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Abstract. We give two new proofs that the Sinai—Ruelle-Bowen (SRB) measure ¢ — u;
of a C? path f; of unimodal piecewise expanding C> maps is differentiable at 0 if f;
is tangent to the topological class of fy. The arguments are more conceptual than the
original proof of Baladi and Smania [Linear response formula for piecewise expanding
unimodal maps. Nonlinearity 21 (2008), 677-711], but require proving Holder continuity
of the infinitesimal conjugacy « (a new result, of independent interest) and using spaces of
bounded p-variation. The first new proof gives differentiability of higher order of [ ¥ du,
if f; is smooth enough and stays in the topological class of fj and if ¥ is smooth enough (a
new result). In addition, this proof does not require any information on the decomposition
of the SRB measure into regular and singular terms, making it potentially amenable to
extensions to higher dimensions. The second new proof allows us to recover the linear
response formula (i.e. the formula for the derivative at 0) obtained by Baladi and Smania,
by an argument more conceptual than the ‘brute force’ cancellation mechanism used by
Baladi and Smania.

1. Introduction

Many chaotic dynamical systems f : M — M on a Riemannian manifold M admit a Sinai—
Ruelle-Bowen (SRB) measure u (see e.g. [23]) which describes the statistical properties
of a ‘large’ set of initial conditions in the sense of Lebesgue measure. (In dimension one,
a SRB measure is simply an absolutely continuous ergodic invariant probability measure
W = pr dx, with a positive Lyapunov exponent.) It is of interest (in particular, in view of
applications to statistical mechanics, see e.g. [18, 20]) to study the smoothness of ¢ — ;,
when f; is a smooth family of dynamical systems, each having a SRB measure p;. If
t — u, is differentiable, we say that the linear response holds. Ruelle [18] obtained not
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only differentiability, but also a formula for the derivative (the linear response formula), in
the case of smooth uniformly hyperbolic dynamical systems. (See [19] for the formulas for
higher-order derivatives, without proofs. Differentiability of higher order in this framework
was subsequently proved in [9, 10], using ‘modern’ Banach spaces.)

In [4], we proved that the SRB measure 7 — p; of a C? family of piecewise C> and
piecewise expanding unimodal maps f;, with fy mixing (see §2.1 for formal definitions),
is differentiable at # = 0 (as a Radon measure) if and only if f; is tangent to the topological
class of fj at = 0 (for the necessity of the tangency condition, we require an additional
mild technical condition). Keller [14] proved a long time ago that p; has a |z||In |z]|
modulus of continuity, as an element of L'(dx), and examples in [1, 4] show that this
can be attained as a lower bound for non-tangential families. We also obtained in [4] a
linear response formula analogous to that in [18], using a resummation introduced in [1].

More recently, differentiability of the SRB measure (in the weak sense, that is, as an
appropriate distribution) was obtained [6, 21] for smooth families f; of analytic and non-
uniformly expanding unimodal maps which stay in the topological class of fj. The cases of
families of smooth non-uniformly expanding interval maps only tangent to the topological
class (where Whitney differentiability is expected on suitable subsets of parameters), as
well as higher-dimensional dynamical systems such as piecewise expanding/hyperbolic
maps or Hénon-like maps, are still open, and much more difficult, see [2] for a discussion.
In particular, the arguments in [4] and [21] used detailed information about the structure
of the SRB measure, decomposing it into a regular and a singular term. This type of
information may be far less accessible in higher dimensions.

In this article, we give two new proofs of the fact [4, Theorem 5.1] that the SRB measure
of a C? family of piecewise C> and piecewise expanding unimodal maps f;, with fo
mixing, is differentiable at r = 0 if f; is tangent to the topological class of f att = 0.

Section 3 contains our first new proof (see Corollary 3.2), more precisely, we obtain
differentiability of ¢+ [ ¢ du, for ¢ € C1*HP if f, is a C? family of piecewise
expanding C3 unimodal maps tangent to the topological class of a mixing map fy. The
argument is based on thermodynamic formalism, using potentials (s, ¢) — s(y o h;) —
log | f/ o ht| (where h; conjugates f, with fp and |f~, — fil= O(tz)) and does not require
any knowledge about the structure of w,. (Arguments for weak differentiability of Gibbs
measures via thermodynamic formalism have been used previously in [12, 13], see [13,
Corollary 1, p 595].) This argument may therefore be useful in more difficult situations
(such as Hénon maps, see [2]). It requires the Holder differentiability of the infinitesimal
conjugacy a to be proved, a new result (Proposition 2.3) of independent interest. Also, this
new proof gives that t — [ ¥ du, is a C/ function, if ¥ € C/*HP and f; is a C/*+! family
of piecewise expanding C/*2 maps in the topological class of fy, for any j > 1 (this is a
new result, Theorem 3.1). Note also that we do not require the assumption from [4] that
there is a function X so that df;|;—0 = X o fp.

The first new proof requires ¢ € C I+Lip (instead of ¥ € C 0 as in [4]) and does
not furnish the linear response formula. Section 4 contains our second new proof
(Theorem 4.1), which uses spectral perturbation theory for transfer operators associated
with the dynamics fj and the weight 1/| f/ o h;|. This other proof gives differentiability of
f W du; for ¥ € CY and, using the assumption that df;|;=0 = X o fo, allows us to recover
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the linear response formula from [4]. (This second proof also uses the Holder regularity of
o from Proposition 2.3.) Note, however, that this second proof requires information on the
structure of w, from [1, Proposition 3.3].

Putting together Theorems 3.1 and 4.1 (or Theorem 3.1 and [4, Theorem 5.1]), we obtain
the following additional result (Corollary 4.4): if f; is a C? family of piecewise expanding
C?3 unimodal maps in the topological class of fo, then 7 — p, is C' from a neighbourhood
of zero to Radon measures.

We emphasize that neither new proof proves that the condition to be tangent to the
topological class is necessary, in contrast to the argument in [4] (see Theorem 7.1 there).
The proofs here are a bit shorter than that given in [4], although the present account requires
some results from our previous papers (such as [1, Proposition 3.3], [5, Proposition 3.2 and
Theorem 2], [4, Proposition 2.4, Lemma 2.6 and Proposition 3.3]).

2. Definitions and notation: Holder smoothness of the infinitesimal conjugacy

2.1. Formal definitions. We denote I =[—1, 1]. For an integer k > 1, we define B* to
be the linear space of continuous functions f : I — R such that f is C* on the intervals
[—1, 0] and [0, 1]. Then B is a Banach space for the norm max{| flck—1.0ps 1/ lckqo.1p
For an integer k > 1, we define the set U* of piecewise expanding C* unimodal maps to
be the set of f € BF such thatt f(=1) = f(1)=—1,inf,»o | f'(x)] > 1,and f(0) <1 (so
that f(I) C I). The point ¢ = 0 is called the critical point of f.

