ALTERNATIVE PROOFS OF LINEAR RESPONSE FOR
PIECEWISE EXPANDING UNIMODAL MAPS

VIVIANE BALADI AND DANIEL SMANIA

ABSTRACT. We give two new proofs that the SRB measure t — u; of a C?
path f: of unimodal piecewise expanding C3 maps is differentiable at 0 if f;
is tangent to the topological class of fo. The arguments are more conceptual
than the original proof in [4], but require proving Hoélder continuity of the
infinitesimal conjugacy « (a new result, of independent interest) and using
spaces of bounded p-variation. The first new proof gives differentiability of
higher order of [t du; if f; is smooth enough and stays in the topological
class of fo and if ¢ is smooth enough (a new result). In addition, this proof
does not require any information on the decomposition of the SRB measure
into regular and singular terms, making it potentially amenable to extensions
to higher dimensions. The second new proof allows us to recover the linear
response formula (i.e., the formula for the derivative at 0) obtained in [4], by
an argument more conceptual than the “brute force” cancellation mechanism
used in [4].

1. INTRODUCTION

Many chaotic dynamical systems f : M — M on a Riemannian manifold M
admit an SRB measure p (see e.g. [23]) which describes the statistical properties of
a “large” set of initial conditions in the sense of Lebesgue measure. (In dimension
one, an SRB measure is simply an absolutely continous ergodic invariant probability
measure p; = pydzx, with a positive Lyapunov exponent.) It is of interest (in
particular in view of applications to statistical mechanics, see e.g. [18, 20]) to study
the smoothness of t — ¢, when f; is a smooth family of dynamical systems, each
having an SRB measure p;. If £ — p, is differentiable, one says that linear response
holds. Ruelle [18] obtained not only differentiability, but also a formula for the
derivative (the linear response formula), in the case of smooth uniformly hyperbolic
dynamical systems. (See [19] for the formulas for higher order derivatives, without
proofs. Differentiability of higher order in this framework was subsequently proved
in [9, 10], using “modern” Banach spaces.)

In [4], we proved that the SRB measure ¢ — p; of a C? family of piecewise C3
and piecewise expanding unimodal maps f;, with fo mixing (see §2.1 for formal
definitions), is differentiable at ¢ = 0 (as a Radon measure) if and only if f; is
tangent to the topological class of fy at t = 0 (for the necessity of the tangency
condition, we require an additional mild technical condition). Keller [14] proved
a long time ago that p; has a |¢||In|¢|| modulus of continuity, as an element of
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L'(dx), and examples in [1, 4] show that this can be attained as a lower bound for
non tangential families. We also obtained in [4] a linear response formula analogous
to the one in [18], using a resummation introduced in [1].

More recently, differentiability of the SRB measure (in the weak sense, that is, as
an appropriate distribution) was obtained [21], [6] for smooth families f; of analytic
and nonuniformly expanding unimodal maps which stay in the topological class of
fo- The cases of families of smooth nonuniformly expanding interval maps only
tangent to the topological class (where Whitney differentiability is expected on
suitable subsets of parameters), as well as higher-dimensional dynamical systems
such as piecewise expanding/hyperbolic maps or Hénon-like maps, are still open,
and much more difficult, see [2] for a discussion. In particular, the arguments in
[4] and [21] used detailed information about the structure of the SRB measure,
decomposing it into a regular and a singular term. This type of information may
be far less accessible in higher dimensions.

In this article, we give two new proofs of the fact (Theorem 5.1 in [4]) that the
SRB measure of a C? family of piecewise C% and piecewise expanding unimodal
maps f;, with fo mixing, is differentiable at ¢ = 0 if f; is tangent to the topological
class of fo at t =0.

Section 3 contains our first new proof (see Corollary 3.2), more precisely, we
obtain differentiability of ¢ — [ dp, for ¢ € CTTLP if f, is a C? family of piece-
wise expanding C® unimodal maps tangent to the topological class of a mixing
map fo. The argument is based on thermodynamic formalism, using potentials
(s,t) — s(ohs) —log|f/ohs| (where hy conjugates f; with fo and |f; — fi| = O(%))
and does not require any knowledge about the structure of p;. (Arguments for weak
differentiability of Gibbs measures via thermodynamic formalism have been used
previously in [12, 13], see [13, Cor. 1, p 595].) This argument may therefore be
useful in more difficult situations (such as Hénon maps, see [2]). It requires proving
Holder differentiability of the infinitesimal conjugacy «, a new result (Proposi-
tion 2.3), of independent interest. Also, this new proof gives that ¢ — [dy, is a
C7 function, if p € C7tHP and f, is a C7*! family of piecewise expanding CI+2
maps in the topological class of fo, for any j > 1 (this is a new result, Theorem 3.1).
Note also that we do not require the assumption from [4] that there is a function
X so that 9fit=0 = X o fo.

The first new proof requires 1 € C+HP (instead of ¢ € C° as in [4]) and
does not furnish the linear response formula. Section 4 contains our second new
proof (Theorem 4.1), which uses spectral perturbation theory for transfer operators
associated to the dynamics fy and the weight 1/|f; o ht|. This other proof gives
differentiability of [ du; for ¢» € C° and, using the assumption that 9 f;|i—o =
X o fy, allows us to recover the linear response formula from [4]. (This second proof
also uses the Holder regularity of « from Proposition 2.3.) Note however that this
second proof requires information on the structure of y; from [1, Prop. 3.3].

Putting together Theorems 3.1 and 4.1 (or Theorems 3.1 and [4, Theorem 5.1]),
we get the following additional result (Corollary 4.4): If f; is a C? family of piecewise
expanding C® unimodal maps in the topological class of fo, then ¢ — u; is C' from
a neighbourhood of zero to Radon measures.

We emphasize that neither new proof gives that the condition to be tangent to
the topological class is necessary, contrary to the argument in [4] (see Theorem 7.1
there). The proofs here are a bit shorter than the one given in [4], although the
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present account requires some results from our previous papers (such as [1, Prop.
3.3] [5, Prop. 3.2, Theorem 2] [4, Prop. 2.4, Lemma 2.6, Prop. 3.3]).

2. DEFINITIONS AND NOTATIONS — HOLDER SMOOTHNESS OF THE
INFINITESIMAL CONJUGACY

2.1. Formal definitions. Denote I = [—1,1]. For an integer k£ > 1, we de-
fine B¥ to be the linear space of continuous functions f: I — R such that f
is C* on the intervals [—1,0] and [0,1]. Then B* is a Banach space for the
norm max{|f|cr-1,0): [flcr(op}- For an integer k > 1, we define the set ¢*
of piecewise expanding C* unimodal maps to be the set of f € B* such that !
f(=1) = f(1) = =1, inf,20 | f'(z)| > 1, and f(0) <1 (so that f(I) C I). The point
¢ =0 is called the critical point of f.

