LINEAR RESPONSE FORMULA FOR PIECEWISE EXPANDING
UNIMODAL MAPS

VIVIANE BALADI AND DANIEL SMANIA

ABSTRACT. The average R(t) = [ dus of a smooth function ¢ with respect
to the SRB measure pu; of a smooth one-parameter family f; of piecewise
expanding interval maps is not always Lipschitz [4], [19]. We prove that if f;
is tangent to the topological class of f, and if O fi|t=0 = X o f, then R(¢) is
differentiable at zero, and R'(0) coincides with the resummation proposed in
[4] of the (a priori divergent) series > o2 o [ X (y)dy (v o f™)(y) dpo(y) given
by Ruelle’s conjecture. In fact, we show that ¢ — p; is differentiable within
Radon measures. Linear response is violated if and only if f: is transversal to
the topological class of f.

1. INTRODUCTION

Let us call SRB measure for a dynamical system f : M — M, on a manifold M
endowed with Lebesgue measure, an f-invariant ergodic probability measure p so
that the set {z € M | lim,,— oo %ZZ;& o(f*(x)) = [ ¢du} has positive Lebesgue
measure, for continuous observables ¢. (In fact this defines a physical measure, see
e.g. [32].) If f; is a smooth one-parameter family with fo = f, and each f; admits
a unique SRB measure p, it is natural to ask how p; depends on t. More precisely,
one studies, for fixed smooth enough ¢, the function R(t) = [ ¢ dpu.

If f is a sufficiently smooth uniformly hyperbolic diffeomorphism restricted to a
transitive attractor, Ruelle [22]-[25] proved that R(t) is differentiable at ¢ = 0. In
addition, Ruelle gave an explicit formula for R’(0), depending on f; only through
its linear part (the “infinitesimal deformation”) v = 0y ft|;—o. For obvious reasons,
this formula is called the linear response formula. See [14, Cor. 1 p. 595] —
noting that f and p in the statement there need in fact only be Holder — for a
previous results in continuous-time the Anosov setting, without an explicit formula
for R'(0). We refer to the introductions of [9], [8], [4], for a discussion of more
references regarding linear response for hyperbolic dynamical systems, including
[8], [7], [12], and applications to statistical mechanics [11].

A much more difficult situation comnsists in studying nonuniformly hyperbolic
interval maps f, e.g. smooth unimodal maps. For some of these maps, in partic-
ular those which satisfy the Collet-Eckmann condition, there exists a unique SRB
measure g. Two new difficulties are that structural stability does not hold (in a
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rather drastic way'), and that f; will not always have an SRB measure even if f
has one. In this setting, Ruelle ([26], [27]) has outlined a program, for infinitesimal
deformations of the form v = X o f. He proposed ¥(1), where

(1) W) =Y [ X ), M) duoty),
n=0

is the “susceptibility function,” % as a candidate for the derivative, in the sense of

Whitney’s extension, of R(t) at ¢ = 0. (We refer e.g. to the introduction of [4] for

more details.) Beware that the series (1) may diverge at z = 1 so that ¥(1) needs

to be suitably interpreted.

In this paper, just like in [4], we consider a simpler situation which exhibits
however a similar bifurcation structure (in particular structural stability does not
hold and infinitely many symbols may be required to code the dynamics): piecewise
expanding interval maps. For such maps, it has been known for some time that pu,
exists for all ¢, and, under mild assumptions, that R(¢) has modulus of continuity
O(tn|t|) (see (7) below and the references given there). We view the setting of
piecewise expanding interval maps as a laboratory in which to test our ideas about
smooth deformations. The arguments are free from technicalities, but exhibit most
of the features that will appear in the Collet-Eckmann case.

Let us recall now recent results in this piecewise expanding setting. Assuming
that 9, ftli=0 = X o f, a function (f,X) — J(f,X) was introduced in [4] (see
(41)). There exist ([4], [19]) examples of piecewise expanding unimodal interval
maps f; so that R(t) is not Lipschitz. For these counterexamples, it turns out
that J(f, X) # 0. The function ¥(z) is holomorphic [4] in the open unit disc. In
addition, if J(f, X) =0 and f is Markov (i.e., the postcritical orbit is finite) then
U (2) is holomorphic at z =1 ([4]). If J(f, X) = 0 but f is not Markov a resumma-
tion ¥y was devised [4] for the possibly divergent series ¥(1) (see Proposition 4.3
below). In view of the above facts (see also [4, Remark 4.5]), a modification of Ru-
elle’s conjecture, was proposed in [4, Conjecture A] for perturbations of piecewise
expanding or Collet-Eckmann f, assuming in addition that each f; is topologically
conjugated to f.

The main result of this paper is the proof of Conjecture A from [4] in the piecewise
expanding setting. In fact, we prove a slightly stronger result (Theorem 5.1): It is
enough to assume that f; is tangent to the topological class of f (see §2.1). Also,
the observable ¢ need only be continuous, so that in fact we prove that t — p; is
differentiable into Radon measures. The interpretation of W(1) in Theorem 5.1 is
in the sense of ¥y from [4], and we find a more compact expression for ¥y, as well
as a condition ensuring that ¥ is the abelian limit of ¥(z) (Proposition 4.6).

Our approach to prove Theorem 5.1 is a perturbative spectral analysis (via re-
solvents) of transfer operators, on suitable spaces, adapted from those in [4]. 3 (In
spirit, this is somewhat similar to the work of Butterley-Liverani [8].) To perform

1As was explained to us by D. Dolgopyat, the examples in [9, Section 2.3(B)] may fail to be
structurally stable. However, shadowing holds for a sufficiently large measure of points so that
Theorem 1-Proposition 2.6 of [9] provide a linear response formula in the sense of Whitney.

2Since W(e™) is the Fourier transform of the “linear response” [23], it is natural to consider
the variable w, but we prefer to work with the variable z = e**.

3The spaces in [4] were inspired by what Ruelle told us about his then ongoing work on the
nonuniformly expanding case [28].
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this analysis, we use the Keller-Liverani [16] results together with smooth motions
(Proposition 2.4) and the twisted cohomological equation for f and X o f. The
novelty of this work resides in the combination of these two ingredients. A key
new ingredient in the implementation of our ideas is the use of the isometry G} in
the proof of Theorem 5.1: this isometry is the device which allows us to use the
same Banach space for the transfer operators of all perturbations, by forcing the
singularities (here, jumps) to lie on a prescribed set.

We next summarise informally the picture for piecewise expanding, piecewise
smooth unimodal maps (see § 2.1 for assumptions). If the critical point is not

periodic, noting f° = id, we say that v is horizontal for f if Z;io % =0

(see (9) for the periodic case). Then:

(i) J(f,X) =0 if and only if X is horizontal for f (Corollary 2.6).

(ii) X o f is horizontal for f if and only if the candidate ¥; from [4] for the
derivative is well-defined (Proposition 4.3 from [4], Proposition 4.5).

(iii) If f; is tangent to the topological class of f then Oy f|;—¢ is horizontal for
f (Corollary 2.6).

(iv) If v is horizontal for f, then any f; with 0;fi|t=0 = v is tangent to the
topological class of f. (Theorem 2.8 below, to appear in [5].)

(v) If f; is stably mixing % and tangent to the topological class of f with
Ot ftlt=0 = X o f, then R(t) is differentiable at ¢ = 0, and the linear response
formula R'(0) = ¥; holds (Theorem 5.1).

(vi) If O ft|t=0 is not horizontal and c is not periodic for f then there exists C'*°
observable ¢ so that R(t) is not Lipschitz (Theorem 7.1, see [4], [19] for
isolated examples).

In view of the results of the present paper, we expect that the following strength-
ening of Conjecture A [4] in the Collet-Eckmann case holds:

Conjecture A’. Let f be a mixing smooth Collet-Eckmann unimodal map
with a nonflat critical point. Let f; be a smooth perturbation, with fy = f and
Otftlt=0 = X o f, which is tangent to the topological class of f, (i.e., so that there
exists f; such that |f; — fi| = O(t2) and each f; is topologically conjugated to f).
Then R(t) is differentiable at 0 in the sense of Whitney for all smooth observables
¢, and R'(0) = ¥(1) (the infinite sum being suitably interpreted).

In particular, if f; remains in the topological class of a Collet-FEckmann map f,
Conjecture A’ is just [4, Conjecture A], where differentiability of R(t) is foreseen
in the usual sense. We expect (see Conjecture B in [4]) that paths f; which are not
tangent to conjugacy classes give rise to R(¢) which are in general Holder but not
Lipschitz in the sense of Whitney. Note that topological classes are called hybrid
classes in this context, and they form a well understood lamination for smooth
maps with a quadratic critical point (see [17], [2] and references therein).

This work is about the linear response. One can also wonder about formulas for
the derivatives of higher order of R(t) (see [24]). Indeed, we expect that a suitable
modification of the proof of Theorem 5.1 will give, if f; is a CT0"0+! perturbation,
tangent up to order ro — 1 to the topological class of a stably mixing piecewise
expanding unimodal map f (i.e., we replace |f; — ft| = 0(t?) by O(t") for rop > 3 in

4Beware that if f is not stably mixing, then there exist f; with 9 fi|t=0 = X o f horizontal
and ¥(z) holomorphic at 0, but R(¢) not Lipschitz.
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§ 2.1), that R(t) has a Taylor series of degree ro — 1 at 0, with explicit coefficients
(in the spirit of [24]). The coeflicients will be related to twisted cohomological
equations for derivatives of higher order of h; (see the proof of Proposition 2.4).
In the Collet-Eckmann setting, if f; is tangent to the hybrid class of f up to order
ro — 1, then we expect that higher order derivatives and Taylor series of degree
ro — 1 should be attainable, of course in the sense of Whitney. (If f; lies in the
hybrid class, we expect a Taylor series in the usual calculus sense.)

The paper is organised as follows: Section 2 contains definitions, and the es-
sential result on the “smooth motions” h:(z) (Proposition 2.4). The infinitesimal
conjugacy a = J¢ht|t=o is introduced there. In Section 3, we recall the decompo-
sition of the invariant density from [4], we adapt results from [16] on the transfer
operators to reduce from families tangent to the topological class to families within
the topological class (Proposition 3.3), and we introduce appropriate spaces B; for
transfer operators (Subsection 3.3) of sums of a “smooth” function with a sum of
jumps along the postcritical orbit. In Section 4, we recall information from [4] on
the susceptibility function ¥(z) and the candidate ¥, for the derivative of R(t). We
prove Theorem 5.1 in Section 5, combining the main ingredients (Proposition 2.4,
Proposition 3.3, and the spectral analysis on the function spaces B; from Subsec-
tion 3.3). The proof uses strongly the perturbation theory from Keller and Liverani
[16] (we need to extend their result slightly, see Appendix B). Section 6 contains
(Theorem 6.2) a simpler formula for R’(0), which is true if and only if « is abso-
lutely continuous (a rare event). Theorem 7.1 in the last section shows that the
condition to be tangent to the topological class is necessary.

After the first version of the present paper was made public, David Ruelle sent
us a copy of [29], which contains in particular a proof of [4, Conjecture A] under
the additional assumptions that fy is analytic and has a nonrecurrent postcritical
orbit. We hope that injecting in our argument tools analogous to those developed
there should eventually give a proof of Conjecture A’ for Collet—Eckmann maps.

2. THE SETTING, THE TWISTED COHOMOLOGICAL EQUATION AND THE
INFINITESIMAL CONJUGACY «

2.1. Piecewise expanding C" unimodal maps and their perturbations. If
K C R is a compact interval and £ > 0, we let C*(K) denote the set of functions
on K which extend to C* functions in an open neighbourhood of K. In this work,
we consider the following objects:

Definition. For an integer r > 1, a piecewise expanding C" unimodal map is a
continuous map f : I — I, where I = [a,b], so that f is strictly increasing on
I, = [a, c], strictly decreasing on I_ = [¢,b] (a < ¢ < b), with f(a) = f(b) = a; and
for o = 4, the map f|;, extends to a C" map on a neighbourhood of I, with 5
inf |f’|]d| > 1.

