y)dy.

Note that Ql′lp is not vanishing as long as l′, l, p are smaller than [2C/π]. If the response
matrix corresponding to the true domain Dtrue is corrupted by an additive Gaussian white
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noise, then the three imaging functionals have the following form to leading order in the
perturbation (up to a multiplicative constant):

Jj[D] =
1

2

∞∑
l=1

∞∑
l′=1

wj,lw
′
j,l′
∣∣(Qh̃)l′l − (Qh̃true)l′l − εmeas,l′l

∣∣2,
where w1,l = w′

1,l′ = 1 for the first functional j = 1, w2,l = W (σ(l))1l≤L and w′
2,l′ = 1 for

the second functional j = 2, and w3,l = W (σ(l))1l≤L and w′
3,l′ = W ′(σ(l′))1l′≤L′ for the third

functional j = 3. Finally εmeas,l′l are independent Gaussian random variables.
Denoting by Wj the multiplication operator (Wj ε̂)l′l = wj,lw

′
j,l′ ε̂l′l, the minimization prob-

lem is solved by applying the operator (Q∗WjQ)−1Q∗Wj to the data(〈
ψ(l′),

i

k0
R(Ameas −A[D0])ψ

(l)

〉)
l′,l
.

This gives an unbiased estimator of (h̃true,p)p.
Note that we have using (A.3) that

(Q∗Q)p′p =
4π2

C2

∫ 1

−1

∫ 1

−1
S(x, y)2φ(p′)(x)φ(p)(y) dxdy,

which is close to the identity operator (up to a factor 4π/C) when restricted to

p, p′ ≤ [2C/π].

Therefore, we come to the following conclusions:
(i) We can reconstruct the coefficients h̃true,p up to p ≤ (L+ L′) ∧ [2C/π].
(ii) The first coefficients h̃p (those which are estimated with the highest accuracy) corre-

spond to low-frequency information about the central part of the boundary ∂D.
(iii) The coefficients h̃p for p close to [2C/π] correspond to high-frequency information

about the edges of the boundary ∂D. This implies that if we want a sharp detection
of the edges of the boundary, then we should choose a weight function that enhances
the contributions of the singular vectors in the plunge region of the singular values.
This was already noticed in [17].

(iv) The coefficients h̃p, p = 1, . . . , [2C/π], correspond to features whose minimal wavenum-
ber is C/(β/2) = k0α/(2LF ), which corresponds to a length scale of 2λ0LF /α. This
is the classical Rayleigh resolution formula.

7. Construction of an initial guess. In this section we develop a weighted subspace mi-
gration imaging functional for constructing a good initial guess. The idea behind this is to use
the asymptotic formulation of the response matrix obtained in the previous sections. We will
show the optimality in the presence of an additive noise of the proposed method for choosing
the prior guess. Optimality is to be understood in the sense that the location of the maximum
of the proposed imaging functional is exactly the maximum likelihood estimator of a sampling
of the inclusion shape.
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7.1. Measurements at a single frequency. We first construct an initial guess from mea-
surements of the response matrix at a single frequency ω. Let us introduce the vector field

(7.1) g(x, ω) =

(
exp(ik0|x− yn|)√

N

)
n=1,...,N

.

A good initial guess would be obtained using a weighted subspace migration [17]:

ISM(x, ω,w) = g(x, ω)
T

N∑
l=1

wl(x, ω)v
(l)
meas[ω]v

(l)
meas[ω]

Tg(x, ω)

=
N∑
l=1

wl(x, ω)
〈
g(x, ω),v(l)

meas[ω]
〉2
,(7.2)

where (v
(l)
meas[ω])l=1,...,N are the singular vectors of Ameas[ω] and w(x, ω) = (wl(x, ω))l=1,...,N

are filter (complex) weights.
Consider in particular the weights

w
(1)
l (x, ω) = σ(l)meas[ω], w

(2)
l (x, ω) = exp

(
−i2 arg 〈g(x, ω),v(l)

meas[ω]
〉)

1l≤L,

where L is the number of the nonzero singular values (i.e., the dimension of the image space
of Ameas[ω]). Then ISM(x, ω,w(1)) corresponds to the Kirchhoff migration:

(7.3) ISM(x, ω,w(1)) = IKM(x, ω) := g(x, ω)
T
Ameas[ω]g(x, ω).

Moreover, we have the following connection of ISM(x, ω,w(2)) to the MUSIC (multiple signal
classification) algorithm:

IMUSIC(x, ω) =

∥∥∥∥∥g(x, ω)−
L∑
l=1

〈
v(l)
meas[ω],g(x, ω)

〉
v(l)
meas[ω]

∥∥∥∥∥
−1/2

=

(
1−

L∑
l=1

∣∣〈v(l)
meas[ω],g(x, ω)

〉∣∣2)−1/2

=
(
1− ISM(x, ω,w(2))

)−1/2
.(7.4)

The next subsection will make it clear that an appropriate weighted subspace migration is
optimal to find an initial guess in the presence of additive noise.

7.2. Optimality. We present here a particular context in which a weighted subspace mi-
gration imaging functional gives the “optimal” approach to choosing the prior guess for the
scatterer support D, or rather the illuminated part of its boundary. This generalizes the
results of [7] obtained for a point target to the case of an extended target.
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For simplicity, we drop in this section the dependence on the frequency ω from the notation.
We assume the following model for the data:

Ameas ∼
L∑
l=1

τl g(xl)g(xl)
T + σN.

