A LOCAL LIMIT THEOREM WITH SPEED OF CONVERGENCE
FOR EUCLIDEAN ALGORITHMS AND DIOPHANTINE COSTS

VIVIANE BALADI AND AICHA HACHEMI

ABSTRACT. For large N, we consider the ordinary continued fraction of z =
p/q with 1 < p < g < N, or, equivalently, Euclid’s gcd algorithm for two
integers 1 < p < ¢ < N, putting the uniform distribution on the set of p and
gs. We study the distribution of the total cost of execution of the algorithm
for an additive cost function c on the set Z7 of possible digits, asymptoti-
cally for N — oo. If ¢ is nonlattice and satisfies mild growth conditions, the
local limit theorem was proved previously by the second named author. In-
troducing diophantine conditions on the cost, we are able to control the speed
of convergence in the local limit theorem. We use previous estimates of the
first author and Vallée, and we adapt to our setting bounds of Dolgopyat and
Melbourne on transfer operators. Our diophantine condition is generic (with
respect to Lebesgue measure). For smooth enough observables (depending on
the diophantine condition) we attain the optimal speed.

1. INTRODUCTION AND STATEMENT OF RESULTS

Every rational z €]0, 1] admits a finite continued fraction expansion

(1) x = T , my=mj(z)€Z,, P=Px)cZ,.

... .
+7np

Continued fraction expansions can be viewed as trajectories of the Gauss map

T:(0,1 0,1 T(x):=——|—|.

0.1~ [0.1], T() =1~ [1]

(Here, [y] is the integer part of y € R%..) Indeed, if z # 0 is rational, then T* (z) = 0
for some P = P(z) > 1, which is the depth of the continued fraction, and the digits
m; =mj(z) € Z% appearing in (1) are just

1 .
o) = | i |- 150 < P@).
Clearly, this is equivalent to execution of Euclid’s ged algorithm: for two integers
1 <p < gq, write 1 = ¢, p1 = p and ¢1 = myp1 + 71 with m; = my(p/q) € Z% and
a remainder m € Z4 so that 11 < p;. If 11 = 0 we are done, and p = ged(p, q),
with P(p/q) = 1. If r1 # 0, set po = r; and g2 = p1, and iterate this procedure
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until the remainder rp vanishes for some P = P(p/q) > 2. Then pp = ged(p, q),
and m; = m;(p/q) for 1 < j < P. Note that mp(,/q = 1 if and only if p = ¢.

We shall call cost any (nonidentically zero) function ¢ : Z* — R. Given such c,
we associate to each rational z = p/q € (0, 1] the following total cost:

(2) Cla) = ) c(mj(x)).

(Note that if ¢ = 1 then the total cost is just the depth P(x) of the continued
fraction.) Our goal is to describe the probabilistic behaviour of the total cost
associated to the ordinary (Gauss) continued fraction (1) (and some of its “fast”
variants). Before stating our results, we explain our probabilistic setting, and recall
previous works. R

Consider Q := {(p, q) € (Z})*, 2 € (0,1]}, and Q@ := {(p, q) € Q| ged (p, q) = 1},
and endow the sets Qy = {(p,q) € Q|q< N}, and Qn := {(p,q) € Q| ¢ < N}
with uniform probabilities ﬁN and Py, respectively. We shall state our results for
Py, but, as observed e.g. in [1] (see (2.18)), they also hold for Py. Note that
if (p,q) € Qn we can write C(p,q) and P(p,q) instead of C(p/q) and P(p/q). As
usual, the expectation Ex(C') denotes 3> Py ((p,q))C(p,q) and the variance
VN (C) is Ex(C?) — (Ex(C))2.

We shall use the following conditions on a cost function c:

P,q)ENN

¢ is of moderate growth if there exists v > 0 so that
ve(m),,, —2+v
ZmEZ:_ e m < 00,
¢ has strong moments up to order k£ > 1 if there exists v > 0 so that
ko —24+v
ZmEZ:_ c(m)®m < 00.

Of course, if ¢ is of moderate growth then it has strong moments up to arbitrary
order k.

Remark 1.1. If ¢(m) = O(log(m)) then c is of moderate growth, while if ¢(m) =
O(m~""*Y/*) for some k > 1 and some v/ > 0 then ¢ has strong moments up
to order k. The terminology comes from the fact that 7" has a unique absolutely
continuous invariant measure p; on [0, 1], with a positive analytic density fi (see
also Section 2), so that, writing c.(z) = ¢(m) if x € (1/(m+1),1/m], we have that
[(ex(2))t dua (z) is well-defined for positive integers £ < k, i.e. ¢, has moments up
to order k if ¢ has strong moments up to order k. (The converse is not true, whence
the terminology “strong” moments. See also [1], and Lemma 3.3 below for the need
to use v > 0.)

Introducing a dynamical approach (centered around the one-dimensional map
T) and using Ruelle-type transfer operators Hy, = H, ¢ to study this problem (see
Section 2 below for a definition of the transfer operators), Brigitte Vallée obtained
in a series of papers (see e.g. [22] for references) precise results for the asymptotics
of the expectation En(C) and other moments. For example, if ¢ is of moderate
growth, there is pu(c) € R (with p(e) # 0 if [ c.(z) dps(x) # 0) so that

Ex(C)

(3) A o Y = p(c).
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We refer to the recent work [1] for more information, a historical discussion
including references to the work of Heilbronn and Dixon and previous work of
Vallée. Among other things it was proved in [1] that if ¢ is of moderate growth
then there exists d(c) € RY so that

VN (C)
1m
N—o0 log N

(4) = (6(c))?.
Remark 1.2. To get (3-4) it suffices to assume that ¢ has strong moments up to
order 2. See Lemma 3.2 below.

The article [1] also contains the following central limit theorem [1, Theorem 3]:
for each cost ¢ of moderate growth, there is M;(c) > 1 so that for any integer
N > 1, and any y € R:

(5) PN<C(p7 Q) - N’(C) 1OgN < > _ L Y efa:g/Q dm‘ < Ml(c) ,
5(c)y/log N Vor J_o Viog N

where p(c) € R and 6(¢) > 0 are the same as in (3). The speed of convergence
(log N)~'/2 in the above central limit theorem is optimal, as is clear from the saddle
point-argument in the proof. This speed is the equivalent in our setting of the speed
of convergence in the central limit theorem for independent indentically distributed
random variables [11]. (Hensley [15] obtained a central limit theorem for ¢ = 1,
more than a decade before [1], but with a O((log N)~'/?*) bound on the rate of
convergence.)

The basic tool to obtain all limit theorems mentioned here is the transfer opera-
tor. The transfer operator allows to implement the characteristic function method,
via Levy generating functions. However, there is a key difference between discrete
and continuous problems (see also [1, §2.3] for an illustration). Discrete and con-
tinuous does not refer to time here, but to the probabilities: discrete means that
we are performing weighted sums over finite sets of increasing size (just like in this
paper). In the continuous setting, such as in the pioneering work of Guivarc’h-Le
Jan [13], in a geometric context which also involves the Gauss map, a spectral gap
argument a la Nagaev is invoked. However, the transfer operators which appear for
discrete problems involve not only the parameter i7 or w from the characteristic
function, but also another parameter, s, which ranges in a half-plane containing the
pole. This other parameter comes from a Dirichlet series in the present paper and
in [1], it can also be viewed as the parameter of an L-function in other settings, see
e.g. [20]. Dealing with s of large imaginary parts requires the use of fundamental
bounds first proved by Dolgopyat [8], [9] in the context of hyperbolic flows.

Specifically, in order to prove (5), methods adapted ! from Dolgopyat [9], were
used to get bounds on the resolvent (Id — Hsyw)’1 of the transfer operator Hj 4,
with (s, w) # (1,0), when the complex parameter s varies in a half-plane containing
1, but the complex parameter w is close to zero. We refer to [1] (in particular
Theorem 2 there) for more details.

We next discuss local limit theorems. A cost function c is called lattice, if there
exists (L, Lo) € R} x Ry, with Lo/L € [0,1) so that (c — Lo)/L is integer-valued.
If ¢ is lattice but not constant, the largest possible L is called the span of ¢ and the

1The key difficulty is that the symbolic alphabet in [9] is finite, while the Gauss map has
infinitely many branches.
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corresponding Ly is called the shift of c. If ¢ is constant we take span L = |¢| and
shift Lo = 0. 2 A cost function is called nonlattice if it is not lattice.