A piecewise expanding C¥ unimodal map f is good if either ¢ is not periodic under f
or |(f471Y (f ()] min{| f1 (c)|, | fL(c)|} > 2, where g > 2 is the minimal period of ¢; it is
mixing if f is topologically mixing on [c2, 1], where ¢ = f*(c).

For 1 < j <k, a C/ family of piecewise expanding C* unimodal maps is a C/ map f,
from ¢ € (—e¢, €) to U* for some € > 0. (In this paper, k > 1 is an integer and j is either
an integer or j = k — 1 4 Lip for k > 2, the notation BFHLIP and gk +LIP for integers k > 1
being self-explanatory. See also Remark 2.2.)

Remark 2.1. A C/ family f, of piecewise expanding C¥ unimodal maps is a C/K
perturbation of f in the sense of [4] if j =k > 2.

Remark 2.2. Considering B**# and U**# for k > 1 integer and a Holder exponent 0 < j
< 1 will perhaps allow us to avoid the loss of regularity from C**! to CK*MP, e g. in
[4, Proposition 2.4] (this question was asked by J.-C. Yoccoz). However, since the spectral
result of Wong [22] only holds on the space BV, of functions of bounded p-variation if
1 < p < po, for some py > 1 depending on the dynamics, it may be necessary in this case
to replace BV, by spaces of generalized p-variation, as introduced by Keller [15]. (See
also Remark 2.5.)

Assume that f; is a C/ family of piecewise expanding C¥ unimodal maps fork > j > 1.
By classical results of Lasota—Yorke, each f; has a unique absolutely continuous invariant
probability measure w1, = p; dx. This measure is ergodic and it is called the SRB measure
of f;. If f; is mixing, then w; is mixing. If fy is good and mixing, then f; is mixing for all
small enough 7 (see [14] and references therein).

T A prime denotes differentiation with respect to x € I, a priori in the sense of distributions.
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We say that a piecewise expanding C* unimodal map g is in the topological class of f
if there is a homeomorphism % : I — I conjugating f and g, thatis h o f = g o h. This
implies that i1(c) = c. We say that a C/ family f; of piecewise expanding C* unimodal
maps is in the fopological class of fo if there exist homeomorphisms /; : I — I such that

hyo fo= fioh; forall|t| <e. @))

(This implies that h;(c) = c for all c.) We proved in [4, Proposition 2.4] that (x, ¢) > h;(x)
is continuous, and that for each x the map ¢ — h;(x) is Ck+Lip—1 Differentiability of
t + h;(x) will play an important role in our arguments below. We say that a C/ family
f; of piecewise expanding C* unimodal maps (k > j > 2) is tangent to the topological
class of fy if there exists a C/ family f; of piecewise expanding C¥ unimodal maps in
the topological class of f so that f, = fo and 0 f;|;=0 = 0, ﬂ| +=0. (Note that there is a
typographical mistake in [4, p. 682, line 6], where ‘C?? perturbation” should be replaced
by ‘C'0" perturbation’.)

We say that a bounded function v : I — R is horizontal for f,if v(—1) = v(1) =0, and
setting M y = g if ¢ is periodic of minimal period ¢, and My = 400 otherwise,

J(f v)—Mf1 v )
T L e

In [4, Corollary 2.6] we proved that if f; is a C* family of piecewise expanding C>
unimodal maps tangent to the topological class of fy, then v = df;|;=¢ is horizontal for fy.
By [4, Theorem 2], if f; is a C? family of piecewise expanding C? unimodal maps with fo
good and v = 3;|;—o is C2 and horizontal for fy, then there exists a C'tUP family f; of
piecewise expanding C? unimodal maps in the topological class of fj so that fl = fo and
8tfz|t=() = atft|z=0~

We proved in [4, Lemma 2.2] that if v:I — R is bounded then the twisted
cohomological equation (TCE)

v(x) =a(f(x) — f/(X)a(x) forallx el, x #c, 3)

admits a unique bounded solution « satisfying «(c) =0. This solution is obtained as
follows: if ¢ is not in the forward orbit of x, set M (x) = oo and otherwise let M (x) be
the smallest integer j > O satisfying f/(x) = ¢, then put

Y v @)
—_ S ) 4
o (x) ; o) “)

The function « is called the infinitesimal conjugacy. Note that if v is, in addition, C? and
horizontal, then it follows from [4, Corollary 2.6, Theorem 2.8], see also [5, Theorem 2],
that « is continuous. (Proposition 2.3 below states that « is continuous, in fact Holder,
if v is Holder and horizontal. If v is C° and horizontal, then « should be continuous,
approaching v by Holder continuous functions.)

If u : I — R is Holder, we denote its Holder norm by |u|g. Slightly abusing notation,
we sometimes write 9; f; for d; fs|s=¢, and similarly for other functions depending on ¢.
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2.2.  Holder smoothness of the infinitesimal conjugacy o. A new result that we require
throughout (see Lemmas 3.3 and 4.2) is the following.

PROPOSITION 2.3. (Smoothness of the infinitesimal conjugacy) Let f € U? be such that ¢
is not periodic. For any B € (0, 1) there exist Cg > 0 and Vg a neighbourhood of f
in U? so that, for any g € Vg and every B-Holder v:I — R, with v(=1)=v(1) =0
and J(g, v) =0, the unique bounded function a (4) satisfying o(c) =0 and v(x) =«
(g(x)) — g (X)a(x) for all x # c is B-Holder, with

lalg < Cglvlg.

If the critical point of f €U? is periodic, the statement holds up to taking
(for appropriate £(B8) > 0)

Ve=1{g|llg — fllg <&(B), I homeomorphism h :1 — I st. goh=ho f}.

In particular, if f € U? and J(f, v) =0 for some Lipschitz v with v(—1) = v(1) =0,
the function « solving (3) is S-Holder for any 8 < 1.

Remark 2.4. Buzzi [8] showed us a simple proof that if ~ is a homeomorphism so that
ho f=goh, for two piecewise expanding C! unimodal maps f and g, then & is
B-Holder, for any B < log(inf|g’|/2)/log(2 sup | f’]). This fact neither implies nor is
implied by Proposition 2.3.

Proof.

Step I. For any B < 1, there exist a neighbourhood Vg of f in U?, ¢ >1and n > 0such
that A = (infgeyﬂ infy . |g’(x)|)’1 < 1 and, forany g € Vg, lettingd) <dp <--- <d), be
the critical points of g¢, putting dy = —1, d p+1 =1 and setting

Ly B
0 = max sup M, o)
0<i<p x,yed;.diry) 1(8°) (V)]
lx=yl<n

we have 260 < 1.