A piecewise expanding C* unimodal map f is good if either c is not periodic
under f or [(f71) (f(c))|min{|fL(c)],|f-(c)]} > 2, where ¢ > 2 is the minimal
period of ¢; it is mizing if f is topologically mixing on [cz, c1], where cx = f*(c).

For 1 < j <k, a C7 family of piecewise expanding C* unimodal maps is a CJ
map f; from ¢t € (—e¢,€) to U for some € > 0. (In this paper, k > 1 is an integer
and j is either an integer or j = k — 1 + Lip for & > 2, the notations B¥*P and
UFTLIP for integers k > 1 being self-explanatory. See also Remark 2.2.)

Remark 2.1. A C7 family f; of piecewise expanding C* unimodal maps is a C7*
perturbation of fy in the sense of [4] if j =k > 2.

Remark 2.2. Considering B¥*# and U**# for k > 1 integer and a Holder exponent
0 < B < 1 will perhaps allow to avoid the loss of regularity from C**! to C*+Lip
e.g. in [4, Prop. 2.4] (this question was asked by J.-C. Yoccoz). However, since the
spectral result of Wong [22] only holds on the space BV, of functions of bounded
p-variation if 1 < p < pg, for some py > 1 depending on the dynamics, it may
be necessary in this case to replace BV, by spaces of generalised p-variation, as
introduced by Keller [15]. (See also Remark 2.5.)

Assume that f; is a C7 family of piecewise expanding C* unimodal maps for
k > j > 1. By classical results of Lasota—Yorke, each f; has a unique absolutely
continuous invariant probability measure p; = p; dx. This measure is ergodic and it
is called the SRB measure of f;. If f; is mixing, then p; is mixing. If fj is good and
mixing, then f; is mixing for all small enough ¢ (see [14] and references therein).

We say that a piecewise expanding C* unimodal map ¢ is in the topological class
of f if there is a homeomorphism h : I — I conjugating f and g, that is ho f = goh.
This implies that h(c) = c¢. We say that a C’ family f; of piecewise expanding
C* unimodal maps is in the topological class of fo if there exist homeomorphisms
ht : I — I such that

(1) htof():ftoht, \V/|t|<6

(This implies h;(c) = ¢ for all ¢.) We proved in [4, Prop 2.4] that (x,t) — h(z) is
continuous, and that for each z the map t — hy(z) is C*+1P~1  Differentiability
of t — hy(x) will play an important role in our arguments below. We say that a
C7 family f; of piecewise expanding C* unimodal maps (k > j > 2) is tangent to
the topological class of fo if there exists a C9 family f; of piecewise expanding C*

1A prime denotes differentiation with respect to « € I, a priori in the sense of distributions.
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unimodal maps in the topological class of fj so that ft = fo and O ft|t=0 = 8tft|t:0.
(Note that there is a typographical mistake in [4, p. 682, line 6], where “C??
perturbation” should be replaced by “C™" perturbation.”)
We say that a bounded function v : I — R is horizontal for f,ifv(—1) = v(1) =0,
and setting My = q if c is periodic of minimal period ¢, and My = +o0 otherwise,
Myp—1

v(e))
2 Tyl

In [4, Cor. 2.6] we proved that if f; is a C? family of piecewise expanding C?
unimodal maps tangent to the topological class of fy, then v = 0 f;|1—¢ is horizontal
for fo. By [4, Theorem 2], if f; is a C? family of piecewise expanding C? unimodal
maps with fy good and v = df;|s=¢ is C? and horizontal for fo, then there exists a
CHHLIP family f~t of piecewise expanding C? unimodal maps in the topological class
of fo so that f; = fo and 9y fili—o = 9 fili—o-

We proved in [4, Lemma 2.2] that if v : I — R is bounded then the twisted
cohomological equation (TCE)

3) v(x) = o(f(z) = fl(@)a(z), Vzel, xz#c,
admits a unique bounded solution « satisfying «(¢) = 0. This solution is obtained
as follows: If ¢ is not in the forward orbit of z, set M(z) = oo and otherwise let
M () be the smallest integer j > 0 satisfying f7(x) = ¢, then put

M(z)—1
(2)

(4)
pard ferl /

The function « is called the infinitesimal conjugacy. Note that if v is in addition C?
and horizontal, then it follows from [4, Cor. 2.6, Theorem 2.8], see also [5, Theorem
2], that « is continuous. (Proposition 2.3 below says that « is continuous, in fact
Holder, if v is Holder and horizontal. If v is C° and horizontal then o should be
continuous, approaching v by Hoélder continuous functions.)

If w: I — R is Holder we denote its Hélder norm by |u|g. Slightly abusing no-
tation, we shall sometimes write 0y f; for J; fs|s=¢, and similarly for other functions
depending on t.

2.2. Holder smoothness of the infinitesimal conjugacy «. A new result that
we shall require throughout (see Lemmas 3.3 and 4.2) is:

Proposition 2.3 (Smoothness of the infinitesimal conjugacy). Let f € U? be such
that c is not periodic. For any 8 € (0,1) there exist Cg > 0 and Vg a neighbourhood
of f in U? so that, for any g € Vg and every 3-Holder v : I — R, with v(—1) =
v(l) = 0 and J(g,v) = 0, the unique bounded function « (4) satisfying a(c) = 0
and v(z) = a(g(z)) — ¢ (x)a(x) for all x # ¢ is B-Hélder, with
lals < Calv]s .

If the critical point of f € U? is periodic, the statement holds up to taking (for
appropriate £(G) > 0)

Vs={g|llg— fllgz < &(B),3 homeomorphism h: I — I s.t. goh="ho f}.

In particular, if f € U? and J(f,v) = 0 for some Lipschitz v with v(—1) = v(1) =
0, the function « solving (3) is §-Holder for any 5 < 1.
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Remark 2.4. Jérome Buzzi [8] showed us a simple proof that if h is a homeomor-
phism so that ho f = g o h, for two piecewise expanding C'* unimodal maps f and
g, then h is §-Holder, for any 8 < log(inf |¢'|/2)/log(2sup|f’]). This fact neither
implies nor is implied by Proposition 2.3.

Proof. Step I. For any 8 < 1, there exist a neighbourhood Vs of f in U?, ¢ > 1,
and 1 > 0 such that A = (infgey, infy2. |¢'(2)]) ™! < 1, and, for any g € Vg, letting
dy < dy < --- < dp, be the critical points of g%, putting dy = —1, dpy1 =1, and
setting

YAV 8
(5) 6 = max sup 7|(g 7 /(a:)| ,
0§1Spm,y6(dm(h+1) |(g ) (y)|
lz—y|<n

we have 20 < 1.