If the cost is lattice with Ly = 0 and enjoys moderate growth, then the following
local limit theorem ([1, Theorem 4]) holds: for x € R and N € Z% , put

(6) Q(z,N) = p(c)log N + 6(c)z+/log N ,

then?, there is Ms(c) > 1 so that for every z € R and all integers N > 1

L L, Le® /2|  My(c)
M) |VieeN - Bx((Clra) ~ Q) € (-5 5) ~ 5| < TR
(See [1, §5.4] for the case Ly # 0.) Again, the constants p(c) € R and d(c) > 0
are the same as in (3), and the speed of convergence is optimal. The proof uses
operators H; ;- where the complex parameter s varies in a half-plane, and the real
parameter 7 lies in the bounded interval [—7/L,7/L).

Very recently, using Breiman’s method (also known as Stone’s trick, see [12]
for a recent application of this method to nonuniformly hyperbolic dynamics) to
handle noncompactness issues, the second author of the present paper obtained
[14, Théoreme 3] a local limit theorem: for every nonlattice * cost function ¢ of
moderate growth, for each compact interval J, we have, writing |J| for the length
of J, and for p(c) € R and §(c) > 0 as in (3):

e—m2/2
®) i sup|v/log N - B ((Ofp.0) = Q. N)) € J) — | S = 0

We would like to point out that the compact interval J in (8) is arbitrary, while
in (7) only the interval (—L/2, L/2] is allowed. Roughly speaking, the local limit
theorem in the lattice case can be viewed as the analogue of a result for a Poincaré
section of a flow. (And it is well-known that obtaining results for flows is usually
much more difficult, sometimes requiring additional conditions, than proving the
corresponding results for their Poincaré maps.)

Remark 1.3. Lemma 3.2 and the arguments in Section 4 below show that the mod-
erate growth assumption for (5), (7), and (8) can be replaced by the requirement
that ¢ has strong moments up to order 3.

The purpose of the present article is to obtain a local limit theorem with control
of the speed of convergence in the nonlattice case.

Our proof involves transfer operators H, ;,, with s in a half-plane, and 7 € R.
When 7 is confined to any compact set, or when |Ss| is large enough, we can
exploit the bounds of [1] based on Dolgopyat’s work [9] (see Lemmas 3.3 and 3.4).
For large 7, we must adapt other estimates of Dolgopyat [8], introduced to study
decay of correlations for Axiom A flows (see also Naud [17] for a reader-friendly
account). These estimates of Dolgopyat [8] require a diophantine condition. > In
view of proving decay of correlations for nonuniformly hyperbolic flows, Melbourne

2The definition of lattice stated in [1] and [14] should be replaced there by this one.
3The factor L multiplying e=2%/2 was inadvertently omitted from [1, p. 351 and 381].

4The assumption that c¢ is nonlattice has been inadvertently omitted from [14, Théoréme 3]:
this assumption is necessary to allow arbitrarily large L in [14, Lemma 2], as is clear e.g. from
the proof of [1, Proposition 1(iii)].

5See [3, 4] for diophantine conditions in a related, but different, probabilistic context, and [5]
for a previous “nonlattice of order p” condition.
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[16] recently generalised the estimates of [8] to infinite alphabets. However, the
parameters (8, z) of Melbourne’s operators R; , [16, §3.3] are not of the same nature
as our parameters (s,47): while the real and imaginary parts of § correspond to RS =
Rs and I5 = 7, respectively, the imaginary part of z lies in [0, 27], because it arises
from locally constant integer return times. The parameter Sz is thus a periodic
parameter, and the return times are “mute” in a reformulation of Melbourne’s
diophantine condition ([16, Proof of Cor 2.4]). In our setting, unbounded values
of Ss are handled by the arguments from [1], as mentioned above, and we are
left to deal with |Js| in a compact set. The parameter Ss is thus “artificially”
bounded, but is not intrinsically periodic. Because of these differences (note also
that Melbourne works with the dynamical distance in an abstract Gibbs-Markov
setting, while we require the euclidean metric), we carry out the modified bounds
in detail in Section 2. Since the weights |h’| are not locally constant integers, we
cannot eliminate them from our diophantine condition (see also Remark 1.4 and
the proof of Lemma 1.5).

Since the statement of our sufficient diophantine condition on the cost is un-
palatable (although very similar to Melbourne’s [16, Thm 2.3]), we postpone it to
Section 2, and we formulate here a stronger (but simpler) condition instead. We
need more notation. The countable set of digits m € Z? is in bijection with the set
H of inverse branches of T, through m +— (y — ﬁ) We may thus view the cost
function ¢ as a function on ‘H. For integer p > 2 and any subset Ho of H, write
Hy = Ho and HY = {hoh | h € Hyo,h € HY"'}. Note that & = h(x) for z € HP
means that © = T?(z), i.e. z is periodic. The minimal such p is called the period of
2. Then, we extend c to a function on H? by setting, for h = hp,o---ohgsohy € HP,

) e(h) = Y elhy).

Jj=1

Recall that a vector € R? for d > 1 is diophantine of exponent 1y > d if there
exists M > 0 so that for each (qi1,...,qq4) € Z¢\ {0}

d
M
inf |p — T > .
pez‘p ; | 2 (maxg |qi|)™

For each ny > d, the set of diophantine vectors of exponent 7y has full Lebesgue

measure in R? (see e.g. [6]).

Definition. Let 7 > 2. The cost ¢ is strongly diophantine of exponent 7 if there
exist 7 > 1o > 2 and four periodic points z; € (0,1), j = 1,2,3,4 for T, of respective
minimal periods p; > 1, with h;; (z;) = x; for h;;, € HP’, and with pairwise disjoint

orbits, so that the following holds: setting c; = c(h;; ), a; = log |h; |,

Lij =pjer —picj, Lij=pjar —piaj, j=2,3,4,
then Lq3 # 0, Elg =0, with Ly5/L13 diophantine of exponent 79, and, defining
ij = Lljzlk - leley J#ke{2,3,4},

(% @)
Lo Los

we have Lo # 0, and the pair

is diophantine of exponent 7.
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Remark 1.4. Our definition uses four periodic orbits, like in [16], with the “inter-
twining” of the ¢; and the a; due to the previously discussed fact that the a; are
not integers. (See also Remark 1.6.) The condition L1z # 0 with Lia/L13 dio-
phantine of exponent 7, involving three periodic orbits, is sufficient to ensure that
|(I1d — Hy i)~ HLip < Mo|7|* for some o > 0, all |7| > 2 and appropriate o (see
proof of Proposition 2.1), this is not enough since we need |[|(Id — H(,Ht,”)’l ILip <
Mo|7|* for all |t] < to. In the simpler cases studied by Dolgopyat [8] and Naud
[17] it is possible to formulate a (non intertwined) sufficient diophantine condition
involving only two periodic orbits (because the alphabet is finite).

Before stating our result, we discuss further the above definition. First, it is easy
to see that a strongly diophantine cost is nonlattice. By Remark 1.8 below, it is
generic. In Section 2, we shall give the definition of a diophantine cost of exponent
n and we shall prove:

Lemma 1.5. If ¢ is strongly diophantine of exponent n, letting Hy C H be the
smallest set so that h;; € ng for 5 =1,2,3,4, then c is diophantine of exponent n
for Ho.

Remark 1.6. Each z; in the strongly diophantine condition is just the quadratic
number associated to the infinite repetition of a pj-tuple m = (m1j,...,myp; ;)
of positive integers. Also, a; coincides with log H?igl(m“ + zj¢)72, where the
z;0 = T*(z;) are the quadratic numbers associated to the circular permutations

of m. Finally ¢; is the total cost associated to the rational number u/v whose
continued fraction has depth p; and is given by .