Put A, =ming<j<p{di+1 —d;}. Then infgeyﬂ Ag > 0 if the critical point of f is not
periodic. Otherwise we have infge), A, > 0, up to replacing Vg by a B%-neighbourhood
of f in its topological class. In particular, we can assume that 1) < infgey, A,. From now
on, we fix Vg, £ > 1, and n > 0 as above.

Step 1I. We claim that it suffices to show the lemma for g € Vg with a periodic
critical point: indeed, if g has a non-periodic critical point, then we consider g; = g + tw
with g, eU?, weB? w(—1)=w()=0, and J(g, w) #0. By [5, Corollary 4.1],
there exists a sequence #, — 0O such that each g, = g, has a periodic critical point. In
particular, g, converges to g in the &2 topology. Then, by [5, Proposition 3.2] we have
lim, o0 J(gn, v) =0. Let w, be a B-Holder function, with w,(—1) = w,(1) =0 and
|lwylg < 1, such that J(g,, w,) = 1. Set

Uy =v — J(gn, V)wy.

Then we have J(g,, v,) =0 and lim,_,  |v;, — v|g =0. If the proposition holds for
maps in Vg with a periodic turning point, the unique function e, so that o, (c) =0 and
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U (X) =y (g0 (X)) — g, (X)), (x) for all x # ¢, satisfies |a,|g < Cglua|g. We can choose
a subsequence «,; converging in the sup norm to a function «. It follows from the uniform
convergence of o, that « satisfies the TCE (3) for g and v, and that |«|g < Cglv|g.

Step 111. We assume from now on that g € Vg has a periodic turning point. The proof
will be via an ‘infinitesimal pull-back’ argument.

First, since J (g, v) = 0, it is easy to see that there exists a S-Holder function g : I — R
with ag(—1) = ag(1) = ap(c) =0, ap(g(c)) = v(c), and

v(x) = ap(g(x)) — g’ (x)ap(x) for every x # c in the (finite) forward orbit of c.
Second, we define by induction continuous functions «; : I — R, for i > 1, such that
o (=) = a;i(l) =ai(c) =0, i (g(c)) = v(g(c)), that
v(x) =a;(g(x)) — g (x)a;(x) for every x # c in the (finite) forward orbit of ¢,  (6)
and, in addition,
v(x) = oi—1(g(x) — g’ (Ve (x) forall x #c. )
Indeed, suppose that we have defined «;, for 0 <i <n. Set o, 41(c) =0, and

() = SEED TV
g'(x)
Clearly, ay4+1(—1) =ay+1(1) =0, and (7) holds for i =n + 1. Thus, since v(x) =
o, (g(x)) — g (x)ay (x) for every x 5 c in the forward orbit of ¢, we find o, (x) = 0,11 (x)
for each x # ¢ in the forward orbit of c. Since o, (c) = «,41(c) = 0, we conclude that (6)
holds for i =n + 1, and o, 41(g(x)) = v(x). Last, but not least, o,1 is continuous on [/
because o, (g(x)) = v(x).
Third, if x is not a critical point of gj , we set vg(x) =0, and

T .
Vi)=Y @ e ), =1

i=0
Recalling the notation ¢, {d;}, from Step I, it is easy to see that

ve(x) = aje(g' (0)) — (€9 (ajs1ye(x) forallx ¢ {dy, ...d,}, forall j>0. (8)

For ¢ > 2 the function v, may have jump discontinuities at the critical points d; of g, but
itis B-Holder in the connected components of 1 \ {dy, ..., dp}.

Finally, we use the iterated TCE (8) to show that there exists Cg < 0o so that, for all
g € Vg with a periodic turning point and all -Holder v with J(g, v) =0 (and v(-1)
= v(1) = 0), there exists jo > 0 so that |aj¢|g < Cglv|g for all j > jo. In view of this, for
j>0,set K? =sup; |aj¢l, LY = sup; |vgl,

aje(x) —oj N aip(x) —o;

kY = sup O Z GO R gy [0t e

X#y |x — ¥ 0<i<p xzty |x—y|<n lx =yl
x,y€(d;,di+1)
and
AN/

Ve X) — U X
LP = max  sup DT,k 6 0]
0sisp  x#y x —yIP 05i<D x ye(drdisn) 18D ()

x,y€(d;,di+1)
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Clearly, max(L°, L#) < c glv|g for all g and v under consideration, and we have

loejr1ye () — ag+1e)|
Ix —yl#

= 217’/3K§.)+1 if [x — y| > n, forall j > 0. )

Therefore, recalling the definition of A and (5) from Step I, it suffices to show that

KO°

9, <2 K9+ L% and 1?f+15(L°+K§?)D+MLﬂ+9Kf for all j > 0.

(10)
Indeed, continuity of o jy1)¢ together with (9) (recall also that n < infy Ag, so that if
|x — y| < n then [x, y] contains at most one point d;) imply

< max(Zn_ﬂKO 2K

B
K 9.1 2K0 ).

j+
The above bound together with (10) yield Eg < oo so that, for all g € Vg with a periodic
turning point, and all 8-Holder v with J (g, v) =0, v(—1) = v(1) =0, there exists jo > 0
so that

Kf+1 < Eglvlg + 29K§3 for all j > jo.

Since 260 < 1, we conclude by a geometric series, taking larger jj if necessary.

It remains to show (10). We concentrate on the second bound (the first is easier and left
to the reader). Let x, y € (d;, dij+1) satisfy |[x — y| < n. Then (8) implies (since g € U2,
the function (g%)" is C! in the intervals of monotonicity of g¢)

1 1
€@ (€YW)

L o) — v+ e (0) — eje(s" ()]

(g5 W)
suppy., ()"
< (L0 K e BE
1nf[x,y] [(g%)|
L'B + Sup[x,y] |(gf)/|ﬁKjB
infpc y1 1(g9)]
< (L + K)DIx — y[+ G'LP + 0K D)x — y)P.

lot(j41e(x) — a1y < ve(x) + aje(g ()]

lx — y

lx — yI?