Put Ay = ming<;<p{dit1 — di}. Then infoey, Ay > 0 if the critical point of
[ is not periodic. Otherwise we have infyecy, Ay > 0, up to replacing Vs by a
B%-neighbourhood of f in its topological class. In particular, we can assume that
n <infyey, Ay From now on, we fix Vg, £ > 1, and 7 > 0 as above.

Step II. We claim it suffices to show the lemma for g € Vg with a periodic critical
point: Indeed, if g has a nonperiodic critical point, then we consider g; = g + tw
with g; € U?, w € B, w(-1) = w(l) = 0, and J(g,w) # 0. By [5, Corollary
4.1], there exists a sequence t, — 0 such that each g, = g;, has a periodic critical
point. In particular, g, converges to g in the U? topology. Then, by [5, Proposition
3.2] we have lim,,_,o J(gn,v) = 0. Let w, be a S-Holder function, with w,(—1) =
wp(1) =0 and |wy|g < 1, such that J(g,,wy,) = 1. Set

Up =0 — J(gn, V)W, .

Then we have J(gn, v,) = 0 and lim,, o |v, — v|g = 0. If the proposition holds for
maps in Vg with a periodic turning point, the unique function «, so that o, (c) =0
and v, (x) = an(gn(x)) — g, (z)an(x) for all z # ¢, satisfies |a,|p < Cglvn|g. We
can choose a subsequence «,, converging in the sup norm to a function «. If follows
from the uniform convergence of a,, that « satisfies the TCE (3) for g and v, and
that |Oz|g < C/g|U|/3.

Step III. We assume from now on that g € Vg has a periodic turning point.
The proof will be via an “infinitesimal pull-back” argument.

First, since J(g,v) = 0, it is easy to see that there exists a §-Holder function
ap : I — R with ap(—1) = ap(1) = ap(c) =0, ap(g(c)) = v(c), and

v(z) = ap(g(z)) — ¢'(z)a () for every x # ¢ in the (finite) forward orbit of c.
Second, we define by induction continuous functions «; : I — R, for ¢ > 1, such
that a;(—1) = ai(1) = as(c) = 0, a;(g(c)) = v(g(c)), that
(6) v(z) = a;(g(z)) — ¢'(x)a;(x) for every = # ¢ in the (finite) forward orbit of c,

and, in addition,

(7) v(z) = ai—1(9(2)) — g'(x)u(z) , Vo # c.
Indeed, suppose we have defined «;, for 0 < i < mn. Set ay+1(c) =0, and

an(g(r)) — v(z)

g (@) e

Apt1 (x) =
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Clearly, an41(—1) = apy1(1) = 0, and (7) holds for i = n + 1. Thus, since
v(z) = an(g(x)) — ¢'(z)an(x) for every x # ¢ in the forward orbit of ¢, we find
an () = ap41(x) for each x # ¢ in the forward orbit of ¢. Since ay,(¢) = apt1(c) =
0, we conclude that (6) holds for i =n + 1, and ay,+1(g9(2z)) = v(x). Last, but not
least, a,4+1 is continuous on I because ay,(g(x)) = v(z).

Thirdly, if = is not a critical point of g7, we set vg(z) = 0, and

j-1
vi(@) =) (¢ (g @)lg' (@), F=1.

=0

Recalling the notation ¢, {d;}, from Step I, it is easy to see that
®)  wl@) = au(g’ (@) = (6" (@)agsne(@), Vo {dy,...dp},Vji>0.

For ¢ > 2 the function v, may have jump discontinuities at the critical points d; of
g*, but it is B-Holder in the connected components of I\ {dy,..., dp}.

Finally, we shall use the iterated twisted cohomological equation (8) to show
that there exists Cg < oo so that, for all g € Vg with a periodic turning point and
all 8-Holder v with J(g,v) = 0 (and v(—1) = v(1) = 0), there exists jo > 0 so
that |aje|s < Cglo|g for all j > jo. In view of this, for j > 0, set K = sup; [a;ql,
LY = supy |vel,

Kjﬁ = sup lje() - aée(y” , I/{'f = max sup lavje() — Oéée(y” 7
o7y |z~ ] 0SESP ooty lo—y|<n |z —yl
z,y€(di,dit1)
and
YAV/S
v\ ) — U X
Lﬁ = max sup M , D = max sup M X

o=isp T#Y |£E - y| 0SISP 2 ye(di,diga) |(g ) (y)|

z,y€(ds,dit1)
Clearly, max(L°, L) < 6’5|v| g for all g and v under consideration, and we have

|a(j+1)e(ff) - a(j+1)e(y)|
|z —ylP

) <2 KDy, if|lw—y[ >0, Vi>0.

Therefore, recalling the definition of A and (5) from Step I, it suffices to show that
(10) KV ) < M(KD+ L% and K7y < (L°+ K9)D + XLP + 0K vj > 0.

Indeed, continuity of a(;41)¢ together with (9) (recall also that n < infy, Ay, so that
if |x — y| < n then [z, y] contains at most one point d;) imply

Kjﬁ+1 < maX(anﬁK?_H, 2Kjﬁ+1) ‘

The above bound together with (10) yield Eg < oo so that, for all g € Vg with
a periodic turning point, and all 8-Holder v with J(g,v) = 0, v(—1) = v(1) = 0,
there exists jo > 0 so that

K?.\ < Eglvlg+ 20K, ¥j > jo.

Since 20 < 1, we conclude by a geometric series, taking larger jo if necessary.
It remains to show (10). We concentrate on the second bound (the first is easier
and left to the reader). Let z,y € (d;, diy1) satisty |z —y| < n. Then (8) implies
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(since g € U?, the function (¢g*)’ is C! in the intervals of monotonicity of g*)

lirye() — agne()] < |ve(x) + aje(gf(w))I (gé)];(x) - (ge)ll(y)

_|_
G W)
) AV 16 . O\ B 1B
supy 162" 19 4 sup.y |(g")'
< ([0 4+ gOy =yl 17 7 4y Jj Y
S e @R Y T T Y

0 0 LrpB B B
< (L"+ Kj)Dlz —y|+ (NL” + 0K} )|z — y[”.

Step IV. Defining &, = % Z;:()l aj¢, we can choose a subsequence &, converg-
ing uniformly on I to a function & satisfying |&|s < Cglv|s. By (8),

(11) ve(z) = a(g'(x)) — (¢") (w)ale), Ve ¢ {di,...dy}.