Remark 1.7. We give an example. If ¢ is such that there are four integers m; > 0
so that, setting a; = log(1 + (m3 — my /m3 +4)/2), we have
c(mz) # c(ms), a1 #az, (c(mi)—c(ma))(ar —as) # (c(m1) —c(ms))(ar —az),

and both &m=ctm2) .14 the pair

c(m1)—c(ms)

(=

D(ar — as) — (c(ma) — ¢(ms))(ar — as)
(c(m1) — c(ma2))(ar — az) — (c(m1) — c(m3))(a1 — az)’
(c(m1) — c(my))(ar — az) — (c(ma) — c(m2))(a1 — a4)>
(c(m1) — c(m2))(ar — a3) — (c(m1) — c(ms))(ar — az)
are diophantine of exponent 7y < 7, then c¢ is strongly diophantine of exponent 7.
(Just consider the case where all p; =1 in the definition.)

— |

[ —

Remark 1.8. Fix n > 2. Choose four periodic points z; = h;,(z;) € (0,1] of T,
with pairwise disjoint orbits (and h;; € HP7). Then it is not difficult (see [16, Cor.
2.4]) to show that for Lebesgue almost every (ci,ca,c3,cq) in R, any cost ¢ so
that c(h;;) = ¢; is strongly diophantine of exponent 7 (use Fubini). Therefore, the

diophantine condition on the cost ¢ deserves to be called generic if 7 > 2.

Recall (6). Our main result is the following local limit theorem with speed of
convergence:

Theorem 1.9. For any diophantine cost function c¢ of exponent n and subset H,
with strong moments up to order 3:
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There ezists € € (0,1/2] so that for each compact interval J C R there exists a
constant My > 0 so that for every x € R and all integers N > 1:

e—m2/2 MJ
’\/logN]P’N((C(p,Q) - Q(x,N)) € J) - |J|5(C)\/ﬂ = (log N )¢

There exists r > 1 so that for any compactly supported v € C"(R), there exists a
constant My > 0 so that for every x € R and all integers N > 1:

_ 2/2
‘\/ngEN(w(C(p,q)—Q(x N))) - \/ﬁ/d} } logN

The second claim of the theorem says that we attain the optimal speed in the
local limit theorem for smooth enough compactly supported observables 1. If the
cost is nonlattice but not diophantine, we expect that arbitrarily slow convergence
can take place in the local limit theorem, in the spirit of [19], [18].°

Remark 1.10. The statement of Proposition 2.1 and the proof of Theorem 1.9 easily
imply that for any

-1
o> n<2+

log supyy, |/

log supy, |h’|_1)
14— T )
log(1/p) .

log(1/p)
we may take

(10) e<(20)7, r>a+1,

but these conditions are probably not optimal. The proof of Theorem 1.9 gives a
constant K (c) = K(n, Ho) so that, if ¢ is supported in an interval Jy,

(1) My < K@E, My < KOl [0lleion

Remark 1.11. If ¢ has strong moments up to order k + 1 > 4, a little more work
should yield finite Edgeworth expansions [11] (see also [3]) of order k for compactly
supported ¢ € C"(R). (The remainder term being O((log N)~*/2).) In this case,
the condition on the differentiability r of ¥ will depend not only on the diophantine
exponent of ¢, but also on the desired order k for the Edgeworth expansion.

The paper is organised as follows: in Section 2, we adapt the estimates of
Dolgopyat—Melbourne ([8], [16]) to our setting to get bounds (Proposition 2.1)
for the norm of the resolvent (Id — Hy4t4,) " for large |7|, bounded |¢|, and
o > 1—§(r) for small 6(7), under the diophantine assumption on ¢. Lemma 1.5
is also proved in Section 2. In Section 3, we first recall previous material from [1],
in particular the connection between (Id — HGHtﬂ;T)*l and the moment generating
function Ex(e’"¢) of smoothened models (via the Perron formula and bivariate
Dirichlet series), as well as estimates on En(e?”¢) for bounded |r|. We then de-
duce from Proposition 2.1 our key estimate (Corollary 3.5), on Ex(e'™®) for large
|7]. The proof of Theorem 1.9 is carried out in Section 4 by reducing to a study of
Jo X5 (1)e"iTQ@NE y (7€) dr, respectively [, ¢ (r)e " TRENE (7€) dr (with ¢
the Fourier transform of ¢), and decomposing the integral over 7 € R into four do-
mains, over which we apply the estimates from Section 3. In Appendix A, we
describe two other (fast) continued fraction algorithms, the centered algorithm and
the odd algorithm, for which Theorem 1.9 holds, with the same proof, since our

6Note however that lower bounds are much less accessible in our setting and the methods in
this paper do not provide such bounds for any examples of non-diophantine lattice costs.
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arguments only use the fact that T belongs to the good class from [1] and satisfies
the condition UNI from [1].

We have already mentioned the difference between the bounds in Section 3 and
those in [16]. With respect to [1] and [14], we can mention two innovations (be-
sides our remark that moderate growth can be replaced by strong moments): first,
Lemma 3.5 requires a specific smoothening, adapted to the weak bounds for large
|7| from Section 3; second, we have to regularise the characteristic function of the
interval J by convolution in Section 4.2 in order to control large |7|.

2. DoLGOPYAT-MELBOURNE ESTIMATES FOR Hy 4t ir

Let us first introduce some notation. Put I = [0,1], and Lip(J) ={u: I — C|
lu||Lse + Lip(u) < oo}, with Lip(u) the smallest Lipschitz constant of w. (If u is
not Lipschitz then we put Lip(u) = 00.) It is well-known (see [1] for references)
that there exists p <1, K > 1 and K > 1 so that for all m € Z} and all h € H™
(12) sup || < K™, |W"(2)] < RIW(2)], Yz e 1.

In this section, we focus on [t| < tg, for some fixed tg > 0, and || > 2, since other
values of t and 7 are covered in previous works, as explained in the next section.

For 7 € R and s = 0 +it, with t € R, 0 € R with ¢ > 1/2, put for u € Lip(J)
and z €I
(13) H, i (u)(z) = Y ™M (@) u(h(z)) .

heH
We have for the same s, 7 and each m > 1, recalling the extension ¢ : H™ — R
from (9),
HY (u)(2) = ) W (@) u(h(z)).
heH™
Letting f1 be the fixed point of Hyo so that [, fi(z)dz = 1 (in fact, fi(z) =
(log2)~1(1+ x)~!), we put for all t € R and 7 € R

~ Hipiir(fiu
Hy i (u) = %(fl) .

By definition, we have ||ﬁT+¢t,¢T(U)HL°° < ||ul|zee, for all m € Z*, and all real ¢
and 7. It is not very difficult to show (see e.g. the proof of [1, Lemma 2]) that for
each t € R there is K(t) > 1 so that

(14)  Lip(H{ - (w) < K(8)|ull = + Kp™Lip(u) ,Ym € Z} , ¥7 € R.

Inequalities such as the above are usually called Doeblin-Fortet (in probability) or
Lasota-Yorke (in dynamics) inequalities. It will be convenient to use the following
norm on Lip(7):
1
S Lip(u)}.
28Up|y <4, K(t) }

Indeed, recalling (12) and setting ng = [log K/log(1/p)] + 1, we have for all 7 € R
and all ¢t € [—t(), t()]

[ullLip = max{[Jul| L

IH i luip < Kp™ +1,Vm > 1,
(15) ||H§n+it,iTHLip S 1 7vm 2 no .

Finally, we give the definition of a diophantine cost:
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Definition. Let n > 2. The cost ¢ is diophantine of exponent n for the finite
subset Hy C H if there exists fy > 1 so that, for any sequences 7, € R, t; € R,
0 € [0,27), with limg_,o |7k| = 00 but supy |tx] < oo, and for any M > 1 and
B > Bo, there exist k > 1 and © = h,(x) for some h, € Hf, with p > 1 minimal, so
that

Mp

|7

dist (7% [8log |7k []c(ha) + ti[Blog |7 | log |hL | + pOk, 27Z) >

It is easy to check that any diophantine cost is nonlattice.

The main result of this section is:

Proposition 2.1. If the cost function c is diophantine of exponent n for Ho C 'H,

then, taking

log su K|t log su n
log(1/0) Tog(1/p)

there exist My > 1, and & € (0,1) so that for each |7| > 2, all |t| < to, and every

o>1—¢&|r|™«

—1
a>n(2+ |

1(Id — Hoqit,ir) ™ lLip < Mo|7].

(No growth assumption is required on c.)