Step IV. Defining &, = (1/n) Z?;(l) aj¢, we can choose a subsequence &, converging
uniformly on / to a function & satisfying |&|g < Cglv|g. By (8),

ve(x) = a(gt(x) — (g ax) forallx ¢ {di, ..., dy)}. (1)

Let o : I — R be the unique bounded solution vanishing at ¢ to the TCE (3) for g and v,
as in (4). Then

ve(x) = a(gt(x) — (€' a(x) forallx ¢ {di,...,dy)}. (12)

Since & is continuous (11) and (12), imply oo = . We have proved that |a|g < Cgl|v]g, for
all g € Vg with a periodic turning point, and thus the proposition. O
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2.3. Banach spaces of functions of bounded variation. We consider the Banach space
of functions of bounded variation

BV ={¢ :R — C | var(p) < oo, supp(¢) C 1}/~,

endowed with the norm |[|¢||py = infy~, var(y), where var denotes total variation, and
@1 ~ @ if the bounded functions ¢, ¢; differ on an at most countable set. In addition, for
1 < p < oo we work with the Banach space of functions of bounded p-variation (used in
interval dynamics by Wong [22])

BV, ={¢p:R— C|vary(p) < o0, supp(p) C I}/~,

where

n 1/p
varp(¢) = sup (Z lo(xit1) — w(xi)l”) ,
X <Xp<-<xXp \jT|
the supremum ranging over all ordered finite subsets of R. Note that var; = var and
BV = BV;. Wong [22] does not quotient by the equivalence relation ¢; ~ ¢, but his
results remain unchanged if we consider elements in BV, modulo ~ (a function in BV),
is continuous except on an at most countable set, see also [15, Lemmas 1.4.a and 2.7]
and [7]). Note that for each p > 1 there is C > 1 so that |¢|co < C||(p||BVp for all ¢, and

if ¢ is 1/p-Holder, then ||g0||3vp <leli/p. In addition, we claim that for any K > 0 and
p > 1, and for every ¢ with |l¢|l-1 <K

lellcrr < KV Vgl py,. (13)

To prove (13), it suffices to show that if [|¢||c1/» = 1, then ||| gy, > K~/(P~D. By the
mean value theorem, there exist x; < y; < x;41 so that

-1/p _

1= llgllicyr = lpGit1) — oG llxivr — xi1 77 = o’ i) llxip1 — x: |77,

and, in particular, |x;+1 — xi| > K —r/(p=1) By definition, and the mean value theorem
again,

lellay, = leGir) — el =19’ G)llxit1 — xil = K=YV 10" ) xipr — xi] 17,
This ends the proof of (13). Finally,
leie2llBv, < 2lleillBv, lle2llpv, forall p =1, (14)
and
lg o hllgv, = l¢llpv, for any homeomorphism/: 1 — [ andall p > 1. (15)

Remark 2.5. The reason we consider spaces BV), for p # 1 is because we are concerned
with differentiability in the ¢-parameter and we have to deal with derivatives d;(y o
h)li=0 = V" - d;hyli=0 or at(f;/ o hy)|=0= fé/atht|t=0 +v', where v' = 8tft/|t=0 is Cl,
but 9;4;|;=¢ does not belong to BV in general. We shall see, however, that Proposition 2.3
implies that @ = 9;h;|;=¢ lies in BV, forall p > 1.
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3. Weak differentiability of the SRB via the pressure

The main result of this section (Theorem 3.1) says that for any j > 1, if f; is a C/+!
family of piecewise expanding C/+? unimodal maps in the topological class of fy, then
R(t) = [ ¥ du, is C/ if ¢ is C/THP. Even if j = 1, this is a new result ([4, Theorem 5.1]
only gives differentiability at r = 0). The argument is based on the topological pressure
of the potential (s, t) = —log |f/ o hs| + s( o hy) for the map fo. It is simple, but
does not give the formula for d; R(#)|;—o (or higher order derivatives). Using the linear
response formula from [4, Theorem 5.1] or Theorem 4.1 below, Theorem 3.1 will imply
Corollary 4.4.

THEOREM 3.1. Forany integer j > 1, if f; is a C/t! family of piecewise expanding CI+2
unimodal maps in the topological class of a mixing map fy, then there is € > 0 so that for
any C/+UP function r the map R(t) = [ Yo, dx is CJ in (=€, ).

As an immediate corollary of Theorem 3.1 and Proposition A.1, we recover the first
claim of [4, Theorem 5.1] if v is CHLiP (we do not need the assumption df;|;—0 = X o fp
used in [4, Theorem 5.1]).

COROLLARY 3.2. Assume that f; is a C? family of piecewise expanding C> unimodal

maps, where fy is a good mixing map. If f; is tangent to the topological class of fo, then
for any C'UP function y : I — C, the map R(t) = [ Y du, is differentiable at t = 0.

Proof of Theorem 3.1. Fix ¢ € C I4Lip | recall the notation h; from (1), put

exp(sy (h: ()
s =—— 1 , 16
8s.t(y) O] yel\{c} (16)
and consider the transfer operators
Lop)= Y (o), Lupx)= Y v O )
Fn=x fi)=x Ol

Then since | f/| is the Jacobian of f; with respect to Lebesgue measure dx the operator
L, = Loy, is just the usual transfer operator for f;. In particular, the change of variable
formula implies £} (dx) = dx for all small 7. Also, the main theorem of [22] applied to
L; gives po > 1 (depending on fj through inf | f6| and sup | f6|) so that for any p € [1, pg)
there exists €, > 0 so that for all |¢| <€, the operator £; acting on BV, has spectral
radius 1, essential spectral radius < 1, and 1 is the only eigenvalue of modulus 1 and is
simple (i.e. £; has a spectral gap). Furthermore, the fixed vector p; is strictly positive
on [c2, c1]. The fixed vector v; of L] is dx, and we normalize so that f prdvy =1 and
v:(I) = 1. (Of course, u; = p; dx is just the SRB measure of f;.)

~

The transfer operator L; ; is conjugated to L, ; via

Ls, (@ ohy) =Ly (@)ohy. (18)
Therefore, (15) (which says that /4, is an isometry of BV),) implies that the spectra of
ZX’ ¢ and L ; on BV, coincide. In particular, the operator Zt = Z(),, on BV, has a simple
eigenvalue at 1, for the fixed point p; = p; o h;, and the rest of its spectrum lies in a disc
of strictly smaller radius. The fixed point of Zf is the measure v; defined by

/(pdx:/(pohtdv,. (19)



10 V. Baladi and D. Smania

(By definition, v; is a probability measure and f 0 dvy =1.)
We view L ; as a perturbation of £;, writing

Ls1(9) =LV D). (20)

Since ¥ and the exponential are CLP_ the norm [|ef¥ ™) — 1| By, tends to zero as s — 0
(uniformly in #). Therefore, applying classical perturbation theory [11], the operators Ly ;
(or, equivalently, ZSV,) on BV, have a real positive simple maximalf eigenvalue Ay, > 0
with a spectral gap, uniformly in (s, ¢) close enough to (0, 0).