Here L is an estimated signal space dimension, N ∈ R
N×N has zero-mean jointly circularly

symmetric Gaussian distributed entries and models additive noise, g(x) is defined by (7.1),
and g(xj) ⊥ g(xl), j �= l, i.e., 〈g(xj),g(xl)〉 = 0. Recall that the measured response matrix
is symmetrized by the straightforward formula A → (A +AT )/2, so the additive noise also
undergoes the same transformation. It is also worth emphasizing that the orthogonality
assumption g(xj) ⊥ g(xl), j �= l, is ideal. In fact, if the sampling points xj are well separated,
the distance between the array and the target is large, and the illumination is uniform in
the angle space, then this orthogonality assumption holds approximately and can be used to
provide a good initial guess.

Given the observations Ameas, we find by using the Bayes theorem with the Jeffreys prior
for the parameters (a noninformative prior distribution) that the likelihood function of the
parameters X = (xj)j=1,...,L, τ = (τ1, . . . , τL), and σ

2 is proportional to

l0
(
X, τ , σ2 | Ameas

)
=

1

σL2+L+1
exp

(
−
∥∥Ameas −

∑L
l=1 τlg(xl)g(xl)

T
∥∥2
F

2σ2

)
(7.5)

with the subscript F representing the Frobenius norm. The maximum likelihood estimate
of X and the nuisance parameters σ and τ are found by maximizing the likelihood function
(7.5) with respect to these:(

X̂, τ̂ , σ̂2
)
= argmax

X,τ ,σ2|g(xj)⊥g(xl),j �=l

l0
(
X, τ , σ2 | Ameas

)
.

We first eliminate σ2 by requiring

∂l0
(
X, τ , σ2 | Ameas

)
∂σ

= 0.

This gives

σ̂2 =
‖Ameas −

∑L
l=1 τlg(xl)g(xl)

T ‖2F
L2 + L+ 1

,

and the likelihood ratio is proportional to

l0
(
X, τ , σ̂2 | Ameas

) � ∥∥∥∥∥Ameas −
L∑
l=1

τlg(xl)g(xl)
T

∥∥∥∥∥
−(L2+L+1)/2

F

.

Note that we have ∥∥∥∥∥Ameas −
L∑
l=1

τlg(xl)g(xl)
T

∥∥∥∥∥
2

F

=

∥∥∥∥∥ṽ −
L∑
l=1

τlg̃(xl)

∥∥∥∥∥
2

2
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for ṽ =
∑N

l=1 σ
(l)
measv

(l)
meas ⊗ v

(l)
meas and g̃(xl) = g(xl) ⊗ g(xl). Using that g̃(xj) ⊥ g̃(xl) for

j �= l we find∥∥∥∥∥Ameas −
L∑
l=1

τlg(xl)g(xl)
T

∥∥∥∥∥
2

F

=

L∑
l=1

‖ṽ − τlg̃(xl)‖22 − (L− 1)‖ṽ‖22.

On the other hand, note that

τ̂ = argmin
τ

L∑
l=1

‖ṽ − τlg̃(xl)‖22 =
(〈
ṽ, g̃(xl)

〉)
l=1,...,L

,

where we have taken into account the fact that ‖g̃(xl)‖2 = 1. We therefore conclude that the
estimate X̂ derives from

X̂= argmin
X|g(xj )⊥g(xl),j �=l

L∑
l=1

∥∥ṽ − 〈ṽ, g̃(xl)
〉
g̃(xl)

∥∥2
2
.

Note that

L∑
l=1

∥∥ṽ − 〈ṽ, g̃(xl)
〉
g̃(xl)

∥∥2
2
= L‖ṽ‖22 −

L∑
l=1

|〈g̃(xl), ṽ〉|2

= L‖ṽ‖22 −
L∑
l=1

∣∣∣∣∣
N∑

l′=1

σ(l
′)

meas[ω]
〈
g(xl, ω),v

(l′)
meas[ω]

〉2∣∣∣∣∣
2

.

From this representation we find that the estimates of the locations X = (xl)l=1,...,L

can be expressed in terms of the weighted subspace migration ISM with the weights w(1) =

(σ
(l)
meas)l=1,...,L, which is the KM functional IKM by (7.3):

(7.6) X̂ = argmax
X|g(xj )⊥g(xl),j �=l

L∑
l=1

|IKM(xl, ω)|2 .

This then gives an algorithm for the prior guess:
(i) Compute the KM map IKM(x, ω).
(ii) By parameterizing the curve corresponding to the illuminated part of the boundary

of the inclusion with L points separated by approximately λ0/2, and by maximizing∑L
l=1 |IKM(xl, ω)|2 over the positions of the L points, we obtain the initial guess. Here,

λ0 is the central wavelength.
Note that the weighted subspace migration with the weights w(1), corresponding to KM,

is more appropriate for the initial guess than the weighted subspace migration ISM with the
weights w(2), corresponding to MUSIC.

We remark that the implementation regarding the identification of the points approximat-
ing the boundary may be carried out recursively. It is then relevant to project the signal space
and illumination vectors on the complement of the range of the illumination space associated
with the points already identified. That is, one may implement the prior guess identification
as follows:
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(i′) Identify x̂1 as the spatial location maximizing the imaging function |IKM(x, ω)|2.
(ii′) Given x̂1, . . . , x̂k−1 identify x̂k as the location separated approximately by λ0/2 from

previously identified points and maximizing the imaging function associated with the
projected signal space and illumination vectors:

Ǎmeas = Π1,k−1AmeasΠ1,k−1, ǧ(xk) = Π1,k−1g(xk)

for Π1,k−1 ≡ I−∑k−1
j=1 g(x̂j)g(x̂j)

T .