Before we prove the proposition by a modification of the argument of Dolgopyat
[8], as adapted by Melbourne [16, §3] to the case of infinitely many branches, we
need further notation and a couple of preliminary lemmas. If H is a strict subset
of H, we let Iy = Iy(Hp) be the invariant Cantor set for T' associated to Hy, i.e.,
Ip={z el|Tmx) € Iy,Ym € Zy} for Iy = Upe,h([0,1]). Then, we set
Lip(Ip) = {u: Iy — C | Lip(u) < co}. Finally, for 7 € R and u € L*°(I), we set for

€ (0,1], denoting by h, the element of H so that « € h,([0,1)),

M ru(x) = [T (@)[*e 7" u(T (2)).

We may now state and prove the first lemma, which very roughly says that if the
iterates of the transfer operator Hy 4 ;- decay too slowly, then the operator M; .
has an approximate eigenfunction:

Lemma 2.2. Let In(Ho) be associated to a finite set Ho C H. Let m1 > 0 and
s ,, —1
Bo > 1. Then for each aqy > m(2 + %), there exist 31 > By and

Ky > 1 so that the following is true for each |t| < to and every |T| > 2, setting
n(r) = [frlog|7(]:
Suppose that there exists vo = vo .+ € Lip(I) with ||vo||Lip < 1 so that

~in(T 1 .
(16) D, (vo) (@) > 1 — —— Vo € Ip,j = 0,1,2.

[rfes”

Then there exist 0,4 € [0,2m) and wry : Iy — C, with |w,¢(x)| =1 for all x and

n(r ; K
(17) ./\/lf(T )wm(x) — elemwm(x) < # , Vxel.

Proof. (See Lemma 3.12 and §3.3 in [16] adapted from [8, Section 8].) In this proof,
we fix ¢ and 7, and we write n for n(7). Letting vy be as in (16), put for j =0,1,2

vj = Hjliv;t,if(vo) 8=yl
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Our assumption (16) implies that

(18) 1 <sj(zx)<1,Yxely,j=0,1,2.

GE

v (x)
s5(x)
|lwj] = 1 on Ip). Note for further use that (15) implies that there is a constant
Ky > 1 (which does not depend on ¢ or 7) so that ||w;||vipr,) < K1 for j =0,1,2

(first show that ||v;||pip(r) is uniformly bounded).

In particular, we may define w;(z) = for x € Iy and j = 0,1,2 (and we have

Since s1(x) = #@)Hﬁm,w(%w@(@a and 171170(1) = 1 (with 1 the constant
function = 1), the bound (18) for j = 1 implies that for all z € I

> B (1 S O o) ) < i

=t () = frfer

The real part of each term in the above sum is nonnegative. Hence, using also that
fioh/f1is bounded from above and from below, uniformly in h € H™, we can find
a constant Ko (which does not depend on 7) so that for each h € H™ and every
z € Iy

ahtang [ F @I e M w (b)) K>
0 < 1~ so(h( >>§R( wi (2) )<|h/(ar>||r|m'

Since sg(h(x)) < 1, the above bound implies that for each h € H™ and every = € I
Ih'(x)l“e”c(h)%(h(%))) P

w () =W (@)l
Using the fact that for any complex number z of modulus 1 we have |1 — z| =

V2(1 — R2)Y/?, we find a constant K3, independent of 7, so that for each h € H™
and every z € I

0§1—8‘E<

K3

’wl(x) — B ()" My (h(z))| < (W @) 2|2

From now on, we restrict our attention to branches h € H{. For such a branch, we
have

(19) ' (x)] = K,

where K4 = supy, ¢z, SUP |h§| =t > 1 depends only on Hy. Therefore, recalling that
n =[G log|7]], if a1 and By > By satisfy

(20) ] — ﬂl log(K4) > 2771 s

then there is a constant K5 (independent of 7) so that for each x € Iy, setting h,
to be the element of Hy so that = € h;([0,1)),

wn (T (2)) — (T (@)| et ()| < 52

2 < fefur

A similar argument gives K, independent of 7, so that if (20) holds and = € I
< Ko
- |7'|"71

(22) wa (T () = (1) ()| "™y ()

Fix an arbitrary z¢ € I and define 6y = 0y(7,t) (recall that the w; depend on 7
and ¢t and that n = n(7)) in [0, 27) by

ewo _ wo(x0)|(Tn)/(xoﬂ—iteﬁ-c(hmo) .
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Let hy, € HE be so that zg € hy,([0,1)). Observe next that (21) and the fact that
T"(x) = T"(24,) and hy, = hy, for 240 = hy (T (x)) imply that for all z € Iy
i (T" () — |

Now, on the one hand, since |h" /1| < K, with |W/| < Kp™, and since |t| < ¢, and
|T™(x) — T™(x0)| < 1, there is a constant K7, independent of 7 and h, so that

[Py (T (@)[* = [ Ry (T (w0))[ ] < K7 - p™7),
and on the other hand, since |z, — xo| < p™ and z,, € Iy if z € Iy, we have
|wo(220) — wo(o)| < Ky - p"7)
Therefore, if (20) holds, and in addition

M
23 B> ———,
%) 17 log(1/p)
then we have
. K K K
(24) e I

Next, defining 6, = 01(¢,7) € [0, 27) by
ez’91 = w (x0)|(Tn)/(xoﬂ—iteirc(hmo) ’
the previous argument gives that if (20) and (23) hold then

K + K¢ + K7

29 s (@) - | < S0

, Yrel.

Putting together (24) and (25), we find for 6, ; = 6y — 0y and all x € I
2K 1 + K5 + K + 2K
BE '
Taking «; and (1 so that (20) and (23) hold, and substituting (26) into (22) we

see that the function w = w; satisfies the conclusion of the lemma for Ky =
2K1 + K5 + 2K + 2K5. O

(26) ey (T () — wa (T ()] <

We need another lemma, which very roughly says that good decay for the iterates
of HY’ ;, ;, implies moderate 7-growth for its resolvent:

Lemma 2.3. Let Iy(Hp) be associated to a finite set Ho C H. For each a; > 0

7 —1
every a > aq(1 + %), and each By > 0, there exists My > 1 so that the
following hold for each |T| > 2 and |t| < ty:

Suppose that for each v € Lip(I) with ||v||Lip < 1 there exists zo € Iy and
Jo < [301log|7|] so that
1

GE

(27) [, 0 () (20)] <1

then ||(Id — Hiyitir) Hinip < Mo|7|®.

Remark 2.4. The proof of Lemma 2.3 uses heavily the fact that s = 1 + it and
breaks down if s = o 4 it with o < 1.
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Proof. (See Lemma 3.13 in [16], adapted from [8, Section 7].) In this proof we fix
t and 7 and write n = n(7) = [3811og|7|]. Let v € Lip(I) be so that ||v|Lip < 1.
It suffices to show that (Id — ﬁ1+it7”)_1(v) exists and ||(Id — ﬁ1+it7”)_1(v)||mp <
My|7|* for some o > 0 and My > 1 which do not depend on 7 or t.

For jo = jo(v,7) < n as in (27), we put

Uo = H{[z‘ritﬂ:‘r (v) and w = HY; ;- (v).

We have [[ug|~ < 1 and (recalling (15)) max{|[uo||Lip, [|u[Lip} < 1+ Kp. By (27),
there is 29 € o (depending on v) so that, putting K = 2(1 + Kp) supy <, K (1)

1
Rl
Recall that 7 is the absolutely continuous probability measure on I with density f;
(which is T-invariant). By definition, the dual of ITILO fixes p1. Put mg = mo(7) =
[W] + 1, then the element h,, € Hg™ so that xg € hy,([0,1)) is such
that hg,(I) C Iy,. Therefore, pq(Iz,) > p1(hs,(I)). By definition of uy, we have
(recalling (12))

(28) lug(x)] <1

= 2rfe”

Ve eI, :={zel|lr—x <

(Kq)

(20) (e (D) > K ', (0)| > K By ™0 > Ky 7k

with constants Kg > 1, Kg > 1, and K4 > 1 (recall the proof of Lemma 2.2)
independent of 7 and ¢. Putting

log(K4) >
ay=oq| ——=+1] >0,

Y (1og<1/p)
and decomposing [ = I, U (I'\ I,), we deduce from (28) and (29) that

_ ,ul(Imo)
2|r|*

1
(30) HuHLl(Hl) < HU'O”Ll(/n) < (1 - W)Ml(lmo) +1- Ml(Imo) =1
<1-Kg'lr|7.