Consider first the case j = 1. Setting Ps ;(¢) = (g5.:/80.0)¢, Lemma 3.3 below implies
that the map s — Py ; is C! from R to the Banach space of C! maps from {|¢| < €} to
bounded operators on BV, and

0sPs.tls=u = (W o hy)Py,; forallu eR. 21

Therefore, s +— ZS,, =LooPs; is C! from R to the Banach space of c! maps from
{Iz| < €} to bounded operators on BV, and

35 Ly tls=u(@) = L (Y 0 hy)g) forallu € R.

We are thus in a position to apply classical perturbation theory of an isolated simple
eigenvalue (see [11, Ch. VIL.1.3] for the analytic case, see e.g. [3, Lemma 3.2] for the
differentiable setting). It follows, on the one hand, that in a neighbourhood of (0, 0) the
maximal eigenvalue Ag ; > 0 of ZS,, actingon BV is a C! function of s to the space of C 1
maps from {|7| < €} to R. On the other hand, by ‘tedious but straightforward calculations’
and [11, Ch. VII.1.5 and 11.2.2], (to quote [17, (5.2)]), we have

85(10g )VS,Z)LV:O 2/ Yo hi pr dvy = / Yduy

(use that p, and v; are the fixed eigenvectors of L',No,, and its dual). Since t+> 9
(log As1)ls=0isa C ! function in a neighbourhood of zero, we have proved Theorem 3.1 in
the case j = 1. If j > 2, apply Lemma 3.4 instead of Lemma 3.3. |

The following result is the key ingredient in the proof of Theorem 3.1, its proof hinges
on Proposition 2.3 and [4, Proposition 2.4].

LEMMA 3.3. Let f; be a C? family of piecewise expanding C3 unimodal maps in the
topological class of fo. For any p > 1 there exists €, > 0 so that for any ¥ : I — R which
is C'TUP the map s — 8s.t defined by (16) is C! from R to the Banach space of C' maps
from {|t| < €p} to BV,. In addition, recalling the notation (1),

asgs,t|szu = (W ° ht)gu,t fOI" allu e R. (22)
In fact, s-analyticity holds in Lemma 3.3, but we do not need this.

Proof of Lemma 3.3. Fix p > 1. For every x # c, all small ¢, and all 51, s> in R, we have

00 _ k
8510 (X) = 8520 () = 8u (1) Y %(th(x»)". (23)

k=1

1 Of course, log A ¢ is the topological pressure of log gs ;.
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So, to prove both differentiability and (22), it suffices to see that the maps
1
e W oh) e, k=0,

are C' from a neighbourhood of 0 to BV, uniformly in k and in s in any compact set
K CR.

In view of this, we first study the maps ¢ +— h;(x). By [4, Proposition 2.4], there
exists € > 0 so that the set of maps {f — h,(x), x € I} is bounded in C'tHP([—¢, &]).
Differentiating with respect to ¢ the equation /; o fy = f; o h;, and setting oy = 9;h; o h; 1,
we obtain

ar(fi(@) =3 fi(e), 3 fix) = (fi(x)) = f{ () (x) forallx#ec, |x| <€
Since oy (c) = 0 this implies J (f;, 9; f;) = 0 for [¢| < € (recall (4)), so, for any fixed
Be€(/p,1) (wemay and do assume also that 8 < 1/./p),
Proposition 2.3 gives C and €, > 0 so that
los|g < C  forall [t] < e€p. 24)

Let a,” be the n-regularization (in the variable x) of «;, that is, the convolution at" (x)
= f a;(y)ky(x —y) dy of o; with a convolution kernel «, (x) = n_llc(x/n), where the
C® function x : R — R is supported in [—1, 1], and f k (x) dx = 1. Note for further use
that (24) gives C so that, for all |z| < €,

C ~ ~ g_
o llern < g Neflls < C. e —aulyyp < CoP 77 forall € 0. 1).

(25)
We now consider ¢ — g, . For x # ¢, we have

g0 () = € [Wht(x))af(h,(x)) - a,(|f/(hf<x))|>} 06)
’ | f{ (he (x))] Lf{ (e ()
where
O (Lf} (he o)) = —sgn() (f) (hy (x))ats (hy (X)) 4 3y f (he (x))). (27

We claim that the function x +— 9,g,,,(x) has bounded BV;,g norm, uniformly in s € K
and |t| < €,. Indeed, decomposing

0:8s,t = by 0 hy,

note that each i, : I — I is a homeomorphism leaving both [—1, ¢] and [c, 1] invariant,
while by ; is B-Holder on [—1, ¢) and (c, 1], uniformly in s € K and |f| < €, (because ¥’
is CP, fiisa Cc? family of c3 mapsT, and o, is B-Holder, uniformly in [f| < €)), and
SUPe k1<, Dsur(c4) = by p(c2)| < 00 (using sup, ., | fill g2re < 00).

To conclude, it suffices to prove that our candidate b, ;o h, € BV, is really the
t-derivative of g, ; (uniformly in s), that is,

llm sup gs,tz _gx,tl
n—n

h—1 sek

—bs.yy 0 hyy

=0 forall |t] <e€p, (28)
BV,

+ This implies, in particular, that x — 0; f; is CZinx, uniformly in 7 and 3 9; f; = 3 f.
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and that this derivative is continuous in ¢ (uniformly in s), that is,

lim  sup sup ||bss, 0 by — bspy 0 hyyllpy, =0 forall [1] <ep. 29)
=1 tre[1,7] S€EK

We first prove (29). Decomposing
bs,tz o htz - bs,tl o hl‘] = (bs,tz - bs,tl) o hlz + bs,tl o htz - b&,f] o hl‘1 ) (30)

we focus first on the second term in the right-hand side of (30). Let § > 0 be such that
fi, ' and 9; f/ restricted to [—1, c] and [c, 1], respectively, extend to C! functions of x
on [—~1 -6, c+ 48] and [c — 8, 1 + 8], respectively, for all |¢| < €,. Denote by bg”t_ the
function obtained from by ; by substituting c«; with ', and also v/, and the extensions
to [-1 — 6, ¢+ 8] of f/'|{=1,c], 3 f/|—1,¢], With their x-convolutions with Ky, for small
n>0 (to be determined later) Define b?f similarly, using [c — &, 1 + §], and set
b, (x) = bl (x) if x > ¢ and = b (x) if x <c. Since f <1 and ¥’ is Lipschitz, it
is easy to see that there exists C > 0 so that for all ne,1)

c
maX(SSEII; |(bs R |( 0 c)) |1/p, sup |(bs 1 |(c oo)) |1/p> m for all |#1] < €p.
(Use the first two estimates of (25), and the analogous bounds for the regularizations of
Y and f/, 8, f/.) Therefore, by the fundamental theorem of calculus and the Holder
(or Jensen) inequality, there exists C > 0 so that for all s € K, all || < €p, |12] < €, all
ne(,1),andany xg <x; <---<xy <gc,

N—-1
Zlb?,zl(htz(xz')) by 1y (e (x0)) = b 4, (hy (xi+1)) + by, (hy (xi1)]”

