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Abstract  We consider a real-analytic compact surface diffeomorphism f, for which the tangent space
over the non-wandering set 2 admits a dominated splitting. We study the dynamical determinant

df(z)zexp—z% > IDet(Df™(x) —1d)

n>=1 zEFix* fn

—1
)

where Fix* f™ denotes the set of fixed points of f™ with no zero Lyapunov exponents. By combining
previous work of Pujals and Sambarino on C? surface diffeomorphisms with, on the one hand, results of
Rugh on hyperbolic analytic maps and, on the other, our two-dimensional version of the same author’s
analysis of one-dimensional analytic dynamics with neutral fixed points, we prove that ds(z) is either
an entire function or a holomorphic function in a (possibly multiply) slit plane.
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1. Introduction

Let f be a real-analytic diffeomorphism of a compact two-dimensional analytic Rie-
mannian manifold M. Our dynamical assumption is that the tangent space over the
non-wandering set {2 of f admits a dominated splitting, i.e. ToM = E @ F, and there
are C' >0 and 0 < A < 1 so that

We study the dynamical determinant
dy(z) :exp—ii > ! (1.2)
—in [Det (D f(z) —1d)|’

z€Fix* fn
* Present address: IMPA, Estrada dona Castorina, CEP 22460-320, Rio de Janeiro, Brazil.
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where Fix™ f™ denotes the (finite) set of hyperbolic fixed points of f™, i.e. those with no
zero Lyapunov exponents. (Note that the dominated splitting assumption implies that
each fixed point of f™ has at most one zero Lyapunov exponent.)

In order to state our theorem, we define the 2\ P-isolated periodic points: they are
the elements p of the set Per of periodic points of f which are not in ({2 \ Per), i.e. which
admit a neighbourhood U, with U, N {2 C Per. (Besides isolated hyperbolic sinks, sources
and saddles, this set only contains periodic points which do not contribute to the chaotic
dynamics.) In § 4, we shall recall the decomposition of {2 into periodic, quasi-periodic, and
almost hyperbolic components from [22]. This will be our starting point in the analysis
of f. We just mention here the fact that the set A/ of non-hyperbolic periodic points of
f which are not 2\ P-isolated periodic points is (empty or) finite. If p € Per, we write
P = P(p) > 1 for its minimal period and \g = Ag(p), Ar = Ap(p) for its multipliers,
i.e. eigenvalues of DfP(p) with |A\g| < |[Ar| (both multipliers are real because of the
dominated splitting). We associate with each p € N the following subset of C:

{z| 2P e [-1,1]}, if \p = —1and |Ag| <1,
z | 2P € [min(0, Ag), 1]}, if \p =41 and |A\g| <1,

S(p) {z | i [ El ), 1} i Ap Am (13)
{z| 2" €| p|7[-1,1]}, if \g = —1and [Ap| > 1,

{z| 28 € ]Ap|~'min(0, \z1), 1]}, if Ag = +1 and |Ap| > 1.
Our main result can now be summarized as follows (see §4 for more).

Theorem A. Let f: M — M be a real-analytic diffeomorphism of a compact analytic
Riemannian surface. Assume that f admits a dominated splitting (1.1) over its non-
wandering set 2. Let N be the empty or finite set of non-hyperbolic periodic points
which are not 2\ P-isolated periodic points. Then ds(z) is holomorphic and non-zero
in the open unit disk and admits a holomorphic extension to the plane, slit plane, or
multiply slit plane defined by

{zE(C ‘ % ¢ | E(p)}. (1.4)

peEN

We conjecture that the endpoints of the slits are non-polar singularities. It is an open
question whether d(z) may be analytically continued across the open slits (to different
sheets of a Riemann surface). See below for more involved conjectures and questions.

Theorem A immediately implies the following.

(1) If NV is empty, i.e. if all non-hyperbolic points are {2\ P isolated, then dy(z) is an
entire function with no zeros in the open unit disc.

(2) If there exist points in N with |Ap| = 1, then dy () is analytic and non-zero in the
disc of radius 1, with a possibly non-polar singularity at z = 1 or —1, and it admits
an analytic extension to a (possibly multiply) slit plane.

(3) If there exist points in N with |Ag| = 1, but no points in N with [Ag| = 1, letting
IAr["T be the smallest modulus of Pth roots of F-multipliers in A/, then d;(2) is
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analytic and non-zero in the unit disc, and it may be analytically extended to the
disc of radius [Ag|/F > 1, with (finitely many) possibly non-polar singularities on
its boundary, and a further analytic extension to a (possibly multiply) slit plane.

We next say a few words about the proof of Theorem A, sketching the contents of the
paper. If A/ is empty, we shall see in §4 that f is uniformly hyperbolic on a compact
invariant subset A of its wandering set which contains all the non-isolated hyperbolic
periodic points. The results of Rugh [25,27] on the dynamical determinants of hyperbolic
analytic maps immediately imply that d;(z) is an entire function. The key point in
Rugh’s analysis, inspired by Ruelle’s [23] seminal study (Ruelle only considered the case
when the dynamical foliations are analytic), was to express ds(z) as a quotient of the
Grothendieck—Fredholm determinants of two nuclear operators, proving also that zeros
in the denominator are always cancelled by the numerator. The non-analyticity of the
dynamical foliations can be disregarded by working with two contracting and analytic
half-inverses of f, in appropriate coordinates. In practice, Rugh [27] constructs a symbolic
model for a real-analytic hyperbolic map, starting from a Markov partition.

If NV is not empty we must modify Rugh’s model to investigate ds(z). The description of
the corresponding almost hyperbolic real-analytic symbolic model f is carried out in §§2
and 3, while §4 discusses how to reduce from our surface diffeomorphism f to f .In a
nutshell, we discuss in §4 Markov partitions for f, describing how they contain both
‘good’ (i.e. of hyperbolic type) and ‘bad’ rectangles (those which contain an element
of V). The dynamical determinant dy(z) is morally the (regularized) determinant of a
transfer operator £ analysed in §§2 and 3. The building blocks of £ are either ‘good’,
and of the type studied in [25,27], or ‘bad’ and approximate direct products of a one-
dimensional hyperbolic operator with a one-dimensional parabolic operator, studied in
another work of Rugh [28]. For the parabolic operator, we use a normal form [10] to
adapt the analysis of one-dimensional analytic dynamics with neutral fixed points in [28],
to our setting. (In [28], the non-discrete spectrum of the operator was the compact
interval [0,1].)

More precisely, we describe in §2 the almost hyperbolic model and introduce the
building blocks [ij of the symbolic transfer operators as well as the Banach spaces By
they act on. In § 3.1, we analyse the spectrum of the ‘bad’ Lr. The crucial tool to do this
is an approximate Fatou coordinate for parabolic points. Section 3.2 contains a complete
description of the spectrum and of the regularized determinant of the symbolic model.
We combine §§2 and 3 with §4 in §5.1, using a sequence of Markov partitions with
diameter going to zero, to show that, for every neighbourhood of the ‘slit plane’ (1.4) in
Theorem A, d¢(z) is analytic outside of this neighbourhood.

To keep the paper reasonably short, we do not reproduce the arguments of Rugh
when they can be used without non-trivial modifications. Note also that for the sake of
simplicity, in §§ 2-4, we (mostly) restrict to the case where all elements of N are parabolic
fized points in a strict sense (i.e. the order of f — Id is equal to 2) with a non-hyperbolic
multiplier equal to +1 (and not —1). The reduction from the general case to this setting
is explained in §5.2.

The appendix is devoted to the construction of adapted metrics in our setting.
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Finally, in order to state a conjecture motivated by our result, we recall some def-
initions. A u-Gibbs state is an ergodic invariant probability measure, whose induced
measures along the Pesin unstable manifolds are absolutely continuous with respect to
Lebesgue (see [20]). An invariant probability measure p is called a physical measure if
there is a set of positive Lebesgue measure of points x so that

o fr (@)
" k=0

weak-* converges to u as n — 0o. We say that a compact invariant set A is an attracting
set if there is an open neighbourhood A such that A = MNnso f(A). Let A; be a basic set
in the decomposition of {2 from [21,22] detailed in § 4, and assume that A, is an attracting
set which does not contain any periodic point with |Ar| = 1. Using the information in
the appendix below—in particular Lemma A.5 for F-hyperbolic points, which gives the
‘mostly contracting’ condition; density of the strong unstable leaves follows from the
fact that each mixing basic subset is a homoclinic class Ws(p) i W (p)—the results of
Bonatti and Viana [1] may be adapted to f|A;, proving that it enjoys a single u-Gibbs
state which is also a physical measure. Let us call a u-Gibbs state which is also a physical
measure an SRB measure. (In particular, the Dirac mass at a hyperbolic sink is an SRB
measure. )

By ‘exponential rate of mixing’ for an f-invariant probability measure p, we mean that
there is 7 < 1 so that the correlation function satisfies

/soofkwdu—/wdu/wu‘ < Coyt!*), (1.5)

[P ()| =

for all £ € Z and all Lipschitz ¢, v, with Cy,y depending on the Lipschitz norms of
@ and 9. Let A;; be a (topologically mixing for an iterate f™*) basic subset (from the
decomposition of {2 recalled in §4), which is attracting and does not contain any periodic
point with |Ar| = 1. The results of Castro [3] (see also Dolgopyat [5]) indicate that the
unique SRB measure p for f* on A;, furnished by Bonatti and Viana [1] has exponential
rates of mixing (for Lipschitz observables). Define the analytic correlation spectrum of
such an attracting basic subset A;; and its SRB measure 1 to be the union over all pairs of
analytic observables ¢, 1 (extending holomorphically on a fixed complex neighbourhood
of M) of the singular set of the Fourier transform of the correlation function:

Py (w) = Zewkp<p¢(”ik)~
kEZ
Exponential decay of the correlation function implies that p is analytic in the strip
Imw| <logl/r.
If N =0, the order D > 0 of 1 as a zero of ds(z) coincides with the number of SRB
measures of f. (As observed above, we are in a hyperbolic situation. The statement for
the multiplicity of the pole at 1 of the dynamical zeta function

Cf(z) — expz % Z )\F(x)—n/P(r)’

n>1  xz€Fix fn
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weighted with AEI/P, follows, for example, from [24]. Then use that dy(z)(s(#) is holo-
morphic and non-vanishing in a disc of radius larger than 1.)

Conjecture B. Assume that minas [Ar| > 1. We conjecture that the order D > 0 of 1 as
a zero of dy(z) coincides with the number of (ergodic) SRB measures of f (which coincides
with the number of attracting basic sets added to the number of hyperbolic sinks).
Furthermore, under the same assumption, let ;i be the SRB measure of an attracting
basic set A; in A. We conjecture that w # 0 is in the analytic correlation spectrum only
if either dyl, (2) is not holomorphic at z = exp(iw) or it vanishes there. We ask whether
the other implication holds. In particular, we conjecture that the SRB measure p has
exponential rates of mixing (if and only if A; is mixing) if and only if z =1 is the only
zero of modulus one of df\Aj (2).

Conjecture 1 states in particular that the presence of a ‘gap’ in the dynamical deter-
minant (of a transitive component) reflects exponential mixing of the SRB measure in
the setting of (analytic) surface diffeomorphisms enjoying dominated splitting. The only
setting where we know a (proved) analogue of this statement is S-unimodal interval
maps [13].

2. The symbolic maps and their transfer operators

2.1. Almost hyperbolic analytic maps

The key is to reduce (using suitable coordinate charts on Markov covers close to small
enough Markov partitions) the problem to a variant of the symbolic model introduced
in [25]: (real-)analytic hyperbolic maps. We shall call ‘almost hyperbolic analytic maps’
our variant, where some of the building blocks are associated with periodic points with
a neutral multiplier. It is convenient to use the following open ‘petals’ in C, associated
with real numbers rq > 0, 6y € (0,7) by

U(By,r0) = {re € C |0 <r <1y, =By <0 < b} (2.1)

Remark 2.1 (fixed points or periodic points). The symbolic model of this section
is adapted to the situation where all non-hyperbolic periodic points are fized points with
an eigenvalue +1 (but no eigenvalue —1). It is not difficult, although it is cumbersome,
to lift this restriction; we shall do this in §5.2.

Definition 2.2 (the model: almost hyperbolic analytic surface map). An almost
hyperbolic analytic surface map f consists of a finite set S = Sp U S1, with Sp, S1 non-
empty and disjoint, and data

(D} x D? € Cx C), (ti; € {0,1}), (fij : D} x DI = D} x C, Vt;; =1) | i,j € S],

satisfying the following assumptions.

The & x & matrix (¢;5)i jer is irreducible with no wandering states, and t;; = 1 with
(i,7) € So x Sy if and only if i = j. Each fij admits a real-analytic extension (lej, ;2]) to
a neighbourhood of D} x D? and we have the following.
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(H) For all i € S1, D} and D? are connected compact subsets of the complex plane with
C'! boundaries. If i or j € S; then

(H(1)) fi; is contracting in the first coordinate, i.e.
1 pl 2 1y.
fi;(D; x D;) C Int(D;);

(H(2)) fij is expanding in the second coordinate, i.e. there is a real-analytic function
¢ijs (the ‘partial inverse’) defined on a neighbourhood of D} x DJZ, such that
for each (w1, 22) € D} x DJZ the image we = ¢;; s(w1, z2) lies in the interior of
D? and is the unique solution of

;-Qj(wl, wy) = 2. (2.2)

(P) Ifi = j € S, there are an integer v; > 1 and real numbers 7/(2v;) < 0; < 0; < 7/v;

and 7; > r; > 0 such that f;; is described in one of the two ‘partially hyperbolic’
forms that follow.