We next upgrade the L' estimate (30), first into an L° bound, and later into a
Lipschitz estimate. For this, setting ny = [z log|7|], for B2 > 1 to be determined
later, we get from the spectral decomposition (see e.g. [1] for references)

7 (1) = / wdp + Ry (w),

with ||RT0||Lip < Kqpp™, for some p < 1 and all m > 1, that

I, ()| e < BT ful]| e < / | dpy + K10p™ [|[ul|1ip
< 1= Kg |7 + (1 + Kp)Kiop™ -

Then, if B2 > aq is large enough (depending on p, p, K9 and Kjg, but not on 7)
we have

sn(T)+ni (7T gni (T — —a
[E M )| = [HT, ()| <1 - Kpptlr| 702

for K11 > 1 independent of 7. Using (14), we get for no(7) = [f5 log |7|] with large
enough (3 > 301 + (2 that

IH2 5, (0)l|Lip < 1— (2K11) 77|02
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Thus, since v was arbitrary, ||(Id — ﬁ?’i&?h)*lﬂmp < 2K11|7]%2. Finally, using

Id—A)'=d+A+A%+.. A" ([Id - A"2)~

and (15), we find for every a > g a constant My > 1, independent of 7 and ¢, so
that ||(Id — H1+it,i‘r)71HLip < M0|’7'|a. O

We may finally prove the proposition. The idea of the proof is that existence of
approximate eigenfunctions contradicts the diophantine condition.

Proof of Proposition 2.1. The statement is trivial for ¢ > 1, because the spectral
radius of Hy44¢ 47 is then < 1 (see e.g. [1]). For o < 1, we follow [16, §3.2, §3.3]:

Let us first consider the case 0 = 1, proceeding by contradiction. Let Io(Hg) be
associated to Hyo C ‘H. Fix 1 > n and By > 1. Then take a1, 81 > fy, and K
as in Lemma 2.2. Finally, take oo and My from Lemma 2.3. Assume that for each
M > My the bound ||(Id — H144t,ir)~ HlLip < M|7]* is violated for some 7 = 7(M)
and t = ¢(7) with |7| > 2 and |t| < #y. By taking a sequence M} — oo we get
sequences ty, and 7y, with |7%| tending to infinity.

Then Lemma 2.3 implies that the hypothesis (16) of Lemma 2.2 is satisfied for
each (¢,7) = (tx,7%) and for 7. Therefore there are 0y = 6,4, € [0,27) and
Wg = Wry ¢, + lo — C, with |wg(x)] =1 for all z € Iy and, setting ny = 61 log |7%|],

. K
‘M""‘ wi(z) — e wp(z)| < —=—, Vaely.

te, Tk - |7'k|m

If z = hy(x) € Iy, for h, € HE, has minimal period p > 1, setting ¢, = ¢(hy), we
get

|h;|*itknke*7;7'knkcxwk(x) _eipekwk(x) < pKy .
x |7-k|m

Since |wg(z)| = 1, we find integers £i(x) = £(tg, T, ) with || = O(p|7x|log|7x|)
and a constant Dy > 1, independent of k and z, so that
(31) | — tgng log |hl| — Tkngcs — POk — 27l (x)| < pDo|mi| ™™ .

Since 171 > 1 and [y were arbitrary, this contradicts our diophantine assumption
on ¢ when k — oo.
If o0 € (1 —¢&o|7|72,1), we put s = o + it, and we write

(Id - ﬁs,zﬁ-)_l = (Id - ﬁ1+it717)_1(1d - AS,T)_l

with A, » = (ﬁS,iT - I’jI1+it’i7-)(Id - IF:11+it’i7-)_1. It is not very difficult to prove
that for each o9 > 1/2 there is a constant K12 > 1 so that

||ﬁa+it,iT - ﬁ1+it,if||Lip < Ki2(1 —0),Vo € (00,1], V|t| < to, VT €R.

(Use the bijection £ — hy between ¢ € Z% and hy € H, from the introduction and
the fact that |h)| < £72.) Thus, using the already treated case o = 1, we get that
|As 7 |lLip < MoKi2(1—0)|7| for all ¢ > 1 and all |7] > 2. This implies that there
is & € (0,1) so that ||As +||Lip < 1/2 for o > 1—&|7|~*, and the result follows. O

It remains to prove Lemma 1.5 stated in the introduction:

Proof of Lemma 1.5. (See e.g.[8, §13] or [16, Cor. 2.4].) Consider the smallest
Ho C 'H containing all points in the orbits of the four periodic points z;, and let
Bo > 1 be fixed. Let n > no and assume that ¢ is not diophantine of exponent n for
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Ho. It follows that there are 5 > 3y, D > 1, sequences 7, 0, and t;, and integers
lr,j = L;(ty, ) so that, putting n = [Glog |m|],

(32) | — txng log |h;J| — minic(hi;) — piOx — 2l 5| < D|m| ™", j=1,2,3,4, Vk.

Set Zk,j =pilp1 — g jp1 € Z for j =2, 3, 4. We find by eliminating 6, from (32)
a constant D > 1, independent of k, so that

(33) \reniLaj + teni Ly + 21ly ;| < Dim| ™", j=2,3,4, V.

If there is a sequence of k — oo with ¢, = 0, then we may assume that L1z # 0
and (up to taking a large enough k, i.e. a larger 7;) that ¢ 3 # 0. Then, since
li,3 = O(|1|log|Tk]), eliminating 7yng from (33) for j = 2 and j = 3 gives D
(independent of k) so that

Lo

ly3— — L2

< Dl
L3 7™

for all k£ with ¢, = 0, contradicting our diophantine assumption on Li3/L13 when
k — oo.

If this is not the case, we assume that k is large enough so that all ¢, # 0.
Eliminating first txny from (33), we get D independent of k such that

|Tknk(fle12 — Lljflg) + QW(Eljgk’Q . Elggk’j” < B|Tk|777 , §=3,4, VEk .

Eliminating 74xng, and dividing by Elg # 0 contradicts our strong diophantine
assumption. (Using max(ly 2,k 3) = O(|7%| log|7x]).) O

3. BOUNDS ON THE MOMENT GENERATING FUNCTION En (%) FOR
SMOOTHENED COSTS

In this section, after recalling the methodology developed by Vallée in a series
of papers (see e.g. [21]), as well as some useful lemmas from [1], we formulate in
Corollary 3.5 a crucial consequence of Proposition 2.1.

The relevant sequence of Lévy moment generating functions is (see (46)—(47) in
the next section) Ey(ei™®) for N € Z,, with 7 € R. To study this sequence of
functions of 7, we introduce a bivariate Dirichlet series:

1 .
(34) S(s,i1) 1= Z —eCPD s—o4it,0>2,teR,T €R.

S
(p,q)EQ q

Now, on the one hand, denoting by 1 the constant function = 1 on I, it is not
very difficult to check (see e.g. [1]) that

(35) S(2s,i7) = Fyir(Id — H i) 71 (1)(0),

with Fy ;- (u)(2) = 3, cp0 €MW1/ () [*u(h(z)), where H' C H contains all inverse
branches of T' except y — 1/(y + 1).