A piecewise expanding C” unimodal map f is good if either ¢ is not periodic under
f orinf |[(f™)/| > 2, where n; > 2 is the minimal period of ¢; it is mizing if f is
topologically mixing on [f2(c), f(c)].

5A prime denotes derivation with respect to € I, a priori in the sense of distributions.
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Beware that a piecewise expanding C” unimodal map f is only continuous, and
never C! (it is piecewise C™). We restrict to unimodal (as opposed to multimodal)
to avoid unessential combinatorical difficulties.

Given a piecewise expanding C” unimodal map f, we shall use the following
notation: The point ¢ will be called the critical point of f. We write ¢, = f*(c)
for £ > 0. We say that c is preperiodic if it is not periodic but there exist ng > 1
and ny > 1 so that ¢,, is periodic of minimal period n; (we take ng minimal for
this property and our assumptions imply ng > 2). If ¢ is periodic for f of minimal
period ny > 2 we set (by convention) ng = 1. If ¢ is preperiodic or periodic for f,
we set

(2) Ny=nog+mn —1>2.

(If ¢ is periodic we have Ny = n;.) If ¢ is neither preperiodic nor periodic for f, we
set Ny = oo.
Define J := (—o0, f(¢)] and x : R — {0,1,1/2} by

(3) x(z)=0ifz¢J, x(@)=1lifzecintJ, X(f(c)):§~

The two inverse branches of f, a priori defined on [f(a), f(c)] and [f(b), f(c)], may
be extended to maps ¢4 : J — R_ and ¢_ :— Ry in C"(J), with sup |¢| < 1 for
o ==x. We set

4) Mo = lim (sup(|(F"Y)Y™ . A = lim (sup |(/"))V/"

and choose
)\G()\o,].), A>Ap.

Definition. Let r > ry > 2 be integers. For a piecewise expanding C" unimodal
map f, a C™" perturbation of f is a family of piecewise expanding C” unimodal
maps f;: I — I, [t| < ¢, with fo = f, and satisfying the following properties: There
exists a neighbourhood Z, of I,, 0 = 4, so that the C" norm of the extension of
ftlr, to I, is uniformly bounded for small |¢|, and so that

() I(f = flz, ller—r = O(F).-

The map (z,t) — fi(z), extends to a C™ function on a neighbourhood of (I U
I_) x {0}. The infinitesimal deformation of the perturbation f; is defined by

(6) V= atft|t:o .

Our assumptions imply that the infinitesimal deformation satisfies v(a) = v(b) =
0 and, if f(c) = b, also v(c) = 0.

If f; is a C%2 perturbation of a piecewise expanding C? unimodal map, then
each f; (for small enough t) admits an absolutely continuous invariant probability
measure (see e.g. [4] for references), with a density p; which is of bounded variation.
In fact, there is only one absolutely continuous invariant probability measure. Each
pt is continuous on the complement of the at most countable set {fF(c) | k > 1},
and it is supported in [fZ(c), fi(c)] C [a, b] (we extend it by zero on R). If f is good
and mixing, then f; is mixing and the absolutely continuous invariant measure is
mixing. (If f is mixing, but not good, f; need not be mixing.) In other words,
assuming that f is good and mixing implies that f is stably mixing (we do not
claim the converse), in addition, denoting by |¢|r1(Lep) the L'(R, Lebesgue) norm
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of o, by [16, Prop. 7] (by uniform Lasota-Yorke estimates, see [16, Remarks 1, 5]),
we have

(7) lpt — poli(Lesy = 0(tIn|t]).

If f is not good, the function ¢ — p; need not be continuous. (This is germane to
the fact that mixing is not necessarily preserved if f is not good. See [15] for an
illuminating multimodal example.) See also Remark 3.4.

Remark 2.1. Note that Ruelle’s conjecture offers a candidate for the derivative of

(8) R(t) = [ s
only if Oy ft|t—o = X o f. (See also Remark 4.1.)

Definition. For integers r > ro > 2, and a piecewise expanding C" unimodal
map f, a C™" perturbation of f tangent to the topological class of f is a C""
perturbation f; of f so that there exist a C%2 perturbation f; of f with

sup |fe(z) — fi(z)] = O(t?)

and homeomorphisms h; with h;(c) = ¢ and f; = hyo f o hy L.

Clearly, if f; is a CQ’% perturbation of f tangent to the topological class of f,
then v = O ft|t=0 = O¢ft|t=0. We shall see (Corollary 2.6) that the infinitesimal
deformations v of tangent perturbations are horizontal for f:

Definition. A continuous v : I — R is horizontal ® for a piecewise expanding C!
unimodal map f if, setting My = ny if ¢ is periodic of minimal period n; > 2, and
My = +oo otherwise,

Mjy—1 ()
v(cj
9 7 _—0.
) 2 Tyl

See also Subsection 2.3 for a discussion of perturbations f; tangent to the topo-
logical class of f.

When considering C%? perturbations f;, we have in particular sup, |f/(z) —
f'(z)] = o(1) (considering the extensions to neighbourhoods of I,) and we shall
implicitly restrict to € small enough so that
(10) sup lim (sup(|(f;")'))"/™ <A, sup lim (sup(|(f; ™))" <A,

[t]<e [t|<eM @
sup lim (sup|(f7")')"/" < A, sup lim (sup|(f;)')"/" <A,

[t]<e ™00 [t]<e o0

2.2. The twisted cohomological equation, the smooth motions h;(z), and
the infinitesimal conjugacy «. In this section, we discuss the following twisted
cohomological equation (TCE, see e.g. [30]) for piecewise expanding unimodal f
and bounded v:

(1) v(@) = a(f(2)) - f'@)ale), Veelz#ec.

Let us start with an easy lemma:

6See [17], [2] and references therein for a motivation of this terminology.
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Lemma 2.2. Assume that f is a piecewise expanding C* unimodal map and that
v is a bounded function on I. Then for every w € R the unique bounded solution
Q) to (11) which satisfies a,)(c) = w is given by:

(12 a) = {_Z;io T, L@ AN 20

T — Lm0 AL if 30> 1 st fi(a) = c.
Remark 2.3. If (11) admits a continuous solution «, it is easy to see by taking
limits as  — ¢ from the left and from the right that a(c) = 0 and v(c) = a(c).
(In particular, there is at most one continuous solution to (11).) We shall not use

this.

Proof. For x so that f(z) # c for all £ > 0 (12) defines a bounded solution
uniquely on this set: Indeed any bounded solution satisfies 3 = —v/f' —... —vo
FETY(fF) + Bo fEHL/(fF)5 if B(z) # aw)(), then we take k so that K/(f*)" <
(B(x) — oy (2))/3 with K = max(sup |3|,sup |a()|), and we get a contradiction.
If B(c) = w, then for each x so that f*(z) = ¢ we must have 3(z) = a(,(z) as
defined in (12). O

When v is the infinitesimal deformation of a perturbation f; tangent to the
topological class of f we shall relate solutions to (11) to the conjugacies h;. The
key ingredient for this is the following information about the smoothness of t — h;:

Proposition 2.4. Let rg > 2 be an integer. Assume that ft is a C™"° perturbation
of a piecewise expanding C™ unimodal map f, so that for each smallt there exists a
homeomorphism hy with hi(c) = ¢ and ft = htOtht_l, Then for small enough €, the
map (t,x) — hy(x) is continuous from (—e,€) x I — R and the maps t — hi(z) are
Cro=1HLie on [—e, €], uniformly in x € I. (Le. sup, [|h.(x)||gro-1+Lin([—c,q) < 00.)

Remark 2.5. Although the h¢(x) cannot be called “holomorphic motions” (see e.g.
[2]) they certainly be called “smooth motions”! Beware that the maps t — h; ' (z)
are in general not C'tZX%  although it is easy to see that the map t h;l(x)
is differentiable at ¢ = 0 with derivative —a(x) for all x € I. Also, the maps
x> hy(z), 2 — h;'(z) are in general not absolutely continuous (see Section 6).

It will then be easy to show:

Corollary 2.6. Under the assumptions of Proposition 2.4 the bounded function
a: I — R defined by ax) = O¢he(x)|t=0 satisfies the TCE (11) for v = O fi|t=0-
In addition, « is continuous, a(c) =0 and v(c) — a(e1) =0, so that v is horizontal

for f.

Definition. Under the assumptions of Proposition 2.4, the function o = 9¢hy|i—o
is the infinitesimal conjugacy associated to the infinitesimal deformation v of f;.

Remark 2.7. Tt follows from Corollary 2.6 that if f; is a perturbation of f and
v = O¢ft|t=0 is not horizontal for f, then there exist arbitrarily small ¢ so that f
and f; are not topologically conjugated, in particular f is not structurally stable.
See [1] for an analogous statement about rational maps.

Proof of Proposition 2.4. To simplify notation, we assume that ¢ = 0 in this proof.
Let P be the set of points which are either periodic or eventually periodic for
ft, and whose forward orbit under f; does not contain the turning point c. It is
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easy to see that P; is dense in I. Let 6 = sup, , |f(z)|~'. We first prove that
(t,x) — h¢(z) is continuous. Fix (zo,to) and let £ > 0. Pick n € N and § > 0 such
that 6" 4+ 25 < k. Choose 1o < €/2 small enough such that if |t — to| < 7o then

sup |fe(@) = fuo(2) <6,

and let 17, be such that |z — x| < 1 implies f*(x) - f*(x0) > 0, for every k < n.
So fE(hi(x)) - fF(hi(z0)) > 0, for every k < n and t. Of course fF(hq(zo)) -
ftko(hto(xo)) > 0. By Lemma A.1, for every (¢,z) € {|t—to| < mo} x {|lx—x0| <m}
we have
|h(t,x) — h(to,x0)| < K.

In the remainder of this proof, dih; denotes 8§h5|szt. The implicit function
theorem tells us that if p € Py then ¢ — hi(p) is a C™ function. Differentiating the
equation h; o f(p) = frohy (p) with respect to t we obtain

(13) Othi o f(p) = 5tf~t o hi(p) + f{(ht(p))f?ht (p) -

In other words

Oihe o f(p) — fi(he(p))Ohe(p) = e fy 0 he(p) = Fi(p).

Next, differentiating (13) 7 times, we can easily prove that for each i < rq

(14) Bihi o f(p) — f{(he(p))0ihe(p) = Fi(p),
where the funcicion F; is a polynomial combination of compositions of (all) partial
derivatives of fi(x) up to order ¢, including mixed ones, with the function h;, and
partial derivatives 9] hy, for j =1,...,i — 1.

For every ¢ € P;, we have ¢ = hi(p), with p € Py. Define

ay(q) := 9the(hy ' (q))-

Define Qi(q) = Fi(h; *(¢)). From (14) we obtain the twisted cohomological equation
(15) Qi(q) = ai(fi(@) — fi(a) - aila) -
Let call this equation TCFE;.

Note that F; is bounded on Py. We claim that

|Fi|oo < 00

for every ¢ < 1y. Indeed, suppose by induction that F; and 85*1/% are bounded
functions on Py, for every ¢ < i < rg. Then @Q; is bounded on P;, and the unique
solution for TCE; on P; is given by the expression

@il @)
0 §< T (@)

The uniqueness of the solution follows from the fact that every point in P is
eventually periodic.
In particular

16 sup |z (q)] < = .
e b S T

It follows that d;h; is bounded on Py, and hence F; is bounded in the same domain.
This concludes the inductive argument.
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Then from (16) we have an upper bound for |9} hy|, for i < ry, which is uniform
ont € [—e¢, €] (up to taking a smaller €). So the family of functions ¢t — hy(p), with
p € Py and t € [—¢, €], is a bounded subset of C™ ([—¢, €]).