5] p
3:(195 n (hi (xi))) dt—/ 3 (b, (hy (xi41))) dt

n

<Z f B!, Gy Gy (e (x0) — BY,) (e (i) (e (xi41))1P dt
f Z B!, Gy Gy (x0) = B, (e (i) (e (x4 1)1 dt

<l — tll( sup (b ) ()] sup e © hillBy, + sup lete 1B 4, oo,c>)’I1/p>
xe(—o0,c)
= [ — 1]
Scn1+1/p7,3' (€2
(We used (24) in the last inequality.) The same bounds hold for ¢ <xp < x; <--- < xp,
and it is easy to estimate the jump of b, o hiy, — b!

and t1, 1.

ohy at x=c unlformly in s

8,1 s,

We next analyse the contribution of by ;; — bg,,l to the second term of (30). For this,
observe that if / is an orientation-preserving homeomorphism fixing ¢ and b is -Holder
on [—o0, ¢] and [c, o0], then ||bohlgy, < |bl(—c.c)lp + |Pl[c.00)|p + |b(c4) — b(c-)].
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Then, the last bound of (25) and its analogue for the n-regularization of ¥', f;” and d; f/
give a constant C’ so that for all |t1| < €, |t2] <€, and € (0, 1)

sup ”(bs,ll - b;’,,l) o htz - (bs,tl - bg,;l) o ht[ ||BV,, < 2sup ”(bs,tl - b;’,tl) o hz”BV,,
seK st

< C'pflr, (32)

Taking & € (0, 1) and setting 1 = (1, — 17)5/(1+1/P=P) e obtain from (31-32) that
limz_, . supy, ey, 7] SUPsek 1bs.1y © hiy — by, © hyyllBy, = 0.

To analyse the first term of (30), we start by noting that since 7 — 9,4, is Lipschitz,
there exists a set D), C (—€p, €p) of full Lebesgue measure so that 9,4, is differentiable
at all  in D,. Differentiating twice f; o h;(x) = h, o f(x) with respect to ¢t andf setting
a? =082h, o h;!, we obtain for all x % ¢ and all € D,, that

F e ()% + 20, f (e (x) + 841 fi (x) = @2 (f; (%)) — f(x)a? (x). (33)

The left-hand side of the above TCE is B-Holder in [—1, c] and [c, 1] and continuous
in I, since a;(c) =0 for every small ¢, so it is S-Holder continuous. Therefore, by
Proposition 2.3, there exist €, > 0 and a constant C” so that

la?|g < C” forallt € D,. (34)

The fundamental theorem of calculus holds for the Lipschitz (and, therefore, almost
everywhere differentiable) function ¢ — by ; and gives

[5)
(bs,i, — bs 1)) sy (x) = / 0:bs 1 (hyy (x)) dt  forall x # c. (35
n
The first term of (30) may then be estimated via the Holder inequality and the fundamental
theorem of calculus (35), as in (31), but exploiting (34) instead of using n-regularization.
Details are left to the reader.
Finally, to show (28), start from

r
g5.i(X) = &5ty (X) — (F — 11)by 1, (hyy (x)) =/ (bs,1, (hty (x)) — by 1, (hy (%)) d12,
n

for all x # ¢, and use the Holder inequality and (29) (details are left to the reader).
The analysis of the maps ¢ — (i o h,)kgw/k! for kK > 1 goes along exactly the same
lines. O

For the higher regularity statement in Theorem 3.1, we use the following result (again,
analyticity in s holds).

LEMMA 3.4. Let j > 2. Let f; be a CIT! family of piecewise expanding CI+2 unimodal
maps in the topological class of fo. For any p > 1 there exists €, > 0 so that for any
¥+ I — R which is CITYP, the map s 8s.t defined by (16) is C! from R to the space of
c/ maps from {|t| < €,} to BV, and, recalling (1), 058s.1s=u = (¥ 0 hy) gu -

+ This is similar to the proof of [4, Proposition 2.4], but we make a more careful analysis of what was called F;
there.
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Proof. Since the family f; is C/+1, the set {r — h;(x), x € I} is bounded in C/ 1P by [4,
Proposition 2.4]. Let 8 € (1/p, 1) (with B <1/,/p, say). Assume first j =2. Then,
by (33), the function af = Bﬁht o h,_l, is well defined for all |¢| < €, and there exists C so
that |a,2| g < C for every |t| < €,. For j > 3, a higher-order TCE similar to (33) gives that
ol = ajjh, o hy " is B-Holder for all |7] < €,. We put o) = ;.

Then, computing 8!;. 8s.1(x) at x # ¢ gives bg,) (h¢(x)), where bs(',jt) is an expression
involving derivatives of order at most j of ¥ (x), functions af, for 1 <¢<j, and
derivatives (in x, ¢, or mixed) of total order at most j of f/ (x), in the numerator, and
| f/(x)|™ for m > 1 in the denominator. Our differentiability assumptions on ¥ and the
family f; then allow us to proceed as in the proof of Lemma 3.3 (using Taylor series of
higher order). o

4. Recovering the linear response formula
Here we give a slightly different proof of the differentiability of R(¢) = f v duy, where
wu; is the SRB measure of f;, still relying heavily on Proposition 2.3 (via Lemma 4.2).
The advantage with respect to Theorem 3.1 is that we recover the formula for 9; R(#)|;~o,
and we need only assume that ¢ is C°. (In particular, this gives a new proof
of [4, Theorem 5.1].) We also obtain new information in Corollary 4.4 by combining
Theorems 3.1 and 4.1.

We need notation. By [1, Proposition 3.3], we may decompose the invariant density
of a piecewise expanding C3 unimodal mixing map f; as O; = Preg,r + Psalr» Where
preg.s € BV N C, ploy , € BV, and

My
Psal,t = Z Sk,tHck,,-
k=1
(Here, H,(x) denotes the Heaviside function H,(x) = —1if x <u, H,(x) =0if x > u
and H,(u)=—1/2.) If My = oo, then it is not difficult to show that (see e.g. [1, 4],
noting that if ¢ ; is preperiodic but not periodic our notation is slightly different than the

notation there)
S1,t

Y e
We simply write pg = 0 = pPreg + Osal-

To compute the formula for the derivative, we assume, as in [4], that v = 9, f;|;=¢ is of
the form v = X o fj fora C? functiont X : I — R.

Sk.t for all k > 1. (36)

THEOREM 4.1. Let f; be a C? family of piecewise expanding C3 unimodal maps. Assume
that fy is good and mixing, that f; is tangent to the topological class of fo, and that
V=20 ftlt=0o=X o foforaC 2 function X. Then, as Radon measures,
. Mr — HO
lim ——

lim == = —ap(y; — (id = L)™' (X'psat + Xpreg)) dx, (37)

where the function a is given by (4), and the operator Ly = ZO,O is defined by (17). In
addition, o is B-Holder for any B < 1.