7.3. Measurements at multiple frequencies. In the case of measurements at multiple
frequencies one can use the imaging functional

(7.7) ISM(x,w) =
1

P

P∑
p=1

ISM(x, ωp,w),

where ISM(x, ωp,w) is given by (7.2) and P is the number of used frequencies, in order to get
an initial guess of the illuminated part of the inclusion D. This proposition comes from the
following approximate calculations. For any smooth function ã(y) and boundary ∂D,

N∑
m,n=1

1

P

P∑
p=1

e−iωp(|x−ym|+|x−yn|)
∫
∂D

ã(y)eiωp(|y−ym|+|y−yn|) dσ(y)

=
N∑

m,n=1

∫
∂D

ã(y)

⎡⎣ 1

P

P∑
p=1

e−iωp(|x−ym|−|y−ym|+|x−yn|−|y−yn|)

⎤⎦ dσ(y)
≈

N∑
m,n=1

∫
∂D

ã(y)δ(|x − ym|+ |x− yn| − |y − ym| − |y − yn|) dσ(y)

≈ N2

∫
∂D

ã(y)δ(y − x) dσ(y) ≈
{
N2ã(x) if x ∈ ∂D,

0 elsewhere.

It is possible to do a detailed analysis of the previous sum along the same lines as in [20]. It
would exhibit that the final Dirac distribution is in fact a sharp peak whose width depends
on the bandwidth and on the geometry of the array. Here this approximate calculation is
sufficient to justify that (7.7) is a reasonable initial guess. Therefore, it follows from (6.3)
that in order to construct an initial guess in the case of both permittivity and permeability
contrasts one can use (7.7). This is good in absence of additive noise. In the presence of
additive Gaussian white noise (which gives independent noises for each frequency), we can
repeat the Bayesian arguments of the previous subsection, and we find the following algorithm
for the prior guess:

(i) Compute the KM map IKM(x, ω).
(ii) By parameterizing the curve corresponding to the illuminated part of the boundary

of the inclusion with L points separated by approximately λ0/2, and by maximizing∑P
p=1

∑N
l=1 |IKM(xl, ωp)|2 over the positions of the L points, we obtain the initial

guess. Here, λ0 is the central wavelength.
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Figure 1. From left to right: configuration (8.1) (full aperture) and configurations (8.2) and (8.3) (limited-
aperture).

Note that we should look for the maximum of the sum of the square moduli of the KM
functionals in order to exploit the multifrequency information optimally. The fact that the
relevant operation is the sum of the squares comes from the fact that the additive noise
matrices are assumed to be independent for different frequencies.

8. Numerical illustrations. In this section, we illustrate our algorithms for recovering the
shape of a domain from multistatic response measurements. The direct solver is implemented
based on the boundary integral representation of the solution to the corresponding transmis-
sion problem. Throughout this section, we assume that the permeability and permittivity
contrasts are known. We set μ0 = 1, μ = 5, ε0 = 1, and ε = 2. The coincident transmitter
and receiver arrays {y1, . . . ,yN} are located at either one of the following positions:

yj = 10(cos((j − 1)π/5), sin((j − 1)π/5)), j = 1, . . . , 10,(8.1)

yj = ((−3.5 + 0.5j)π, 10), j = 1, . . . , 13,(8.2)

yj = (10, (−3.5 + 0.5j)π), j = 1, . . . , 13.(8.3)

Configuration (8.1) corresponds to a full aperture, while (8.2) and (8.3) correspond to limited-
view configurations; see Figure 1.

We suppose that D is illuminated by a time-harmonic point source acting at yj with
frequency ω. Note that the corresponding wavenumber is k0 = ω.

We first use the Kirchhoff migration functional (7.3) with frequency ω = 2 to get an initial
guess. We divide the search domain into 30 × 30 subrectangles and compute IKM(xl, ω) at
each nodal point xl in the search domain. We get the set of illuminated points such that

|IKM(x, ω)| > 0.9×max |IKM|.
Taking the average of the illuminated points, we obtain a center point. To find a disk-
shaped initial guess, we test for a couple of radii, which are 0.5, 1, and 1.5 times the distance
from the obtained center to one of the illuminated points, which among these three circles
passes through the largest number of illuminated points. Figure 2 shows that the disk-shaped
initial guess is close to the true inclusion. Moreover, it depends on the configuration of the
transmitters and receivers array.

Now, we turn to the optimization procedures. We first compute the SVD of the MSR
matrix. Figure 3 shows that the number of significant singular vectors is less than 10.
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Figure 2. Kirchhoff migration for getting initial guesses. The first is from the measurement (8.1), and the
second and the third are from (8.2) and (8.3), respectively.
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Figure 3. Singular values of the MSR matrix with 20 transmitters and 20 receivers. The number of
significant singular values is less than 10 out of 20. The figure on the left corresponds to the inclusion which is
the unit disk centered at the origin and the one on the right corresponds to a general shaped inclusion.

We now choose the weights. The first weights W (σ
(l)
meas) are taken at the first, second, and

third iteration as follows:
• W (σ

(l)
meas) = 1 for 1 ≤ l ≤ 5 and 0 elsewhere,

• W (σ
(l)
meas) = 1 for 6 ≤ l ≤ 10 and 0 elsewhere,

• W (σ
(l)
meas) = 1 for 1 ≤ l ≤ 10 and 0 elsewhere.

While at the first step the low-frequency oscillations of the boundary are recovered, in the
second step the high-frequency part is reconstructed. In the third iteration, we use all the
singular vectors of the MSR matrix. We choose the number of iterations equal to six or nine.
We can of course put the stopping criterion based on the measurement difference between
the computed and the measured data. The pattern of choosing weights is repeated for each
three steps. Moreover, the second (dual) weights W ′(σ(l′)[Dj ]) are chosen to be the same as

W (σ
(l)
meas). Note that since increasing the number of the transmitters and the receivers does

not change the number of significant singular values, we can use the weights defined above
even with denser arrays. Note also that in the presence of a high level of noise, we should
choose fewer singular vectors than in the noiseless case. But we could use the same pattern
of choosing weights as here.