We claim that ¢ — hy(z) is CTo71TE% for every x € I. Indeed, let p, € Py be
a sequence which converges to z. Of course the sequence of functions ¢ — h:(py,)
converges to the function ¢ — hy(x). Since every sequence in a bounded subset
of C™([—¢,€]) has a subsequence which converges to a function in CTo=1+L¥P e
conclude that ¢ — hy(x) is CTo~ 1L, O

Proof of Corollary 2.6. By differentiating f; o hy = hy o f with respect to t at ¢ = 0,
we see that a(x) satisfies (11) at all z # ¢. Since hi(c) = ¢ for all ¢ we have a(c) = 0.
To prove v(c) = afcy), we use f; o hy(c) = hy o f(c): The derivative with respect to
t of the right-hand-side at ¢ = 0 is just a(c;). This implies that the left-hand-side
is differentiable at ¢ = 0, and, using h;(c) = ¢, the derivative is

lim ft(ht(c)z — fi(c) + lim ft(C)t—f(C) — 0+ 0(c).
O

2.3. Perturbations f; tangent to the topological class of f. For r > 2 and a
fixed piecewise expanding C” unimodal map f, we may pick ht( ) with h(c) = ¢, so
that (z,t) — he(a) is C", and define f; := hyo foh;!. Then f; is a C™" perturbation
of f in its topological class. If we assume in addltlon that hi(c + ) = Shi(c — ),
where the (C") symmetry S is such that f(c + x) = f(S(c — x)), we can ensure
that the infinitesimal deformation is of the form v = X o f. Since z — hi(z) is
a diffeomorphism in this construction, it gives a conjugacy between the invariant
densities p; of f; and py of f. Thus differentiability of R(t) = [¢prdx can be
obtained by relatively easy perturbation theory arguments on the transfer operator.
Theorem 5.1 applies to all smooth perturbations f; which are tangent to ft, and
we may choose f; in such a way as to ensure that f; and f are not topologically
conjugated (by modifying the kneading invariant), or are not smoothly conjugated
(by acting on the multipliers [18]).

In view of a more general and systematic description of perturbations tangent
to the topological class, recall that Corollary 2.6 implies that if a C%2 perturbation
fi of a C? map f is tangent to the topological class of f, then its infinitesimal
deformation v is horizontal. In the smooth nonuniformly hyperbolic case (see [17],
[2] and references therein) a converse to this statement holds. The proof of the
converse in our setting is given elsewhere:

Theorem 2.8. (See [5]) For ro > 2, let f be a good piecewise expanding C™
unimodal map and let v € C™ (I) be horizontal for f and satisfy v(a) =0, v(b) =0,
and, if f(c) =, also v(c) = 0. Then there exists a family of piecewise expanding
C"o unimodal maps fy : I — I, |t| < e, with fo = f, so that the map (z,t) — fi(x),

extends to a CTOHLP function on a neighbourhood of (I, U I_) x {0}, and, in
addition, &,fthzo =, and for each t there is a homeomorphism hy with hi(c) = ¢
and ft =hso fo h;l, The conjugacies hy are in general not absolutely continuous.

In particular, the above implies that any C?" perturbation f; of a piecewise
expanding C” unimodal map f (r > 2) so that v = 0 fi|t=o is horizontal and
v € C%(I) is tangent to the topological class of f.
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Note that there exist (many) C*" perturbations f; of mixing piecewise expanding
C" unimodal maps, and such that v = 9 fi|t=o is C” and horizontal (also if we
require v = X o f). Indeed, the functional Ly : v — v(c) — ag)(c1) is bounded and
linear from {v € C"(I)} to R. So it has a codimension-one kernel.

3. TRANSFER OPERATORS AND THEIR SPECTRA

3.1. Definitions and previous results. Recall that a point x is called regular
for a function ¢ if 2¢(x) = limy1, ¢(y) + limy . ¢(y). If ¢1 and ¢ are functions of
bounded variation on R having at most regular discontinuities, the Leibniz formula
says that (¢1¢2) = @) da + P1¢h, where both sides are a priori finite measures.
(Viewing a function ¢ in BV as a measure means considering ¢ dx.)

For a piecewise expanding C? unimodal map f, recalling (3), we introduce two
linear operators:

(17) Lop(x) = x(@)e(th+(z)) — x(z)p(¥-(2)),
and
(18) Lip(x) = x(2)dy (2)p(P+ () + x(@)[YL (2)|p(P-(2)) -

Note that £; is the usual (Perron-Frobenius) transfer operator for f, in particular,
Lipo = po and L3 (Lebesguer) = Lebesgueg. The operators £y and £; both act
boundedly on the Banach space

BV = BV® .= {p: R — C | var() < oo, supp(¢) C [a,b]}/ ~,

endowed with the norm ||¢|| gy = infg~, var(¢), where var denotes total variation
and 1 ~ 9 if the bounded functions ¢1, @2 differ on an at most countable set. To
get finer information on Ly, we consider the smaller Banach space (see e.g. [21])

BV = {p:R — C |supp(p) C (—o0,b],¢’ € BV},

for the norm [|¢| gy = ||¢'|lev. If £ is a bounded linear operator on a Banach
space B, we denote the spectrum of £ by sp(L£), and we define R, (L), the essential
spectral radius of £, to be

Ress(L£) =inf{R >0]|sp(L)N{|z| > R}
consists of isolated eigenvalues of finite multiplicity} .

Recalling the definition (4) of Ag, we have the following key lemma (see [4], the
claims on £ on BV are classical):

Lemma 3.1. Assume that f is a mizing piecewise expanding C? unimodal map.
The essential spectral radius of L1 on BV is < Ag. In addition, 1 is a mazimal
eigenvalue of Ly, which is simple, for the eigenvector pg, and there are no other
eigenvalues of L1 of modulus 1 on BV. The spectral radius of Ly on BV is equal
to 1. For any ¢ € BV

(19) (Low)" = L1(¢') -
Finally, the spectrum of Lo on BV and that of £1 on BV coincide.

For further use, associate to a mixing piecewise expanding C2? unimodal map f

(20) To = max()\o, sup{|z| | z € sp (L1|BV), 2 # 1}) ,
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(note that 79 < 1), and choose
7 € (10,1).
Set Hy(x) = —1if x < w, Hy(x) = 0if x > v and H,(u) = —1/2. If f is
a piecewise expanding C? unimodal map, the invariant density of f is of bounded
variation and thus decomposes uniquely [20] as pg = psai+pPreg With preq continuous
and psq the saltus term (recalling Ny from § 2.1):

Ny
(21) Psal = Z Sann ’
n=1

with s, = limy ., po(y) — limg1e, po(z). By [4, Prop. 3.3] we have”:

Proposition 3.2. Let f be a mizing piecewise expanding C® unimodal map. Then
Preg from the decomposition (21) of the invariant density is an element of BV®),

(M. Misiurewicz pointed out to us the related work of [31].)

3.2. Comparing the invariant densities of two tangent perturbations. Our
main result is about perturbations f; which are tangent to the topological class of
fo- In this subsection, we prove Proposition 3.3 (using classical Banach spaces, and
tools from Keller-Liverani [16]) which will allow us to reduce from this assumption
to the hypothesis that f; lies in the topological class of fj.

We need more notation. Let f; be a C?" perturbation of a piecewise expanding
C" unimodal map (r > 2) Define J; := (—o0, fi(c)] and x¢ : R — {0,1,1/2} by

. . . 1
xt(x) =0ifax ¢ Jp, xe(r)=1ifzeintJy, x:(fi(c)) = 3

The two inverse branches of f;, a priori defined on [f:(a), fi(c)] and [f+(b), fi(c)],
may be extended to maps ¢y 1 : Jy — (—o0,c] and ¥y _ : Jy — [¢,00) in C"(Jy),
with sup [t} ,| <1 for 0 = £. Put

(22)  Ligp(a) = xe (@) 4 (@)p(Vr, 1 (2) + xe (@) |01 (2)]@(¢hr,— () -

Recall our choices A < 1 from (4) and 7 < 1 from (20). Lemma 3.1 applies to
L1 By [16] we may assume that ¢ is small enough so that

max(/\7 supsup{|z| | z € sp (L1¢lBV), 2 # 1}}) <T.
t
We may now state the new result of this subsection:

Proposition 3.3. Let f be a good mixing piecewise expanding C? unimodal map.
Then for any C > 1 and every pair (fi,g:) of C*2 perturbations of f, and so that

(23) sup|fe(z) — ge(2)| < O, VJt| <e,
xr
there exist C1 > 1, ¢g > 0 and & > 1 so that, letting p; and p; denote the respective
imwvariant densities of fi and g, we have
ot = pellrcreny < Cilt]s, V|t < eo.
Remark 3.4. The assumption that f is good is crucial in the above proposition

since otherwise we do not have uniform Lasota-Yorke bounds (26) in general.

"The proof there does not require that ¢ is not periodic.
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Proof. Recall A < 1 from (4) (we require that (10) hold for g; too). Denote by L1
the transfer operator of f, by £, the transfer operator of g, acting on BV. Each

Ly ; and each Zl,t has a simple maximal eigenvalue at z = 1 and essential spectral
radius < A for small enough ¢. Our assumptions ensure that

(24) I fe(@)lcririnpy < C, lge(@)l|orreingyy < C

on a neighbourhood V of (I UI_) x {0}. Also, there exist C and ¢ > 0 depending
only on f and C' so that (our assumptions imply that g; and f; satisfy (5))

(25) sup | L1 [l (zeny < s supl|L] fllni(reny < €', VIt < e,
J J

1£1.4(0) = L1001 zery < ClHllellpy . Yo € BV, Wt < e,
I£1,6(¢) — L1001 (Lery < Cltlllellsy , Yo € BV, V|t| < e1.

also, since f is good [16, Remark 5],

(26) max(||£] 0l v, L1 llsv) < CN|lly + CllellL, Yo € BV, Wt < e,

finally, (24) and (23) imply ||(f: — 9¢)|1, |cr = O(?), with a constant depending
only on f and C', and thus

(27) 1£1,4(¢) = L14(@)l|za(rery < CPlellpy s Yo € BV, V|t < 1.

It follows from (25-26) for £y, £y, and [16, Theorem 1] that for each small
enough § > 0 there are e > 0 and C > 1, depending only on f and C so that
(28) 1(z = L14) My <C,V|t| < er,Vz with |2| > 7+ 6 and [z — 1] > 6.

We claim that the above estimate together with (27) implies ||ps — p¢l|1(ner) =
O([t|*") for any n < 1. Taking 5 so that 25 > 1, the claim ends the proof.

To obtain the claim, we revisit the proof of [16, Theorem 1]. Following Keller—
Liverani, we put Q; = (z — £1+) and ét =(z— Zl,t)~ In the sense of formal power
series in z, we have for all [¢t| < e
(29) Q' - =0 Ly~ L)

By (28) and (27), the second part of the proof of [16, Theorem 1] gives that for any
n <1 and 7 > 0, there are constants ¢g > 0, A > 1, B > 1, depending only on 7,
C and v, so that for any z satisfying |z| > 7+ and |z — 1| > 7, all ¢ € BV, and
all |t| < €0,

(30) 197 ()21 (pery < 2D (AIQ7 By + Bl 5v

. &
o2y 1(C||Qt gy + —) ol cren -

1—-7
Applying the above estimate to (L1 — 217,5)@;1((,0) and using (29), we get
197" = QM) ()l
(31) <2t LaellBy + [L1ellsv) (AT sy + B)IQY v llel Bv

_ &N\ o~
20|t (OHQt Yoy + —) 18 svlieley

1—71
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for any ¢ € BV. Writing the difference between the spectral projectors for the
eigenvalue 1 of £ ; and £, ; as a contour integral of the difference of the resolvents,
this shows the claim. O

3.3. Spaces of sums of smooth functions and postcritical jumps. In this
subsection we shall introduce Banach spaces B; C BV and BtL ? © BV of functions
with controlled jumps along the postcritical orbit, on which the transfer operators
L1+ have essential spectral radius < A, in view of the proof of our main theorem in
Section 5.