T See also the beginning of [21, §17].
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Proof. Set f = fj for convenience. By Proposition A.1, we can assume that f; lies in
the topological class of f, denoting the conjugacies by A; as usual. In the beginning of
the proof of Theorem 3.1, we observed that the transfer operator E, = Eo,z on BV, is
conjugated to the transfer operator £, on BV,, and that there exists po so that for any
p €[1, po) there is €, > 0 so that for each |¢| < €, the operator Z, acting on BV, has a
maximal eigenvalue equal to one which is simple, and the rest of the spectrum lies in a disc
of strictly smaller radius. The fixed points of Zt and its dual, p; = p; o h; and v, from (19),
were also introduced in the proof of Theorem 3.1.

From now on, we fix p € (1, po).

We next show that t — o(¢t) € BV, and t — v, € BV;,k are differentiable at t = 0. By
[4, Proposition 2.4 and Corollary 2.6] v is horizontal for fy, t — h;(x) is differentiable,
uniformly in x € I, and o = 9;h;|,—9 is continuous, with a(c) =0, x(c1) = X(c¢), and « is
the unique bounded solution (4) to the TCE (3). In addition, Proposition 2.3 gives that « is
B-Holder for arbitrary 8 < 1 (we take 8 € (1/p, 1//p)).

Our assumptions on f; then imply that v’ is C! and the following operator is bounded
on BV,:

S Ma(y) +v'()
Mo mZ): rorm 9
(Write M as Lo composed with a multiplication operator, as in (20), and use (14).)
Lemma 4.2 below easily implies that # — £, is differentiable as an operator on BV,,
and that

0 Lil=o = M. (39)

As in the proof of Theorem 3.1, perturbation theory then gives that t — p, € BV, and
t—~v,eB V[f are differentiable at t = 0. In particular, since pg = po,

tli_% Il6r — pollBv, = 0. (40)

We next show that ¢ — w; = p; dx is differentiable as a Radon measure, exploiting the
formula for M to obtain the claimed formula for 9;u,|;—9. Fix ¥ : I — C continuous.
Since pg = pg, we can decompose

prtdx—/v/podxszptdx—fwﬁtdw/wﬁtdx—/vfﬁodx. @1)

We now see that Wy d

fim J Yo =P o) x:—fx/fap(). (42)
t—0 1

In view of (42), note first that sy ; — sy as t — 0: Indeed, (40) gives (in BV),)

My My
th_I)r(l) ,51 = }E%(Preg,t oh; + ]; sk,tHck) =00 = Preg + ]; SkHck~ (43)

(We gave another proof of lim;_,¢ sx,; = sk in Step 1 of [4, Proof of Theorem 5.1].)
Decompose p; — pr 0 hy in (42) into psar,r — Psal,r © Ar + Preg,r — Preg,r © hr. For the

singular term, we have in the sense of Radon measures:

. Psal,t — Psal,t © ht

m —_—

Ii

My
=— E a(ck)siDirace, = —apl,. (44)
t—0 t =1 i
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(Just use that s;; — sx and (36), which implies that the s; ; decay exponentially in k
uniformly in ¢.)

We claim that the contribution of the regular term preg ; in the decomposition of (42)
is — f I/Iapr/eg dx. In view of this, we first note that if x € [—1, c¢1) is not along the
postcritical orbit, we find, using (preg,/)'(y) = (0;)'(y) if y is not on the postcritical orbit,
that

(45)

/ / / )3 (Preg.t)'(¥) P S (Y)
re = = ﬁ = —_ .
(IO g,t) (X) (IOT) (.X) ( t(pt)) (.X) o |ft/(y)|ft/(y) |ft/(y)|(ft/(y))2

Next, by [1, Proposition 3.3], p;eg, . € BV. The proof of [1, Proposition 3.3] implies that
the discontinuities of py,, , lie in the set {cy ;}. In other words, we may decompose
Preg,t = Pregreg,r + Pregsal,s> (46)
with ,or/egreg’l = (,O;eg‘,)reg continuous (that is, Pregreg,s i ch, and
My

/ / /
Pregsal,r = (Ioreg,t)Sal = Z Sk,tHCk,1 :
k=1

By the proof of [1, Proposition 3.3] pregreg, is C 1 uniformly in 7. We next show that the s,’(, ;
decay exponentially uniformly in ¢. For this, introduce the notationf

E, = <_preg,t(c)f¢”(c—) n Preg,t(c)ft//(c+)>
" (f/(c)? (f/(e)?

t//(C_) _ t//(c+)>
o Sk_l”((f/(c—))3 (fl(c))?

kZZ,Ck,“>C

sk—l,tfz//(ck—l,t)

Ep; = , k=2,
TIPS CE
E = (preg,t)/(c) (preg,t)/(c)
1,6t *— = 7 2 / 2

(ff (c-)) (ff(c4))
Ej, = o k>2.

(ff (ck=1.0)>"
Then equating the jump at ¢ ; in both sides of (45) implies that
S//c,t = E//c,t — Ex.,

and thus uniform exponential decay of the s,’c’ e which are determined by si’ s S1ts and the
postcritical first and second derivatives.

The argument above giving si; — s¢ also yields s,/(’t — s, (just differentiate once).
Therefore, just like in (44), we have

lim / wpregsal,t — Pregsal,t © hy dx
t—0 t

My
_Z/Q(X)s]iw(x)Hck(x) dx
k=1

/ Yapgen . @7)

T If ¢ is periodic, then (preg, ¢)'(c) may be undefined, but (preg,,)/ (c+) are both defined.
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In view of handling the term pregreg ; from (46), observe that
lim || —@ohigy =0 forallgeCl. (48)
t—0

Indeed, for § > 0 and any partition xg < - - - < X; < Xj4+] < --- < X, let N <n be so that
min(xy, inf; h;(xy)) > 1 — §, and since |k, (y) — y| = O(¢) uniformly in y, take 7y so that
|xi —hy(x;)| <8/N foralli <N and |t| < fg. Then use

n—1
Z lp(xi) — @xit1) — @(he (xi)) + @(he(Xit1))]

N n—1
<2) o) — e Gl + Y lei) — ¢(xis1)]
i=0 i=N+1

n—1
+ Y o) — U (xir ).