(P(a)) D} is a closed disc centred at the origin. The boundary of the compact con-
nected simply connected set D? is C! except at one point which is assumed to
be the origin. D? contains U (6;, ;) and is contained in the closure of U (6;, 7;).
The map fu‘ fixes the origin and is contracting in the first coordinate in the
sense of (H(1)). There is a real-analytic function ¢ s(w1, 22) defined on a
neighbourhood of D! x D2, which is the unique solution of f2(wy,-) = 2o

there, and which has the normal form
biis(wi, 22) = 20 — 23T+ 23 iy o (wr, 22). (2.3)

(P(b)) D? is a closed disc centred at the origin. The boundary of the compact con-
nected simply connected set D} is C'! except at one point which is assumed to
be the origin. D} contains U (6;, ;) and is contained in the closure of U (6;, ;).
The map fn‘ fixes the origin and is expanding in the second coordinate in the
sense of (H(2)). The (real-analytic) map ¢ (w1, z2) = f}: (w1, ¢iis(wr, 22))
enjoys the normal form

biim(wi, 20) = w1 — wi T W i u(wr, 22). (2.4)
Remark 2.3.

(1) Admissible sequences and Z}. A symbol sequence i = (iy, ..., i,) € 8" is called
admissible if ¢ =1 for every k = 1,...,n — 1. Write Z] = RN D] for j = 1,2,
ieS.

Uk, lk41

(2) Attracting and repelling petals. In case (P(a)), up to shrinking the domains,
the normal form implies that for each wy € D} the map ¢;; s(w1, -) sends the ‘attracting
petal’ D? injectively into Int D? U {0}. In case (P(b)), for each 25 € D? the map
biiu(, 22) sends the ‘repelling petal” D} injectively into Int D} U {0}.

(3) Invertibility. If [Det D f;;| does not vanish on Z} x ¢; (I} x 77) we say that fis
invertible. To fix ideas, and since this will be the case in our application to surface
diffeomorphisms, we assume from now on that f is invertible.
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Pinning coordinates (half-inverses)

To define the transfer operator, Rugh introduces ‘pinning coordinates’.

Definition 2.4 (pinning coordinates/half inverses). Let f be almost hyperbolic
analytic. For each pair (7,7) with t;; = 1, the pinning coordinates are the two real-
analytic maps ¢yjs, ¢iju defined on a neighbourhood of D} x D? by

bijs(wi, 22) € D}, } (2.5)

Gijulwi, 22) = filj(wla ijs(wi,22)) € Dj.

In the hyperbolic case (H), the pinning coordinate maps Djz for each wy € D}, respectively
D} for each z; € DJQ-, injectively into the interior of D?, respectively Djl-. In the parabolic
case (P(a)) ¢iiu(-, 22) maps D; injectively into the interior of D}, while ¢;; s(w1, -) maps
D? injectively into Int D? U {0}. Case (P(b)) has the natural symmetric characteristics.

It is easy to check that Definition 2.4 implies
fis(wr, $is(wr, 22)) = (i (wr, 22), 22),  W(wi, z2) € Df x D3 (2.6)

Proposition 2.6 will show that pinning coordinates allow us to ‘pin down’ the whole
orbit up to time n by knowing only the first coordinate of the initial position and the
second coordinate of the final position. They are in some sense ‘half-inverses’ for the map.
They have Fried’s [6] ‘cross maps’ as an avatar. See also the ‘implicit (or macroscopic)
coordinates’ used by Palis and Yoccoz [19].

A word about terminology: by definition of an almost hyperbolic analytic map, each
¢ijs(wn,-) is a diffeomorphism onto its image for fixed ws, so that ¢;;s deserves to be
called a ‘coordinate’. If f is invertible, then each ¢;; (-, 22) is a diffeomorphism onto
its image for fixed zo and both pinning maps deserve to be called ‘coordinates’. Finally,
the notation ¢;;, for the (weakly) contracting direction of fij and ¢;; s for its (weakly)
expanding direction is used, not only for the sake of compatibility with published litera-
ture, but because the transfer operator is (at least morally (see Remark 3.6)) associated
with the inverse dynamics, which exchanges stable and unstable directions. This remark
also applies to the ‘attracting’ versus ‘repelling petal’ terminology (the adjectives refer
to the inverse map) in Remark 2.3 and the following definition.

Definition 2.5 (complements to Definition 2.2).

(1) Convenient extensions. The reader is invited to check (Schwarz lemma) that Def-
inition 2.2 implies (up to slightly changing the domains Dil ’2) that there are compact
connected D}* with D} € Int D} and D? C Int D? so that, if (i,5) & So X So, then

(a) fi; may be extended analytically to D} x D2, with
1AL L P2 1
[i;(D; x Dyj) C Int(Dy)

in (H(1));
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(b) ¢ij,s is defined on @11 X 75]27 and for each (wy, z2) there, we = ¢y s(w1, z2) lies in
the interior of D? in (H(2));

(¢c) if i = j € Sp, the hyperbolic conditions of (P(a)), (P(b)) hold for the extended
domain, and we may assume that ¢ (D} x D?) C Int D? in case (P(a)) and
biiw(D} x D?) C Int D} in case (P(b)).

(2) Case (P(b)): attracting petals. In case (P(b)), it follows from the assumptions
(up to slightly changing Dil’z, 15112) that for each 2o € D?, the map ¢;; (-, z2) sends
an ‘attracting petal’ Dl’_ = e/ ¥iD} injectively on a domain containing Dil ", and
the inverse transformation qﬁuu( z) maps D)~ into D}~ U{0}. Up to taking a
smaller attracting petal, we can assume additionally that ¢>¢j,u(D37 DJQ) N D;ff = () for
all j € S; with t;; # 0.

From now on we assume that v; = 1 if i € Sy, i.e. that all non-hyperbolic transitions
are parabolic in the strict sense. We write —D} for the attracting petal Dil . (We shall
explain in §5.2 how to reduce to this situation from the general case.)

The following result is the key to iterating the ‘half-inverses’. It hinges heavily on the
analytic structure.

Proposition 2.6 (iterating pinning coordinates in S™t1 \S§+1). For eachn > 1
and any admissible symbol sequence i € S"*1 \S”Jrl there are uniquely defined iterated

pinning maps, real-analytic in a neighbourhood of D1 X DZQ o

(n) . M1 2 2
(;5 : Dy, % DM+1 —D;,

o™ . D} xD? D}

In+1 tn+1’

2.7)

mapping Dl x D?  into the interior of D2 , respectively D} in such a way that

In+1 tn41’
f( )(w17¢§ (w1, 22)) = fini ing1 OO firia (w17¢§f;)(w1,zQ)) (2.8)
= (ng,u (w1, 22),22), V(wi,wa) € D} x Dfnﬂ (2.9)

Proof of Proposition 2.6. If there are no consecutive symbols in Sy in ¢, case (P)
never occurs, and we are in the setting of [25]. Let us recall his proof for completeness:
set

¢1112,u = Giyip,u  and ¢z112 s = Giyin,s-

For n > 2, assume by induction that the maps
) . Pl 2 2
(Zsinin+17 : Dzn x DZ n+1 - Dvn’

o) iDL x D} — D}

iy, in

have been defined and satisfy the required properties. Then, for each fixed (w1, z2) in
Dl x D? one easily checks that the (real-analytic) map

Tn41?

Duyy 2, (61,62) = (sz? Jj,u(whf?) ¢z(-,11)in+l,s(€1722)) (2.10)
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is contracting in the sense that
Doy 2o (D} x D) CInt(D] x D).

One deduces from this (Lemma 1 in [25]; see also [23]) that &, ., possesses a unique
fixed point (£7,£3) € Int(Diln X Dfﬂ), which depends analytically on w; and z5. Finally,
since ¢E?jilms and ¢iiin+17u also exist by induction, define the pinning maps by

¢§T3(w1’ 2) = ¢Ei)¢n+1,u(§f(w1, 22),22),

! " (2.11)
¢§,s)(w1’ z2) = ¢£1_,,:’S(w1,§§(w1, 22)).

Indeed, the induction assumption together with the fixed point property imply that

P Aln—1 n—1 * P n—1 * *
Fimimin Fir) (01, 6070 (w1,€0)) = Finins (80120 (w1, €5),65)
r * 1 *
= finin+1 (51 ) ¢§n3:'n+175 (51 ) ZZ))
1 *
= ((bz(‘n)inJrhu(gl ) 22)5 ZQ)'

Uniqueness follows by induction and uniqueness of &7, &5.

In fact, the above argument shows that the iterated pinning coordinates map
D}, x D? | into the interior of D2, respectively D} .

Next, assume for the moment that there is a single occurrence of ir = ipy; in Sy,
at time T € {1,...,n}. The structure of the induction means we only need to consider
T = 1 or n: there are thus four possibilities and we consider first the case T' = n and
type (P(a)). Our starting point is then the pair

o iDL xD2 D2, "D iDL xD2 - D).

Tnin+41,S in In41 i1,

For each (w1,z) in D}, x Di2n+17 the map (2.10) is contracting in the sense that

By 2 (D} x D) C Int(D} x D? ).

Therefore, ®., -, possesses a unique fixed point (£},£3) € D} x ’Zifn, depending analyti-
cally on wq and 2. Using the inductive assumption (see also the remark at the end of the
hyperbolic argument) we may again define the pinning maps by (2.11). The case where
T=1=n-—1and (P(b)) hold is similar.

If T =nand (P(b)),or T =1=n—1 and (P(a)), hold, then we need to use the
inclusion from (H(1)), respectively (H(2)), at 4,—1%y.

If there are never more than two consecutive symbols in Sy but possibly several such
pairs (separated by symbols in S;), the argument just described also applies.

Finally, the case where there are (possibly more than one group of) three or more
consecutive occurrences of symbols in Sy may be dealt with by an easy induction on the
number of such occurrences (using again the property at the end of the first part of the
proof). The idea is to first consider an SpSpS; (or S180Sy) event (as explained above),
and then add one by one the preceding (or following) symbols in Sp. g
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Remark 2.7 (pinning coordinates as coordinates). For each n > 1 and each admis-
sible 4 € S"*1\ S;'™, Proposition 2.6 produces a parametrization of the subset D;
of D} x D? consisting of those points (w1, ws) such that fininﬂ o0 fii(wy,wo) is
well defined and belongs to Diln+1 X Dan. More precisely, D; is the isomorphic image

of Dj, x D} . under the transformation (wr, z2) — (w1, gng) (w1, 22)). (Real-analyticity

implies that this transformation maps Iill X Ii2n+1 into Iil1 X Ii21 CR xR

An important consequence of Proposition 2.6 is the following statement (see also [25]).

Corollary 2.8 (iterating hyperbolic analytic maps). For each n > 1 and every
admissible symbol sequence i € S™t! \Sg“, there exists an almost hyperbolic analytic
map R
£ Dy = DL x D2
such that
fz(n) ‘Dil

The map fz(n) has a fixed point in D, ...;, if and only ifi,41 = i1, the fixed point is then
unique. It follows that the ‘hyperbolic points of period n for f’, i.e. those (w1, ws) € D;,
for some i € S"T1 \86”1 such that fi(n)(wl,wg) = (w1, ws), are in bijection with the
hyperbolic symbolic ‘cycles’ of length n, i.e. admissible sequences j € 8™\ 8§ such that
t =1.

i finflin O---0 fi1i2|Di1-~-i"'

JnJ1
2.2. Banach spaces and elementary transfer operators

The Banach spaces By, Bj,

We now associate Banach spaces of complex functions with each k € Sy U S;. First,
for each k € S; we set B, = B;, to be the Banach space of holomorphic functions on the
interior of (C \ D}) x D%, vanishing at {co} x D%, and which extend continuously to the
boundary, with the supremum norm.

For k € Sy, we distinguish between cases (P(a)) and (P(b)). In case (P(a)), we shall
define below an open simply connected subset U ,3 of D,%, containing the compact set

K} = | oks(D}, DY), (2.12)
JjE€ES

and such that ¢gk (w1, U?) C UZ for all wy; € 9D;. The space By will be a subset of
the space of analytic functions in (C \ D}) x UZ, vanishing at {oo} x U2, and extending
continuously to 8D,i x U ,3, endowed with a norm to be introduced below, using Fatou
coordinates. We shall use in the proof of Lemma 3.8 that the Banach space Bj, of holo-
morphic functions in (C\ D}) x UZ, which vanish at {oo} x U2 and extend continuously
to the boundary, is continuously embedded in By.

In case (P(b)), we shall introduce below an open simply connected subset U} of the
attracting petal fD,i which does not intersect the compact set

Gllc = U (¢jk,u(,Dj1'7DI%))7 (213)

JjE€ES
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and such that ¢;;;3,U(U1§7 z3) C U} for all 25 € D3 (recall Definition 2.5). The Banach space
By, will be a subset of the analytic functions in the interior of U} x D7, extending continu-
ously to U} x 9D%, endowed with a norm to be defined below. We shall use in Lemma 3.8
that the Banach space B}, of holomorphic functions in U} x Int D} which extend contin-
uously to the boundary is continuously embedded in Bj. Note that case (P(b)) did not
occur in the one-dimensional situation studied by Rugh [28].

The elementary transfer operators ﬁkj

Next, to each j, k with tx; = 1, we associate an elementary transfer operator. If
(k,j) € S1 x (§1 USy), we set for ¢ € By:
A dwy dwgy S 02015 (w1, 22)
Lijtp(21, 22) :f jq{ dwy dws 9%, - 7 W(ws, ws) . (2.14)
opt Jopz 2im 20T w2 — Prjs(wi,22) 21 — Prju(wi, 22)

In (2.14), and from now on, sy is the (well-defined) sign of da¢;s on Iy x I7. See
Remark 3.6 below for a heuristic Justlﬁcatlon of this choice, and pp. 1248-1250 in [25]
for a more analytic explanation.