Let f be a mixing piecewise expanding C® unimodal map. Recall that N F =
ng +n1 — 1 if ¢ is preperiodic, Ny = ny if c is periodic, and Ny = oo otherwise. Let
BV be the Banach space of continuous functions of bounded variation supported
in [a, b], for the BV norm. Fix n > 0 small. Consider the Banach space (B\, II-1) of

pairs ¢ = (¢rega ¢sal) with ¢reg € E‘J/a and ¢sq = (uk)kzl,...,va normed by

(32) 61l = léregll By + [Dsatly With [@sarly = sup (1 +n)*|usl,
1<k< Ny

and so that, in addition,

(33) ¢reg Zuk R Ve <a.

WedeﬁneF:FO:gHBbe

Ny

(34) F(¢Teg7 (U'k)k21) = ¢reg + Z UkHck. .

(In particular, supp(I'(¢)) C [a,b].) The map I is injective, and we define By C BV
to be the isometric image of B under T.

It is easy to see that pg € By. For ¢ = (dreg, (ur)r>1) € B, we may decompose
»=L1(T(¢)) € BV into ¢ = @reg + Psai- Then, we have

@sal = ZwkHck s

k>1
with (writing f/(c_) = limy. f'(y) and f'(ct) = limy . f/(y))
_ Uk —1

(35) {wk_if (e 1) k22,

wi = = (e + e ($res(6) + iz epme )
if the postcritical orbit is infinite (i.e., Ny = 00), while
(36)

f(zkll)’ 2<kE<Ng,k#ng

Wny = ity + et if no # 1,

f’(cnofl) f/(cno«#nlfl) ’

wy = —(m + m)(@eg@ + D kst eese Uk)
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if Ny < oco. Also, we find
(37) Qareg = El (¢reg)

1 1
e, (If’(c-)l * |f’(c+)|) ' (‘ﬁ“g(c) ’ k;“k>

Ny fﬂ
+ kZ:QUk71 <£1(Hck_1) — m) .

It is thus not difficult to check that ¢ € By. We next prove that in fact £y is
bounded on By with essential spectral radius < A.

We shall use that if £ is a bounded operator on a Banach space B, and K is a
compact operator on B, then the essential spectral radii of £ and £ — K coincide
(see e.g. [10] or [13, Theorem IV.5.35]). This fact is behind most techniques
to estimate the essential spectral radius: Lasota-Yorke or Doeblin-Fortet bounds,
Hennion’s theorem, the Nussbaum formula, see e.g. [3]. In view of this, recall that
the BV-closed unit ball is compact for the L!(Leb) norm. (See e.g. [3, §3.2, Prop.
3.3] for a proof of this Arzela-Ascoli type result). In view of obtaining compact
perturbations if Ny = oo, note that for any § > 0 there is ks = O(In(67')) so that

for any ¢ = (Preg, (Ur)k>1) € g

(38) D lul < 5bup((1 + )" ux]) -
k>ks

For ¢ € BV, we write Il;cq(¢) = ¢preg € CY and g1 (p) = @sar. If Ny # oo, the
operator Ko(p) = Isq(L£1(p)) is finite rank on By, and thus compact. If Ny = oo
the operator

Ko(p) = —He,(preg(e) + Y ) (I ()7 4 1f ()|

k>1,cp>c

is rank one, and thus compact, while the operator Iz, 0(L£1—/Kp) has norm bounded
by (14 n)sup|f’|~! by definition.

We next consider I,.4 0 £;. If Ny < 00, the second and third lines of (37) are
finite rank contributions, which will be denoted by K1 (¢). If Ny = oo, since

H,,
f(er-1)
then (38) implies that the second and third line of (37) give a compact contribution,
also denoted by Ki(¢).

Then, consider the Radon measure (IL,.q o £L1(p) — Ki(¢))’. By the Leibniz
formula we have, as Radon measures,

v o () 0 )
Moy £06) = a0 0 = (0 (F—@)?

¢ W(y) ¢ W-[)
(39) T w)E - ()))>

By the compact inclusion property mentioned above, the contribution ¢; in the
first line is compact, let us call (K2(p))' = ¢1 the corresponding operator. Now,
the operator ¢’ — M(¢') = (Ileq 0 L1(p) — K1(p) — K2(p))" is bounded on mea-
sures, with norm at most sup(|f/|~1)||£1]/cc Where ||£1|| is the operator norm of

sup
k>2

< 00,
BV

‘Cl( Cl— 1) -

e+ (y)) — 5PV (v))




LINEAR RESPONSE FORMULA FOR PIECEWISE EXPANDING UNIMODAL MAPS 15

L1 acting on bounded functions. Applying the above argument to C{, and using
sup; 1£7 |00 < 00, we obtain for each j > 1 a decomposition £ = K@) + M) where
KU) is compact on By, and | MD)||5, < Co(1 + n)? sup(|(f7)'|~1). Therefore, the
essential spectral radius of £1 on By is < A.

Consider now the Banach space (l::’\Lip, || - |I) of pairs ¢ = (¢reg,Psar) Wwith
(breg € Lip((—oo, b])v and Osal = (uk)k:17~~~7Nf’ normed by ||¢|| = ||¢regHLip+ |¢sal|fl
and so that ¢req(z) = ZkN:fl up for all x < a (in particular, ¢rey is constant
on (—oo,a)). Using I' as above, we define a Banach space Bgip C By C BV.
Since ||@||ip = ||¢'|| L and since the Lip([a,b])- closed unit ball is compact in the
L*°([a, b]) topology, the same argument as above shows that £; is bounded on Bé P ,
with essential spectral radius < . Since BV(Y) C Lip, we have that py € Bgip.

If f; is a C%3 perturbation of f we may define B; and BtL P for each ¢ by taking

the isometric image in BV of B\, respectively BLP under I'; defined by

Ft (¢rega (uk)k>1)) = ¢reg + Z ukHck,t .
k=1

The argument above shows that £, ; has essential spectral radius bounded by A on

B; and BX"P. Since each B; and each BX™ is a subset of BV and since p, € BF" C

B:, we have proved that outside of the disc of radius 7 the spectrum of £, ; on B; or
Lip . . . . . . .

on B, consists in a simple eigenvalue at 1, with corresponding spectral projector

¢ p [pda.

4. THE SUSCEPTIBILITY FUNCTION AND THE CANDIDATE W¥; FOR THE
DERIVATIVE

The susceptibility function [27] associated to a piecewise expanding C? unimodal
map f, a test function ¢ € C([a,b]), and a deformation v = Xo f for X € C([a,b])
is the formal power series

(10) ¥(z)=3 / X W) Y W) dy =3 / L3 (X po) () () dir.
n=0 n=0

In this section, we recall in Proposition 4.3 the resummation ¥; proposed in [4]
for the a priori divergent series ¥(1) when X o f is horizontal. In addition, we
give in Lemma 4.4 an expression for ¥, in terms of the infinitesimal conjugacy «
from Section 2, and we show that ¥ is not well-defined if X o f is not horizontal
(Proposition 4.5).

Remark 4.1. If the infinitesimal deformation v is not of the form X o f, the heuristic
argument of Ruelle [23] suggests to define the susceptibility function as:

o) =Y [ Lm@iee YW dy = [ 05 (Erom) @) @) da.
n=0 n=0
The analysis of the above expressions produces additional difficulties, and will not
be pursued here.

Since Xpo € BV, Lemma 3.1 implies that the power series ¥(z) extends to a
holomorphic function in the open unit disc, and in this disc we have

U(z) = / (id — 2£0)" (X po)(z) & () dz .
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Recalling the jumps s, in the saltus term psq; for p (see (21)), the weighted total
jump of f defined in [4] is:

Ny
(41) T, X) =) suX(cn)

In [4], we resummed the possibly divergent series W(1) under the condition
J(f,X) = 0 (see Proposition 4.3 below). We have the following simple but en-
lightening lemma:

Lemma 4.2. Assume that f is a piecewise expanding C? unimodal map f, and
that X : I — R is bounded. Define agy(c1) by (12) for v= X o f. Then

J(f, X) = s1(X(c1) — 04(0)(01))~

Since s; < 0, the lemma implies J(f, X) = 0 if and only if a(g)(c1) = X(c1),
i.e., if and only if X o f is horizontal for f.

Proof. If ¢ is neither periodic nor preperiodic, then s; = f'(cg)sg41 for k > 1, and
thus

(42) T (f, X) = s1(X(c1) — o) (e 512
7>0
(see [4, Rem. 4.5]). The case of periodic ¢ is similar using s; = f'(ck)sg4+1 for
1<k<n; —1and My =n;.
If ¢ is preperiodic, using s = f'(ck)sg1 for 1 < k < ng+mny; —2, k # ng — 1,

and
_ Sno—l Sno-l—nl—l _ Sno—l S’no

70T Flewa) | P lemrmt)  Fleng) ) (eng)
which implies (1 — (f™ ) (¢ny))Sno = Sng—1/(f'(¢ny—1)) and thus
S1 1

Sno+j = (froti=1)(c1) 1= 1/(f™) (cny)’

O§]§n1—1,

we get
J=n (Y AU c1 LN XU () !
T (E ; (From7 1) (er) 1—1/(f”1)’(cno))

= 51(X(c1) — o) (Cl)) :

O

We next recall the candidate ¥y for the derivative of ¢ — R(t) from Ruelle’s
conjecture as interpreted in [4]. Note that if X € C3(f(I I)) satisfies X (a) = 0 then
the function X defined by X (z) := X (z) for z > a and X (z) := 0 for z < a is such
that X’ is of bounded variation, and X' is supported in [a, b] for any p supported
in (—o0,b]. Recall My from (9). Then, by Proposition 3.2 and the properties of
sp from the proof of Lemma 4.2, putting together [4, Lemma 4.1, Proposition 4.4,

Theorem 5.2] gives &

8Theorem 5.2 in [4] also holds if ¢ is periodic, with a similar proof.



LINEAR RESPONSE FORMULA FOR PIECEWISE EXPANDING UNIMODAL MAPS 17

Proposition 4.3. Let f be a mizing piecewise expanding C® unimodal map. Let
X € C%(f(1)) satisfy X(a) =0 and J(f,X) =0. For o € C'([a,b]) and || < 1:

0o min(j,My)
e . ijkﬂ
) =3 X Sy,

— /(id — Zﬁl)il(X/Psal + (Xpreg)l)wdx'

The second term in (43) extends to a holomorphic function in the open disc of
radius )\51, If ¢ is periodic or preperiodic then the first term of (43) is a rational
function which is holomorphic at z = 1.

In addition, the following is a well-defined complexr number

My J s1X (ck)
(44) U, = ()Y e — [ (id = £1) TN X psar + (X preg) ) da .
;“’ kZ:l(f’“)() / Pral {2 req) )

Note that if J(f, X) =0 (a codimension one condition on X) then ¥y = ¥y (p)
is well-defined even if ¢ is only continuous.