Let a: I — R be the unique bounded solution vanishing at ¢ to the TCE (3) for g
and v, as in (4). Then

(12) vele) = alg' (@) — (9" (@)ale), Vo ¢ {di,...dy}.

Since & is continuous (11) and (12), imply o = &. We proved |a|g < Cs|v|g, for all
g € V3 with a periodic turning point, and thus the proposition. (Il

2.3. Banach spaces of functions of bounded variation. We shall consider the
Banach space of functions of bounded variation

BV ={p:R — C|var(p) < oo,supp(p) C I}/ ~,

endowed with the norm ||¢||pv = infy~, var(¢y), where var denotes total variation,
and @1 ~ g if the bounded functions ¢1, o differ on an at most countable set.
In addition, for 1 < p < oo we shall work with the Banach space of functions of
bounded p-variation (used in interval dynamics by Wong [22])

BV, = {¢:R — C | var,(¢) < oo,supp(p) C I}/ ~,

where

1<x2<...<ZTn

n 1/p
vary(g)=  sup ( |so<xi+1>—so<xi>|”) ,
=1

the supremum ranging over all ordered finite subsets of R. Note that var; = var
and BV = BV;. Wong [22] does not quotient by the equivalence relation ¢; ~ ¢a,
but his results remain unchanged if we consider elements in BV, modulo ~ (a
function in BV, is continuous except on an at most countable set, see also [15,
Lemma 1.4.a, Lemma 2.7] and [7]). Note that for each p > 1 there is C > 1 so
that [p|ee < C|l¢llBv, for all ¢, and if ¢ is 1/p-Holder, then ||| sy, < [p|i/p. In
addition, we claim that for any K > 0 and p > 1, and for every ¢ with ||¢||cr < K

(13) lellers < KV Vel sy, -

(To prove (13), it suffices to show that if [|¢||c1/» = 1 then [[¢| gy, > K1/ P~D,
By the mean value theorem, there exist x; < y; < x;41 so that

1= |l@llcrr = [o(@is1) — o(@)|[zipr — i) ™7 = @ (yi)|wig1 — 2P
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and in particular |ziy1 — ;| > K—?/(r=1) " By definition, and the mean value
theorem again,

lellay, > le(@ir)—p(@)| = ¢ (W)||zipr—ai| > K=Y P9 (y)||wiqr —2 717 )
Finally,

(14) lere2llBy, < 2lle1llBv,lle2llBy,, ¥p > 1,
and

(15) |l oh|lBv, = |l¢l|lBv, for any homeomorphism ~: I — I and all p > 1.

Remark 2.5. The reason we consider spaces BV, for p # 1 is because we are
concerned with differentiability in the ¢-parameter and we will have to deal with
derivatives ¢ (1) o hy)|t—o = ¥ - Orhile=o or Ot(f{ © ht)|t=0 = f{/Otht|t=0 + v', where
v' = Oy f]]i=0 is O, but dyhi|s—0 does not belong to BV in general. We shall see,
however, that Proposition 2.3 implies that a = 0¢h¢|i=¢ lies in BV, for all p > 1.

3. WEAK DIFFERENTIABILITY OF THE SRB VIA THE PRESSURE

The main result of this section (Theorem 3.1) says that for any 7 > 1, if f; is a
CI*! family of piecewise expanding C9*2 unimodal maps in the topological class
of fo, then R(t) = [+ dus is C7 if 1 is CITHP. Even if j = 1, this is a new result
(Theorem 5.1 in [4] only gives differentiability at ¢ = 0). The argument is based
on the topological pressure of the potential (s,t) — —log|f/ o hi| + s(¢b o hy) for
the map fo. It is simple, but does not give the formula for 9;R(t)|;=o (or higher
order derivatives). Using the linear response formula from [4, Theorem 5.1] or
Theorem 4.1 below, Theorem 3.1 will imply Corollary 4.4.

Theorem 3.1. For any integer j > 1, if f; is a CI+Y family of piecewise expanding
C7*2 wunimodal maps in the topological class of a mizing map fo, then there is é > 0
so that for any CITYP function 1 the map R(t) = [pidx is CT in (—¢,€).

As an immediate corollary of Theorem 3.1 and Proposition A.1, we recover the
first claim of [4, Theorem 5.1] if ¥ is C1*HP (we do not need the assumption
Oftlt=0 = X o fo used in [4, Theorem 5.1]):

Corollary 3.2. Assume that f; is a C? family of piecewise expanding C® unimodal
maps, where fo is a good mizing map. If f; is tangent to the topological class of fo
then for any CYTYP function ¢ : I — C, the map R(t) = [t dus is differentiable
att=0.

Proof of Theorem 8.1. Fix ¢ € C1T1P recall the notation h; from (1), put

_ exp(st(u(y)) .

and consider the transfer operators

1) L@ = Y oullelr). Lugl)= 3 w0 S0
flo)=z filp)=s (W)l

Then since |f{| is the Jacobian of f; with respect to Lebesgue measure dx the
operator £; = Lo, is just the usual transfer operator for f;. In particular, the
change of variable formula implies £f(dx) = dz for all small t. Also, the main
Theorem of [22] applied to L gives pg > 1 (depending on fy through inf|f}| and
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sup | f]) so that for any p € [1,po) there exists €, > 0 so that for all |¢{| < €, the
operator £; acting on BV, has spectral radius 1, essential spectral radius < 1, and
1 is the only eigenvalue of modulus 1 and is simple (i.e., £; has a spectral gap).
Furthermore, the fixed vector p; is strictly positive on [c2,¢1]. The fixed vector
vy of L5 is dz, and we normalise so that [ pdry = 1 and v, (I) = 1. (Of course,
e = pydx is just the SRB measure of f;.)

The transfer operator Z&t is conjugated to L, via

(18) Lsi(pohi) = Lsi(p)oh.

Therefore, (15) (which says that h; is is an isometry of BV,,) implies that the spectra
of Z&t and L, ;+ on BV, coincide. In particular, the operator Et = EO,t on BV, has a
simple eigenvalue at 1, for the fixed point p; = p; o hy, and the rest of its spectrum
lies in a disc of strictly smaller radius. The fixed point of E;* is the measure v
defined by

(19) /(pdx:/gpomdyt.