Since the C! norm of Pregreg,r is bounded uniformly in ¢, (48) and (40) together with
S, — s, easily imply that
lim —
m | Oregreg,r — Pregreg |l BV,
= th_r)r(l) | Oregreg,r — Pregreg,t © At + Pregreg,t © he — pregreg”BVp =0. (49)
(Note for the record that, since s; , — s;, with 7-uniformly k-exponentially decaying s; ,,

this implies lim;—¢ || preg,r — pregllBv, =0.) Then, by the mean value theorem and the
x-uniform differentiability of ¢ — h;(x)

oh
/ " Pregreg,t — pregreg t t dx

lim
t—0

= hm / V(x )Pregreg l(x) Pregreg,z(hz(x)) x — hy(x) 4
t(x) t

_ 11m / w(x)pregreg,(xt) t(X)

= _}E)T(l)f w(x)p;egregy[(x[)a(x) d-x

= [ ¥ g o) av (50)

where x; is in the interval between x and 4, (x), and we used in the last line that pfegpe, , I8
continuous on the compact interval I, uniformly in ¢, together with (49), Proposition 2.3,
and (13). Putting (44), (47) and (50) together, we find (42).

We now turn to the estimation of the term ([ ¥ 5y dx — [ Yo dx)/t from (41). In view
of this, note that (39) implies that (as operators on BV))

d(z— L) im0 =(z— Lo)"M(z— L)™'

Therefore, writing the spectral projectors as Cauchy integrals, we obtain by a simple
residue computation, since (z — L0) " po = po/(z — 1), that

3 (v (00)A)lr=0 = (id — L)' (id — o) M po, (51)
where Io(p) = po [ ¢ dx.
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Next, we claim that we have (in BV))

—pleg + (id — L)™' (id — To)(Mpo) = —(id — Lo) ™" (id — To) (X' po + Xpleg)-
(52)
(Recall from [1, Proof of Proposition 4.4] that TTo (X’ po + Xpr’eg) =0.) Since the TCE (3)
implies, using v’ = (X' o f) - f/, that

M) = (X@ —a) Y —L 056 = X w)poo),

S OIS OP?
to prove (10), it suffices to show
—@pleq + (id — Lo) ™ (id — M) (X — @)(Mpo) = —(id — L)™' (id — M) (Xpfeg),
where Mgo(x) = Zf(y):x "D/ UL O ))e(y). Tt follows from (45) that for any

x € I which is not on the postcritical orbit

Mpo)(x)= A

o Preg(¥).
Forex 1D g

In other words, we have (in BV),)
M(p0) = M(pleg) = Pleg.
where Mo(x) = Zf(y):x @M /UL DMISf ())). So we have reduced the claim (52) to
—apre — (id — L0)™"(id — To) (Lo — id) (@pree) =0,
that is, using 1oLy = o,
(Lo — id)(apreg) = (id — TIp) (Lo — id) (@pree) = (Lo — 1d) (Xpype)-

Finally, since pp € BV, and since ¢ — v; and ¢ — p, are differentiable in BV, and
B V;, respectively, we have (in BV,)

0 (V1 (00) O l1=0 = 9 (V¢ (0))1=0p0 + 0: (01)]1=0- (53)
Take the Lebesgue average of both sides of (53). Since o; f pr dx = 0 (because each p; dt
is a probability), and since

_ / (id = £0)™" (X' prat + (Xpreg)) dx =0

(again use (X’ po + X,or’eg) =0), we find that 9, (v;(00))|;=0 | po dx = 0. Therefore,
9 (V¢ (p0))|t=0, and putting together (41), (42), (51), (52) and (53), we have proved the
theorem. O

We have (a simplification of Lemma 3.3) the following result.

LEMMA 4.2. Let f; be a C? family of piecewise expanding C3 unimodal maps in the
topological class of fo. Set v =19 fi|;=0. For any p > 1the map t+ g, =1/|f/ ohy| €
BV, is C! in a neighbourhood of 0, and d,g;|1=0 = —(f3/oe + V) /(| f§| £}

Proof. Differentiability follows from Lemma 3.3 applied to » =0. The value of the
derivative is given by (26) and (27) in the proof of that lemma, since 9; f;|;=0 = v’. O
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Remark 4.3. We have the following strengthening of Lemma 4.2 if f; is a C? family of
piecewise expanding C* unimodal maps: for any p > 1 the map > g, = 1/| S o hyl
€ BV, is C? in a neighbourhood of 0, and |g; — go + t((fyoe + ) /(S = O(@).
Recalling (38)~(39), this implies that |[(£; — Lo)/t — M|y, = O(1).

We obtain the following (new) result as a corollary of Theorems 3.1 and 4.1.

COROLLARY 4.4. If f; is a C? family of piecewise expanding C3 unimodal maps in the
topological class of fo, and if 3 fili—o = X o fo for a C? function X, then there exists
€ > 050 that t — p, is C' from (—e, €) to Radon measures.

In particular, under the assumptions of Corollary 4.4, the Radon measure
—a;ply, — (d = L7 X] psals + (X1 preg.)) dx

(recall (37)) is continuous as a function of ¢. (Here, o, solves (3) for f; and v; = 95 fi|s=¢,
and X; o f; = v;.) This fact is not clear a priori from the formula.

Remark 4.5. We expect that a careful analysis of the term (42) for C! functions v would
allow us to bypass the reference to Theorem 3.1 in the proof of Corollary 4.4.

Proof of Corollary 4.4. We want to show that ¢ — 0, uy|,—; = fi; is continuous: we
know that ji, exists for all small # (as a Radon measure) by Theorem 4.1. Clearly,
|f ¥ dixs| < C sup || for all continuous ¢ and all small enough 7.

Assume for a contradiction that ¢ — fi, is discontinuous at #y. This means that there
exist ¥ € CO, with sup || =1, § > 0, and a sequence f,, with |t,, — fo| < 1/m, so that
\[ ¥ djiy — [ ¥ dfiy,| > 8 for all m. Take ¥ € C! so that sup [ — ¥| < 8/4. Then
\[ ¥ djiy — [ ¥ djiy,| > 8/2 for all m. However, Theorem 3.1 implies | [ ¥ djis —
[ ¥ dfi,, | <8 if m is large enough, a contradiction. O

A. Appendix. A consequence of the Keller—Liverani bounds from [4]
We state here for the record an immediate corollary of [4, Proposition 3.3] which was
based on results in [16] (see Remark 2.1 and note that the assumptions below imply

sup; | fi — fil = O(?).

PROPOSITION A.1. Let f; be a C? family of piecewise expanding C? unimodal maps.
Assume that fy is mixing and good, and that f; is tangent to the topological class of fo,
denoting by f; a family in the topological class of fo with fo = fo and df;|,—0 = 8f,|f:0.

Let w, = p; dx and fi; = p; dx be the SRB measures of f; and f;, respectively. Then
for any & < 2 there exists C > 0 so that for all small t

lor = Atll L1 Lewy < ClEIE.
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