We have the following simpler expression for the first term of ¥y:

Lemma 4.4. Let f be a mizing piecewise expanding C° unimodal map. Let X €
C2(f(I)) satisfy X(a) =0 and J(f,X) =0, and let o € C*([a,b]). Then, setting
a = ay from (12) for f andv =X o f,

(45) W= / 04 Pt — / (id = L) (X psat + (Xpreg) ) da

Proof. By Lemma 4.2 X (¢1) = a(c1). Thus, by (49) the first term of ¥y from (44)
may be rewritten as a Stieltjes integral (« is continuous by Corollary 2.6)

My

M
—S : [ c1) — ﬂ = —g C Oé(Cj)
1;% j)(X( 1) —aler) + ) (e )> 1]22;,0( J)i(fjfl)l(q)

(46) == / WP Pl -

In fact, ¥y is well-defined only if J(f, X) = 0:

Proposition 4.5. Let f be a mizing piecewise expanding C3 unimodal map f, let
X € C*(f(I)) satisfy X(a) = 0. For every ¢ € C%Ia,b]) the following series

CONverges
=3 [ E(Ch) @pla)

If J(f,X) # 0 then ¥y is not well-defined, in the following sense: There exists
v € C*>([a,b]) so that, on the one hand, both series below diverge

oo min(j, M)

an - Y s Z [ A et e

k=1
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and on the other hand, the following series diverges
min(j,My)

(48) —i(sa(cj) > s+ [ e <x>dx).

k=1

Proof. Since [((X preg)’)(z)dz = 0, the proof of [4, Proposition 4.4], implies
‘_/LJ Xpreg ) (x)dx‘ < CTja

which gives the first claim.
To fix ideas assume that J(f, X) > 0. Recalling Lemma 4.2, note that if ¢ is
not periodic, then for each j

Q(0) (Cj)

j(X7 f) + (fjfl)/(cl) :

4 ZS’“X(C’“) = Xl(er) —awlen) + % -

By the proof of [4, Proposition 4.4],
- [ B b @)o(e)dz - T(£.) [ oms| < O,

thus if [ @po dz > 0 then the second term in (47) diverges to +oc. If ¢ is not periodic
and, in addition, inf; ¢(c;) > [ @po dz > 0 then the first term diverges to —co (use
(49)). Finally, for the same ¢, if ¢ is not periodic then (48) is J(f, X) >_,(—¢(¢;) +
[ ¢po dz), which clearly diverges to —oo. The case of periodic ¢ is similar. O

We end this section by discussing the relation between ¥(z) and ¥; when
J(f,X) = 0: If ¢ is preperiodic or periodic, ¥y is just the value at 1 of the
holomorphic extension of ¥(z), and we have ¥; = lim,_,; ¥U(z). If ¢ is neither
periodic nor preperiodic we do not know if the resummation ¥, for the possibly
divergent series V(1) is always Abelian, i.e., if U1 = lim.c(g,1),.—1 ¥(2), but we
have the following sufficient codimension-two condition on X ensuring abelianity:

Proposition 4.6. Let f be a mizing piecewise expanding C° unimodal map. Let
X € C?(f(1)) satisfy X(a) =0, J(f,X) =0, and, in addition,

(50) ZJXfJﬁ —0

then \Ifl = hmze(o,l),zal \I/(Z)

Proof. We may assume that the critical point c is not periodic, so that the following
formal Laurent series is well-defined for ¢ > 1:

Z X(f9( Cz
Cfa

i(f9)
Jj=1 2P

Clearly, z — «(c1, z) is analytic in {z € C | |z|min |f'| > 1}. We have
X(fi(c
(51) a(ct, 2)emt = ZJ Jf 1)

Note for further use that if X(c¢;) = a(cl, 1) (which is equivalent to J(f,X) =0
by Lemma 4.2) and if (50) holds, then (51) implies

(52) aler,z) = aler, 1)+ O(]1 — z%).
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Now, using a(c1, z), we may rewrite the coefficient of ¢(c;) in the first term of
U(z) from Proposition 4.3 as

51277 1zzk 1fk 1 Y (c1)

:Slzjil(X(Cl)_a(cl’z)_ 21 fJ 1) (e1) Z Cj+m ))

_alep2)
T (e
Consequently, if (min |f/|)™! < |z] < 1, the first term of ¥(z) can be written as

jkleCk)
jzl "JZ (F=1)(e)

5 o <><>>ﬁ}

— 1 = 90 C’ )
sl{(X(Cl —afen, 2 chﬂ 2" Z f] ) j }
j=1 j=1
It is easy to see that

o0
o(c Cja o(c Cja )
|zI<1, zﬂ1z fJ ) ; fj 1) )

Note also that if || < 1 then | 372, ¢(c;)2/ 71| < |‘p|.

—lzl

= slzjil(X(Cl) — 0&(01, Z))

BN

Finally, (52) implies
(X (c1) —afer, 2 ng )27 = [(aler, 1) —aler, 2)) Y pley)z M < Ol —1].
Jj=1

Putting together the above estimates, we find using (49)

X ) p(cj)ale;; 1)
lim Cj Lk 51 = -5 L Rt
Z—>1*Z<p J Z fk Y (¢y) 1; (fi—H(c1)
) J
s1X (cx)
=2_9e) Y e
29 2 (T ()
which immediately gives the claim. O

5. PROOF OF THE MAIN THEOREM

If f, is a C?? perturbation of a mixing piecewise expanding C? unimodal map
f tangent to its topological class, then Corollary 2.6 gives that the infinitesimal
deformation v is horizontal. If v = X o f, Lemma 4.2 thus implies that J(f, X) =
0. Therefore, if X € C?(f(I)), a candidate ¥; for the derivative is defined by
Proposition 4.3 and Lemma 4.4. Our main result can now be stated:
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Theorem 5.1. Let f; be a C?3 perturbation of a mizing piecewise expanding C>
unimodal map f with infinitesimal deformation v = X o f such that X € C*(f(I)).
If fo is good and f, is tangent to its topological class, or if f, = f; lies in the topo-
logical class of fo, then t — pydx from (—¢,€) to Radon measures is differentiable
at 0, and

0e(pr dz)li—0 = —aplq — (id — L1) 7! (X’Psal + (Xpreg)') da.
In particular, for any ¢ € C°([a,b]), the map R(t = [ @ pidx is differentiable at
t=0, and R'(0) = U1(p).

Remark 5.2. See Theorem 7.1 for necessity of the condition J(f, X) = 0 (which is
equivalent to tangency to the topological class by Corollary 2.6).

Proof of Theorem 5.1. Since f; = f; if f is not good, we may assume without loss
of generality by Proposition 3.3 that f; = f; = hyo f o h;l for all t. Also, since
each p; is a probability measure, we may restrict to continuous functions ¢ so that
J @dpo = 0. The proof will then be divided in three steps.

Step 1: Perturbation theory via resolvents.

Recall the spaces B, = Ft(g) from Subsection 3.3, for a fixed n > 0, and define
linear isometries Gy =IT'g o'} LB, — By. We decompose

(53) pt — po = (Gi(pt) — po) + (pr — Gie(pt)) -

The second term may be analysed directly, noting that (as Radon measures)

Gilpe) h Ak
. Pt — Ge(pt . Psal,t — Psal,t © Nt
T = I T = - ) aladside = —arku

(We used that cg¢ = h¢(cx) implies He, = H., , o hy and that lim; .o 51, = 519)
To study the first term in (53), set

Pt:GtOLLtOG;l, Qt:Qt(Z)ZZ—pt.
(Of course Py = L1 and @0 = z—£L1.) The operator P; on By is conjugated to L4
on B; and therefore has the same bpectrum The fixed point of Py is G(p¢) and the

fixed point of P} is v4(¢) = [ Gy ' (p) dr. We denote by I (¢) = Gi(p) () the
corresponding spectral prOJector Our strategy will be to use, as in Proposition 3.3,

Q' =9 =0 (P - P0)Q;
in order to write Gy(p:)ve(o) — po [ o dx as a difference of spectral projectors
applied to g € By, where

Bo = { € Bo | ¢y, € By} with the norm [[]y gz + ]l -

In fact, we do not need to perform the spectral analysis of £ on Bo, since we shall
work exclusively with pg € By (the fact that Preg € BL™, i.e., that all discontinuities
of preg lie on the postcritical orbit, that the jump at ¢y, is O()\k) and that (preg)re, €

reg
Lip is an easy consequence of the proof of [4, Proposition 3.3], noting in particular

the uniform bound for A/ (z) there — see also (70) and (71)).

9For this claim (which implies lim¢ .o si,+ = sy for each fixed k), use that lim;_.o f ppt dr =
J wpdz for all bounded ¢: Since limy_.gc1,¢ = c1, and sup, ||preg,t||Lip < 00, while [sg ¢| < CA*
uniformly in ¢, choosing for ¢ the characteristic function of a sufficiently small neighbourhood of
c1, we get a contradiction if s1; /4 s1.
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Since [ po dz =1, noting that @gl(po) =po/(z —1), we find

(54) Gulpno) o = 5= § ZE P, Py (p0) a2

= (id — P) "} (id — 1) (P; — Po) (o),

where the contour is a circle centered at 1, outside of the disc of radius 7.
We shall also use the following norms on By, for j > 0

loreglleirery | max{|@req(W)] | y € Uo<e<;f () _
|§0|weak,j = g B (Leb) + { = 5 == } + |F 1((Psal)|n :

We have |¢|weak,; < ||¢llB, for all j > 0. It is not difficult to see by adapting the
estimates in Subsection 3.3 that there exist € > 0 and C' > 1 so that, for all |t| < e
all j, £, all ¢ € By,

(35) [P/ ()lweare < Clelwear,ers s [PLH@) < ON @]l + Clolweat,s -
(Uniformity in ¢ of the constant C in the Lasota-Yorke estimate follows from the
fact that f is good. The reason why sup,; [@reg (f~%(c))| appears in the weak norm

is to take into account the compact operators ICO(L{) from the decomposition in
§ 3.3.) We shall see in Step 3 that for any fixed j > 0 there is a modulus of
continuity 6;(¢t) > 0 (i.e., limsup,_,, J;(t) = 0) so that for each ¢ € By

(56) Pe(#) = Po(@)wear,; < 0;(t)ll¢lls, -
Therefore, the proof of [16, Theorem 1] (see Appendix B) gives ¢y > 0 so that
(57) Ay = sup 1(id — Py) =t (id — T0y) || g, < -

t|<eo

Beware that it is not clear whether |(id — ;)= (id — I;) () — (id — Po) ™ (©) [weak.0
tends to zero uniformly in ||¢||g, < 1 as ¢ — 0. This is why we next consider P
acting on Bé P, By § 3.3, the essential spectral radius is < A, and the spectrum
outside of the disc of radius 7 consists in the eigenvalue 1, with projector ﬁt. We
introduce a weak norm on Bé e

|¢lweak,0o = ”(Preg”LO"(Leb) + |F_1(908al)|77 .

Applying again the argument in § 3.3, we see that (55) holds for £ = oco. Clearly,
|0lweak,; < [b—allplweak,0o- In Step 3, we shall find C' > 1 so that for each ¢ € Béw

(58) [Pi() = Po(@)lweakoo < Clell el gzin -
Then, setting
N = (id = Py)~H(id = TI) — (id — Po) " (id — T) ,
(55) and (58) imply by [16, Theorem 1, Corollary 1] that there are C>landé>0
so that for each o € By™
(59) INe (@) wear,oo < ClEE NIl gein
If we knew that there existed D € By so that 1°

(60) [P(p0) — Polpo) — D5, = O(t?),

10vwe emphasize that the norm in (60) is in Bop, and a priori not in Béip.
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uniformly in small ¢ (this will be shown in Step 2), then (54) and (59) would give
(61) 0(Ge(pe)ve(po)li=o = (id = L£1) 7 (id — Tp)(D),
in L>°(Leb): Indeed, write (id — P,)~1(id — II,) = N, + (id — Po)~1(id — Ily) and
note that (57) implies
(62) Ge(po)ve(po) — po = (N + (id — Po) ~* (id — TIp)) (¢D + Op, (%))

= tNY(D) + t(id — Po) ™! (id — [l )(D) + A, O(?) .