(By definition 14 is a probability measure and [ p; dvy = 1.)
We view L, ; as a perturbation of L, writing

(20) Loi(p) = Lo(e¥ W)

Since 1 and the exponential are C'*%%P  the norm |[e*®) — 1|y, tends to 0 as

s — 0 (uniformly in ¢). Therefore, applying classical perturbation theory [11], the

operators L, 4 (or, equivalently 597t) on BV, have a real positive simple maximal?

eigenvalue A\, ; > 0 with a spectral gap, uniformly in (s, t) close enough to (0, 0).
Gs,t

Consider first the case j = 1. Setting Ps;(p) = 5, Lemma 3.3 below implies

that the map s — P ¢ is C* from R to the Banach space of C' maps from {|t| < €}
to bounded operators on BV, and

(21) 857)s,t|s:u = (d} o ht)lpu,t R Yu € R.

Therefore, s — Zs7t =LyoPs;is C" from R to the Banach space of C' maps from
{|t| < €} to bounded operators on BV,,, and

8sZs,t|SZU(90) = Zu,t(("/’ ohy)p), Yu e R.

We are thus in a position to apply classical perturbation theory of an isolated simple
eigenvalue (see [11, Ch. VII.1.3] for the analytic case, see e.g. [3, Lemma 3.2] for
the differentiable setting). It follows on the one hand that, in a neighbourhood of
(0,0), the maximal eigenvalue As; > 0 of Zs7t acting on BV, is a C! function of
s to the space of C! maps from {|t| < €} to R. On the other hand, by “tedious
but straightforward calculations” and [11, Ch. VIL.1.5, Ch. I1.2.2], (to quote [17,
(5.2)]), we have

95108 s t)]smo — / o huje dvy = / o

(use that p; and vy are the fixed eigenvectors of £~07t and its dual). Since t —
Os(log As t)|s=o is a C! function in a neighbourhood of zero, we have proved Theo-
rem 3.1 in the case j = 1. If j > 2, apply Lemma 3.4 instead of Lemma 3.3. (]

20f course, log As ¢ is the topological pressure of log gs,¢.
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The following result is the key ingredient in the proof of Theorem 3.1, its proof
hinges on Proposition 2.3 and [4, Prop. 2.4]:

Lemma 3.3. Let f; be a C? family of piecewise expanding C® unimodal maps in the
topological class of fo. For any p > 1 there exists €, > 0 so that for any 1 : I — R
which is C1YYP | the map s — g4 defined by (16) is C' from R to the Banach
space of C' maps from {|t| < €,} to BV,. In addition, recalling the notation (1),

(22) 8sgs,f,'s:u = (¢ o hf) Gu,t » Yu € R.
In fact, s-analyticity holds in Lemma 3.3, but we shall not need this.

Proof of Lemma 3.3. Fix p > 1. For every = # ¢, all small ¢, and all s1, so in R,
we have

ad S1 — S2 k
(23) 9010(0) ~ 00(2) = genel@) Y 2 i)

k=1
So, to prove both differentiability and (22), it suffices to see that the maps

1
my(woht)’“gs,t,kzo,

are C'! from a neighbourhood of 0 to BV, uniformly in k£ and in s in any compact
set K C R.

In view of this, we first study the maps t — hi(z). By [4, Proposition 2.4],
there exists € > 0 so that the set of maps {t — ht(x), = € I} is bounded in
C1FLip([—¢ &)). Differentiating with respect to ¢ the equation hy o fo = f; o hy, and
setting oy = Othy o hy !, we get

ar(fi(e)) = 0fie), Oufi(z) = au(fe(x)) — fi(x)ou(x) Vo # c,|z] <€.
Since ay(c) = 0 this implies J(f, O¢fr) = 0 for |t| < € (recall (4)), so, for any fixed

B e (1/p,1) (we may and shall assume also that 3 < 1/,/p, e.g.),

Proposition 2.3 gives C and €, > 0 so that
(24) lalg < C, V|t <ep.
Let o} be the n-regularisation (in the variable z) of a4, that is the convolution
al(z) = [ au(y)ky(z — y) dy of ay with a convolution kernel k,(xz) = n~'k(z/n),
where the C*° function x : R — Ry is supported in [—1,1], and [k(z)dz = 1.
Note for further use that (24) gives C' so that, for all || < ¢p,

(25) [lof[|gresm < 5 <C, ) — il < CnP=1P e (0,1).

ma ]

We now consider ¢t — g, ;. For x # ¢, we have

2)  gaale) = et [P Dol (o))

|fi(he(2))] |fi(he(2))[?

where

(27) x| £ (he(2))]) = —sgn(x) (f (he(2))ae (he(@)) + Ocfi(he(x))) -
We claim that the function x +— 0;gs¢() has bounded BV;,3 norm, uniformly in
s € K and |t| < €p. Indeed, decomposing

8tgs,t = bs,t o ht )
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note that each h; : I — I is a homeomorphism leaving both [—1,¢| and ¢, 1]
invariant, while b ; is 3-Holder on [—1, ¢) and (¢, 1], uniformly in s € K and [¢| < ¢,
(because ¥’ is CP, f; is a C? family of C® maps®, and «; is 3-Hélder, uniformly in
[t] < €p), and SUP,c g j¢j<c, [bs,t(c+) —bs(c)| < oo (using supyy <, || fells2+s < 00).

To conclude, it suffices to prove that our candidate bs ¢ o hy € BV, is really the
t-derivative of g5+ (uniformly in s), that is,

9sita — Gsita b

(28) lim sup Pa—

= O,V|t1| < €p,
ta—t1 ge K

BV,

s,t1 © htl

and that this derivative is continuous in ¢ (uniformly in s), that is,

(29) lim  sup sup ||bs,z, © hey — bst, © hey|lBY, =0, V|t1]| <.
t—=t1 e[ty ,i] SEK

We first prove (29). Decomposing

(30) bsty © hiy — sty 0 ey = (bsty —bsty) © hyy +bsgy © hyy — bsyy 0By,

we focus first on the second term in the right-hand-side of (30). Let 6 > 0 be
such that f/, f/’ and 9, f] restricted to [—1,c] and [c, 1], respectively, extend to C*
functions of x on [-1—46, ¢+ 0] and [¢—d, 1+ 6], respectively, for all |¢| < €,. Denote
by b?f_ the function obtained from by ; by substituting a; with ], and also ¢, and
the extensions to [—1 — d,c+ 0] of f{'|[=1,q, Of{l[-1,q, With their z-convolutions
with x,, for small 7 > 0 (to be determined later). Define b;’j similarly, using
[c— 6,1+ 0], and set b! ,(z) = b7 (2) if > c and = b} (z) if z < c. Since B < 1
and 1)’ is Lipschitz, it is easy to see that there exists C > 0 so that for all ne(0,1)