If (k,j) € So x S1, we use (2.14), replacing dD; by a simple curve I inside U? which
does not intersect K7 in case (P(a)) (this ensures that ¢ is well defined on (0D}, 0I7)
and the integral is holomorphic). If k is of type (P(b)), we replace D} by a curve I}
inside U}l such that (see Definition 2.5)

U (xiu(L}, D7) 0 =D} = 0.
JjEST
If k € S is of type (P(a)), we define EAkM/J(zth) for (21,22) € (@ \ Di) % U,f by

Liib(z1, 22) = 7{ (w1, Prrs(wi, 22))

opy 2im 21 = Gru(wi, 22)

dw1

So1,,, . O20nk,s (W1, 22) (2.15)

In case (P(b)), for (z1,22) € U} x D, we use

} Do B,s (Drp (21, 22), 22)
¢M581¢kk u(o kl (21,22), 22)

Lip(z1,20) = ?/J(Q%Zkl,u(zh 22), ¢kk,s(¢;]37u(zlv 22), %2))-

(2.16)
Note that
A dws S¢§Ck_582¢kk,s(¢];k17u(zlv 22), 22) 1/’(¢;;k17u(217 Z2),W2)
Lirtp(z1,22) = — :

oDz AT 1 @kku(dp o (21, 22), 22) W — Gkks (P (21, 22), 22)
(2.17)

(The two signs cancel in the residue computation because z; is outside of D;.)
Remark 2.9.

(1) If j € Sy, then Ly; is bounded from By, to B; = B.

(2) If k € S and j € Sy, then ﬁkj is bounded from By, to B’, and B C Bj, contlnuously

by our conditions on U}, U? in cases (P(a)), respectlvely (P(b)), so that Ly is
bounded from By to B;.
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Approzimate Fatou coordinates, more about Banach spaces

Our next step is to give a precise definition of the Banach spaces By associated with
k € Sp and to study the corresponding elementary transfer operators.

Let fir be of type (P(a)). It is well known that the injective map F(z) = 1/z is an
approximate Fatou coordinate, i.e.

(2.18)

F(orr,s(wi,z2)) = Flza) + 1+ 22 - Eg 2(w1, 22),
Ero: f)i X Dz — C, holomorphic and bounded.

The set (2,% = F(Int D,%) C C is open and simply connected. It is easy to check that
22 + 1 is contained in 27 and that for some (large) Ry the domain (27 contains the
closed ‘right’ half-plane Hp, where

HRZ{ZE(C|RGZ>R}.

Note that the one-dimensional Fatou coordinates F,,, associated with each ¢y s(w1, -)
(see, for example, [16] or [28, Lemma 2.1]) solves

fwl (d)kk,s(wly 22)) = fun (22) + 17 (219)

while we would ‘like’
~7_~—’LU1 (¢kk,s(wla ZZ)) = -7_~—¢kk)u(w1722)(22) + 17

which is not immediately available in the attracting petal. Our argument will be
perturbative—in Lemma 3.2 we shall compare our elementary operator L with a direct
product—it hence is possible to work with the approximate Fatou coordinate F, which
also has the important feature of being holomorphic on C*.

In case (P(b)), recall from Definition 2.5 that the map ¢,;]€17u(-,z2) is the inverse of
w1+ Prk,u(wi, 22) for fixed 2o € 75,% and wy € —Dj}. We have

F(bppa(z1,22)) = Flz1) = 1+ 21 - Exn (21, 22), }

- 2.20
Ern: —D,}; X ’D% — C, holomorphic and bounded. ( )

Here Q,i* = F(Int(—D})) is open, simply connected, and there is Ry < 0 so that Qi*
contains the closed left half-plane —H_g, .

Definition of the Banach space X (Hpg). For R > 0, let X(Hg) be the isometric
image of L'(R,, Lebesgue) under the shifted Laplace transform

D(0) = /OOO (e @Mt dt @ e Hp, (2.21)

inside the space of holomorphic functions in Hg, with induced norm.

(We refer to Doetsch [4] for the basics of the Laplace transform.) Functions in X (Hpg)
are in fact bounded in Hg by the L! norm of 1. One can easily check (see, for example,
Lemma 2.5 in [28] for similar ideas) that for any closed right half-plane Hg, with R’ > R
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there is a constant Cr/_ g so that for each ¢ € X (Hpg) the derivative ¥’ is bounded in Hp/
by C'- [ |11 (t)| dt, where ¢y, is an L' representative of the inverse Laplace transform of
¢ in Hg (use that e %'t is bounded on [0, 00]). It is not difficult [28, Lemmas 2.2 and 2.3]
to prove that the spectrum of the translation operator S : X (Hr) — X (Hpr) defined by
Stp(w) = 1h(w + 1) is the unit interval [0, 1].

Laplace coordinates and By, norm in case (P(a))

We next exploit the Fatou coordinates, adapting some definitions from [28]. Let us
consider first the case (P(a)). Although 27 contains the closed right half-plane Hp, , we
shall need to work with a slightly larger domain. The set K ,3 from (2.12) is a compact
subset of Int D?. We may thus adapt Lemma 2.4 in [28], together with the arguments
presented just after it, finding Ry > mj > 0 and an open connected and simply connected
subset N2 of £27 so that

Hpg, C N} C Hg, —my, K} c F7Y(ND),
sup |k 2|

N,erliT

CNZ, Vz€Hp,_m,.

Definition (X (IN?)). For Ry > Ry, welet X (N2) be the subset of X(Hp, ) consisting of
those functions which admit an analytic continuation to N ,3 with a continuous extension
to the boundary. We take as norm the sum of the supremum norm on N,? with the
X(Hp, ) norm of the restriction to Hp, .

Strictly speaking, we should replace our translation operator S on X (Hp, ) by a trans-
lation operator 7" which ‘lives” in X (N7?). Since this does not influence the spectrum
(details are to be found in [28, (2.27)—(2.30)]) we shall instead abuse notation.

Definition of U2 and By, Bi. Define an open subset of D} by U2 = Int F, '(N?),
it has the required properties. We use the notation A(C \ D;) for the Banach space of
holomorphic functions in C \ Dj. vanishing at infinity and extending continuously to the
boundary. Let By, be the set of analytic functions in (C\ D} ) x U given by the isometric
image of the Banach space tensor product By = A(C \ D}) ® X (N2) under J~! defined
by

Y= (I71), Wz, 2) = (21, Fz2)) - F22) = (a1, Fl2))2 %, (2:22)
with induced norm. In particular, if ¢ € By, then ¢(w,-) € X (N2) for every w; € C\ Di.

Writing 512,2 = 0282, the elementary transfer operator Lk (2.15) in the Fatou
coordinates (i.e. acting on By via (2.22)) can be written as

A2 5 dw Enp(wi, 1/%) + 251 E] 5(w1,1/7)
Lrr(z1,22) = s%k,s]{ 1 (1 _ 2 €2 >

Y(w, 2o + 14 25 " a(w1,1/5))
21 — Qrku(wi, F~1(22))

(2.23)
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Indeed, differentiating both sides of (2.18) with respect to zo yields

& ,22) + 22&) ,
f/(gbkk,s(wly22))82¢kk,s(w1722) _ f/(ZQ) <1 + k),Q(UJ1 32?7‘1(;22) k,2(w1 22)),

so that Lg(J 1) coincides with J = (Lyzt)), using (2.18) again.

Laplace coordinates and By, norm in case (P(b))

Let us now discuss case (P(b)). We shall use left half-planes —H_pr for R < 0 and
spaces X (—H_g) of ‘left’ Laplace transforms

/ Y (e Mtdt, Rez < R, o € L'(RY,Lebesgue). (2.24)

Since the closed attracting petal —Dj does not intersect G}, from (2.13), the open left
half-plane N} = —H_p, satisfies F~}(N}) NG} =0 and

sup | 1]

Nl -1+ C N}, Vz€-H_pg,.

|2

Definition of X (N}), U}, By, Bi. Fix R, < Ry < 0. Let X(N}) be the subset of
X(—H_ ﬁik) consisting of those functions which extend analytically to N} and continu-
ously to its boundary, with norm the sum of the L' norm of the inverse Laplace transform
with the supremum in N}. Set By = X(N}) ® A(D?) (with A(D?) the Banach space of
holomorphic functions in Int Dﬁ extending continuously to the boundary).

Defining the following analogue of (2.22)

b= (J "), U(21,22) = =(F(21), 22) F (1), (2.25)
we finally let Bj, be the isometric image of By, under J 1.

Thus, elements of By, are analytic functions in the interior of U] x D% for the open
connected set Ul = F~H(N}).
Differentiating (2.20) with respect to 21 (writing & ; = 01&,1) yields

)+ 216 1(21, 22)
F'(z1) )

3 B Ek,1(21, 22
F (0 (21, 22))0r b (21, 22) = F () (1 n

Set
vy =F N E - 14561 (G 2)
and note that
v1 = G (F 2, 22). (2.26)
The transfer operator (2.16) in the Fatou coordinates can be written for (21,22) €
F(UL) x D} as

~ ~ 5k,1(1/21722)+2_16/ (1/2172’2)
Lirh(21,22) = gy, (1 - 221 B )
1

xy{ dwy  Dagprs(v1, 22)
o

p2 20T wy — G5 (U1, 22)

(Use (01¢knu(dpp (21, 22), 22)) H = O1y (21, 22).)

O(For,wy).  (2.27)
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3. Spectrum and determinants of the symbolic transfer operator

3.1. Direct product transfer operators for (P(a))—(P(b))

For k € Sp of type (P(a)), we introduce a direct tensor product operator, written using
the Laplace transforms (2.21) of ¥ (w1, W) for each fixed wq as

5 ~ d’LUl 1 > z ™)
£® z ,2 = Sy’ % 77/ 67(227Rk+1)t w ,t dt, 31
e 2) = s b S ) o drlont)de,  (3.1)

where >\k,u = 8l¢kk,u(070)~
If k is of type (P(b)), setting A\rs = O20kk,s(0,0), the corresponding direct tensor
product approximation can be written as

E20(E1, %) = 54, M / o1 FuDtyy (1 3, o) dt. (3.2)
0
We define a direct sum of direct tensor products Eg@ acting on
By = @ B
keSo
by setting
fe Y. 3
keSo
We use similar notations By, £§, corresponding to the conjugated operators E%’k on By.
Lemma 3.1 (spectrum and resolvent of the direct products E?, L',E,@).
(1) Let {Ak,u}, in case (P(a)), and { Ay s} in case (P(b)), be defined above. The operator
LY is bounded on By and its spectrum is the following set:
{[07 1]? k type (P(a))? )‘k7u > O} U {[)‘k,uv 1]7 k type (P(a’))a )‘k7u < O}
UA{[0, Axs], k type (P(b)), Ars >0}
U {[_A%,sv _)‘k,s]v k type (P(b))v )‘kA,S < O}

(2) Let Bo (€) be the Banach space obtained by replacing discs 'D,i’z of radius r by discs
of radius er, and, in case (P(a)) Ry by Ry 4+ 1/, N2 by NZ 4 1/¢, in case (P(b))
Ry, by Ry —1/e, N} by N} —1/e. Then, for every 1/z ¢ sp LS (on By) there is
C(%) so that

(1= 2£8) M gye) S C@INA = 2L5) g, Ve >0.

(1) and (2) hold for LS acting on By and By(e).

Note that in the definition of By(¢) we disregard the condition K7 C F~1(N?), but we
do use, in case (P(a)), for example, that condition (H(2)) also holds for the disc & - D}
and the restricted domain D N F~1(NZ + 1/¢). See also Remark 4.7.
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Proof of Lemma 3.1. Since £~6® is a direct sum, it suffices to consider each term /:'%k
acting on By,. So, let us fix k € Sy, assuming first that we are in case (P(a)). Then, since
we assumed that the neutral eigenvalue is +1, we have sy = 1. The operator E%k (3.1)
is thus the direct tensor product E%C = Mpu®TT, with

M uti(21) = 7{ dwn = 1 (wr),

aD}lC 2im (Zl — )\k,uwl)

Thia(ea) = [ e Rt 0 ar
0
The results of Ichinose [12] give that its spectrum is just {o1 - 02,01 € sp(Mp,u),
oy € sp(TT)}. The remarks above and the ideas in [28] easily yield that the spectrum
of TT on X(N?) is the unit interval [0,1]. One also obtains that My ,, is nuclear on
the Banach space A(C \ D;) of functions holomorphic in C\ D}, vanishing at oo, and
extending continuously to D}, and that its spectrum consist of the eigenvalues )\f;’u for
¢ € Z,. (Indeed, the trace of Mf;’u can be shown, following the methods in [25,27, 28],
to be 1/(1— X, ,).)
If we are in case (P(b)), we proceed similarly, starting from (3.2) and using

T Y(%) = /OOC e =Ru=Dty, (1) dt,

d St )\kvs
My stba(zs) = ;4 W2 hna TR0 ) = [es] - Y2 (Aesza).

3Dl2c 2im (w2 - )\k’SZQ)

For this, just check that the trace of Mfc’s is |/\i7s|/(1 - )\ﬁ’s). Its spectrum is thus
(sgn Ags) - (Aks)* for £ € Z7.

For the second claim, observe first that modifying Ry, and Nj does not affect the
spectrum or the norm of the resolvent, by definition of the Laplace norm and because
F'(wy)/F (wy % 1/€) is uniformly bounded. Tt thus suffices to consider £& on By(e),
where only the hyperbolic radii of D}1€,2 have been rescaled.

Then, denoting by H. :By(e) — By the following isometry on By for k € Sp:
He rp(wi, ) = p(ews, W), and similarly in case (P(b)), we see that HZ'LEH. = LT
(this follows from the facts that the ‘weight’ in My, (, ) is constant while the ‘dynamics’
is linear) and thus

H1 - 2L8) " He = (1 —2L8) 7L

Since |HE!|| = 1 for all £, we have proved the bounds on By(e). O

Lemma 3.2 (perturbation theory for £o). Ly is bounded on By and on By(e), and
there is a positive function G with G(¢) — 0 as € — 0 such that

sp(lj0|30(8)) c{zeC|3z€ spﬁgz’, |z — 2] =G(e)}.

We summarize in two sublemmas elementary properties of the Laplace norm which
will be used in the proof of Lemma 3.2.