Dividing by ¢ and letting ¢ — 0, (59) gives the claim (61)
Note that ¢ — v4(po) is differentiable at 0: As v4(po) = [ psarohy dm—|—f Preg A,
one easily sees that O (po)|t=0 = — Zk:l a(c)sk. Then, by the Leibniz formula,

(63) Ot (Grpt)|t=0 = Ot(Ge(pt)ve(po))lt=0 — po O¢(v(po))| =0 -

Since our test functions satisfy [ @ dpy = 0, we can ignore scalar multiples of po,
and it only remains to show (56), (58), and (60) with

(64) (id = TIo)(D) = =X'po — X}y -
Step 2: Analysing the derivative of ¢ — P;(pg).
In this step, we prove (60) and (64). By definition, for any ¢ € By

(65) ,Pf(@) - (ﬁl,t(@sal o h;l + Qoreg))sal o ht + (Ll,t(@sal o h;l + (Preg))reg .

From now on, we assume that the postcritical orbit is infinite, to fix ideas. (The
case of finite postcritical orbit is similar.) Recall (35). Noting that ¢ > ¢ if and only
if cpr = fF(c) > ¢, and writing psq = >k ukHe, , the contribution to P¢(¢) —Po(p)
from the first term in the right-hand-side of (65), i.e., (P:(¢))sal — Po(p)sal, is just

(%8) ZW 1<ft (ck—14) f’(Ctl))Hck

1 1 1 1
+ (preg(c) + Y ur) (ft( O Pl fllen) f’(c+))H°1'

cp>c

Next, we find by (37) that the derivative of the second term ((Pi(¢))req —
Po(¢)reg) of (65), which is an atomless measure, coincides with

(67) (ﬁl,t(@reg))l|(a,q,t) - (ﬁl (Sﬁreg))/|(a,61)

Ny
+ Z Uk—1 ((Ll f( Ck—1 t))/|(0k,t,01.t) - (Ll(HCk71))I|(Ck,C1))
k=2,c,_1>c
Ny
+ ) k1 (Lra(Heyoy ) laiers) — (L1(Hey- ) aren)) -
k=2
Put ¢ = pg, and consider first (66). Note that ¢ = hi(cr). Write

L1 ) = fhe(w))

Frw) — filhe(w)) f(w)

)
w)) = f(w) = fi(w) + f{(w) = fi(hs(w)), with f’(w)—
filw) = —tX'(f(w)) f'(w) + O(£?), and f;(w) — f;(he(w)) = —tf}' (w)a(w) + O(t?).
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Thus, we find, by using (£1(p))sal = psat and (11), that

lim (P+(po))sar — (Po) sar =— %X'(ck)sk}]ck _ %f: a(ckfl)skflf”(ckfl)HCk

i t 2 2T (flen))?
al A (X (e) — alcr))si1 " (cx1)
_ "(er)s Ck) — \Ck))Sk—1J] (Ck—1
— ;X( %) sk He, +kZ:2 Ty H,,
Ny
(68) = (X p)sat + 3 (X (cx) — alcr)) Ex Hey »
k=1

where we used X (c1) = a(cy) with (the choice of E; will become clear later on)

sk—1f"(cr-1)

@) B =)y

, k>2,

_(_preg(Q)f"(c=) | preg(e)f”(cs)
E1_< PP () )
s fe—)  f"(es)
+k22,§;_1>c k1<(f/(c—))3 (f'(0+))3)'

It will turn out essential to study ((preg)’)sat = EkN:"l si.He, . If © € [a,c1) is not
along the critical orbit we have

) ; ; (preq)'(y) po(y)f" (y)
(70) (preg) (@) = (p0)' () = (L1(p0)) () = > —prsiie — — ; :
s W) P W (@)

(We used (preg)’ (y) = (po)’(y) if y is not along the postcritical orbit.) Taking the
difference between (preq) () for z T ¢ and z | ¢, and recalling Ej, from (69), we

easily get from the previous identity that !
(71)
8/ ! I
S =B~ By, with By = — 51 __ >, g — _(rea) () (prea)(©)

(f"(er-1)?) (f(e=))? = (f'es))?

We now consider lim;_,q %((Pt (P0))reg — (P0)reg)’. We get two sorts of contribu-
tions to (67): For
(72)

z € [min(ck, cx,t), max(ck, cx,e)] or z € [min(ey, fi(cx—1)), max(cx, fr(cr-1))]
an atom may appear at cg in the limit, we call such x singular points. For the
other values of x, which we call the regular points, the limit will be a function.
Recalling (69) and (71), we claim that the contribution of the singular points to
limi—o((Pe(po))reg — (P0)reg)l(ap))'/t is

Ny
(73) > (aler) By — X (cx) E})be,
k=1
Indeed, if £ > 2 and ¢+ < ¢, and c;—1 < ¢, we must consider the Radon measure

_ Sk-1 1 h_(z)) M )
t s/ck,,t (f/(w_ (Z‘)))3 (f/(Ck—1))3 SD( k) + O(t) R

p = QD(IE) der = a(ck)sk,l

Ll1f ¢ is periodic then (preg)’(c) may be undefined, but (preg)’(c+) are both defined.
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coming from —(L1(H,,_,)) (we used hi(ck) = cke). Ik > 2, ¢y < ¢k, and
ck—1 > ¢, we must consider the Radon measure

Skl k(e g () e — afe)s M )
o ) e = alek)sies g S e + 00

from (£1+(He,_,,)) — (L1(He,_,))" (the corresponding term for the branches v _
and 9, _ vanishes in the limit). For ¥ =1 and ¢1; < ¢1 we must consider the three
contributions given by, firstly,

L)W @) () ()
o1, Tt R = sl Frgele) + 00,
(recall also that ¢; + = hi(c1) and afc1) = X (c1)), secondly,

1 Preg(V—(2)) " (1h—(x)) _ —Preg(c)f"(c-)
orp [ e = el LN
and thirdly, by the sum over those j > 2 so that c;_1 > c of

Qs — sj: /:f (}t’/;ib_(gii3 o(z)dr = a(ecr)sj_1 (;:/;(076_)%390(61) +0(t),

as well as the corresponding three contributions for 1. The cases cr; > ¢ are
similar. For k& > 2, we must also deal with the jump terms from (L1 ¢(preg))’ —
(L1(preg))’ (one at fi(ck—1) the other at ¢;), which give, using fi(cx—1) — f(ck—1) =
tX (ck) + O(t%):

1 [°F Sh_q B s
T //‘t(Ck,_l) mﬁp(x) dw = —X{ex )(f'(Ck E plex) +O(1).

We move to the regular points: For small ¢, let k; > 2 be so that Zk>kt lsp—1] <
t2 (clearly, k; = O(In|t|)), and take I; to be the union of the O(k;) intervals of
singular points associated to k < k; via (72) (in particular, the Lebesgue measure
of It is an O(tIn |t])). We have by definition

(74)  [(Pe(po))reg = (Po)reg = (L1t(po) = L1(p0))regllso(rv1) = O(E?),
where ||@reg||B,(1\1,) is the norm of Radon measure (¢rcy) on the metric set I\ ;.
(For this, we use that >, o, [sk—1[[|L1,e(He, ) — L1¢(He, By = O(t?), and
that £y 4(He,_,,)(x) — L1¢(He,_,)(z) = 0 for k < ky and o ¢ I,.) The contribu-
tion (73) takes care of [|(Pt(p0))reg — (P0)regllBo(r,) (note that 37, - |e(er) Byl +
|X (i) E| = O(t?)) so that we may concentrate on (L1,+(po) — L£1(po))req on I\ L.
Note that
X))

(75) FH) = fi () = f,(f @)
where we choose the same inverse branch for f; and f. It follows that
p(fit @) e(f M=) p(f(x))
e ) N @)
i X(z ¢'(f (@) e(f (@) f"(f (@) 2
X T e O
if p is C1HL%P at f~1(x), which gives, after summing over the two inverse branches,

(76) —tX'(2)L1(p) (@) — X (2)(L1(p)) (2) + O(£?).

p(er) +0(1),

+0(t%),
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Therefore, if « ¢ I, and © # ¢, and x # cx¢ for all k > 1, we have, decomposing
Po = Preg + Dy skt

(L1,6(p0) = L1(p0))reg () = —t(X"po — X (p0)")reg () + O(t?)
(77) = —t(X"p0)reg () = t(X (preg) Ireg(z) + O(t?) .

(The O(#?) term is in By, not Béip.) By continuity, (77) holds for all x ¢ I;.
The regular contribution to lim;_.q ((Pt(po))reg — (po)reg)/t is thus

(78) —(X//)() - (X/pO)sal) - (X(preg)l - (X(preg)l)sal) .
All together, we find from (68-73-78) and (71) (differentiating in By)

at(Pt(pO))|t:0 = _X/psal - X/preg - X(preg)l S Béﬂp .
This establishes (60) and (64) (note that [ X'psa + (X preg) dz = 0).
Step 3: Proving the weak norm bounds necessary for [16].
It remains to prove the bounds (56) and (58) for P:(¢) — Po(p). We start with

(56). For the term corresponding to (66), since ¢ is not necessarily a fixed point of
L1, we get in addition to (68) a term

|50T69 | + Z |uk| (t)|90|weak,0~

cp>c

Next, consider (67). For the L!(Leb) norm of (P¢—P) g, the singular contributions
produce an O(t1n [t]) term: Indeed, by (38), up to an error O(t) we may restrict to
a finite set of ¢s, where the cardinality of this finite set is an O(In [t]); for this finite
set, the total Lebesgue measure of the intervals of singular points is an O(¢1n [¢]).
For the regular contributions, although £;(¢) is not equal to ¢ in general, and ¢req
is only continuous and of bounded variation, we get an O(t)||¢||5, contribution to
the L'(Leb) norm of (P; — P),eq: Indeed, the only delicate terms are of the form

/ B(0)(Bres (V4.4 () — Preq (s (1)) dy.

with |h| < || f||gi+zi», and similarly with ¢»_. Now we exploit that if ¢ € BV and
U, is C? with |¥,(x) — x| < C|t| and |¥}(z) — 1| < C|t| then (use [15, Lemma 11]
as in [15, Lemma 13])

/ 16(s) )| dy = 0(®)| 6] 5v -

We must still bound |P;()req (¥) — Po(@)req ()] for y € S; = Up<o<; f4(c). We
make no distinction between regular and singular points here. The contribution
corresponding to differences between derivatives of f of f; gives O(t). Next, ¢reg
is continuous by definition of By. Writing SJ() for its worse modulus of continuity
on the finite set S; , we get since |cx — ¢ ¢| = O(t) that

SUp [Pe(0)reg (4) = Po(@)req (y) = O(G;(2) + t])

YES;

Finally, (58) can be proved by using the Lipschitz assumption on ¢;.g4, to simplify
the argument for (56): The uniform modulus of continuity 6(t) = O(t) of preq allows
us to deal with the L™ norm in | - |yeak,oco- O
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6. THE DERIVATIVE IN TERMS OF THE INFINITESIMAL CONJUGACY «

Let f; be a C?? perturbation tangent to the topological class of a mixing piece-
wise expanding C? unimodal map. We do not know whether = + hs(r) is qua-
sisymmetric, as in the smooth expanding case. Note however that in general it is
not absolutely continuous (see [18] for the nonuniformly expanding case). For sim-
ilar reasons, o = Opht|i—¢ is in general not absolutely continuous. In this section,
we shall see that absolute continuity of « is equivalent to a remarkable formula for
U, = R’'(0) which can be “guessed” from the following easy lemma:

Lemma 6.1. Assume that f; is a C*? perturbation tangent to the topological class
of a piecewise expanding C? unimodal map f, with infinitesimal perturbation v =
X o f. Then recalling o = O¢h|t=o from Corollary 2.6, we have

(79) (id — Lo)(apo) = X po
and EZ:() Lg(XPO) = apg — ﬁngl(opo).