Now, consider an extended target which is a perturbation of the disk D0 with unit radius
r0 = 1. We test the proposed shape reconstruction schemes. On the one hand, in the left
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Figure 4. The difference between initial and reconstructed shapes depends on the magnitude of perturbations
ε, the radius of the target r0 = 1, and the number p of oscillations of the perturbation. If ε is relatively small
and p < 2k0r0, then method 1 works well. D6 is the reconstructed target after six iterations.

picture of Figure 4, we fix the frequency ω = 1 and investigate the performance of method 1
as a function of ε for ∂D = ∂D0 + hν and h = ε(1 + 2 cos(3θ)). On the other hand, in the
right picture of Figure 4, fixing ω = 1 and ε = 0.1, we also test the validity of method 1 as a
function of the number of oscillations p of the perturbation h = 0.1(1+2 cos(pθ)). It turns out
that if p < 2k0r0, then the numerical scheme works well, as predicted by the resolution theory
of section 5.2. In Figure 4, |D�D0| and |D�D6| are respectively the symmetric differences
between D and D0 and D and D6.

8.1. Reconstruction examples. In the following two examples, we consider the influence
on the reconstruction of the frequency and an additive noise in the MSR measurements.

Example 1. In this example, h = 0.2(1 + 2 cos(pθ)), p = 3 and 6, and the transmitter and
receiver arrays are given by (8.1). The chosen operating frequencies are ω = 1 and ω = 2.
In Figure 5, p = 6 and ω = 2. The initial guess was constructed using (7.3). We start with
the initial guess shown as a dashed line and show the shape D6 obtained after six iterations
with a dark solid line. As shown in Figure 5, in the case of noise, method 3 improves the
shape relatively more slow than methods 1 and 2. In Figure 6, we use p = 3 and ω = 1.
While method 1 does not improve the shape relative to the initial guess, methods 2 and 3 do.
Moreover, method 3 has the best resolution.

Example 2. Here ω = 1 and p = 3. In Figure 7, the first row is the reconstruction D6

without error, while the second and third rows are with 5% and 10% relative L2-error in MSR
matrix, respectively. Comparing to Figure 5, method 1 better detects the shape because D is
less oscillatory. Method 1 is more stable than methods 2 and 3.

Example 3. The example in Figure 8 is the reconstruction of kite-shaped D with 0% and
10% noise. Methods 1 regularizes the image, while methods 2 and 3 catch better details.

Example 4. The examples in Figure 9 show how the reconstructed images depend on the
location of transmitter and receiver arrays in the limited-view case. When the arrays coincide,
the part in front of the array is better reconstructed.

Example 5. The example in Figure 10 reveals the limitation of the shape reconstruction
of highly nonconvex or thin shapes. Here we used measurement configuration (8.1).
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Figure 5. The first, second, and third columns are from methods 1, 2, and 3, respectively, obtained with
ω = 2 in the case of a full aperture array. The first row is the reconstruction without error and the second and
third rows are with 5% and 10% relative L2-error in MSR matrix, respectively.

−2 0 2

−2

0

2

−2 0 2

−2

0

2

−2 0 2

−2

0

2

Figure 6. The first, second, and third figures are respectively from methods 1, 2, and 3 in the noiseless case.
They are obtained with ω = 1. Methods 2 and 3 can detect (highly compared to the wavelength) oscillatory
boundary perturbations which are undetectable with method 1.

9. The elastic case. In this section we extend the results and methods introduced for
the Helmholtz equation to linear elasticity. Multistatic imaging of small elastic inclusions
was developed in [4, 8, 11]. Here we consider extended targets of size larger than the shear
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Figure 7. The first row is the reconstruction without error, and the second and third rows are with 5%
and 10% relative L2-error in MSR matrix, respectively. Columns are reconstructions by methods 1, 2, and 3,
respectively. Method 1 is more stable than methods 2 and 3.

and compressional wavelengths and propose original optimal control algorithms for shape
reconstruction from MSR measurements at multiple frequencies. Again, we give natural shape
representations in terms of backpropagation of significant singular vectors of MSR matrices.
Compared to the scalar case, the main difficulties come from the vectorial aspect of the
elasticity equations and, in particular, the coupling between the shear and compressional
waves. As a consequence, deriving an initial guess based on a high-frequency asymptotic
approach is a nontrivial task. Moreover, the explicit calculations of the shape derivatives of
the proposed optimal control algorithms are quite involved. In connection with our results, it is
worth referring to the recent work [15], where an adjoint-based formulation for reconstructing
an elastic target was presented.

9.1. Problem formulation. Let the constants (λ, μ) denote the background Lamé coeffi-
cients that are the elastic parameters in the absence of any elastic inclusion. Let Lλ,μ denote
the Lamé operator

Lλ,μu = (λ+ μ)∇(∇ · u) + μΔu.
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Figure 8. The first row is the reconstruction of a kite-shaped target by methods 1, 2, and 3 without error,
and the second row is with 10% relative L2-error in MSR matrix.

Let ρ be the density of the background medium. Let Gω(x,y) be the outgoing Green function
for Lλ,μ + ω2ρ in R

2 corresponding to a Dirac mass at y. That is, Gω is the solution to

Lλ,μG
ω(x,y) + ω2ρGω(x,y) = −δy(x)I in R

2,

subject to the outgoing radiation conditions. Here I is the 2 × 2 identity matrix. We recall
the reciprocity relation: Gω(y,x) = Gω(x,y)T . Denote

cp =

√
λ+ 2μ

ρ
, cs =

√
μ

ρ
.

The Green function is given by

Gω
jl(x,y) =

i

4μ
δjlH

(1)
0

(
ω|x− y|

cs

)
+

i

4ω2ρ
∂j∂l

(
H

(1)
0

(
ω|x− y|

cs

)
−H

(1)
0

(
ω|x− y|

cp

))
, j, l = 1, 2.