Dynamical zeta functions 17
Sublemma 3.3. Let ¢, € X(Hg) for R > 0. Then

(1) for each integer s > 1, the function 1 (2)/2° belongs to X (Hg) and

101(2)/ 2 | x (#1r) < 191l x(210)/ R

(2) for every fixed w such that Rew > 0, the function Y1 (2 + w) and all its z-derivatives
9(2 + w) belong to X (Hpg) and

mas ([194(2 4+ ) xra sup 1917 2+ 0) L xa) ) < 111l a1y /- Rew);

(3) if €(2) is holomorphic and bounded in a neighbourhood D of zero such that F(D)
contains a closed half-plane Hp/, 0 < R' < R, then £(1/2)y1(Z) € X(Hg) and

. 27 ~
1€/ 2) b1 (B)l| x (rm) < msgma Nl x ap)-

(There are obvious analogues for 1y € X(—Hp) with R <0.)

Sublemma 3.4. Assume that ¥; € X(Hg) for R > 0, and that ¥y admits a bounded
holomorphic extension to Hr_o, for some n > 0. If £(z1, z2) is analytic and bounded in
D! x D? such that F(D') contains a closed half-plane Hg: with 0 < R’ < R, and Dy is a
neighbourhood of zero, then for each p < 1 the product £(1/%,, z3) - 11 (1) is an element
of X(Hg) ® A(pD?) and

N . 191 1| x (#rm)
1E(L/ 21, 22) - 1 (21)]| < ’D??}I)ﬂ €] (1—p(1-— R//R)

Proof of Sublemma 3.3. (1) By induction, it is enough to consider s = 1. We first
note that

o0
571:/ o~ (F—R)to—Rt g4
0

belongs to X (Hpg). Since e~ %! is also in L*°, we may obtain an (L!) inverse Laplace
transform of 11 (2)/Z by performing the convolution

¢
e Fit * 1. 1(t) = / e_RTwl,L(t —7)dr.
0

Now,

o0 oo o0 - o0
/ |e—Rt*¢1,L(t)|dt</ dTe_RT/ dt [ o (t —7)| < ||1/}1H/ e~ fimdr,
0 0 T 0

which is equal to ||1,51HX(HR)/R.
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(2) By definition
~§2)(2 + U}) — (_1)// tfe—(2+11)—R)twl7L(t) dt
0

Estimating the L' norm of t‘e~*); 1(¢), we obtain the claim for 1%@)(2 + w) for all
{>0.

(3) Let £(z) =Y - _,amz™ be a Taylor series for £ at the origin. By the Cauchy
formula we have |a,,| < 27 supp |E|(R')™ for m > 0. Then

Then, bound (1) shows that the sum is < Zm>0 |t ||| 001 || R O

Proof of Sublemma 3.4. As in the proof of Sublemma 3.3 (3), we use a Taylor series

o}

E(z1,22) = am(21)25",

m=0
where each a,,(21) is holomorphic in D! and, if § > 0 is the radius of D2,

2T SUpPp1 xp2 ‘g|
om '

By Sublemma 3.3 (3), we know that each a,,(1/%1 )1 (%) belongs to X (Hg) with

llam (1/Z0)81 ()|l x ) < 27191 [l x o) sup |am|/(1 = R'/R).

sup |am,| <
Dl

Finally, we may write

(1/21,/022)% Z1) Z p" 2y am 1/21)7/11(21)

m=0

O

Proof of Lemma 3.2. For k € Sp, recall that Ay = 010kk,u(0,0), Aps = J2drrs(0,0)
and set

sup [Aku — Prk,u(wn, 22) /w1, in case (P(a)),
wlea'D}C, ZQEDE;

A= sup max(|Ag,s — Prk,s (w1, 22)/ 22/, [Aks — O2pr s (W, 22)1),
w1 €—D}., 22€D3? .

in case (P(b)).
We can also introduce A () replacing the D} by the modified domains as when defining
By (g). We shall prove that there is C' > 0 such that (setting my = 0 in case (P(b)))

1€0 = £, < C max{sup(|&xi| + 1€k DRy = mi| ™+ A = Aeussl) 7'} (3:3)

This will immediately imply that ﬁo is bounded on Bj.
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The proof of (3.3) also gives the upper bound

nggg{(lﬁk —mi| +1/e)7 + Ag(e)}

for [|£o — LE|| on By(e).

For the spectral claim, we use the fact that sup,cs, Ax(e) tends to zero as e goes
to zero. We cannot apply ordinary perturbation theory, since the Banach spaces vary.
However, we can invoke Lemma 3.1 (2) together with

o0
(1—2L0)" ' = Z(z(l —2LE) o (Lo — L) (1 —2L8)7F,  on Bo(e).
3=0
Let us prove (3.3), considering first case (P(a)). We concentrate on the Laplace com-
ponent of the norm, the supremum component is easier to handle. Since we may rewrite
the direct product (3.1) using ¥ (w1, 22 + 1) in lieu of the Laplace transform, we have
from (2.23)

SGhi s (Lrk — Lig) (@) (21, %)

= FEp + Eg + E¢

_% dw, (1 _ Era(wr,1/2) +52_1512,2(w171/52)>

« Y(wi, 2o + 14 25 'k a(wi, 1/2)) — (wy, 52 + 1)
21 — Gpru(wr, F1(Z2))

_ % dw1 gk,2(w1a 1/22) + 2271812;72(1017 1/22> ( ’(ﬂ(wh 22 + 1) )
oD%

21 z2 21 = Qe (wr, F~1H(22))

i j{ % Y(w, 2o + 1) (1 _ 1- ¢kk,u(w17-7:1(22))/21)
opp 2im 21 — Qpku(wi, F1H(22)) 1 — Aguwi/z1 '

Let us bound the three terms E, Eg, Ec, taking (as we may, by linearity and the tensor
product topology) (w1, w2) = b1 (w1 ) (we) with |[¢1]| = ||1=2]| = 1.

To prove | Ec|| < Ag/(1—|Agul), use on the one hand that |1 — A, ywi/z1| > 1 —| gy
(since |z1] > |wq|) and

(1 11— qbkk,u(wl,f—l(zg))/zl) _ (mm(wl,f—l(zz))/zl — Neut1/21 )

1= Aguwi/z1 1 — Aguwi/z1

On the other hand,

dwy Y1 (w1) >
LA %80; 2im <Z1 — Gkku(wi, F1(22))

is bounded on A(C \ D}), uniformly as € — 0, i.e. Ry, — oo and the diameter of D;. tends
to zero. To show this, note that for small £ we may perform the path integral over 9D}
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and use ¢;k1’u (despite the caveat in Remark 3.6 below). Combining the above two facts
with Sublemma 3.4 gives the bound on E.

Now, to estimate Ep, we use Sublemma 3.4 again, with p ~ |\ 4|, and Sublemma
3.3 (1) to see that

= z—1¢r 3
ol 1) Ep2(wi,1/22) + 2’22 & o(w1,1/29) '77[11(@;13711(21))

Z3

has norm bounded by C’sup(|5k ol + 1€ Ry
To see that ||[Ea| < Ry, write

oo

Vo(Za + 14 Oy, (|22] ™) — h2(Z2 + 1) Z )30+ 1) - (Ou, (122|170 (3.4)

Setting w = 1, we may apply Sublemma 3.3 (2).
Case (P(b)) is also handled by taking 1) = ¥114. For

(51,22) € _Hff%k X 'D]% C f(U,i) X Di,

it is convenient to avoid as much as possible the simultaneous occurrence of both variables
Z1 and 29 in the test functions, and we keep the integration over ws:

SPhers (Ekk - Ekk)(iﬁ)(él, 22)
= FE) + E; + E
( 51@,1(1/21722)“1‘2115,2,1(1/21722)>
= 1 —_ ~2
21
y f dwy Dakks(1/ b (1/21, 22), 22)
aDi 2im w2 — ¢kk’s(¢/:k1,u(]‘/glv 22)7 22)

X (V1 (Grnn(1/21,22)) — P (21 — 1)) (ws)
B <5k,1(1/517 29) + 2 '€, (1/ 7, z2)>

=2
21

dws Oarns(1/ b o(1/71, 22), 22) - Y
" jg@% 2im wy — ¢kk,s(¢1;k1,u(1/21,z2),22)1/)1(21 Dya(wo)

+?{ du12< 62¢kk’5(1/¢;kl’u(1/217 22).22) - Abss )1;1(21 - 1)1;2(11/2)7

o2 2im \wy — ¢kk,s(¢2k17u(1/51, 29),22) W2 — Ags22

recalling (3.2) and (2.26), (2.27). The norm of E¢, may be bounded by a constant times
Ay, as in case (P(a)). For Ef;, we also adapt the argument above to find a bound C/|R3|.
Finally, it is not difficult to see with the help of Sublemma 3.3 (1),(3) and Sublemma 3.4
that the norm of E’ is of the order of C/|Ry|. O
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3.2. The full symbolic transfer operator

Definition 3.5 (full symbolic operator). The full symbolic transfer operator L is
defined on the direct sum B = Gakesousl By as Lo @ L1, where

(L1(®rtr)); = EB tr - Lrjor, 7€ SoUSI,
k,j¢S0xSo (3.5)

(Lo(@rvr))j = tj; - Ly, J € So,
for operators ﬁkj given by (2.14), (2.15), (2.16), respectively.

Remark 3.6 (reformulating the transfer operator). The Jacobian Det kaj (w1, w2)
may be expressed in terms of the pinning coordinates as 01¢pju (w1, 22)/02Pkjs (w1, 22),
where fkj (w1, ws) = (21, 22). Performing two successive Cauchy residue computations
(formally), we get (note that 01¢y;u(wi,22) indeed appears with a ‘+’ sign, just like
n (2.17), because the wi-pole is outside of the integration curve):

A sd)k s F—1
L i(21,22) = L (21, 22))- .
(L(Deypr))j (21, 22) I;ES Det Doy (/) (thQ))i/)k(ka (21, 22)) (3.6)

The reader must beware that formula (3.6) does not make sense in general. Indeed,
in the hyperbolic case, if (z1,22) € (C\ Dj) x D3, then fk_jl(zl,zg) may not belong to
(C\D}) x Di. This is connected to the fact that the pinning coordinates are defined for
(w1, 22) € D} x DJZ and do not necessarily extend to w; € C\D}. However, we may always
perform the dw; path integral as in (2.15) and in particular use (2.17) in case (P(b)).

The sign of Det ka] is the product of 54150 and the sign 5611 of O01¢x;u. Note,
however, that the real observables % (z,vy) live on I' x I? and that the ‘real’ transfer
operator £F is connected to £ via the change of coordinate (see [25, p. 1250] and [26,
p. 302])

w]R (xv U}?)

w; — &

Y(wy,ws) = /11 dz

The ‘missing’ sign of 01¢x; ., appears (morally) when replacing z; by its inverse image
and we get the expected 1/|Det D fy;| factor.

Although Remark 3.6 means that there is no simple way to express (3.5) as a weighted
composition operator in general, we can in some sense pretend it is possible: the kernel
expression for the iterates of L guessed from (3.6) by applying the usual composition and
multiplication scheme actually holds.

Lemma 3.7 (naturality of the transfer operator). Forn > 1, the difference Lr— EA()‘
acts on B according to

(Lr = Ly)@eve); = P H Pt (L), -0

keSm\Sp m=1
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where, for any admissible kj € S"*1\ 86”'1,

(n)
. dwy dws S(¢m),, 020 s(W1, 22 ,
Eﬁjw(zl,zz)zf 7{ —;.Ul —27?02 @k n’”’( /) , (3.8)
op} Jopz AT AT W2 — (w1, 22) 4 ¢>kju(w1,zQ)

if k1 ¢ So, and we replace (3.8) by

or}, Jopz, oD}, Jorg,

if k1 € 8y. Here, (6, is the sign ofaQ(% ) on I,il X IJZ.

Proof of Lemma 3.7. To obtain the formula for the kernel, we shall use Cauchy’s
theorem again. If k € S, we can follow exactly Rugh’s argument [25], that we repeat
for the convenience of the reader (and because it will be adapted to k ¢ S7'). Define

S(¢m) 32¢§£-)s(w17 22) 1

G (w, z) =

Wy — ¢k] b(wh Z2) Z — ¢§£?u(w1, Zz).

By definition, g,gj.) (w, z) is the kernel of Ekj. Lemma 3.7 is clearly true for n = 1 and it
suffices to prove inductively that for all n > 1

(n+1 dé: d€2 (1)
G wa =1 f (0.9 (& 2) (39)

p2 21T 217r

To prove the above equality, recall the fixed point £* = (£, £5) constructed in the hyper-
bolic part of the proof of Proposition 2.6. The right-hand side of (3.9) has a single simple
pole in each coordinate at £* = (£},£5). Thus, writing Re- for the residue at £*,

d¢é; d
%9171 £D2 215; 216; kkn( w, )Gy, (1) ({, z)

= S(¢);, ;5(6m), Re=[((§2 = Pk, j,5(€1,22)) (61 — mu(w17£2))) g
O20k,.5,5(E1 5 22) 82¢kkn,s(w17 &)
Z1 = ¢k71j7u(€fa ZQ) Wy — (bkkn,s(wl’ f;) .

Now, the two—varlable re81due is (1 — 010k, s 82¢kk u) , and the fixed point property

implies &5 = ¢, <(¢kk u(wl, £3), 22), so that

43 (my d&3

822 = ald)knj,san)];]i Ny =2+ Do, s
Finally, the definition of ¢ ") gives

() d&3

O2805L" = 0203, g = 020 (1= 016k, s02010, )™ Doz

To finish the proof in the hyperbolic case, use the multiplicative properties of s'( PREEI
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If k ¢ S} but there are no consecutive symbols in Sy, the above argument applies, up
to replacing 62),1’2 by Fkl 2,

So let us assume that there are at least two consecutive Sps. We proceed inductively on
the number of consecutive Sy factors, considering the first time when k7, k1 € Sp and
kr_1 or k142 € S1. There are four cases to consider, depending on whether (H) is followed
or preceded by (P), and on whether we are in case (P(a)) or (P(b)). In case (P(a)), we
use formula (2.15) for Ly, and Rugh’s proof for the hyperbolic case recalled above gives
the claim, using the non-hyperbolic case of Proposition 2.6. In case (P(b)), we use (2.16)
and the above proof may be adapted again, using Proposition 2.6. g

The following lemma says that if z=1 ¢ sp(ﬁo)7 then the ‘regularized ’ transfer operator
zﬁl(l - z[ﬁo)_1 is nuclear on B in the sense of Grothendieck, and that its Fredholm
determinant cZ( ) is dynamlcally defined. This will allow us to describe a non-trivial part
of the spectrum of £ = L + £, via this reqularized determinant d( ), and prove our main
theorem. Although we shall mainly refer to Grothendieck’s works [8,9], we mention two
useful basic references: the recent book [7] provides a good introduction to the theory
of nuclear operators on Banach spaces, and the survey [15] contains useful results for
Banach spaces of holomorphic functions.