On the other hand, the Perron formula of order two ([10, Thm 2.7(b)], see e.g.
[1] for an application in the present context) gives that for each D > 1
1 /D+ioo N25+1

(36) U,;;(N)=— S(2s,i7)

- 4
2 Jpine s@2s+ 1)
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where W, (N) is the following Cesaro sum for the Dirichlet series:
Uir(N) = Y @i (M), with & (M) = > 7P,
M<N (P,9) €M

Our strategy will be to study ¥;,(N), using (35)—(36) and spectral information
on the transfer operators Hy ;,. Clearly, Ex(e/"C) = ®;,(N)/®¢(N). However,
exploiting directly estimates on ¥;.(N) to get bounds on ®;,(N) seems difficult,
and it is convenient to introduce instead auxiliary “smoothened” models as was
done in [1, Section 4.2]. The description given there was garbled — fortunately
without consequences: All lemmas, propositions and theorems of [1] and [14] remain
correct, except for [1, Lemma 14] and [14, Lemme 1 (a)] which should be replaced
by Lemma 3.1 below. We give next the correct definition of the smoothening, as
found by Eda Cesaratto (see [7]): for a function ¢ : Z*% — [0,1] and any integer
N > 1, consider

an(§) = U Qo x{Q},

N—[NE(N)ISQEN
(noting that Qg = ), endowed with the uniform probability Py (¢). Setting
(p,q,Q) = (p.q), for (p,q,Q) € An (),
define
(37) Tir(&N) =B (N) =}, e
(p,0:Q) €N (€)
N
— Z Z Z iTC(Pa)
Q=N—[N&(N)]q<Q (p,q)€Qq

Then the moment generating function of the smoothened cost is just

= T ] itCo o 6Z‘F(‘N')
(38) En(6,¢™) :=En(£, e = o)
It is easy to check that
(39) Pir(N) = Uir(N) = Uir (N — [NE(N)] - 1)

This implies that estimates on ;- (V) give bounds on ®;-(N). It remains to
compare Py (§) with the primary object of interest, Py, and this is the purpose of
Lemma 14 from [1], that we state here in its corrected form (see [7]):

Lemma 3.1. There are My > 0 and M > 1 so that for all & with (E(N)t <
MyN/log N we have

‘@N(g)(nl(E)) - ]P’N(E)‘ <M-¢NN),VECQy,VN €Z}.
Sketch of proof. First show that there is M > 1 so that for all N and all (p,q) €
QN—(Nve)

— 1| < M -¢(N).

‘@N(f)(ﬂ‘l ((p,q)))
Pxn((p,q))

Then prove Py (Qn \ Qn—(ne(vy) = O(E(N)) and Py (&) (T H(Qn \ Qn—[nevy)) =
O(§(IV)). U
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If £ satisfies the conditions of the above lemma, then it is easy to see that for
any F : Qn — C

(40) [En (&, Foll) — Ex(F)| < max |F|- M- £(N).

We shall work with two smoothenings. The first one, & (N) = N~ for some
small 7o € (0,1) to be introduced in Lemma 3.3-3.4 below, was used already in [1].
The second one appears only in the proof of Corollary 3.5 for |7| > 2.

In the proof of Theorem 1.9 in the next section, we will have to deal with
En(&1,€79) for arbitrary 7 € R. The arguments for 7 in a compact set (we shall
use |7| < 2 to fix ideas) are the same as those in [1] for the case of lattice costs.
Before stating the corresponding results from [1], let us mention an easy lemma
which allows us to work with moment assumptions instead of moderate growth
assumptions on the cost. If an operator has a simple eigenvalue A of modulus equal
to its spectral radius, and if in addition the rest of the spectrum is contained in a
disc of strictly smaller radius, we say that A is a dominant eigenvalue. For example,
1 is the dominant eigenvalue of H; o acting on Lip.

Lemma 3.2. If ¢ has strong moments up to order k for some k > 1, there exist
vy € (0,1) and vy € (0,1/2) so that (s,iT) — Hs 7 is continuous (as an operator
on Lip) on
W:={(s,it) e Cx iR | |s— 1| <wy,|7| <wo},

and the dominant eigenvalue of Hy i acting on Lip is a continuous function A(s,it)
on W, which is analytic in s for each 7. In addition, the (rank one) spectral
projector Ps ir for Hs ir and A(s,iT) depends continuously on (s,iT) € W, and
there is a uniquely defined continuous function o : (—vp,v9) — C, with 0(0) = 1
and Mo (it),iT) = 1.

In fact, the functions it — Hg iy, iT7 — Fy i, i7 +— log A(s,47), iT — OsA(s,iT),
it — Py ir, and i1 — o(iT) are k times differentiable, uniformly in s for (s,it) €
W. Their derivatives of order 0 < £ < k are analytic functions of s, uniformly in
each fized T for (s,iT) in W.

Proof. See e.g. [1, Proposition 0] for the case of moderate growth, where all objects
are analytic both in s and ¢7. The continuous extension statements for A(s,i7) and
P, follows from the (easily checked) fact that if we let H ;; act on the Banach
space Lip(I), then there is W so that (s,i7) — H;; is continuous on W for the
corresponding operator topology. Analyticity in s is clear, and we have 9sA(1,0) # 0
as in [1], so that the implicit function theorem gives a continuous function o (i)
as claimed. Finally, up to taking smaller W, the moment assumption on ¢ implies
that, for each |s — 1| < vy, and £ < k, the ¢th derivative of 7 — Hj ;-, which is just
S hen(c(h) e M|n/ (z)|*uo h, is a bounded operator on Lip, which is continuous
in (s,iT) € W. O

The following result is a small modification of Lemma 11 from [1]:

Lemma 3.3. If the cost ¢ has strong moments up to order k > 1, letting vy € (0, 1),
Psi- and o : (—wy,v9) — C be as in Lemma 8.2, there exist 79 € (0,1) and
7 € (0,1/2) so that for each vy € (0,%0), setting &1(N) = N~7°, we have for all
Nezx

E(iT)

() En(6.e™) = E(0)o(i7)

NQ(U(iT)—G(O)) (1 + O(N_’yl)) 5 v|7-| <o,
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where the O(N ™) term is uniform in 7, and 7+ E(i7) is the C* function

-1

WFU(iT),iT o P, (ir),ir(1)(0) .

Proof. The correction in the definition of the smoothening corresponds to replacing
the incorrect formula [NE(N)] 71 (Wi (N) — Uur (N — [NE(N)])) for @4, (N) given in
[1, (4.6)] by (39). This is immaterial because the proof in [1] uses (38), so the factors
[N&(N)] cancel out, while the difference ¥, (N — [NE(N)]) — U (N — [NE(N)]—1)
is negligible. Since i7 is purely imaginary, we do not require the moderate growth
assumption and we can apply Lemma 3.2 to adapt the proof of Lemma 11in [1]. O

E(it) =

The following claim is a small modification of Lemma 15 from [1], we shall apply
it to vy from Lemma 3.3 and L = 2 in Section 4:

Lemma 3.4. Let ¢ be nonlattice and let Yo > 0 be given by Lemma 3.3. For every
L > vy > 0, there exist vo € (0,7%), 72 € (0,1/2) and M > 1 so that, letting
§&1(N) = N7, we have for all N € Z*,

(42) Ex(er, ™) < s Virl € o, 2],

Proof. By the last sentence of [1, Proposition 1], for a nonlattice cost, there exists
o1 < 1 (depending on vy > 0 and L) so that 1 ¢ sp(Hy44¢,i-) (acting on Lip) for all
|7| € (vo, L), all t € R, and all 0 > o;. Then, the proof of [1, Lemma 15] gives the
claimed estimate. The moderate growth assumption is not used because i7 is purely
imaginary. The correction in the definition of the smoothening is immaterial, as
explained in Lemma 3.3. (]

The proofs of Lemmas 11 and 15 in [1] (implicit in Lemmas 3.3 and 3.4) use
estimates on the growth of (Id — Hj;;)™!, where 7 is bounded, but where s =
o + it, with [¢| large, and o > o1 with o7 < 1. These estimates are inspired from
another important article of Dolgopyat [9], and use the fact that the Gauss map is
“uniformly” away from a piecewise affine map (see the condition “UNI” in [1] for a
precise formulation of this property and more details).