The lemma gives that the partial sum of order n for the series ¥U(z) at z =1 is

Z/ﬁg(XPO)SDI dff:/Sﬁlaﬂo—/sﬁlﬁgﬂ(apo)dx.
k=0

We do not claim that [ 'Lyt (apo) de converges as n — oo.

Proof. We know that X(y) = a(y) — f'(¥(y))a(v(y)) where ¢ is an arbitrary
inverse branch of f. Multiply this by the positive number po(1(y))/|f’ (¥ (y))| and
sum over inverse branches. Since pg is the invariant density, the sum of these
positive numbers is po(y), which gives the first claim. A telescopic sum gives the
second claim. (]

Theorem 6.2. Assume that f; is a C*3 perturbation tangent to the topological class

of a mizing piecewise expanding C* unimodal map f with infinitesimal perturbation
v=Xof (in particular J(f,X) = 0) so that X € C*(f(1)). If a = Oiht|i—o is
absolutely continuous then

(80) Uy = /gp’apo dx, Yeoe Ol a,b]).

Conversely, if (80) holds then o € BV (Y (in particular, o is absolutely continuous).
Theorem 6.2 will easily imply:

Corollary 6.3 (Derivative of the TCE). Under the assumptions of Theorem 6.2,
if a is absolutely continuous, then

(81) (—id + Ll)(O/PO + a(Preg)/) = X'po + X(Preg)/ .

Note that the proofs of Theorem 6.2 and Corollary 6.3 use the results from [4] (in
particular Lemma 4.1, Prop. 4.4 there), Proposition 2.4, and the easy Lemma 6.1
but do not require any information from Sections 3, 4 or 5 of the present paper.

Proof of Corollary 6.3. Putting together (80) and (46) we get
Ty +/aw(psaz)’ = /w’po dx+/oc<p(psaz)'

= /(id — £1)71(lesal + (Xpreg)/)@dx'
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And, since the boundary term in the integration by parts vanishes,
/cw’po dx + /aw(psaz)' = /w(—pé + (psat)') — /oc'w)o da

=-— /acp(preg)’dx - /o/appo dr .
(]

Proof of Theorem 6.2. We suppose that c is neither periodic nor preperiodic (the
other cases are easier). Recall that « is continuous by Corollary 2.6. Lemma 4.4
allows us to write ¥y as

(82) Uy = _/506Ia
where (' is a Stieltjes measure. In fact,

B = a(psal)/ + (id — ﬁl)_l(X//)sal + (Xpreg)l) dx .

The above implies that 4’ is the sum of an absolutely continuous measure with
density of bounded variation, and a weighted sum of diracs along the postcritical
orbit. Now by [4, Lemma 4.1], we know that (id — fi)(apl,;) = Xpl,;,. Thus

(83) (ld - f*)(ﬁl) = X(psal)l + X/psal + (Xpreg)' = (Xp())l .

Integrating (82) by parts, we get (there are no boundary terms, see e.g. [4, Proof
of Prop. 4.4, Theorem 5.1]),

= [ @B,

where B is a function of bounded variation, supported in [a, ], satisfying B’ =
§'. In particular, B is the sum of an element B; of BV with a function with
prescribed jumps along the postcritical orbit. It is easy to check that this function
is in fact just the saltus of apsq (or, equivalently, the saltus of apy). By (83) (and
the fact that both B(z) and po(z) vanish for z > b) we get that

(84) (id — £o)B = X po.

Now, Lemma 6.1 implies that

(85) (id — Lo)(vpo) = Xpo -

Putting together (84-85) and B = B; + (po)sal, We get that
(86) (id = Lo)(B1 — (@po)reg) = 0.

After these preliminaries, we move on to the proof.

If  is absolutely continuous then (apg)req is absolutely continuous (because
a € BV NCY and ((apo)reg)’ = &' po + alpreg) is in L(Leb)). By is absolutely
continuous because it is in BV (). The operator £1 acting on L'(Leb) has po
as unique fixed point, and thus £y on the Banach space of absolutely continuous
functions supported in (—oo,b] has Ro(z) = —1 + ffoo po(y) dy as unique fixed
point. Thus (86) implies that B1 = (apo)req + £Ro, so that B = apy + kRo.
Since B(z) = a(z)po(z) = 0 for z < a (use that [(X'psar + (Xpreg)')dz = 0 by
J(f,X) =0), we have that x = 0, proving (80).

We next prove the converse. If (80) holds then B = apy = apsai +apreg isin BV
by the preliminary remarks. Since pg is bounded from below on [c3, ¢1], this implies
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that o, c,] is in BV. The preliminaries also give B—(apo)sat = (p0)reg € BV,
ie., &po + a(preg)’ € BV, which implies that o’py € BV (since aw € BV). Using
again inf[., ;1 po > 0 we get that o/ € BV, ie., a € BV, (]

7. NECESSITY OF THE HORIZONTALITY CONDITION

There exist examples of perturbations f; of good mixing piecewise expanding
C* unimodal maps f with ¢ preperiodic, v = X o f and J(f, X) # 0 so that
R(t) is not Lipschitz for some ¢ € C*([a,b]) ([4, §6] and [19], see also [4, Remark
6.3]). Theorem 7.1 below shows the lack of Lipschitz regularity of R(t) for all
perturbations f; so that the infinitesimal deformation is not horizontal (we require
that ¢ be nonperiodic and, if ¢ recurrs to itself, f'(c_) = —f’(¢4)). The proof of
Theorem 7.1 hinges on a careful rereading of the proof of Theorem 5.1.

Theorem 7.1. Let f; be a C%3 perturbation of a mixing piecewise expanding C
unimodal map f with infinitesimal deformation v = X o f such that X € C?(f(I))
but v is not horizontal for fo = f, and assume that c is not periodic for f. If

v = inf d(f7(c),c) =0,

we assume in addition that limg_¢ y<c f'(2) = — limg_c p>c f/(2).

If the posteritical orbit of fo is not dense in [ca,c1] then there exist ¢ € C*°(I)
and K > 0, so that, for any sequence t, — 0 so that the postcritcal orbit of each
ft,, is infinite, there is no > 1 so that

|/<pptndx—/<ppodx|ZK|tn||1n|tn|, Yn > ng .

If the postcritical orbit of fo is infinite but not dense, the above holds for any
sequence t, — 0 with ¢ not periodic under fy, .

If the posteritical orbit of fo is dense in [ca,c1] then there exists ¢ € C*°(I) so
that for any sequence t, — 0 so that ¢ not periodic under f;, , we have
lim Itil(/sﬂptn dw—/sﬂpodw)l — 0.

n—oo

We expect that if ¢ is periodic, but f = fy is good and limg ¢ z<c f'(z) =
—limg—cz>c f/(x), v is not horizontal, then there exists ¢ € C°°(I) so that the
function [ ¢p; dzx is not Lipschitz at ¢ = 0.

Existence of sequences t,, as in Theorem 7.1 is guaranteed by the following easy
lemma:

Lemma 7.2. Let f; be a C*? perturbation of a mizing piecewise expanding C?
unimodal map f with infinitesimal deformation v. If v is not horizontal for fo then
there is a sequence t, — 0 so that ¢ has an infinite forward orbit for each fy, .

Proof of Lemma 7.2. First note that the assumption that v is not horizontal implies
that there exists ko > 1 so that dicp, ¢|t=0 # 0. Indeed, assume for a contradiction
that dicp ¢|t=0 = 0 for all k£ > 1. Then 0c1¢|t=0 = 0 implies v(c) = 0, and, using
v(ex) = Orcrti tle=0 — f'(ck)v(ck—1) for k > 1, we prove inductively that v(cx) =0
for all k¥ > 1, which would imply that v is horizontal, a contradiction.

Let X(¢) be the symbolic critical itinerary for f;, that is, (21(¢),22(¢),...) €
{L,C, R}, with $;(t) = L if f/(c) < ¢, £;(t) = C if f/(c) = ¢, and £(t) = R
if fl(c) > c. Put O(X, ko) = Nusk, (fFY) 1Ix,), with I, = [a,¢), Ir = (c,b],
Ic = {c}. The map ¢ — O(X(¢), ko) is continuous from (—e,€) to R. It is easy to
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see that ©(X(t), ko) = ¢k, t, so that ©(X(t), ko) is not constant, and that is enough
to end the proof. O

Proof of Theorem 7.1. The key property that we shall use is that, for each fixed
k > 1, the limit

1 Gkt — Ck
(87) O = %g% —
exists and satisfies the twisted cohomological equation
(88) X(ert1) = Br+1 — f'(cr) B -

By definition, 81 = X(¢1), so that

k—1
(89) B =Y X(cr—j)(f7) (cry)-

Jj=0

In particular, if J(f, X) # 0, i.e. if a(y(c1) # X(c1) (recall Lemma 4.2), we have

B1 # aq(c1). We shall next have to be a little more careful about the limiting

process (87), and distinguish between the cases where + is zero or strictly positive.
Note that

B < |(f*7) (e1)|sup | X|(1 = A) 71,
(recall (4) for the definition of A) and put

fe—Jfo
t

sup | X|
,sup | ()], -1}
Loo xTHc 1—A L

Y := max{sup v
t

If v > 0, for fixed ¢, we let M (t) € Z be the largest integer so that
(90) 6Y (e[ (fM) (er)| < /2.

If M(t) > 1, it is not difficult to show inductively that for all & < M(t) we have
d(ck,e,cr) < 7v/2 and

Ck,t — Ck

(91) t

= Bi| < [H6YZ[(F*) (ex)] -

Indeed, define By ¢+ by

tBra(f*) (c1) = (cri — cr)/t — B,
and use (88) to see that

Cha1t —C _
LT = /() e — ) +1g0(en) 1) B
+ tf" (wet)(Br + tBrt)?
where g = (ft — fo)/t — v and wg; and Wy are between ¢i and ¢ ¢. Then it is
easy to see that supy , |By.t| <6Y2 for k < M(t) if M(t) > 1.
If v =0, we let M(t) € Z be the largest integer so that

(92) 6Y [t (M) ()| < 1.

If M(t) > 1, our assumption that limg_,¢ z<c f'(z) = limy—c »>c f'(x) implies that
(91) holds for all £ < M(t).

We next revisit the construction from Subsection 3.3 in order to allow comparison
between different nonperiodic dynamics. For 1 > 0, consider the Banach space
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(goov I -1]) of pairs ¢ = (¢reg, Psar) With ¢req continuous and of bounded variation,
and ¢sqr = (Uk)k=1,... 00, DOrmed by
(93) 0l = | Pregll BV + |bsatly With |Bsarl, = S (14 n)* ],

and so that, in addition, ¢peq(z) = > oo, ux for all z < a. Recall the space B,
assoc1ated to f; in Subsection 3.3. If the postcritical orblt of f; is infinite then
Bt = Boo, and we set & = JF; to be the identity on B If the orbit of c is
finite (but not periodic) for f;, letting ng, and nq,; be mlnlmal so that ¢, ¢ is
periodic of prime period ni., we introduce & : l?t — l?oo, which maps a finite
vector (w;,1 < j <mng;+niy— 1) to an infinite vector v, according to

Ve = Wy, £<mngs—1,

nit 14 nit —1
Ung,e+j+enie = Wno e+ (( ' ) (Cno.ﬂrj,t)) (1- (( t ' )/(Cno.t+j7t)) )
0<j<n;—1,£>0,

and F; : gm — gt defined by

Wy = vy, C<ng;—1,
Wno,e+j = Zvno,ﬂr]”rfnl,t ) 0<j<ni:—1.
>0

It is not difficult to see that & and F; are bounded, uniformly in small ¢, and that
Fi o & is the identity on gt.