Suppose that the soft elastic inclusion D has the pair of Lamé constants (λ̃, μ̃) and the
density ρ̃. Let Lλ,μ and Lλ̃,μ̃ be the Lamé systems corresponding to the Lamé parameters (λ, μ)

and (λ̃, μ̃), respectively. We will denote by G̃ω(x,y) the outgoing Green function associated
with (λ̃, μ̃, ρ̃). We assume that D is illuminated by a time-harmonic point source acting at
the point y in the direction γ with frequency ω. The displacement field u(·,y,γ) is given as
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Figure 9. Method 2 with different source-receiver points. The first, second, and third images correspond to
(8.1), (8.2), and (8.3), respectively.

the solution to the transmission problem:

(9.1)

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Lλ,μu+ ω2ρu = −γδy in R
2 \D,

Lλ̃,μ̃u+ ω2ρ̃u = 0 in D,

u
∣∣
+
− u
∣∣
− = 0 on ∂D,

∂u

∂n

∣∣
+
− ∂u

∂ñ

∣∣
− = 0 on ∂D,

u satisfies the outgoing radiation conditions.

Here ∂/∂n and ∂/∂ñ denote the conormal derivatives associated with Lλ,μ and Lλ̃,μ̃.
Suppose that we have two coincident transmitter and receiver arrays {y1, . . . ,yN} of N

elements, used to detect the inclusion. Let {γi
1, . . . ,γ

i
N} and {γo

1, . . . ,γ
o
N} be the correspond-

ing unit directions of incident fields/observation directions. The MSR matrix describes the
transmit-receive process performed from this array. In the presence of the inclusion the dis-
placement field induced on the nth receiving element from the scattering of an incident wave
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Figure 10. Reconstruction of C-shaped and bar-shaped inclusions by (from left to right) method 1, 2, and
3 after nine iterations.

generated at ym of direction γi
m can be expressed as follows:

γo
n · (u(yn,ym,γ

i
m)−Gω(yn,ym)γi

m

)
.

Note that pairs of transmitting and receiving elements could be repeated to model up to four
experiments performed with the same pair of elements with orthogonal emission and reception
directions γi

m and γo
n.

We assume that the characteristic size of the inclusion is much larger than πcp/ω. The
problem we consider in this section is to image the extended elastic inclusion D from the MSR
matrices at multiple frequencies (ωp)p=1,...,P . There are many ways to exploit measurements at
multiple frequencies; see, for example, [21]. Here we first sum the discrepancy functionals over
frequencies. Second, we propose a hopping algorithm which uses recursively single-frequency
measurements but at increasing frequencies.

9.2. Optimal control algorithms. In order to reconstruct the shape of an extended inclu-
sion from the MSR matrices at multiple frequencies, we propose in this section a generalization
of the algorithms designed in the first part of the paper to the elastic case. We propose optimal
control algorithms to match the signal spaces of the MSR matrices at multiple frequencies.
We want to find an inclusion D that minimizes the differences between the measured MSR
matrices Ameas[ωp] and the computed matrix A[D,ωp], which is the MSR matrix associated
with D at the frequency ωp.

We first propose to minimize the cost functional:

(9.2) J2[D] :=
1

2P

∑
p

∑
l

W (σ(l)meas[ωp])
∥∥∥(A[D,ωp]−Ameas[ωp])v

(l)
meas[ωp]

∥∥∥2,
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where σ
(l)
meas[ωp] and v

(l)
meas[ωp] are respectively the significant singular values of Ameas[ωp] and

the associated singular vectors. The minimization of the analogous of J1 is quite similar and
will not be discussed here.

Analogously to J3 defined in (3.3), we introduce

(9.3) J3[hj ]

:=
1

2P

∑
p

L∑
l=1

L′∑
l′=1

W (σ(l)meas[ωp])W
′(σ(l

′)[ωp])
∣∣∣〈(A[Dhj , ωp]−Ameas)v

(l)
meas,v

(l′)[Dj , ωp]
〉∣∣∣2,

where v(l′)[Dj ], j = 1, . . . , L′, are the first L′ singular vectors associated to σ(l
′).

Again the weights W (σ
(l)
meas) and W ′(σ(l′)) are for enhancing all the detectable geometric

features of the inclusion. As we have seen in the previous sections it can be appropriate to
enhance the contributions of the singular vectors in the plunge region of the singular values
in order to enhance the resolution of the edges of the inclusion.

We then compute the shape derivatives of J2[D] and J3[D]. To do so, let ν be the
outward normal to ∂D, let τ denote the tangential vector, and let κ be the curvature of ∂D.
Let h ∈ C1(∂D) and consider Dδh to be a δ-perturbation of D. The boundary ∂Dδh is then
given by

∂Dδh =
{
x̃ : x̃ = x+ δh(x)ν(x), x ∈ ∂D

}
.

Consider the perturbed transmission problem⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

Lλ,μuδ + ω2ρuδ = −γδy in R
2 \Dδh,

Lλ̃,μ̃uδ + ω2ρ̃uδ = 0 in Dδh,

uδ

∣∣
+
− uδ

∣∣
− = 0 on ∂Dδh,

∂uδ

∂n

∣∣
+
− ∂uδ

∂ñ

∣∣
− = 0 on ∂Dδh,

uδ satisfies the outgoing radiation conditions.

We need to introduce some notation. Let a⊗ b := (aibj)i,j=1,2 denote the tensor product
between vectors in R

2 and let

(9.4) E[u] = (Ejl[u])j,l=1,2, Ejl[u] =
1

2
(∂jul + ∂luj).