We now move on to “large” values of 7. We shall prove that Proposition 2.1
implies the following estimate:

Corollary 3.5. Let c be diophantine, let o > 0 be given by Proposition 2.1 and let
& (N) = N7 for vg from Lemmas 3.5-3.4. For each o/’ > o > « there exists
K’ >1 so that

43)  [En(6,e™C) < K'N-ITTY N ezt Wir| € [2, (log N

Proof. Fix |7| > 2 and &/ > «, and introduce an auxiliary smoothening (only used
in this proof)

(44) &(N)= NI
By (40) and the triangle inequality we have for all N € Z%

‘_w/
[Exn(&,67C) —En(£2,eC) < MyN~" + MyN~ "1™,

where ]\/4\1 and ]\/4\2 are uniform in |7| > 2. Tt thus suffices to prove the claimed
estimate (43) for Ey (&, e 77).
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As explained in the beginning of this section, our first goal is to obtain estimates
on U;-(N). Recall that we write s = ¢ + it and let {§;x € (0,1) be given by
Proposition 2.1. We first claim that, up to taking a smaller &y, for any 7 > 0,
and each D > 1 the function s — S(2s,7) is holomorphic in

Ur ={o+it||[t|<T, oel[l—-CE&lr|™% D]}.
Recalling (35), it suffices to study (Id — Hy ;-) 71 (1) for (s,i7) € Ur. If & is small

enough, there is to > 0, independent of ¢, so that if |t| > tg, Theorem 2 in [1] gives
M >1 and & € (0,1/5) (both independent of ¢, 7, and &) so that *

(45) sup|(Id — Hy ;)" (1) < M[t|*,

and in particular s — F; ;- (Id — H ;)71 (1)(0) is analytic in {s € Uz | |t| > to}-
If |t] < to, we may apply Proposition 2.1, using the diophantine condition, and we

get that s — F ;- (Id — Hs ;) ~1(1)(0) is analytic in {s € Uz | |t| < to}.

Next, by Cauchy’s theorem
N23+1
S(2s,iT)—~
OUT 8(25 —|— 1)
. . . 2s+1
Clearly (45) implies that fauT,%s:iT S(2s,iT) —S](VQS+1)
in N € Z7 . By Perron’s formula (36), the integral along the right-hand-side border
Rs = D of Uy tends to ¥;,(N). Finally, it is not very difficult to see that Proposi-
tion 2.1 implies that for each 5 > «, there is K13 > 1 (depending on «, 8, and o)
so that for all N and all |7| € [2, (log N)/”]

ds =0,YN € Z%, .

ds — 0 as T — oo, uniformly

2s+1 e B

|/ S(2s,iT)——— ds| < 4AMp|r|* N372717" < K g N3 217170
Oy Rs=1—€o|7| o 5(2s+1)
(First note that |7|=® — 7|7 > |7|7%(1 — 2°7#), and then use that o’/ > «
implies % log(log N) < 2(1—2%")log N1=a/a” for all large enough N, depending
only on o < 8 < «’.) Combining the observations in this paragraph with (39)
and the definition of & (N) gives a constant K14 > 1, so that for all N and all
7| € [2, (log N)1/*",
[Bir (62, N)| < KuaNP 11

Now it is not very difficult to prove that there is K15 > 0 so that ®¢(&, N) >

K15N3_‘T‘7QI for all N: we use the argument from [7]. First note that ® (&2, N) =
|Qn(&)]. Since [Qg] = 3Q%(1+ O(log Q/Q))/7? (see e.g. [1, Proof of Lemma 14]),
the definition of Qx(£2) together with the fact that &(N)~! = O(N/log N) give
that [x(€)] = (N* — (N — [NE(N)])®)(1 + O(&(N) /.

Taking o/ > 8 > «, we end the proof by applying (38) for £ = &,. d

4. PROOF OF THEOREM 1.9

By Lemma 3.1, it suffices to prove Theorem 1.9 for Py = Py(&;) and Ey =
Ex(£1), where the smoothening is &;(N) = N~ with 79 > 0 as in Lemma 3.3

Tt is claimed in [1] that one may take tg = p~2, but this is in fact not clear. Note in particular
that the second and third inequalities in line 5 of [1, p.362] are true only if My is replaced by
Mo(M71)*, so that to must be taken large enough.
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and Lemma 3.4. Letting x s denote the characteristic function of the interval J, and
recalling (6), our starting point to prove the first claim of the theorem is standard:

Py((C()=Qz,N)eJ)= Y. xs(Cp.q) —Q(x,N))-Pn(p,q, M)

(p,a,M)€QN
_ 1 Ol N -

(46) = X Bl M) g [ CORENIg  ar

(P,a,M)EQN R

1 . — )

2 XJ( ) —zTQ(m,N)EN(ezTC) dr.

7

(We used ( = [4(1)e'™ dr, where ¢)(7) = [e "*3(x)dx is the Fourier

transform of a 1ocally supported bounded 1).) Slmllarly, for the second claim, we
shall use

Ex((C()—Q(z,N)= > ¥(C()-Qx,N))-Pyn(p,q.Q)
(p,q,Q)€QN

1 N . _ )
— % w(T)efz-rQ(m,N) ‘Enx (errC) dr.

(47)
Since Ys(7) does not decay fast enough when 7 — oo, it will be necessary to
regularise xs. For this reason, the proof of the second claim of Theorem 1.9 is
easier, and we shall start with this.

4.1. The case of smooth . By (47) it suffices to analyse

N) = /logN / O(r)e” =N VR (1) dr .
R
Recalling vy € (0,1) from Lemma 3.3, let us decompose the real axis into
(48) 7] <w, |7| €v0,2], |7l €[2,Ln] |7| > Ln,

where Ly > 2 will be determined later. (We shall have Ly — oo as N — 00.) The
decomposition (48) gives rise to four integrals I(N) = I} (N) + I2(N) + Is(N) +
I,(N).

The integral I;(N) over |7| < v is the dominant term, and can be handled by
exploiting Lemma 3.3. More precisely, the saddle-point argument in [14, Section
3] (see [1, §5.1] for the lattice case) can be applied verbatim %: First note that
the function E(it) := E(it)/(E(0)o(it)) is C* (it is in fact C3 by Lemma 3.2) on
(—10,10), so that E(it) = 1 + O(|r|). Note also that o(i7) is a C* function of r,
by our assumption on the strong moments of ¢ and Lemma 3.2, with ¢(0) = 1,
o' (0) = u(c)/2, and ¢”(0) = (6(c)?)/2 # 0 (see [1, Lemma 12], noting that we can
replace w by i7 in (4.13-4.14) there), and we can use a Taylor expansion of degree
two with a remainder which is O(|7|?). Then decompose || < 1 into |7| < 7x and
|7| € TN, vo) with

loglog N 1/2
4 = —_—
(49) ™ ( 3o log N )

8In particular, the moderate growth assumption on c is not necessary in [14, Théoréme 3]. It
is however necessary to assume that c is nonlattice (this hypothesis is missing in [14]).
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where dp > 0 depends on v, but not on N or 7 (see [1, (5.3)]. (We may assume
that N is large enough to ensure 7n < 1vp.) We find My 4 > 1 (depending on

sup, [¢(7)| < sup || -|.J|, where J = supp(1))) so that for all z € R and all N € 7

L(N) . e /2 My
o2 ¢(0)5(C)\/ﬁ = Viog N’

(Of course, 1(0) = [¥(y)dy.) Note that the error term O((log N)~!/2) above
cannot be improved. However, as observed in Remark 1.11, if ¢ enjoys strong
moments of order 4 or higher, replacing Q(x, N) by a series with more terms is
possible, and produces a smaller error term, giving an Edgeworth expansion.

The integral Ir(N) over |7| € [vo,2] can be handled by exploiting Lemma 3.4,
similarly to what was done previously in [14, Section 3] (see also [1, §5.2] for the case
of lattice costs, and note that the moderate growth assumption on ¢ is not needed):
It is easy to see that for each v3 € (0,72), there exists Ms ., > 1 (depending on
sup,, |1(7)|) so that for all z and all N

IL(N)| = iog V| / J(r)e TN Ey (¢7C) dr |

IT€[vo,2]

< My y N7

Clearly, the error term above is O((log N)~%) for arbitrarily large d > 1/2.
The last two integrals are more interesting. Let us assume that

r>a+1,
with a > 0 from Proposition 2.1 (recall that o depends on 7 from the diophantine
condition). Letting o € (a,7 — 1) , we put
(50) Ly = (log N)Y/*" .

Then, Corollary 3.5 implies that for each o/ € (a, ) there is M3, > 1, so that
for all  and all N

(51) | I3(V)| = \/@|/ B(r)e= TN (7€) dr|

ITI€[2,Ln]

< My 4\/log NLyN~Ex"
1" 704/ 04// M
<M loe N 1/241/a” _—(log N)* / < 3,9 )
< Mz (log N) ¢ ~ (log N)1/2
The error term above is in fact O((log N)~¢) for arbitrarily large d > 1/2.