~

C
maX(sngg |(b7s7,t1|(7oo,c))/|1/p7§g£|(bgyt1|(c,oo))/|1/p) < peEsypel Vit < €p -
(Use the first two estimates of (25), and the analogous bounds for the regularisations
of ¥ and f;’, O,f;.) Therefore, by the fundamental theorem of calculus and the
Holder (or Jensen) inequality, there exists C' > 0 so that for all s € K, all [t1] < ¢,
[ta| < €p, all € (0,1), and any zp < 1 < --- < zn < ¢,

N-1
S b, (e (@6)) — By (e, (22)) — B, (g (240)) + B (i (251))P
=0
- Z}/t 2 O (bgvtl (he(zs))) dt —

< Z ‘/tl2 |(bgﬂfl)/(ht(xi))at(ht(xi)) - (bg,tl)I(ht($i+1))at(ht(xi+1))|p dt

t

Oy (b7, (he(wizr))) dt|”

t1

= [ S (amathale)) = O, o)) de

<|ta—ta|( sup )|(b2,t1)l(x)| sup [lae © hu || v, + supae| (b, l(—o0ie))l1/0)

z€(—o0,c

(31)
~ |t — ta
< O s

3This implies in particular that x — 9 f; is C? in @, uniformly in ¢ and 9,0; f; = Ot f}.
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(We used (24) in the last inequality.) The same bounds hold for ¢ < 2y < 21 <
-+ < xn, and it is easy to estimate the jump of b}, o hy, — b, ohy at x =c
uniformly in s and t1, ts.

We next analyse the contribution of by, — bltl to the second term of (30). For
this, observe that if h is an orientation preserving homeomorphism fixing ¢ and b is
(-Hélder on [—o0, ¢] and [¢, oc], then [[bo bl gy, < [bl(—sc,e)|8 + [bljc,00)| 8 + [b(c4) —
b(c_)|. Then, the last bound of (25) and its analogue for the n-regularisation of ¢,

. and O, f] give a constant C’ so that for all |t1| < €, |t2| < €, and n € (0,1)

Su[g H(b&tl - bg,tl) 0 ht2 - (b57t1 - bZ,tl) o ht1 HBVp <2 SUP H(b&tl - bg,tl) 0 ht”BVp
se s,

(32) <y,

Taking £ € (0,1) and setting n = (t3 — tl)ﬁ, we get from (31-32) that
limg_,,, SupPy,epr, 7 SWPsek 1bs,ty © Bty — bs,t, © ey || By, = 0.

To analyse the first term of (30), we start by noticing that since t +— 9;h; is
Lipschitz, there exists a set D), C (—€p, €p) of full Lebesgue measure so that 9 h; is
differentiable at all ¢ in D,,. Differentiating twice f; o ht(x) = hy o f(x) with respect
to t and * setting a? = 03 hs o h; ', we obtain for all x # ¢ and all ¢ € D, that

(33)  fl(@)ar(x)® + 20, f{(x)as (x) + Dot fi(w) = o (fo(@)) — fi(w)ai(x).

The left-hand-side of the above TCE is S-Holder in [—1, ¢] and [¢, 1] and continuous
in I, since ay(c) = 0 for every small ¢, so it is S-Holder continuous. Therefore, by
Proposition 2.3, there exist €, > 0 and a constant C” so that

(34) a2z <C”, VteD,.

The fundamental theorem of calculus holds for the Lipschitz (and therefore almost
everywhere differentiable) function ¢ — b, and gives
ta
(35) (bs,tz - bs’tl )htz (CE) = 8tbs,t(ht2 (IE)) dt s YV 7& C.
t1
The first term of (30) may then be estimated via the Holder inequality and the
fundamental theorem of calculus (35), as in (31), but exploiting (34) instead of
using n-regularisation. Details are left to the reader.
Finally, to show (28), start from

t
gs,f(x) — Ys,ta (:E) - (t - tl)bS,tl (htl ({E)) = ~/t (bS,tz (htz (:C)) - bS,tl (ht1 (:E))) dta )
1
for all « # ¢, and use the Holder inequality and (29) (details are left to the reader).
The analysis of the maps t — (¢ o hy)¥gs./k! for k > 1 goes along exactly the
same lines. O

For the higher regularity statement in Theorem 3.1, we use the following result
(again, analyticity in s holds):

Lemma 3.4. Let j > 2. Let f; be a C7t' family of piecewise expanding CI+2
unimodal maps in the topological class of fo. For any p > 1 there exists €, > 0
so that for any ¢ : I — R which is CITYP  the map s +— gs. defined by (16) is

4This is similar the proof of [4, Proposition 2.4], but we will make a more careful analysis of
what was called F; there.
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Ct from R to the space of C7 maps from {|t| < €,} to BV,, and, recalling (1),
8sgs,t|s:u = (d} o ht) Gu,t-

Proof. Since the family f; is C7*1, the set {t — h;(z), = € I} is bounded in C7+LiP
by [4, Proposition 2.4]. Let 3 € (1/p,1) (with 8 < 1/,/p, say). Assume first j = 2.
Then, by (33), the function a? = 9%h; o h; !, is well-defined for all [t| < ¢, and
there exists C so that |a?|g < C for every |t| < €,. For j > 3, a higher order TCE
similar to (33) gives that o) = 8?, hi o hy! is B-Holder for all |t| < ¢,. We put
Oé% = Q.

Then, computing 8; gs.t() at © # c gives b(jz (ht(x)), where b(jz is an expression
involving derivatives of order at most j of ¢(z), functions af, for 1 < ¢ < j, and
derivatives (in z, ¢, or mixed) of total order at most j of f/(z), in the numerator,
and |f{(z)|™ for m > 1 in the denominator. Our differentiability assumptions on
¥ and the family f; then allow us to proceed as in the proof of Lemma 3.3 (using
Taylor series of higher order). O

4. RECOVERING THE LINEAR RESPONSE FORMULA

Here we give a slightly different proof of the differentiability of R(t) = [ dput,
where p; is the SRB measure of f;, still relying heavily on Proposition 2.3 (via
Lemma 4.2). The advantage with respect to Theorem 3.1 is that we recover the
formula for 9; R(t)|;=0, and we need only assume that 1 is C°. (In particular, this
gives a new proof of [4, Theorem 5.1].) We also get new information in Corollary 4.4
by combining Theorems 3.1 and 4.1.

We need notation. By [1, Proposition 3.3], we may decompose the invariant
density of a piecewise expanding C® unimodal mixing map f; as p; = Preg,t + Psal,t
where preq: € BVNCY, pl.., . € BV, and

My
Psal,t = § Sk,tHck.‘t .
k=1

(Here, H,(z) denotes the Heaviside function H,(z) = —1 if z < u, Hy(z) = 0 if
x > u and Hy,(u) = —1/2.) If My = oo then it is not difficult to show that (see
e.g. [1, 4], noting that if ¢1 ; is preperiodic but not periodic our notation is slightly
different than the notation there)
S1,t

(36) Sk,t (fk_l),(CLt) )
We simply write pg = p = preg + Psal-

To compute the formula for the derivative, we shall assume, as in [4], that v =
04 ft|t=0 is of the form v = X o f; for a C? function X : I — R. 5

Vk>1.