Lemma 3.8 (nuclearity of the hyperbolic analytic transfer operator). If 2! ¢
sp(Lo), the operator zL1(1 — 2L) ™! acting on B is nuclear of order zero. The Fredholm
determinant det(1 — zL1(1 — 2Lo) 1) is holomorphic in {z~! ¢ sp(Ly)} and

d(z) = det(1 — 2£4(1 — 2£0)"") = . : '
(2) = det( 1( 0) Z m ZA(M) |Det(Dfi(:n)($) —1d)|

m=1 zeFixy, f
(3.10)
(Recall the bijection between hyperbolic fixed points x; of f and periodic cycles
1, € 8™\ S from Corollary 2.8.)
Since f is invertible the matrix equality Det(1+ A) Det(1+ B) = Det((1+ A)(1 + B))

gives

z:: % > L L — . (3.11)

serijon [Det D™ ()] [Det(Id =D fi ™ (x))]

Proof of Lemma 3.8. We adapt the argument in [28, Lemma 2.7].

Using [8], one shows that for any compact sets K, K’ of the complex plane such
that K is contained in the interior of K’, the restriction map from the Banach space
A(K') of analytic functions on Int K’ extending continuously to K’, to the space A(K)
of analytic functions on Int K extending continuously to K, is nuclear of order zero. (See,
for example, the beginning of the proof of Lemma 2.7 in [28], which was adapted from
Ruelle’s paper [23].) This argument may be extended to show that if K!, K2, (K!)" and
(K?)" are compact subsets of C such that

K? C Int(K?Y, (K'Y c Int K, (3.12)
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then the restriction map 7 from the Banach space A(C\ (K')’,(K?2)") of functions

holomorphic in the interior of (C\ (K*')’) x (K?2)’, vanishing at infinity, and extending

continuously to the boundary, to the Banach space A(C \ K!, K?), is nuclear of order

zero. (The key step is to observe that the topological vector space of analytic functions
n ((C\ K') x Int K?) is a nuclear space.)

On By = @, B, the resolvent (1 — 2Lo)" ! acts as the identity, while (1 — 2Lo) "t
is bounded on By by our assumption on z. Thus, (1 — 2Lg) ! is bounded on B.

Recall the definitions of U? and U} for k € Sy from §2. Let (K})', (KZ)' be compact
sets such that (K?)" C IntDj, if k € S; or we are in case (P(b)), and (K?)' C U? in
case (P(a)), while D} C Int(Kl) if k € S; or we are in case (P(a)), and (K})' C U} in
case (P(b)). Define

B(K :[@A(C\Kk) } [@AKk K|

k¢(P(b)) k€(P (b))

The restriction map rg+ : B — B(K’) is continuous (see [28, Lemma 2.6] for case (P(a))).
Therefore, rx: o (1 — 2L£o) ™! is continuous from B to B(K').
Recall the definition of the compact set K7 for k € Sp. Extend it to k € S; as follows:

Ki = éres(Dy, DF).
les

For k in case (P(b)) we take a compact subset K} of Int(K})" C U}L. In cases (H)
or (P(a)) we take a compact subset K} of D}, containing D}, in its interior and so that
brju(Ky, D7) C Int Dj for each j. Now, up to slightly changing the (K )" introduced
above, we may ensure that K7 C Int(K?)' and (K})' C Int K} in cases (H) or (P(a)),
K? C Int(K?)" and K} C Int(K})' in case (P(b)), while maintaining the other require-
ments. By the above choices, the restriction rg is nuclear from B(K') to B(K).

Then (use in particular the definition of I} kl 2if ke Sy) £y is bounded from

B(K) = [ T AC\K,C,K,C} { < AK,C,K,{)}

kg (P(b)) ke(P(b))

to B' := @, s Bj,- Since the inclusion j : B’ C B is continuous (for k € Sy see [28,
Lemma 2.5] for a similar result, noting that the constant § there is equal to +1 in our
case), the composition j o L4, is bounded from B(K) to B.

As a consequence of the above considerations, the composition

[:1(1 - Zﬁ0)71 = (] o [:1) o ’I’K(O’I‘K/ o (1 — Zﬁo)il) :B—B

is nuclear of order zero (just use that a nuclear operator composed with bounded oper-
ators is nuclear). By [8, II, pp. 16, 18] it has a Fredholm determinant det(1 — z£; (1 —
2Lo)~1), which is an entire function of 1/z ¢ sp(Ly).

It remains to establish the stated ‘dynamical’ formula for the traces. For this, we
combine arguments from [28] and [27]. First, just like on p. 17 of [28], we find that for
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small enough z

t\z
3

trlog(l — z£1(1 — zﬁo Z +L)™ — Agl)'

m=1

Defining d,,, = tr(£™ — L"), the Fredholm determinant
det(l — Zﬁl(l — ZEO = exp — Z nz

extends analytically to C — sp(ﬁo). Using the uniform contraction, we get for the trace

A = Z H Jdrer b )7

j65m+1\86n+17 j1:j7n+1

where the iterated operator ﬁ;” may be expressed in kernel form by (3.8). Finally, the
trace may be computed by performing a Cauchy integration:

7{ 7{ duy duwy 3(m); 0205 (w1, w2) 1
oD} JoD?

: 2ir 2im  wg — qb;-’fs(wl,wz) wy — ¢§-Tl)(w1,w2)

~ Det(Dfm(z5) — 1d)|’

where x; is the unique (necessarily hyperbolic, and real) fixed point of fm associated
with the admissible periodic sequence j € S™*!\ S (see pp. 1246, 1247 of [25] for
details). 0

To relate the zeros of the (regularized) Fredholm determinant d(z) (to part of) the
spectrum of £ we need the following lemma of Rugh, that we state for the convenience
of the reader.

Lemma 3.9 (see Lemma 2.8 in [28]). Let M : B — B be a bounded linear oper-
ator on a Banach space B and let My : B — B be nuclear of order zero. Assume that
C\ sp(My) is connected. Then the part of the spectrum of Mgy + My which does not
intersect sp(My) consists of isolated eigenvalues of finite multiplicity, which cannot accu-
mulate in C\ sp(My). The Fredholm determinant

d(u) = det(1 — My (u— Mo)™1)

is analytic in u € C\ sp(My). In this domain, the zero-set of d(u) counted with order is
the same as the eigenvalues of My + My counted with (algebraic) multiplicity.

We do not know a priori that the complement of the spectrum of Lo is connected.
However, the spectra of the direct product operators (3. 1) and (3. 2) have this property
by Lemma 3.1. We saw in Lemma 3.2 how to compare Lo with EO , which is a direct
sum of such operators. In our application (see §4) we will find a closed set containing
the spectrum of Eg, arbitrarily close to the spectrum EO , with connected complement
in C, and apply the above lemma to this complement.
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4. Reducing to (symbolic) analytic almost hyperbolic maps

Let us consider now a real-analytic diffeomorphism f : M — M for which there exists
a dominated splitting T, = E @ F over the non-wandering set. Our starting point will
be a decomposition of 2 from [22]. The decomposition in [22] is stated for the limit set
of f. However, if M is a surface and {2 is hyperbolic, then (2 coincides with the limit set
of f (see [17]), and this equality also holds when (2 has a dominated splitting.

We recall some notation and results from [22]. We say that a compact invariant set
A C 2 admits a spectral decomposition if it is a finite disjoint union of transitive compact
invariant sets A; (called basic sets) which may further be decomposed in a finite union
of n; > 1 basic subsets A;; with f(Ai;) = A\ 0 nyyo and fr Al topologically mixing.
We shall assume that the A; are not trivial, i.e. not reduced to a single periodic orbit.
It follows from the results in [21] and the classical Hirsch-Pugh—Shub [11] theory that
for each small enough ¢, there is §, so that for each = € {2, there exist local centre stable
and unstable manifolds W(x) and W (z) so that

LWS(x)=E,  T,W(z)=F,
WS (@) C WE(f(@),  fFTHWE () € W (2).

The decomposition proved by Pujals and Sambarino [21] (who do not require analyt-
icity, C? suffices) says that 2 = AU R U Z. Here, the ‘quasi-periodic’ set R is a finite
union of normally hyperbolic C? simple closed curves C; on which f" is conjugated to
an irrational rotation for r; > 1. The ‘periodic’ set Z is the union of a finite set of iso-
lated periodic orbits with a set contained in a finite union | J ; Z; of normally hyperbolic
C? arcs or simple closed curves with f™i(Z;) C Z; for m; > 1. The set Z contains all
2\ P isolated periodic orbits. Next, f is expansive on the ‘almost hyperbolic’ compact
invariant set A, which admits a spectral decomposition A = |J ; A;, together with local
product structure. (Lemma 4.5.1 in [22]: there are v and 1 > 0 so that for any z,y € A,
with d(x,y) < n then W(x) N W% (y) € A;.) Finally, the set A of non-hyperbolic peri-
odic orbits in A is empty or finite. In fact (see, for example, Proposition A.2 below),
every basic set A; which does not contain any non-hyperbolic periodic point is uniformly
hyperbolic.

It is easy to construct examples where ; Z; is not empty: just take a real-analytic flow
on the sphere with both poles as sources and the equator as limit set. Our analyticity
assumption implies that the arcs and curves Z; in Z are isolated: indeed, if they were not
isolated, there would be a normally hyperbolic arc Z; and a basic set A such that their
intersection is a non-hyperbolic periodic point ¢ which is accumulated by periodic points
contained in Z; with the same period than that of ¢; and this would contradict analyticity.
It follows that Z is not only open but also compact in (2. Note also that the set H of
(isolated) hyperbolic periodic points in Z is finite. (Indeed, if there were infinitely many
hyperbolic periodic points in | J L5, their periods being bounded by maxm;, a subset
of constant period would accumulate on a periodic point, contradicting the analyticity
assumption.)

Note that R does not contain any periodic orbits. Consider first the finite set H C Z
of isolated hyperbolic periodic orbits. Writing P > 1 for the period and Ag, Ar for the
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multipliers (eigenvalues of Df¥(p)), of a periodic orbit p, each p € H contributes to
ds(z) a factor of the following type:

dpnc(2) = [T TTU = 2"MeAE), el < hel < 1,
j=0k=0
dpsaaaie(z) = [ [T = 2"MoAE), el <1, el > 1, (4.1)
j=0k=1

(1= 207020, 1< |\gl < Mgl

i3
3

dflsource(z) =

Il
-
ES
I
—

J
The infinite products above all converge, and define entire functions with an obvious
zero-set. In particular, each dysnk(2) is zero-free in the open unit disc and admits P
simple zeros on the closed disc, at the Pth roots of 1, while each djsource(2) admits a
first zero at 2 = AgAp, which is outside the open disc, and each df|saddle(2) admits a
first zero at 2 = Ap, which is outside the open disc.

We may therefore concentrate on the dynamical determinant [] j dy|a,(z), where the
A; are the basic sets of A. Recall the set X(p) associated with p € N by (1.3). To prove
Theorem A, we need to see that dy 4 (z) is holomorphic in the (possibly) slit plane, or
multiply slit plane defined by

{zec‘ié U Z(p)}.

pENNA;

In order to do this, we shall associate an almost hyperbolic analytic map f with f|4; in
such a way as to ensure that d ;(z) is almost d | 4, (z) (dealing with the usual overcounting
of periodic orbits on the boundaries of the Markov rectangles is postponed until §5.1).

Markov partitions

The starting point in our construction of the symbolic map f is the existence of Markov
partitions for f. We recall a possible definition in dimension two.

Definition 4.1 (Markov partition). Let A C {2 be a basic set. A Markov partition R
of A is a finite collection {Ry,..., R} of ‘rectangles’, with disjoint interiors, which are
diffeomorphic to the square Q = [—1,1]?, through R; = 7]1,-(62), whose union contains A,
and such that
fOuR)) | JoR;, M (0uR:) C|JOuR;,
J j

where
OR; = 0pR; = ¢i({(z,y) | [yl =1}) and OuR; = OpRi = i({(x,y) | |z = 1}).

To a Markov partition with ¢ rectangles we may associate an £ x ¢ transition matrix
by setting ¢;; = 1 if the interior of f(R;) intersects R; and t;; = 0 otherwise. Transitivity
of A implies that this matrix is irreducible with no wandering states.
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Since we are in dimension two, we can adapt the construction of Markov partitions
in [18, Appendix 2] (see [22, Lemma 4.5.2], first reduce to a mixing basic subset). The
construction shows that a basic set A of {2 admits Markov partitions of arbitrarily small
diameter (the diameter being the maximum of the diameters of the rectangles R;). Since
we have only a finite number of non-hyperbolic periodic points in A, we may assume that
each rectangle contains at most one non-hyperbolic periodic point. We may furthermore
ensure that if ¢ € R; is E-non-hyperbolic (i.e. Ag = £1), then ¢ € O, R; = drR; but
q ¢ OsR;, while if g is F-non-hyperbolic, then ¢ € dsR; but ¢ ¢ Oy R;.