For each integer m < r there is Mlim) so that |¢(7)| < Mi)m)|7'|_m for all |7] > 2
(just use integration by parts). Finally since r > o/ + 1 by our assumption on r,
and since |e =" Q@NE y (¢77C)| < 1, we find, taking an integer m € (o + 1,7, a
constant My > 1 so that for all N € Z7

(52) [I4(N)| = \/log N| . ¢(7)6—¢TQ<m,N)EN(€¢Tc)dT|
TIZLN
(m) —(m=1)/a" My,
< M,™ \/log N(log N) < oz V)12

Putting together the estimates on Iy, Is, I3 and I ends the proof of the second
claim of Theorem 1.9.
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Up to taking a larger value of m (if r is large enough) the error term in (52) can
be made O((log N)~%) for arbitrarily large d > 1/2.

4.2. The case of x; . We shall approximate the dirac delta by using Gaussian
distributions, writing, for small § > 0,

As(z) = 67 Az /) with A(z) = —=e™® .

For further use, note:

Lemma 4.1. There is Do > 1 so that for every v € LY(R) with yy(y) € L*(R),
setting Y5 = ¥ x Ag, the Fourier transform of vs satisfies:

(53) ()| < Do/|w<y>| dy- "™ < Dy / k()| dy, ¥6 > 0,7 € R,

6 Liss) < Dol [ Lyl dy+ [ 16)]dy) . ¥ > 0.
In addition, if 1 is Lipschitz, we have
(55) sup [¢(z) — vs(x)| < Do Lip(¢) - 6, Vo > 0.

Proof. To show (53-54), use 1s(1) = ¥(7) - 35(7’), and recall that the Fourier
transform As(7) of A is

2

As(r)=e 7"
To show (55), use [ As(y) dy =1 to write

() — ¥s(a |—»/ As(y)(@(a) — d(x — y)) dy| < Lip() / As()lyl dy

and note that fR \/—5 4 dy = O(0). (Just write z =y/d.) O

Write J = [a,b]. For small 6 € (0, (b — a)?/4), in view of applying the previous
lemma, we first approximate x; by two compactly supported Lipschitz functions
Yt = 1/J+ 9 R —[0,1] and ¢~ = (UFS ¥R — [0, 1], as follows. The function ¥ is
=1 on the interval [a — — Vo, b+ \/_] it is = 0 outside of [a — 2V6,b+ 2\/_] and it
is affine with slope 6 ~1/2 on the two remaining intervals. Similarly, ¥~ is = 1 on
[a + 2v/3,b — 2v/3] it is = 0 outside of [a + V/§,b — /3], and it is affine with slope
+671/2 on the two remaining intervals. We have that [¢*(y)dy = |J| + O(V/3)
and [ |ylv*(y) dy < 4]J|*. In addition

Ex(¢7(C() = Q(z,N))) <Pn((C() - Q(z,N)) € J)
<En(®™(C() - Q(z,N))).
Next, we consider the regularisation by convolution
P =70« As, with § = oy = (log N) ™%,

with ¢ > 0 to be determined later. Since Lip(¢*) = §~/2, the bound (55) from
Lemma 4.1 gives

[Ex(¥*(C() = Qz, N))) = En (5 (C(-) = Q(x, N)))| < DoV < Do(log N)~*
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Therefore, by (46), it suffices to analyse

I#(N) = /log N /R PF (1)e” T RENE N (7)) dr

We consider the decomposition (48) of R, for Ly to be determined later, and the
four associated integrals I3 (N) = Ig'fl(N) + Ig'fz(N) + Ig'f?)(N) + Igi(N).
Introducing 7y like in (49), and using in addition the uniform bound (54) on the
Lipschitz constant of 13 (1) in order to see that
sup [(5°(0) = 5 (1) < My -7,

|7|<7n

we find My 7 > 1 (using Lemma 3.2 as in § 4.1 and the weak claim in (53) to bound
sup |¢p%|) so that for all z € R and all N € VAR

Igi(N) . e=e"/2 M 5
(%) o 5ova| = o)

(The term O((log N)~'/2) in the above expression cannot be improved.) Note that

(57) @f(O)Z/wf(y)dyZ/wét(y)dy=|J|+0(\/5N)=|J|+0((10gN)_E)-

Just like in § 4.1, since ¢ is nonlattice, for each 3 € (0, 72), there exists My ; > 1
(using the weak bound from (53)) so that for all 2 € R and all N € Z%

(58) 155 (N)| < Mz, jN 7.

Take o > a, with o from Corollary 3.5, and put Ly = (log N)*/*”. (We may
assume o'’ > 2.) Then, Corollary 3.5 (with the weak bound from (53)) implies
that (see (51)) for each o/ € (o, @’') there is M3 ; > 1 so that for all z € R and all
Nezx

|IfB(N)| = +/log N|/ ﬁf(r)eiiTQ(m’N)EN(e”C) dr|

ITI€12,LN]
Ms g
59 —_—
) = Tlog V)17
Finally if
2¢ < (o)1
then® Sy Ly > loglog N, and, since |e~"7Q@N)Ey (ei7¢)| < 1 we find, using the

strong bound from (53), that there are constants My ; > 1 and My ; > 1 so that
for all x € R and all N € Z%

(60)  |IE,(N) = Vg V] / D ()T REMEy (7€) dr|

|T|>LN

< M47J\/ log ]\fLNei(KSLN)2 < MAL(]\/ log NLNei(IOg log N)*
My 4
< —
~ (logN)1/2
Putting together (56-58-59-60) we have proved the first claim of Theorem 1.9,
for e € (0,1/(2a")).

We may take a smaller value of §n, but our argument requires inf 5 (6 Ly) > 0.
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APPENDIX A. THE CENTERED AND ODD EUCLIDEAN ALGORITHMS

Let us describe two variants IC and O of the classical continued fraction (1), for
rational z € (0, 1]. Both of them are of the form

(61) x = ,mj €LY ,Pell ey e{-1,1}.

ep—1
’!'VLP

+
The first one is the centered algorithm K, for which all digits m; are > 2. It is
described by the following centered division algorithm, for integers p and ¢ with
1 < p < q/2: write ¢ = mp + er, with m € Z%, e € {—1,1}, and integer r with
er € [—p/2,p/2]. If r = 0 we take m1 x(p/q) = m, Pxc(p/q) = 1, and we are done.
Otherwise, we put m; =m, €; =€, po =r; =7, and ¢2 = p1, and we iterate until
rp. = 0, constructing the m; x(p/q) and €¢; x(p/q) along the way. The associated
dynamical system on (0,1/2] satisfies Tx:(p/q) = r/p and is just

Tel) = | - Ac(5)].

where Ax(y) is the nearest integer to y, i.e., the unique integer m so that y —m €
[—1/2,1/2).

The second one is the odd algorithm O, for which all digits m; are odd. It is
described by the following odd division algorithm, for integers 1 < p < ¢: write
g = mp + er, with odd m € Z% , e € {—1,1}, and an integer r with er € [—p,p].
If r = 0 we take m1,0(p/q) = m, Po(p/q) = 1, and we are done. Otherwise, we
put mi = m, €1 =€, p2 =11 =1, and g2 = p1, and we iterate until rp, = 0,
constructing the m; o (p/q) and €;0(p/q)along the way. The associated dynamical
system on (0, 1] satisfies To(p/q) = r/p and is just

To() = |5 — 4o (2)],

where Ap(y) is the nearest odd integer to y, i.e., the unique odd integer m so that
y—me[-1,1).

We refer e.g. to [1, Section 2] for more information on these two algorithms and
their associated interval maps Tx and Tp. Letting Hi and He denote the set of
inverse branches of T and Ty, respectively, it turns out that the corresponding
transfer operators Hy ;- ¢ and H, ;; 0 enjoy the same properties as those of the
operator H ;- associated to the ordinary euclidean division and (1). (See [1, Section
2] for the invariant densities f1 o and f1 k, the constants po and pi, etc., and also
[1, Proposition 0] as well as [1, §3.4] for the condition "UNL”) In particular, all
statements in Sections 2 and 3 of the present paper hold, replacing the Gauss map T
by To or Tk, up to changing the constants. The proof in Section 4 can be followed
for both algorithms, and finally we see that Theorem 1.9 is true also for the centered
and odd algorithms, up to replacing p(c) and d(c) by appropriate constants px(c),
dic(c) > 0 or po(c), do(c) > 0.
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