Theorem 4.1. Let f; be a C? family of piecewise expanding C° unimodal maps.
Assume that fo is good and mizing, that f; is tangent to the topological class of fo,
and that v = 0 f¢|i=0 = X o fo for a C? function X. Then, as Radon measures,

(687)  lim B = gl — (i — £o) N (X puat + (Xpreg)') e

where the function o is given by (4), and the operator Lo = 5070 is defined by (17).
In addition, « is B-Holder for any 5 < 1.

5See also the beginning of [21, Section 17].
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Proof. Set f = fy for convenience. By Proposition A.1, we can assume that f;
lies in the topological class of f, denoting the conjugacies by h; as usual. In the
beginning of the proof of Theorem 3.1, we observed that the transfer operator
Ly = Lo+ on BV, is conjugated to the transfer operator £; on BV, and that there
exists po so that for any p € [1,po) there is €, > 0 so that for each [t| < ¢, the
operator L acting on BV, has a maximal eigenvalue equal to 1 which is simple, and
the rest of the spectrum lies in a disc of strictly smaller radius. The fixed points of
L and its dual, p; = p; o hy and v, from (19), were also introduced in the proof of
Theorem 3.1.

From now on, we fix p € (1, po).

We next show that ¢ — p(t) € BV, and t — v, € BV, are differentiable at
t = 0. By [4, Prop. 2.4, Cor. 2.6] v is horizontal for fo, t — hi(z) is differentiable,
uniformly in z € I, and o = 9iht|t=0 is continuous, with a(c) = 0, a(c;) =
X (c¢), and « is the unique bounded solution (4) to the TCE (3). In addition,
Proposition 2.3 gives that « is 8-Holder for arbitrary S < 1 (we shall take 8 €
(1/p,1//p))-

Our assumptions on f; then imply that v' is C' and the following operator is
bounded on BV),:

(38) Mo(z)=— 3 1 /I(y)“(i’””'(y)@(y).

(Write M as Lo composed with a multiplication operator, like in (20), and use

(14).) Lemma 4.2 below easily implies that ¢ — L; is differentiable as an operator
on BV, and that

(39) 8t£t|t:0 = M .

As in the proof of Theorem 3.1, perturbation theory then gives that t — p; € BV,
and ¢ — 1y € BV are differentiable at ¢ = 0. In particular, since po = po,

(40) lim {|5e — poll v, = 0.

We next show that ¢t — u; = p; dz is differentiable as a Radon measure, exploit-
ing the formula for M to get the claimed formula for dip¢|i—o. Fix ¢p : I — C
continuous. Since py = pg, we can decompose

@) [upde~ [wpdo= [wpdo~ [wpidos [pido [vpods.

We shall now see that

(42) }il%fdj(m—ftOht)dx 2—/1/104)6-

In view of (42), note first that sy, — s, as t — 0: Indeed, (40) gives (in BV,)
My My

(43)  lim o = lim (pmg,t o hy + ; mH) = fo = Preg + ; sk He, .

(We gave another proof of lim;_,q si,; = s in Step 1 of [4, Proof of Theorem 5.1].)
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Decompose Pt — Pt ©° ht in (42) into Psal,t — Psal,t © ht + Preg,t — Preg,t © h¢. For
the singular term, we have in the sense of Radon measures:

My
. Psal,it — P l,toht .
(44) Jin == - ; a(cx)skDirace, = —apy -

(Just use that sy — s and (36), which implies that the sg; decay exponentially
in k uniformly in ¢.)

We claim that the contribution of the regular term p,4 in the decomposition
of (42) is — [vapy,, dx. In view of this, we first note that if € [~1,¢1) is not
along the postcritical orbit, we find, using (preg,¢)’(y) = (pt)’ () if y is not on the
postcritical orbit, that

(45) (preps)' () = (p2)' (@) = (La(po)) () = (2): ff?@g)ﬁ%(é)) - fjggf( ;t,((j)))Q |
fe(y)==

Next, by [1, Prop. 3.3], pj,; € BV. The proof of [1, Prop. 3.3] implies that the
discontinuities of py., ; lie in the set {cy+}. In other words, we may decompose

(46) preg,t = pregreg,t + pregsal,t 9

. / _ / . . . s 1
With p.coregt = (Preg.t)reg continuous (that is, pregreg,t is C*), and

My
’ N _} : ’
pregsal,t - (preg,t)sal - Sk,tHCk,t .
k=1

By the proof of [1, Prop. 3.3] pregreg,t is C! uniformly in . We next show that the
s?m decay exponentially uniformly in t. For this, introduce the notation ©

A pregt ) pregale)fles)
E‘( Ay T (e )

Ies)  flles)
A Skl’t((fff(C)P (f{(0+))3>

k>2,cp_1,t>c

s (e p (preg.)'(€) | (Pregt)'(c)
BT T Gecr T T TR T (e

8/
Bpy = bt > 2,

(fi(er—1.0))?’
Then equating the jump at ¢ in both sides of (45) implies that

I !
Skt = Ek,t — B,

and thus uniform exponential decay of the 5%,1&7 which are determined by s'Lt, 51t
and the postcritical first and second derivatives.

6If ¢ is periodic then (preg,t)’ (c) may be undefined, but (preg,¢)’(c+) are both defined.
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The argument above giving s;; — si also yields s%ﬁt — 5}, (just differentiate
once). Therefore, just like in (44), we have

My
. Pregsal,t — Pregsal,t © ht
(47) g%/w ; Z/ @)si () Hey (2) dz
= /wap;“egsaldx'

In view of handling the term pregreq,+ from (46), observe that
(48) lim [l — @ o ul| v =0, Vo e Ct.
Indeed, for 6 > 0 and any partition zo < ...2; < ;41 < ... <z, let N <n be so

that min(zy, inf; hy(zn)) > 1 — 0, and since |h:(y) —y| = O(t) uniformly in y, take
to so that |x; — he(x;)| < §/N for all i < N and |¢| < tg. Then use

n—1 N
S lote0) —plaies) —glhu(a) + plhu(aie) €232 o) — plife)
P =0
b 3 o) e+ S elute) — el
i=N+1 i=N+1