Note that if ¢ is fixed, non-hyperbolic, and the order of f — Id at ¢ is even (i.e. we
have a saddle node situation), then {2 lies entirely on the weakly attracting side of ¢ if
Ag = 1, while it is on the weakly expanding side of ¢ if Ap = 1. If the non-hyperbolic
multiplier is +1 but the order of f — Id at a non-hyperbolic fixed point is odd (i.e. we
have a saddle), then {2 intersects both sides, so that ¢ will belong to the boundary of
two rectangles. If the non-hyperbolic multiplier is —1, then (2 also meets both sides and
we need two rectangles, whether the order is even or odd. For periodic points of period
larger than one, the above remarks may be applied along the orbit.

We set i € Sp if R; NN # 0 (i.e. it is a ‘bad’ rectangle) and i € S; otherwise.

Takens (C*°) local coordinates for non-hyperbolic fized points

In the arguments below it will be convenient to use normal forms. We discuss first the
C* normal form due to Takens.

Let ¢ € N N A; be an F-non-hyperbolic fixed point. In particular, ¢ is not contained
in a periodic curve. We assume also that A\p = +1. (The other cases in N' N A;, E-
non-hyperbolic, period > 2, multiplier —1, are similar (see also §5.2).) By [29], we may
express the diffeomorphism f in C'*° local coordinates at 0 — ¢ as

fr(s,t) = (A(t)s, b(t)), (4.2)
for C*° functions A and b satisfying 0 < |A(0)] < 1, b(0) = b'(0) = 1. (Notice
that {(s,t) : t = 0} is the strong stable (F) manifold and {(s, ) :s=0}is the central

unstable (F) manifold.)
The neutral Takens coordinate b(t) cannot be infinitely flat in our setting.

Lemma 4.2 (non-flatness of C° normal form). If f is analytic and q is not con-
tained in a curve of fixed points, setting v + 1 > 2 to be the multiplicity of f —Id at gq,
then b+ (0) # 0, and b (0) =0 for 2 < j < v.

Proof of Lemma 4.2. Since ¢ is not contained in a curve of fixed points, by [10,
Proposition 2.3, see also p. 481], we may express the diffeomorphism f in real-analytic
local coordinates at 0 as

fu(z,y) = (9(z) + yh(z,y),y + ¥ + A>T + a(z)y> 2+ ), (4.3)

for v+ 1 > 2 the multiplicity of f —Id at 0, with A a complex constant and g, a, and h,
respectively, real-analytic in a neighbourhood of 0 in C (respectively, C?) and g(0) = 0,
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h(0,0) = 0 and 0 < |¢’(0)] < 1. (Hakim deals with holomorphic situation, but real-
analytic data give real A and real-analytic functions g, h and a.) Notice that in these
coordinates {(z,y) : y = 0} is the still strong stable manifold. The central manifold,
however, does not have an obvious description any more (indeed, it is usually not real-
analytic), but it is tangent to {(z,y) : = 0} and can be described as the graph of a
C* map y — zp(y) with r(0) = 0. Additionally, it is the image of {(s,t) : s = 0} by
the conjugacy restricted to this line, which may be encoded in the C*° one-dimensional
diffeomorphism ¢ — y, with inverse y — 7(y) and yo = 0, yj # 0. Now, b(t) can be
decomposed as

t— fa(xr(ye),ye) — b(t) = 7(ye + yf“ + Ayt2V+1 + a(xp(yt))yf”+2 +--0).

Hence, using the mean value theorem, and setting
e(t) =y + Ay alep () )y

we have b(t) = t + 7/(£(t))e(t). Since e (0) =0 for 0 < £ < v + 1, it follows that
b (0) =0 for £ < v+ 1 and

b (0) = 7'(0)e Y (0) = 7 (0) (v + D(yp) " # 0.

Constructing a symbolic model

From now on, we work with a real-analytic atlas of M, vy : Ay — M, where each
Ay C R? is a viewed as a real subset of the complexification TCM C C? of the tangent
space for some chosen © € Int,(Ax) (we refer to pp. 808, 809 in [27] for details).
We assume that the atlas is compatible with the normal form fg from (4.3). We let
Ay, be a complex neighbourhood of Ag. Note that the decomposition E @ F' extends to
T$M = E§ + F§. For z € A;, with ¢ (z) € A we denote E}, , = Ef. , B}, = F£, let

u,C , -C u,C s,C . 7C s,C
PoSTEM - EYS, PR TEM - ES

denote the complexified projections to the unstable and stable bundles (we sometimes
drop the k index). By construction, for j, k with t; 5 # 0, the map f induced by f in the
charts extends to a real-analytic map.

We are now almost ready to state Proposition 4.5, which says that a (sequence of)
almost hyperbolic symbolic models for f can be constructed with the help of a sequence
of Markov partitions of diameters ending to zero. (All Markov partitions involved will
be real and compatible with the real-analytic atlas chosen above, in the sense that each
rectangle is included in some 1;(A;).) We must introduce further notation.

Definition 4.3 (admissible complex extension). A subset A of a complex neigh-
bourhood of A (in the charts) is an admissible complex extension of A if there is a complex
neighbourhood V; of each non-hyperbolic fixed point ¢; € A such that (in the charts)
A\U ; Vj is a complex neighbourhood of A\ |J; VJR, and each ANV in analytic charts
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(2E, zr) (compatible with (4.3)) contains the intersection of a neighbourhood of ¢; =0
and a domain {Re(z}7) > 0}, if ¢; is E-non-hyperbolic, and {Re(z,?) > 0} otherwise (as
usual, v; + 1 > 2 is the multiplicity).

Let | - |. denote the norm on TCM induced by Riemann metric. Adapting the Mather
trick and ideas from Crovisier, we prove the following lemma in the appendix.

Lemma 4.4 (adapted metrics). Assume all ¢ € N are fixed points with non-
hyperbolic multiplier +1. There are two semi-norms || - ||g. = || - I3, | - lrz = 1| - |3
on the complex tangent bundle TycM over a complex neighbourhood A® of A, and an
admissible complex extension A of A, such that the following conditions hold.

(1) For all w,
IDf wllpgre < lwlpes  [IDfwlle s < llwllp,s, Vze A (4.4)

For w # 0, equality holds in the first bound if and only if z is F-non-hyperbolic, in
the second one if and only if z is E-non-hyperbolic. In addition, there are C' > 0
and C), > v so that for each F-non-hyperbolic fixed point q; € A of index v + 1,
letting V; be the neighbourhood from Definition 4.3:

IDf " wl|pe < (1= Clzpl)(1 = CoRe(ZR))wllp sy, V2 = (25, 27) € ANV,

(4.5)
and similarly for the E-non-hyperbolic case.
(2) There is C' < oo so that
L < (oo |- ll7e) < C1-1s V2 € A, (46)

C

(3) For any z in A®, and any z, close enough to z so that (z — zy) can be interpreted
as a vector and (f(z) — f(z0) — Df.,(2 — z0)) is in the chart at f(zp), we have

E/F
1£(2) = f(20) = Dfso (2 = 20) | /ooy < €17 (12 = 20l 20 )12 = 20020

where the two functions 2" : Rt — R* are ¢ with £©/% (0) = 0. Furthermore,
there is C' so that for any ¢, if z and zy are in a complex §-neighbourhood of an
E/F-non-hyperbolic fixed point q € A of index v + 1, then

et (|2 = 20]z0) < C 8”2 — 202, (4.7)
(4) Let vy > 0 be the Hélder smoothness of the stable and unstable foliations. Then

||| : ||E'/F,z - || ' ||E/F,z’| < EQ(d(zvz/))l : |Z? VZ,Z/ € AC? (48)

for a y-Hélder continuous function €5 on R, vanishing at 0. If z and 2’ are on the
same WE/F local stable manifold, we can assume that v = 1.
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We set || - || = max(]| - ||2, ]| - ||5). We shall work with two types of complex extensions
of the rectangles of a Markov partition of A (compatible with charts). If R, N"A = 0, for
&k € R C ¢j(A; ), and small §, > 0, we consider an w-rectangle (just like in [27])

Ry (6, 0k) = {2 € A; € C* | ||z = 45 (&0l g1 e, < Ok}

By definition, R{ factorizes as Dj x D,%, with D}, a compact connected subset of C with
smooth boundary (in fact, a disc), and intersecting the real axis on an interval Z;.

If R, NN = {q}, we shall assume that ¢ = 1;(0) in charts z = (zg, zp) compatible
with the Hakim normal form (4.3), and, if ¢ is F-non-hyperbolic of index vy + 1, for
9k > 0 and 7/(2v;) < 0 < 7/, we consider an w-petal

Ry (vk, Ok, 0r) = {2z € Aj | zr € U(O, 0x) and HZHqE < Ot

Again, RY factorizes as Dj x D7, with D} a compact connected subset of C with smooth
boundary (except at 0 € D,%), and intersecting the real axis on an interval Z;. If ¢ is
E-non-hyperbolic, we proceed in an analogous way. We denote by Ry the real projection
Ry = ¢;(RY NR?) of an w-rectangle or an w-petal.

We may finally state the main result of this section.

Proposition 4.5 (from dominated splitting to almost hyperbolic). Let f be
a real analytic diffeomorphism on a compact real-analytic surface M, with dominated
splitting on its non-wandering set 2. Let A be a basic set of f. Assume that all orbits
in N are fixed points with neutral multiplier +1 and multiplicity v + 1 = 2. Then there
exists a sequence of Markov partitions R,, = { Rk n }kes, of A, with diameters tending to
zero and such that, for each fixed n, denoting by t;; = t;; , the transition matrix.

(1) For each k so that R, NN = 0, letting j be such that Ry C ;(A;), there are
&k € Ry and 0, > 0 so that the projection of the corresponding w-rectangle satisfies
Ry, C Ry (& 0k) C 5(4;).

(2) For each k so that R, NN = {q}, of index v, + 1 = 2, letting j be such that
Ry, C 4j(A;), there are 6, > 0 and 7/(2vy,) < 0), < m/vy, so that the projection of
the corresponding w-petal satisfies Ry, C R} (v, Ok, 01) C (A ).

(3) The following defines an almost hyperbolic analytic map f:

So=1{k|Re NN #0}, S ={k|RNN =10}, zzbixDicAk,}

fortee # 02 Wio fuel gy wzzynfot@ixaz) = F o Vil (rens-1(ae)):-
(4.9)

Proof of Proposition 4.5. Taking small enough ¢, and 6y, the non-hyperbolic require-
ment of (P(a)) or (P(b)) is obviously satisfied for the self-transition on an w-petal by the
Hakim normal form (4.3). We therefore concentrate on the hyperbolic condition for the
system (4.9). Just like in [27], the key is to reduce to a Schwarz inclusion.
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Lemma 4.6 (Schwarz lemma contraction). Proposition 4.5 holds, replacing condi-
tion (H) for (k,¢) € S?\ 82 by

Po s o Fra(RE)) € Tt(DY), Py (5 (RE)) € Tot(DR), (4.10)

and the hyperbolic condition for (k,k) € S2 by the PU-inclusion above in case (P(a))
and the P®-inclusion in case (P(b)).

The apparently weaker condition in Lemma 4.6 implies (H): indeed, the existence
of a partial inverse ¢ : D}C X Dt? — Int(D,%), which is real-analytic in a neighbour-
hood of Dj x D7, and is the unique solution of P’(Ll‘,l(&_k)fkg(wl,qﬁkgjs(wl,22)) = 29, can
be obtained as in pp. 812, 813 of [27]. ! O

The hard work now consists of proving Lemma 4.6, the technical but crucial dynamical
lemma of this paper.

Proof of Lemma 4.6. We first consider the case of a single F-non-hyperbolic fixed
point g of f (which is (0,0) in the charts), of multiplicity v + 1 = 2.

Let e9 be small enough so that V', the g-neighbourhood of the fixed point ¢ = 0,
is contained in a chart of the atlas and in a domain of definition of both Takens and
Hakim normal forms fg(z,y) and fr(s,t) from (4.2), (4.3). In particular, we skip the
chart index and do no distinguish between £ and 1/1]._1(5) in the notation for this proof.
We shall use the fact that for all ¢ > 0 we have Rey(s,t) > (1 —O(eg))t (the local strong
stable manifold is the same for both coordinates (s,t) and (x,y)). We also take ¢ small
enough so that f£™V NV # (), for m # 0, is only possible for very large |m| = m(g).

Pick a Markov partition Q like described just after Definition 4.1, ensuring that the
rectangle containing ¢ is a subset of V. For each n > 1/e(, we consider Q,, the nth refine-
ment of Q under f. We may replace V' by the union of rectangles in Q,, intersecting V', up
to slightly changing 9. We set Q4 to be the rectangle containing ¢ = 0 in its (horizontal)
boundary and let Q4 be the set of rectangles of Q,, along the stable manifold of g,
in particular Qg € Qws(q). (Of course, if n > m(eo), then Q4 winds back into V' and
we get an infinite sequence of homoclinic intersections.) We define Qs _(g) to be the
union of those rectangles in Q4 which are inside V.

Let us examine the rectangles @ of Q,, in V. Note that in the Takens normal form, the
stable boundaries 0;@Q) are horizontal segments, while the weak-unstable boundaries 0,Q
are curves which are close to vertical segments. We claim that the maximal diameter of
Q € 9, with @ C V is O(1/n), which is realized only for the vertical length of rectangles
of V in Qu=(q) (rectangles not along the global stable manifold have diameter O(1/n?)).
This can be seen via the fr coordinate, since if b™(ty) = ¢ then tg = O(1/n), using
the non-flatness Lemma 4.2 and v + 1 = 2. In fact O(1/n) is the diameter of Q,, (also
outside V). Since m(eg) is large and we have 1 — O(gq) contraction outside of V', the rect-
angles of @, € Qs(q) in V which are not along the local stable manifold have (vertically
realized) diameter at most e(eg)/n with € — 0 as g — 0.
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Recall that v < 1 is the Holder smoothness of 5. If v > 1/2 we may replace it by
0 < 4’ < 1/2, keeping the notation . Let U be the union of elements of Q,, which are in
an n~ 7 neighbourhood of ¢ = 0. We next construct R,, by modifying Q,, in U. Our aim
is to ensure that we may choose a point ; in every rectangle R; in R,, with R; C U,
and ¢ ¢ R; in such a way as to guarantee that if Ry, is another such rectangle, not along
the local stable manifold of ¢, and t;, = 1, then f(&;) = &.