Following exactly the same calculations as in [14] (see [5, 10]), we can prove that the
leading-order term in the perturbations due to the interface changes is given by

uδ(x)− u(x) = δ

[ ∫
∂D

h(z)M[u(z)] : E[Gω(z,x)] dσ(z)

+ ω2(ρ̃− ρ)

∫
∂D

h(z)Gω(z,x)u(z) dσ(z)

]
+ o(δ),(9.5)

where the elastic moment tensor M, which is now local, is given by

(9.6) M[u] = a(∇ · u)I+ bE[u] + c

(
∂(u · τ )
∂τ

+ κu · ν
)
τ ⊗ τ + d

∂(u · ν)
∂ν

ν ⊗ ν
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with ⎧⎪⎪⎪⎨⎪⎪⎪⎩
a = (λ̃− λ)

λ+ 2μ

λ̃+ 2μ̃
, b = 2(μ̃ − μ)

μ

μ̃
,

c = 2(μ̃ − μ)

(
2λ̃+ 2μ̃− λ

λ̃+ 2μ̃
− μ

μ̃

)
, d = 2(μ̃ − μ)

μ̃λ− μλ̃

μ̃(λ̃+ 2μ̃)
.

Here A : B =
∑
aijbij for two matrices A = (aij) and B = (bij). The quantity M[u(z)] :

E[Gω(z,x)] is a vector given by (M[u(z)] : E[Gω(z,x)])l = M[u(z)] : E[Gω
·l(z,x)]. A more

compact but equivalent form of (9.6) can be found in [3].
Therefore, the shape derivative dSJ2 is given by

(9.7)

(dSJ2, h) =
1

P
Re
∑
p

∑
l

W (σ(l)meas[ωp])

×
〈
(A[D,ωp]−Ameas[ωp])v

(l)
meas[ωp],∫

∂D
h(x)B[D,ωp](x)v

(l)
meas[ωp] dσ(x)

〉
,

where the matrix B is defined by

Bnm[D,ωp](x) := (γo
n)

T
(
M[Gωp(x,ym)] : E[Gωp(x,yn)]

+ ω2
p(ρ̃− ρ)Gωp(x,ym)Gωp(x,yn)

)
γi
m, x ∈ ∂D.

The algorithm consists then in replacing, in each step, ∂D �→ ∂D + hν, where

(9.8)

h(x) = − 1

P
Re
∑
p

∑
l

W (σ(l)meas[ωp])〈
A[D,ωp]−Ameas[ωp])v

(l)
meas[ωp],B[D,ωp](x)v

(l)
meas[ωp]

〉
.

Note that as in the scalar case, the action of B[D,ωp](x)v
(l)
meas[ωp] corresponds to back-

propagating to ∂D the information in the MSR residual in the direction of the significant
singular vectors of the measured MSR matrix. Using formula (9.5), one can easily compute
the shape derivative of the cost functional J3 and design a second iterative procedure for
reconstructing the elastic inclusion.

9.3. Finding an initial guess. We provide in this section an original algorithm for finding
a good initial guess for the illuminated part of the boundary of the inclusion defined as the
set of points x ∈ ∂D such that (x− yn) · ν(x) < 0 for some n:

∂Dillum = {x ∈ ∂D : (x− yn) · ν(x) < 0}.

The algorithm is based on a high-frequency analysis of the MSR matrices and is of migration
type. In the high-frequency limit the P or compressional waves behave exactly like acoustic
waves, while the S or shear waves behave exactly like electromagnetic waves [28]. The waves
P and S are coupled by the transmission conditions.
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In the elastic case, where the vector nature of the underlying elastic motion should be
taken into consideration, the displacement field u(x), that is, the solution to (9.1), is the
sum of a P and an S wave. Therefore, if one can migrate the parts of the MSR matrices
corresponding to either the S or the P contribution, then one can form an initial guess for
the illuminated part of the boundary of the inclusion.

Let us consider that for each point source ym, two experiments are carried out. In the lth
experiment, l = 1, 2, a wave is emitted in the êl-direction and the reflected wave ul(yn,ym)
is recorded at each receiver point yn. Here ê1 = (1, 0)T and ê2 = (0, 1)T . We can then form
four response matrices:(

A(jl)
nm

)
n,m=1,...,N

=
(
êj · ul(yn,ym)

)
n,m=1,...,N

, j, l = 1, 2,

whose (n,m)th entry is the scalar field recorded at yn in the direction êj when a wave is
emitted from ym in the direction êl . These MSR matrices can be used to decompose the
contributions of S and P parts, thanks to the following two remarks:

• By linearity, the vector velocity field recorded at yn when a wave is emitted from ym

in the direction γi
m is (ê1 · γi

m)u1(yn,ym) + (ê2 · γi
m)u2(yn,ym).

• The recorded vector displacement field can be decomposed into P and S wave modes.
The P wave mode is characterized by a longitudinal velocity field (i.e., a velocity
field oriented along the propagation axis), while the S wave mode is characterized
by a transversal velocity field. As a result, for a given search point x, denoting
γn(x) = (yn − x)/|yn − x|, the quantity

Ax,PP
nm =

2∑
j,l=1

(
êj · γn(x)

)
A(jl)

nm

(
êl · γm(x)

)
gives the amplitude of the P wave coming from x, recorded at yn, and emitted as a
P wave from ym toward x. We define similarly for the other mode components:

Ax,PS
nm =

2∑
j,l=1

(
êj · γn(x)

)
A(jl)

nm

(
êl · γm(x)⊥

)
,

Ax,SP
nm =

2∑
j,l=1

(
êj · γn(x)

⊥)A(jl)
nm

(
êl · γm(x)

)
,

Ax,SS
nm =

2∑
j,l=1

(
êj · γn(x)

⊥)A(jl)
nm

(
êl · γm(x)⊥

)
.