This ends the preliminaries, and we now move on to the proof, considering
¢ € C°(I) so that [pdpo =0 (this does not restrict generality). O

Proof if the orbit of c is infinite but not dense. Assume that the closure of {f7(c) |
j > 0} is an infinite set which does not coincide with [z, ¢1]. Since the orbit of ¢ is
not dense in [z, ¢1], there exists a C* function ¢ with [ ¢ dpg =0 and ¢(c¢;) =1
for all j > 1.

Since J(f, X) # 0, Lemma 7.2 gives a sequence t,, — 0 so that ¢ is not periodic
for f;,. For t =0 or t = t,, for some n, put

(94)  Gi=TgoFyo& ol : B, — By, G =Tio0Fi0& 0Ty : By — By,
(the above operators are bounded uniformly in ¢) and redefine P; as
Pe=GioLiioGr:Bo— Bo.

Since & = Fy is the identity, we find GioG, = id, and the spectral decomposition
C’it(ga) =pt [ pdz + RE(p), with |R¥||5, < C7F, gives a spectral decomposition

PE@) = Gilpe) [ Gulo) da + Gu(REGu(o))).
Using this new definition of P;, we revisit the proof of Theorem 5.1, and we study

(95) ptn — po = (Gt,, (pt,) — po) + (pt, — Gt (pt,)) -

Assume first that v > 0.

Let us consider the first term in the right hand side of (95). Step 1 of the proof
of Theorem 5.1 until (62) uses the fact that f; and fy are conjugate only (but
essentially) to evaluate the second term of (95). Step 3 of the proof of Theorem 5.1
does not use the fact that fo and f; are conjugate, so that (56) and (58) hold.



LINEAR RESPONSE FORMULA FOR PIECEWISE EXPANDING UNIMODAL MAPS 31

Step 2 of the proof of Theorem 5.1 appears to use the conjugacies h;, but a careful
look reveals that what is crucial there are properties (91) and (88) of 8;. More
precisely, taking M (¢,,) from (90) and replacing in Step 2 the number «(ci) by B,
we use

1 _ 12Vt
|(fMH) (ea)) gl

to handle the truncated terms for £ > M(t,), and deduce that there is C' depending
only on f and on X so that

(1Pe,, (po) — pollBo < Cltnl,Y|tn| < 4, t, not periodic.

(Note that C' = O(y™1).) The above considerations imply that there is C' = O(y~1)
and 0 > 0 so that for all |¢,,| < ¢ with ¢ not periodic

|Ge.. (pt..) — polRadon < Cltn] .

Note that é depends only on the constants in the Lasota-Yorke inequality, on A,
and on the spectral gap 7 < 1 of the transfer operator.
We now consider the first term in (95), that is

S1,t
—r1o— (He,,, — He,).
g (fli 1),(01) Ck Ck

The terms for k > M (t,) give a contribution which is < C|t,| for C = O(y~1), so
that we may restrict to k < M (t,,).

Then for k > 1
Hc t Hc.
lim kill’t" /gp a “dr = 0.
=0 (fy7) (1) in

It is easy to see that there exists N = N(f) so that |s; Z?Zl %| > J(f,X)/2
for all kK > N. Note that N depends only on A and sup |X|. The properties of 3
give |Ck.,| < C and |Cy,| < C, uniformly in n and k, so that for all ¢,, small enough
so that M (t,) > N

Sty Hck,tn - HCk, o S1 c
> T e = | 2 ks gyt

RSM(tn) 2 k<M (t,)
L X(ey)
=|Cn + (er) ) il
81%%%”)90 Ck ; (fi—1(c1)
(96)
> (e - L g

Since M (t,,) = O(In(ty)), we have proved the theorem in the case where the post-
critical orbit is infinite but v > 0.

If the postcritical orbit is infinite and not dense, but v = 0 then we should
use definition (92) for M (t). (We still have M(t,) = O(In(¢,)).) Our additional
assumption then yields constants C and C independent of ~. ([
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Proof if ¢ is preperiodic for f. Assume that c,, (no > 0 minimal for this property,
note that then ng > 2) is periodic of prime period nq > 1, in particular v > 0.
Take a C™ observable with [ ¢ duy = 0 and

o(c;) =1,V >1.
By Lemma 7.2, there is a sequence t,, — 0 so that ¢ has an infinite forward orbit
under f;,. For t =0 or t = t,, recalling (94), consider M; = G; o L1 9 o G; acting
on B;. Since G; o G; = id, we have the spectral decomposition

M = Gy(po) / Gi() di + Gu(RE(Gi()) .

We consider

(97) pen = po = (p1,) = Gi(po)) + (Ge(po) = po) -

Revisiting the proof of Theorem 5.1 once more, using B; instead of By, we can
treat this case in a manner analogous to that of the infinite postcritical orbit with
v > 0. [l

Proof if the orbit of ¢ is dense. We have & = Fp = id and, using (94), we can
consider P; as in the case when the orbit is infinite but not dense. The new
difficulty resides in the choice of the observable.

We recall ([6, Thm 8.1]) the following central limit theorem with speed for f and
po- If [pduy = 0 and if there is no ¢ € BV so that ¢ = ¢ — g o f in BV, ie,
except on an at most countable set (it is not difficult to see that such ¢ € C>(I)

exist) then
2
e (w) do >0,

and there exists C(y¢) depending only on the C'-norm of ¢ so that for any y € R
752/2ds| < C((p) )

=/ =

where P(E) = [ xgdpo. Fix ¢ satisfying the above conditions, y < 0 small and let

]\}711 = Ni(y ) be so that 3(1’) < \/127 I e=%"/2ds. Then there exists 2o € [c2, c1] s0
that

Bz | 3 o(f* (@) < yovi}) -
k=0

n—1

|3 e o)l = [yl Vo > N

k=0
Since the postcritical orbit is dense, for any § > 0 there exists jo > 1 so that
d(cjy, o) < 6. Put Ay =sup|f'|. If SAT < 0[(f™) (cj,)| < 1/2 for some m > Ny
then for all jo < n < jo+ m we have

n—1 n—jo—2 Jjo—1
(98) 1D eler ) =1 D @(fF o)l — 25wl = [ Y pler)
k=0 k=0 k=1

> |yloy/n — jo — 2sup @' — | Y wlex
k=1

Assume now for a contradiction that | [ ¢du,| < Alt| for some A < oo and all small
enough t. Let t,, — 0 be a sequence of parameters so that ¢ is not periodic for f;,
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(this exists by Lemma 7.2). Recall the argument in the case when the orbit of ¢ is
infinite but not dense. For [t,,| < do, let C be the Lipschitz constant corresponding
to the first term of (95) and let C' be the Lipschitz constant corresponding to the
truncated terms for k > M (¢,,) (where M (t,,) is defined by (92)) in the second term
of (95).

For arbitrarily small ¢, taking IV as in the preperiodic case, the chain of inequal-
ities (96) becomes

M(tn) M (ty) k
S1tn He,, —He , | X (¢y)
; (fknl)/(ﬁ)/(p . der| = |Cph + s1 ; @(ck);i( ()
M(tn)
T X)) A
> | kZ:l @(Clc)“M(tn)_N)T -C.
If
M(tn)
1S ety -0 TN e e os g
k=1

we have obtained our contradiction. Otherwise

M(tn) N
A+C+C+C 2

1Y ) < ¢ )

k=1

(M(tn) = N) |T(f, X))

If the above held for all small enough ¢, then we would have proved that there is
€ > 0 and a constant D(fy, p) with

M (tn) D
< ———, V|tu] <e.
Y elal < gy Ml <

We shall end the proof by showing that the above estimate gives a contradiction.

Recall that ¢, o, y < 0 and N;(y) are fixed, and that we haven chosen a generic
xo as above. Take m > N; and let 6 > 0 be so that 5A§P < 1/2. Then take
jo(8) > 1 so that d(cj,,xz0) < 8. If jo does not tend to infinity as m — oo, then,
recalling (98), the following expression tends to infinity as m — oo

Jot+m—1 jo—1
> elers)| = [ylovm —2sup || — | > oler)l,
k=0 k=1

and we have obtained a contradiction. Otherwise, up to taking large enough m,
there exist s so that |M(s) — jo| < 1, and |t,,| < |s| so that |[M(t,) — jo — m| < 1.
Then, recalling (98)

Jo+m—1 jo—1
D
Y elers)] = fylovm —2sup | — | > ()] = lylov/m —2sup || — —
k=0 k=1 Jo
jo+m—1
D
c < — .
| kZ:O SD( k+1)| = M(tn)

The righmost lower bound in the first line clearly diverges as m — oo, giving the
desired contradiction. ]
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APPENDIX A. AN AUXILIARY LEMMA

Lemma A.l. Let f and g be two piecewise expanding C' unimodal maps and
assume that ¢ = 0. If sup, {1/|f'(x)|, 1/|¢'(z)|} < 0 and sup, |f(x) — g(z)| < 0,
then for all points x5 and x4 such that

(99) F¥(as) - g*(xg) 2 0,Vk <,

we have |xy — z4] < 0™ + ﬁ,

Proof. We can extend the inverse branches of f and g, denoted %I, 9, for o €
{+, —}, to C! diffeomorphisms defined on f(I)Ug(I), so that they also have deriva-
tives bounded from above by 6 and

max  sup  [f(y) —9i(y) <.
o=+ yes(Hug(l)

Condition (99) implies that there exists a sequence o, € {4, —}, k < n, such that
Wi, 0ol (fM(ws)) = w5 and 9, o0 f (f"(xg)) = g
The lemma then follows from
[f*(xp) = 9" (@)l = [0, (F (25) — g, (" ()]
< g (P @) = 8, (0" @)+ (95, (65 () — 08, (6" ()]
<O (2p) = 6" ()| 46

APPENDIX B. KELLER-LIVERANI BOUNDS FOR SEQUENCES OF WEAK NORMS

We explain how (55) and (56) imply that for each v > 0, there exist ¢g > 0 and
K > 1 so that

(100) [(z=P) Mg, <K, V|t|<eo, if [z| > 7 and |z — 1| > v,
by adapting the proof of [16, Theorem 1] of Keller and Liverani. Since we have
1 1

(id — Py) 7 (id — ) (p) = —=—

_ py-1
Sin z—l(z P)" (p)dz, Vo€ By,

(on any contour |z — 1| = ~ with v € (0,1 — 7)), the bound (100) implies that
|(id — Py) = (id — ﬁt)||50 is bounded uniformly in || < €, i.e., (57).

Fix A < 7 < 1 as after (20). The first remark is that [16, Lemma 1] is replaced
by the claim that there exist €1, n1 and C7, depending only on C' from (55) and on
T, so that for any |z| > 7, all ¢ € By, all || < ¢
(101) lellse < CrllQe(2)¢ll 5, + Cilélweak,n, -

Now, the beginning of the proof of [16, Theorem 1] gives that that (55) and (56)
imply for all m >0, n > 0 and all |z| > 7, we have (see [16, (12)])

(102) |@t(z)71§0|weak,m S(||Q61(Z)||BOC(20+ |z|) <%> l
185 D€ + 1 22) Conen(®) (1) el

= C 1\"
HI8 N C+ 125 (3) Ielucakmin
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Fix v > 0, write H = Sup|,|>+ |.—1|>4 ||@al(z)||go, and take
_ [In(4C1HC(2C +2))
2T In(T/X)

Then two applications of (101) as in the proof of [16, (15)] (taking m = ny, n = ng
in (102)) show that, taking,

C 1N _ 1
— - S TN
€ sup{|t| | 5m+n2(t)<HC+ 1 _7-> <7-) - 401} ’

1 ~
ac 7N Q z wear,ni+ng
() Q) @lueakns

we have

lells, < 2C1[1Qe(2)(¢) |18, +

< K[|Qu(2) (¢l -
for all |t| < €, and any |z| € [r,2] with |z — 1| >+, proving (100).
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