Let Q,.0 be the set of rectangles Q € Q,, in U such that f~1(Q) N U = . For each Q;
in Qn o\ Qwg _(q), consider all forward iterates which intersect U: {f(Q:)NU}. For Q;
in 9, 0 along the local stable manifold, we perform the same construction, except that
we set R = f(Qi) N Qwy, (g and R = f(Qi) \ Qw;_(q), and we continue iterating R, R’
until we leave U, decomposing each iterate which meets Qw; (4) into R and R'. The
newly created sets R,, are all Markov rectangles, and whenever R,, N Q; # 0 for some
Q; of the partition Q,,, the complement R = R,, \ (R, NQ;) is also a Markov rectangle.
Letting Q,, 1 be the set of newly created complements R such that f_l(R) NU =0, we
proceed as above, considering forward iterates in U and taking appropriate intersections.
We repeat this procedure until Q,, n is empty. Finally, we add to our collection {R,,} of
rectangles Rq =Qq \ UR,,, as well as

Ry = f(Rq) \qu

and all its iterates f7(R,) intersecting U.

The rectangles R, are two-by-two disjoint and their union is U. We define R,, to be
the union of the R,,s and the rectangles of 9, outside of U. It is a Markov partition,
which tends to be thinner horizontally and (slightly) fatter vertically than Q,, in U. Note
also (this is the announced feature) that we may choose a point &, = (s¢,t¢) in each
rectangle R,, of Q,, ;, and a point &, in R, and consider the corresponding iterated points
& in elements Ry of the partition R.,; when there is an R, R’ bifurcation we ‘follow’ the
orbit in R, and take a new point in £’ € R’, making sure that f(§) € R and &’ are in the
same W leaf. If Ry, is not adjacent to W _(q), then t¢, > to = O(1/n) while if R,, # R,
is adjacent to the local stable manifold of ¢, we take 1 on the top ds; boundary so that
te,. = to = O(1/n) even in this case.

Note that inside U we have

[Rex(s,t)] > (1= O(n=7))s| = O(n~7)[t],

so that on the boundary of U either t = Cn™" and thus Rey > ecn™7 or t < Cn™" and
|[Rex| > C|s| with |s| > en™7. Hence, by (4.5), the contraction factor outside of U (and
also when entering U from outside of U, or just when leaving U) is 1 — en™” (note that
the points involved belong to the rectangles and are thus real points). Replacing U by
V', the same argument gives a contraction factor 1 — Cey.

If t;1, = 1 and both rectangles Rj, and R; are outside of V' we can apply the construction
in the lemma of [27, p. 811]. Let us recall here the key estimate involved: fixing { € R;
and 7 € Ry, we first observe (see [27, p. 813]) that |f~!(n) — &|¢ < O(1/n). Thus, using
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(4.4) and (4.6), (4.8) (in particular £I"(a) = O(a)),

1F 7 (w) = €llE < 1F7Hn) — €lIE + e2(d(& f~Hm)) - 1FH @) = FH 1)
HIFHw) = 7N m) = DT 0 = -y + DS 0 = -1

SO m) = Ele + Ol ) = €l () LF 1) = F7H ) 51

+et (Jv = nly)lv = nly + (1 = Cueo) v —nll;
c cC ~ 9 u
<t Sy Clo— i3+ (L= Cuzo) ol
Taking the size dj, = d; of the w-rectangles B¢ to be Ce(gg)n™" (this choice will turn
out to be useful later), we get

lv=nlly <o = 17" () = €llE <65

The Ps-inclusion is similar (in fact easier), we shall concentrate on the P"-inclusion.

If tjx = 1 and both rectangles Ry and R; are in V, but outside of U U Qw (4), the
|| - [[*-contraction of f’1|kaf(Rj) is at least 1 — C,n~"7. We can essentially apply the
above estimate, using also that |f~1(n) — ¢|¢ < &/n in this case:

1F7(0) = €llE < CLF () = Ele + CLF ) = €17 1 F ) = £ ) 100
+ Cef (Jo = nly)lo =l + (1= Con™ ) Jo = )

Ce CeY ~ Cy u
<E o (S bl - (1= S Y-l e

n nYy
(note that  and f~'(n) are in A C A). Taking the size 6y = §; = § to be § = Ce(eo)n™ 7 =
én~7, we get
lv=nlly <o = 17" () = €llE <65

In order to obtain the PU"-inclusion for R; or Ry in U, note first that any R,, in
U\ Qwe (g lies entirely between two horizontal lines ¢ = b'(tg) and t = b*1(ty) for
an integer £ = ((R,,) between 0 and n — 1 (recall the definition of ty = O(1/n)). Using
Lemma 4.2, it is not very difficult to see that the vertical diameter of such a rectangle
R, is not larger than B(n)(b*(fim)(t4))?, for some constant B(n) > 1 tending to 1 when
n — oo (for fixed g¢). Indeed, recall n > 1/e9 and notice that if b*(ty) < n~7, then
< lpax < — An” for some A > 0. For such ¢ we have

0< b(f-i—l)(to) _p® (tO) _ B(n)(b(o (to))2 < <1 + O(Tiy))(b(f)(to))?, (4.12)

Along the local stable manifold of 0, the diameter is of course to = O(1/n).

Discuss first rectangles R;, Ry in U with ¢;; = 1, such that R; is not adjacent to the
local stable manifold of g. Take as reference points for the (complex) w-rectangles the
chosen points § = §; and 1 = &. Note that £(R;) = £(Ry)—1 > 0 and set £;,/; = £(Ry,/;)-
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Then, since f~1(n) = £, we only have two non-zero terms out of four in (4.11), and if
o =nlly < o,
177 @) = €llE = 1F7Hw) = FH -1

<) = 7 m) = Df o =) F-agy + 11D S (0 = )11,

< Clo =z + (1= G0 (to)) o = nlly

< (C'8, +1 = CLb% (tg)) 0. (4.13)

Since C” does not depend on €g or n, and C,, > v > 1 while B(n) — 1 when n — oo, for

each ¢, up to taking smaller ey, we may assume that C’'é(¢)(1 + B(n)) — C, < —B(n).

We take
5m = ébem (t(])a m= ka]

Also, for £, =0,...,4nax We may assume 0, < én~7. Then, on the one hand the real
projection of Ry, contains Ry;, and on the other, if [[v —n]|, < dj, then by (4.13)
(14 (C'¢(1 + B(n)b%) — C,)b"% (to))éb* (to)

(1= B (t6))(1 + B (10))b's (to) < 35,

1£7H(w) — €llg

NN

so that we have the required Schwarz lemma inclusion property. If R;, Ry in U with
tjr = 1, are such that Ry, is not adjacent to the local stable manifold of ¢, while R; # ]:Zq
is adjacent to it, we have ¢; = 0, so that we already set d; = éto. We take 0; = C;/n,
where C; is a constant (independent of n) to be made more precise later on. So, if
[0 = nlly < O,

17 (v) = €llg < (14 (C"€ = Co)to)éto < Cj/n.

IfR; = Eq, we have £, = 0 and J;, = £ty and we need to show that |[v — 7|, < 0 implies
that f~'(v) belongs to an w-petal at g. Taking the size of this w-petal to be C,/n for
Cy > 1 but not very large, this follows from the fact that the ¢- (and thus the real part
of the y-) coordinate of f~1(v) is positive, but not much bigger than .

For the transitions ¢;;, from Ry, outside of U, to R;, inside of U, we have as mentioned
above a contraction factor 1 — O(n~7), and we may use the ‘ordinary’ four-term esti-
mate (4.11) since §; = éb%max (ty) while 0, = én~". For the transitions from U (not along
the local stable manifold) to outside of U, we apply (4.5) as in (4.11), using & < én~7,
and the contraction factor 1 — C,n="7.

We finally discuss transitions in V' along the local stable manifold of ¢g. Let R; be a
rectangle with f(R;) C Ry. If |[v — gl < 20, = 2C,/n (this is in fact a weaker condition
than the petal condition) we have from the usual four-term estimate, but without any
contraction factor,

1~ (v) = €llg <O/n) +O(1/nM)|v = qlg + Clv — qlf + v — qlly < Cg/n. (4.14)

We take ¢ = C’; /n, which defines the constant C; for this rectangle. When we iterate,
progressing to the left or to the right along of W (q), we get (recall that & and f~1(n)
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are on the same unstable leaf, and also that t¢ = to while b(t;-1(,)) = t¢)

1f7H () = €llE < O(1/n®) + O(1/n)[v = nly + Clo =l + (1 = ¢/n)[lv = 0]}
< (1+0(1/n))d, (4.15)

and the diameter §; = (14+0(1/n))dx, grows. However, the number ng of iterations of f~*
to escape from V to the left, starting from a component of f’l(Rq) \ R, is at most n.
So the cumulated factor is smaller than ¢, = (1 4+ C/n)", which is uniformly bounded as
n — 00, by (> 1, say. We may choose all the C;, < (Cy. Finally, since (O(1/n) < én™7,
we get the required inclusion when we leave U, and, a fortiori, V.

If there are several F-non-hyperbolic fixed points (of the same multiplicity v + 1 = 2),
the construction above works too. The E-non-hyperbolic case is analogous. Dealing with
coexistence of E- and F-non-hyperbolic points (of the same multiplicity) does not cause
any problems, since we never used the exponential smallness in the strong direction in our
estimates: O(1/n) was enough outside of V' and on Q, (g and O(e/n) elsewhere. [

Remark 4.7. When n — oo, the cardinality of S; goes to infinity but the cardinality of
Sy is fixed. Also, each map fkk’n associated with a non-hyperbolic fixed point (i.e. k € Sp)
for n > 1 is just the restriction of fkk,l to smaller domains D,ﬁ, D,%, which can be
constructed in a way compatible with the definition of By(e) in Lemma 3.1 (2).

5. Spectral harvest

5.1. Proof of Theorem A in the parabolic case

In this section, we put together the results of §§2-3 and §4 to prove Theorem A, under
the additional assumptions that the non-hyperbolic periodic points which are not 2\ P
isolated are fixed, never have an eigenvalue equal to —1, and always have multiplicity
v+1=2.

As explained in §4, we may restrict to a single basic set A;. Let N be the set of non-
hyperbolic non {2\ P isolated periodic orbits and recall the definition (1.3) of X(p) for
p € N. We fix an arbitrary open neighbourhood W of Upenna, {1/2 | z € X(p)}, and we
shall show that dg|4,(2) is holomorphic in C\ W.

Putting together Proposition 4.5 and Lemmas 3.8 and 3.1, 3.2, with Remark 4.7, and
using Manning’s counting trick [14] (see also [27, p. 817]), we obtain that for each Markov
partition R,, of small enough diameter, the determinant may be written as a ratio of two
functions which are analytic in C\ W:

d1 (Z
d2 (Z) ’

~—

dfia, (2) =

Indeed, d; is the regularized Fredholm determinant of the transfer operator of the hyper-
bolic analytic map f associated by Proposition 4.5 with a Markov partition R,,, while ds
is the determinant of a second symbolic map fg, associated with the auxiliary subshift
corresponding to the pairs of adjacent rectangles in R,,. (Note that the non-hyperbolic
periodic orbits are not counted at all and therefore not overcounted, while the hyperbolic
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periodic orbits on boundaries of rectangles of the partitions coinciding with boundaries
of our basic set are only counted once.)

It thus only remains to check that all zeros of d2(z) are cancelled by zeros of d;(z), for
each n. The argument for this uses our assumption that M is two dimensional.

Sublemma 5.1 (disjoint boundary periodic orbits). Let A be a basic set of a
C?-diffeomorphism f on a compact surface having dominated splitting over its non-
wandering set. Then for each € > O there are two finite Markov partitions of diameter
smaller than €, and such that the sets By, Bs of periodic orbits of f lying on their
respective boundaries may only intersect on the boundary of A.

See the proposition on p. 817 of [27], to which we refer for a proof of Sublemma 5.1,
valid in the Anosov case (there, B; and Bs can be taken disjoint), and which may be
extended to Axiom A and dominated splitting.

End of the proof of Theorem A (parabolic case). Sublemma 5.1 finishes the proof.
Indeed we may take two sequences R ,, Ra, of Markov partitions so that, on the one
hand, G(&) in Lemma 3.2 goes to zero, and, on the other, the sets B}* and B} satisfy the
properties in Sublemma 5.1. The argument on p. 818 of [27] applies for each n. |

5.2. The general case

We discuss briefly the changes needed to handle the general case. First note that the
arguments in the appendix apply to neutral eigenvalues —1, working on both sides of
the central manifold, and to periods larger than one, by considering the corresponding
iterate of f. Let us now explain the changes in §§2-4.

Regarding Ag p = —1, we may easily generalize (P(a)), (P(b)) by allowing normal
forms —zo — 257 + h.o.t. instead of (2.3) and —w; — wy ™" + h.o.t. instead of (2.4). We
then use two petals, one on each side of 0. The square of the local (P) dynamics has
neutral eigenvalue +1 and the same multiplicity v + 1. We may thus adapt the proof
of Lemma 3.1, using the fact that the spectrum of (7%)? is [0, 1] so that the spectrum
of 7% is contained in [~1,1]. We get the sets announced in (1.3) for P = 1. In §4, we
have to take into account the fact that the dynamics oscillates between both sides of the
strong local manifold, but this does not require any serious changes.