As in the scalar case, we can then use the following Kirchhoff migration to get an initial
guess:

ISM(x) :=
1

P

∑
p

[
gP (x, ωp)

T
Ax,PP

nm gP (x, ωp) + gP (x, ωp)
T
Ax,PS

nm gS(x, ωp)

+ gS(x, ωp)
T
Ax,SP

nm gP (x, ωp) + gS(x, ωp)
T
Ax,SS

nm gS(x, ωp)
]
,
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where

gP (x, ω) =

(
exp(i ωcp |x− yn|)√

N

)
n=1,...,N

, gS(x, ω) =

(
exp(i ωcs |x− yn|)√

N

)
n=1,...,N

.

10. Level-set and hopping algorithms. Level-set and hopping algorithms apply for both
electromagnetic and elastic imaging of extended targets. The level-set algorithm is to han-
dle topology changes such as breaking one component into two [29, 18], while the hopping
algorithm is intended to improve the reconstruction results in a robust fashion by recursively
using measurements at increasing frequencies [12].

10.1. Level-set reconstruction algorithm. The main idea of the level-set approach is to
represent the inclusion D as the zero level set of a continuous function φ, i.e.,

D =
{
x ∈ Ω : φ(x) < 0

}
,

to work with the function φ instead of an explicit representation, and to derive an evolution
equation for φ to solve the maximization problem. In fact, by allowing additional time-
dependence of φ, one can compute the geometric motion of D in time by evolving the level-set
function φ. A geometric motion with normal velocity V = V (x, t) can be realized by solving
the Hamilton–Jacobi equation

(10.1)
∂φ

∂t
+ V (x, t)|∇φ| = 0.

Optimization within the level-set framework consists in choosing a velocity V driving the
evolution toward a maximum (or at least increasing the objective functional we want to
maximize).

In the elastic case, formula (9.8) gives the velocity V to choose within the level-set frame-
work. One can convert the minimization problem (9.2) into a level-set form by choosing the
gradient ascent direction V (x) as

(10.2)

V (x) = − 1

P
Re
∑
p

∑
l

W (σ(l)meas[ωp])〈
(A[D,ωp]−Ameas[ωp])v

(l)
meas[ωp],B[D,ωp](x)v

(l)
meas[ωp]

〉
.

Then we evolve φ by solving the Hamilton–Jacobi equation (10.1) for one time step. We
emphasize that in (10.2), V is only defined on the boundary ∂D, even though under the
level-set framework it has to be defined on the whole domain. We remark here that since
ν = ∇φ/|∇φ|, τ = (∇φ/|∇φ|)⊥, κ = ∇ · (∇φ/|∇φ|), it follows that

(10.3)

M[u] = c

(
∇
(
u ·
( ∇φ
|∇φ|

)⊥)
·
( ∇φ
|∇φ|

)⊥
+

(
∇ · ∇φ

|∇φ|
)(

u · ∇φ
|∇φ|

))( ∇φ
|∇φ|

)⊥

⊗
( ∇φ
|∇φ|

)⊥
+ a(∇ · u)I+ bE[u] + d

∇φ
|∇φ| · ∇

(
u · ∇φ

|∇φ|
) ∇φ

|∇φ| ⊗
∇φ
|∇φ| .
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Therefore, (10.1) on φ can be modified as follows:

(10.4)
∂φ

∂t
+ F

( ∇φ
|∇φ| ,∇ · ∇φ

|∇φ|
)
|∇φ| = 0.

The evolution of the level-set function φ then follows from the solution of (10.4) instead of
(10.1). Numerically, we start from an initial guess φ0 for φ(x, t) and evolve φ by (10.4) for
one time step. We refer to [27] for more details on the level-set function and issues like
reinitialization and regularization.

10.2. Hopping algorithm. Other than summing over the frequencies as in (4.6), a second
approach for imaging extended inclusions from MSR matrices at multiple frequencies is by a
hopping reconstruction method [12]. The data is assumed to be available at multiple frequen-
cies, ω1 < · · · < ωP . The initial guess at step p is chosen from a level-set representation at
frequency ωp−1, p ≥ 2, obtained by minimizing the cost functional:

J (p−1)
2 [D] :=

∑
l

W (σ(l)meas[ωp−1])
∥∥∥(A[D,ωp−1]−Ameas[ωp−1]

)
v(l)
meas[ωp−1]

∥∥∥2.
We can also use J3. We can perform recursive linearization to improve the reconstruction

for the inclusion. Let Dp be the reconstructed inclusion at step p using frequency ωp, p ≥ 1.
Suppose that ωp is slightly larger than ωp−1. We wish to determine the perturbationDp−Dp−1.
Writing, as in (9.8), ∂Dp = ∂Dp−1 + hν, we have

h(x) = −Re
∑
l

W (σ(l)meas[ωp])

〈(
A[Dp−1, ωp−1]−Ameas[ωp] + (ωp − ωp−1)

dA

dω
[Dp−1, ωp−1]

)
v(l)
meas[ωp],B[Dp−1, ωp−1](x)v

(l)
meas[ωp]

〉
.

Therefore, in order to determine Dp, one should only compute the additional quantity(
dA

dω
[Dp−1, ωp−1]

)
v(l)
meas[ωp].

11. Conclusion. In this paper we have proposed original optimization algorithms to re-
cover geometric features of the shape of an inclusion using MSR matrices at single or multiple
frequencies. In the first algorithm (the standard one), we minimize the discrepancy between
the computed and measured MSR matrices. In the second one, the MSR discrepancy is min-
imized with respect to only the signal space, while in the third one, the MSR discrepancy
of the search direction is minimized in the direction of the signal space. We have contrasted
the second and third optimal control algorithms with the standard approach. The second and
third algorithms yield shape reconstructions with better resolution. We have provided natural
basis constructed by backpropagating the data for computing the shape changes. We have
also formulated a new level-set-type approach and developed a weighted migration algorithm
for finding a good initial guess. We have shown the optimality of the approach in the presence
of a measurement noise. A hopping algorithm using an iterative level-set imaging procedure



 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Copyright © by SIAM. Unauthorized reproduction of this article is prohibited. 