Regarding fized points of multiplicities v + 1 > 3, using the conformal change of vari-
ables (z,y) — (z,y") as in [28, § 2.6], we may adapt the contents of §§ 2 and 3. (Note that
for even v we need to consider two real petals for each j € Sy, while for odd v we have just
one petal.) We must also adapt the proof of Lemma 4.6. The main changes are the weaker
contraction 1—C,t” (note, however, that €/ has stronger decay (see (4.7))) and the larger
diameter of the refined partition: O(1/n'/¥) in general, and O(s(gg)/n'/¥) (except along
the local strong manifold) in an O(g) neighbourhood V' of the non-hyperbolic periodic
point p = 0. To deal with this, we replace v by v/ < 1/(v(v + 1)) if v > 1/(v(v + 1)).
Then, vy + v < 1/v. We take U to be an O(n~7) neighbourhood of 0 (for the new,
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possibly smaller ) and choose §,, = Ce/n” outside of U. Then, (4.11) becomes

Ce Ce Y C C
—1 u 2 v u
15720 = €1 < o+ (5 ) o=+ o =3+ (1= o o =,
(5.1)
so that [[v — 7|, < dx implies [~ (v) — &[[¢ < d;. Then, (4.12) becomes
0 < b (ko) = b (to) < B(n)(b (1)) < (1+0(n™ ")) (B (o). (5.2)

For the two-term transitions from Ry to R; within U, we set 0,, = éb{"" (to), and invoke
(4.7) inside the b(#+1)(t3) neighbourhood. Then we may assume that C"(14B(n))?*~! —
C, < —B(n) and (4.13) becomes

1771 w) = €ll¢ < CO™ (k) o =l + (1 = Cu (6" (t0))")llv = nll;
<L+ /0% (20))")dr — Cu (b (t0))" 0,
<L+ (EC/ L+ Bm)™ ™ = )0 (t0))"](1 + B(n) (" (t0))")3; < 6;.
(5.3)
Along the local strong manifold, we take 8,, = Cy,/n'/?, and the diameter grows
17 (w) €l
<O@/n )+ O /n ) o = nly + Clo =l /n' =" 4+ (1= Cu /)l = n]l;
< (1+0(1/n'"))dy, (5.4)

but (up to considering as a single Markov rectangle at p all the rectangles to the left
and to the right in a horizontal neighbourhood of horizontal size ¢/n", which does not
interfere with the other computations) we may assume that the number of iterations ng
within U is smaller than C'logn < n?/*. Since ¢/n'/¥ < 1/n”, we are done.

Finally, if there are non-hyperbolic fixed points of different indices, we set ¥ = maxv;
and use the same 7' < v with 4/ < 1/(v(v + 1)) for all neighbourhoods V; and U;.

If we have periodic points of periods P > 2 in N, they will be associated with a
periodic cycle in the symbolic set Sy (work first with f). The corresponding symbolic
transfer operator Lo will have associated periodic blocks of periods P;. Its spectrum is
thus contained in the union over ¢ of the Pjth roots of the spectrum of the block ﬁ&
This gives the Pth roots announced in (1.3) and thus the slits in Theorem A.

Appendix A. Constructing an adapted metric

Let f be a real-analytic diffeomorphism of a compact surface having a dominated splitting
ToM = E®F. Let A be a basic set from the decomposition [22] of the non-wandering set
£2. We consider an analytic atlas for f, as in § 4, and denote by ||, the Riemannian norm
induced on complex charts. (We systematically drop the chart index in this appendix.)
Let N be the finite set of non-hyperbolic periodic points of f in A. For each ¢; € N, we
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denote by v; + 1 > 2 its index, i.e. the order of the zero f —Id at ¢; in the charts (in
other words, the multiplicity of f —Id, recall from §4 that this multiplicity is finite). In
this appendix, we allow all v; > 1, however, for simplicity, we assume that all points in
N are fized points and that their non-hyperbolic multiplier is equal to +1 (not —1). See
Section 5.2 for the general case.

Our aim in this appendix is to prove Lemma 4.4, i.e. to construct two adapted semi-
norms (see [27, pp. 809, -810] for a brief account of the hyperbolic case) || - |g,- = || - |I3,
|- lF-=|-||* on the complex tangent bundle Tyc M over a complex neighbourhood A®
of A, and an admissible complex extension A of A, such that (4.4)(4.8) hold.

We shall recycle some ideas of Crovisier [2, §5.3] (introducing simplifications arising
from [21,22]), but we must modify his construction which uses smooth (not analytic)
coordinates (see [2, §4.2]), since we need to control the complex extensions. Another
difference is that Crovisier constructs an adapted metric in the sense that || D f/_Fl(z) 19 <1
and ||Df g || < 1if z ¢ NV, while we need the quantitative estimate (4.5).

Adapted metrics close to N': the first global norm || - ||,

Our first step is to construct local semi-norms || - ||’ /B,» I a neighbourhood of each
non-hyperbolic fixed point of f]4.

Recall (see, for example, [21, Lemma 3.2.1]) that for suitable « < 1 the (complex)
cone

CDI:Z ={we T;C/l |lw=u+uv, ue E(2), veF(z), [u <alv|} (A1)
is invariant under D f, for z in a complex neighbourhood of A.

Lemma A.1 (local semi-norm). Let f be a real-analytic surface diffeomorphism with
dominated splitting over §2, and A a basic set. Let ¢ € A be an F-non-hyperbolic fixed
point of index v+1 > 2. Then there exist a semi-norm || - || , over a complex neighbour-
hood B€ of a (real) neighbourhood B of ¢ = 0, and an admissible complex extension B
of B, so that (4.5) holds for all w € CE _, i.e. for some C), > v,

1D wlp. < (1= Clzpl)(1 = CulRe(zE)Dwllp gy, V2 € B, Vwely..  (A2)

Furthermore, z — || - ||, is C*, (4.7) holds on B® if (z — z) € Ca,z,, and (4.8) holds.
We have analogous statements if q is E-non-hyperbolic.

Proof of Lemma A.l. As mentioned in the proof of Lemma 4.2, by [10], we may
express f in real-analytic coordinates in a neighbourhood of 0 as

fr(z,y) = (g(w) tyh(z,y)y+y" T+ AT > a (x)y]),
J=2u+2

where A is a constant, and g, a; and h, respectively, are real-analytic in a neighbourhood
of 0 in C, respectively C2, with g(0) = 0, h(0,0) = 0 and 0 < |¢/(0)] < 1. Writing
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hy = Ogh, hy = Oyh, we get

D frt oy (1, 0) = (<g’<x> (e, y))ut () + yhy (2, y))o,

oo

Z (@) ) u+ 1+ v+ 1)y +--- )v) (A.3)
j=2v42
Note that if Re(y”) > 0,
[(1+ (v + 1)y” + O(y*"))v| = (1 + Cu|Re(y”)])|v]. (A.4)

We may view 0 as a partially hyperbolic fixed point of a C*>° map on a neighbourhood
of 0 in R* and use the Takens [29] standard coordinates (s,t) = (si, s2,t1,t2). Here,
fr(s,t) = (G¢(s), H(t)), where Gy is a contraction, i.e. both its eigenvalues have absolute
values < 1, uniformly in ¢, while the two eigenvalues of H have moduli 1. In particular
(up to taking a smaller neighbourhood), there is v < 1 so that sup, |G¢(s)| < v|s|. For
small 8 > 0, define a semi-norm for a complex vector (u,v) over z = (z,y) by

()5 (0y) = (1 = Bls(z, y)])]v]- (A.5)
Take ¢ < B(1 — 7). By definition, and by (A.3), (A.4), we have for Rey” > 0 and
(u,v) € CF,

HDfH,(a:,y) (ua U) ||lF,f(w,y)

=1 =Bls(fu(y)) | > (aj@)y)u+ 1+ @+1)y" +-- v

i>20+2

= (1 =Bls(z, y)[)(1 + Cy[Re(y”)]) ]

> (1+c|s(z,y) )1+ Cu[Re(y”) DIl (w, v)[1p (2.

> (1+élz)(1+ CulRe(y") DIl (u, 0l 2,4 (A.6)

O

Define a local norm in a neighbourhood of an F-non-hyperbolic fixed point ¢ € A:
[[(w, v) I, if (u,v) € CZ,
)1 = o :
lul =t [|(u,v) ||z, otherwise.

It is not difficult to check, using Lemma A.1 and the cone property, that the new norm
is adapted in B in the sense that

||Df/_Fl(z) |. <1, Vze B, with equality if and only if z = ¢. .
We may extend the norm || - ||, continuously to A by gluing it with the Riemannian

norm |-|,. We replace the Riemannian norm by this new equivalent norm || - ||,. Of course,
we still have a dominated splitting.
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Controlling hyperbolicity away from N : the second global norm || - |
We will use the following results proved in [21] and [22].

Proposition A.2 (see Theorem B in [21]). Let f be a C*-diffeomorphism on a
compact surface, and A a compact f-invariant set having a dominated splitting. Assume
that all the periodic points in A are hyperbolic of saddle type and that A does not contain
normally invariant curves. Then, A is hyperbolic.

Lemma A.3 (see Proposition 3.1 in [22]). Let f be a C*-diffeomorphism on a
compact surface, and A a compact f-invariant set having a dominated splitting. Let ¢
be a periodic point of A and let zg € A be a point in the local unstable manifold of q.
Then, there are a neighbourhood V of zy and an integer kg such that if z € V N A and
k > ko, then |[Df ' < 3

We will also use the following two lemmas (and their versions exchanging E and F).

Lemma A.4. Let f and A be as in Lemma A.3 and assume that q € A is an F-non-
hyperbolic fixed point, and is the only non-hyperbolic periodic point of f in A. Then, there
is mo > 1 such that for any z € A\ {q} there is 1 < n(z) < mg such that | Df, . n(z) <1
We shall take n(z) minimal with this property.

Proof of Lemma A.4. If z is in some (real) neighbourhood B of ¢, we may take
n(z) =1 by the construction after Lemma A.1.

Assume for a contradiction that the conclusion of the lemma does not hold (outside
of B). Then there exists a sequence z,, ¢ B such that HDf/F (2n ||’ 1,foralll1<j <
Taking z to be an accumulation point of the z,, we have z ¢ B and ||Df/F(Z)H’ >1 for
all j > 1. Now, if ¢ ¢ a(z), then a(z) is a compact set with all periodic points hyperbolic,
and from Proposition A.2 this set must be hyperbolic, a contradiction.

Consider now the case ¢ € a(z). We analyse two situations: {¢} = a(z) or {q¢} & a(z).
In the first case, 2 € W' (q) and thus there is ko such that f=%(z) € W _(g). Therefore,

—j ,
1D 2 -r0 oI = 0
and so also
IDf 2" = 0.
Then, by continuity, taking z, close enough to z, we also get a contradiction. Finally, if
{q} & a(z), we may take a neighbourhood V in the local unstable manifold of ¢ and a

subsequence f 7" (z,) € V with j, uniformly bounded.
From Lemma A.3 we also get a contradiction. g

Lemma A.5. Let f, A be as in Lemma A.4. For each neighbourhood B of q and every
0 < A1 < 1 there exists m1 and a complex neighbourhood Wy of A\ By such that for
each z € Wy then [|[Df L[ < A1
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Proof of Lemma A.5. For arbitrary z € A\ {q} let n(z) < mq be given by Lemma A .4.
It is not difficult to see that

sup [|Df )| <<
z€A\ By

(for the real norm). Let
C = sup{lIDf )l 1< < mo}.
S

Take k > mg such that u*C < Ay < A;. Also notice that there exists r > mg such that
if € A\ By and f79(z) € By for all n(z) < j < n with n > r, then IDfpll" < Az/C.

We will show the lemma for m; = (k + 1)r: for 2 € A\ By, set ng = 0, ny = n(z),
no = n(f"(z)),.... It follows that for some ¢ > 2 we have m; =n; +nao +---+n; + s
with 0 < s < myg. If s =0 there is nothing to do. Consider jy = 0, j1, j2, - - -, je such that
frotmattns (o) ¢ By If £ > k the result follows. If £ < k then there is js such that
n; ., —nj, >r, and we also conclude. Since we proved the real claim for Ay < Ay, there
is a small complex neighbourhood W; so that the lemma holds for W7 and A;. (I

Assume that A contains only one, say F-non-hyperbolic, fixed point ¢. (The general
case follows in a very similar way, in particular Lemmas A.4 and A.5 can be adapted to
the situation where A/ contains more than one point.) Using m; from Lemma A.5, we
define a second global norm by

mi—1

lwl|l? = > IIDfwl},, =€ A" (A.8)
§=0
More generally, we shall use auxiliary norms
i—1

lwl?, = IDfPwll, for 1 <i<m.
=0

(In particular, [|wl|]{ , = |lwl[}.) If 2 € W} then by Lemma A.5, ||Df/_Fl(Z)||'Z’ <1

The global adapted norm and the global adapted semi-norms

We have two global complex norms ||-|| and ||-]|”: one which is adapted in an admissible
neighbourhood B of q; the other one adapted outside a neighbourhood B; of ¢, and we
may assume that B; is much smaller than B. We must glue these two norms in order to
get a global adapted complex norm | - ||, over A C AC.

This can be done as in [2, pp. 1112-1114], using the auxiliary norms |Jw||’, ,, and
Hw||/f;z defined there, because we have the equivalent of (19) and (17) and (20) in
Crovisier’s paper:

lwll, < IDfwllyy = IDfwlf poy < IDFPwl5 paiy <o < D™ w][ s
Vze B, 04 we F(z); (A.9)
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if 0 #£w € F(z),and n — 1 > my, we get from Lemma A.5 and (A.7),
1Dl > aljwl, Ve with f*15 ¢ By; (A.10)
finally, using Lemma A.5 again, there is mqy > m; so that if 0 # w € F(z),
|Df 2wl > Cmy|jw|’, = 4|lw||”, Yz with f™ 12 ¢ By. (A.11)

(Note that Lemma A.5 gives us better control than is available in [2], so that his con-
struction can in fact be simplified.)
Finally, the two adapted semi-norms are just

lwlle. = [PPwlz,  wlp. =[P w]., 2€ A% (A.12)

The smoothness property (4.8) follows from the fact that z — || - ||, is C°°, combined
with the Holder smoothness of the foliations and C* property of leaves.
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