598 AMMARI, GARNIER, KANG, LIM, AND SØLNA

was proposed. A detailed stability and resolution analysis for the proposed algorithms was
performed in simplified configurations. We have considered both full- and limited-aperture
imaging problems.

The presented numerical results (in the scalar case) show the efficiency of the proposed
algorithms and their validity with respect to the size of the targets. The designed optimization
algorithms perform numerically quite well and lead to stable and accurate reconstructions.
It is found that the most standard method (method 1) is the most stable (if the size of the
MSR matrix is small), while the third one based on backpropagating the singular vectors
associated with the computed target has the best resolution. The degradation of the quality
of the reconstructed image in the limited-view case and for imaging highly nonconvex targets
is also illustrated. In the case where the MSR matrix is large, method 2 performs better
than method 1 since the information in the noise space is filtered out. Note that the three
algorithms have comparable complexities. Moreover, they use a gradient descent method to
update the shape as shown in (4.5). Using higher order shape derivatives may not increase
their resolution and stability properties.

In a forthcoming work, we will address the imaging of extended electromagnetic inclusions
using the full Maxwell equations. We will also make an attempt to recover the material
parameters of inhomogeneous extended targets from MSR measurements. To handle topology
changes such as breaking one component into two, we will implement level-set versions of our
algorithms.

Appendix A. Prolate spheroidal functions. We review some results that are taken from
[25, 30] and that are relevant for our paper. Let C > 0. The prolate spheroidal functions
ψ(l)(x) are the eigenfunctions of the sinc kernel:

(A.1)

∫ 1

−1

sin[C(x− y)]

π(x− y)
ψ(l)(y)dy = σ(l)ψ(l)(x) .

The symmetric sinc kernel sinC(x−y)
π(x−y) is positive definite. Its spectrum (σ(l))l≥1 is discrete and

positive, σ(1) > σ(2) > · · · > 0 and σ(l) → 0 as l → ∞. The real-valued eigenfunctions ψ(l) are
orthonormal on (−1, 1) (they can be continued to define orthogonal functions on (−∞,∞)):

(A.2)

∫ 1

−1
ψ(l)(x)ψ(j)(x)dx = δjl,

where δjl denotes the Kronecker symbol.
By the spectral representation of the sinc kernel, we have

∞∑
l=1

σ(l)ψ(l)(x)ψ(l)(y) =
sin[C(x− y)]

π(x− y)
for x, y ∈ (−1, 1) ,(A.3)

∞∑
l=1

ψ(l)(x)ψ(l)(y) = δ(x− y) for x, y ∈ (−1, 1) .(A.4)

When C is large, the eigenvalues σ(l) stay close to one for small l and then they plunge to 0
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near the threshold value [2C/π]:

(A.5) σ(l)
C→∞−→

⎧⎨⎩
1 if l =

[
2C
π (1− ε)

]
, ε > 0,

1
1+eπb if l =

[
2C
π + b

π logC
]
, b ∈ R,

0 if l =
[
2C
π (1 + ε)

]
, ε > 0.

Finally, we have for any x ∈ R and l ≥ 1

(A.6)

∫ 1

−1
e−iCxyψ(l)(y)dy = il+1

√
2πσ(l)

C
ψ(l)(x) .
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[19] A. Erdélyi, W. Magnus, F. Oberhettinger, and F.G. Tricomi, eds., Higher Transcendental Func-
tions, vol. II, McGraw-Hill, New York, 1953.

[20] J. Garnier and G. Papanicolaou, Resolution analysis for imaging with noise, Inverse Problems, 26
(2010), 074001.

[21] B.B. Guzina, F. Cakoni, and C. Bellis, On the multi-frequency obstacle reconstruction via the linear
sampling method, Inverse Problems, 26 (2010), 125005.

[22] S. Hou, K. Sølna, and H. Zhao, A direct imaging algorithm for extended targets, Inverse Problems, 22
(2006), pp. 1151–1178.

[23] S. Hou, K. Sølna, and H. Zhao, Imaging of location and geometry for extended targets using the
response matrix, J. Comput. Phys., 199 (2004), pp. 317–338.

[24] J.B. Keller and R.M. Lewis, Asymptotic methods for partial differential equations: The reduced wave
equation and Maxwell’s equations, in Surveys in Applied Mathematics, vol. 1, J.B. Keller, D.W.
McLaughlin, and G.C. Papanicolaou, eds., Plenum Press, New York, 1995, pp. 1–82.

[25] H.J. Landau and H. Widom, The eigenvalue distribution of time and frequency limiting, J. Math. Anal.
Appl., 77 (1980), pp. 469–481.

[26] J. Nocedal and S.J. Wright, Numerical Optimization, Springer-Verlag, New York, 1999.
[27] S. Osher and J.A. Sethian, Fronts propagating with curvature-dependent speed: Algorithms based on

Hamilton-Jacobi formulations, J. Comput. Phys., 79 (1988), pp. 12–49.
[28] L. Ryzhik, G. Papanicolaou, and J.B. Keller, Transport equations for elastic and other waves in

random media, Wave Motion, 24 (1996), pp. 327–370.
[29] F. Santosa, A level-set approach for inverse problems involving obstacles, Control Optim. Calcul. Var.,

1 (1996), pp. 17–33.
[30] D. Slepian, Some comments on Fourier analysis, uncertainty and modeling, SIAM Rev., 25 (1983),

pp. 379–393.

[31] R. Wong, Asymptotic expansion of
∫ π/2

0
J2
ν (λ cos θ)dθ, Math. Comput., 50 (1988), pp. 229–234.

[32] H. Zhao, Analysis of the response matrix for an extended target, SIAM J. Appl. Math., 64 (2004),
pp. 725–745.



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