Since the C' norm of pregreq¢ is bounded uniformly in ¢, (48) and (40) together
greg,
with s} , — s, easily imply that
%g% Hpregreg,t — Pregreg ||BVp
(49) = }E% ||pregreg,t — Pregreg,t © ht + Pregreg,t © ht — Pregreg HBVP =0.
Note for the record that, since s} , — s/, with t-uniformly k-exponentially decaying
kit k

sﬁc,t, this implies lim¢ o ||preg,t — PregllBV, = 0.) Then, by the mean value theorem
and the z-uniform differentiability of ¢ — hy(x)

lim / wpregreg gt pregreg t© htd

t—0
. )Preareg t(2) — pregreg,t(he(z))  — he(x)
=1 d
0 / V(e T — hy(2) ¢ v

o x — hy(z)
= %g%/lﬂ pregreg, ) ¢ dz

- }Er(l)/w(x)p;egreg,t(xt)a(x) dx
- /w(x)p;egreg,o(x)a(x) d.]?,

where z; is in the interval between x and h;(x), and we used in the last line that
Pregreg,t 1S continuous on the compact interval I, uniformly in ¢, together with (49),
Proposition 2.3, and (13). Putting (44-47-50) together, we find (42).

We now turn to the estimation of the term ([ ¢p;dz — [podx)/t from (41).
In view of this, note that (39) implies that (as operators on BV,)

A(z — L) Himo = (2 — Lo) *M(z — Lo) 7t

(50)
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Therefore, writing the spectral projectors as Cauchy integrals, we get by a simple
residue computation, since (z — Lo) ~1po = po/(z — 1),
(51) B (v (po)pe)li=0 = (id — Lo) ™" (id — o) Mpy ,
where Iy(p) = po [ ¢ da.

Next, we claim that we have (in BV,)
(52)

— P}y + (id — Lo) 7 (id — Tp) (Mpg) = —(id — Lo) ™" (id — o) (X' po + X p}.ey) -

(Recall from [1, Proof of Proposition 4.4] that Ilo(X'po + Xpy..,) = 0.) Since the
TCE (3) implies, using v = (X' o f) - f,

Mpo(a) = (X(z) —a(z)) 3 W&%mw—x(mm(m,

fly)==
to prove (10), it suffices to show

—apleg + (id = Lo) ™M (id = TIo)(X = a)(Mpo) = —(id — L0) ™ (id — o) (X p].,) ,

where Mvcp(x) =2 f(y)= W&%gp(y) It follows from (45) that for any x € I
which is not on the postcritical orbit

v preg (y)

Mlpo)(@) = Y iy = Pregl() -
- Y
fy)==
In other words, we have (in BV,,)

M(po) = M(preg) = Preg
where My(z) = 2 f )=z %. So we have reduced the claim (52) to
_O[p/reg - (ld - LO)_l(id - HO)(‘CO - id)(ap/reg) =0 )
that is, using I1gLy = Iy,
(LO - id)(ap;“eg) = (ld - HO)(‘CO - id)(ap/reg) = (‘CO - id)(ap/reg) :

Finally, since pg € BV}, and since t — v; and t — p; are differentiable in BV,
and BV, respectively, we have (in BV})

(53) Ot (v(po)pt)|t=0 = Or(ve(po))lt=0po + O(pt)|t=o0 -

Take the Lebesgue average of both sides of (53). Since &; [ py dz = 0 (because each
Pt dt is a probability), and since

— /(1(1 — ﬁo)il(X/psal + (Xpreg)/) de =0

(use again Tlo(X'pg + X pf..,) = 0), we find that 9;(v¢(po))|t=0 | po dx = 0. There-
fore, O¢(vt(po))|t=0, and putting together (41), (42), (51), (52), and (53), we have
proved the theorem. O

We have (a simplification of Lemma 3.3):

Lemma 4.2. Let f; be a C? family of piecewise expanding C® unimodal maps in

the topological class of fo. Set v = O¢fi|t=0. For any p > 1 the map t — g =

1 . 1 - . o _f”oz-l—v’
Ti7om] € BV, is C' in a neighbourhood of 0, and Oyg¢|t=0 = —?félfé .

o
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Proof. Differentiability follows from Lemma 3.3 applied to ¢ = 0. The value of the
derivative is given by (26-27) in the proof of that lemma, since 9; f{|t=o =v'. O

Remark 4.3. We have the following strengthening of Lemma 4.2 if f; is a C® family
of piecewise expanding C* unimodal maps: For any p > 1 the map t— gy =
m € BV, is C? in a neighbourhood of 0, and |g;: — go + t%| = O(t).
Recalling (38-39), this implies that [|£5£0 — M| gy, = O(t).

We shall get the following (new) result as a corollary of Theorems 3.1 and 4.1:

Corollary 4.4. If f, is a C? family of piecewise expanding C* unimodal maps in
the topological class of fo, and if O fi|t—o = X o fo for a C? function X, then there
exists € > 0 so that t — py is C from (—¢,€) to Radon measures.

In particular, under the assumptions of Corollary 4.4, the Radon measure
—upyary — (id = Lo) T (X psatt + (Xepreg.)') da

(recall (37)) is continuous as a function of ¢. (Here, «; solves (3) for f; and v; =
Os fs]s=t, and X o f; = v¢.) This fact is not clear a priori from the formula.

Remark 4.5. We expect that a careful analysis of the term (42) for C* functions 1
would allow to bypass the reference to Theorem 3.1 in the proof of Corollary 4.4.

Proof of Corollary 4.4. We want to show that ¢ — Oy |u=t = fi¢ is continuous: We
know that fi; exists for all small ¢ (as a Radon measure) by Theorem 4.1. Clearly,
| [ dfi| < Csup || for all continuous ¢ and all small enough ¢.

Assume for a contradiction that ¢ — fi; is discontinuous at ty. This means that
there exist ¢ € C°, with sup |¢)| = 1, § > 0, and a sequence t,, with |t,, —to| < 1/m,
so that | [ djis, — [ djir,,| > 6 for all m. Take ¢ € C' so that sup |1 — 1| < /4.
Then | [ 4 djis, — [P djis,,| > 6/2 for all m. But Theorem 3.1 implies | [ 4 djis, —
J ¥ dfig, | < 0 if m is large enough, a contradiction. O

APPENDIX A. A CONSEQUENCE OF THE KELLER-LIVERANI BOUNDS FROM [4]

We state here for the record an immediate corollary of [4, Proposition 3.3] which
was based on results in [16] (see Remark 2.1 and note that the assumptions below

imply sup; |f: — fi| = O(?)):

Proposition A.1. Let f; be a C? family of piecewise expanding C? unimodal maps.
Assume that fo is mizing and good, and that f; is tangent to the topological class
of fo, denoting by ft a family in the topological class of fo with fo = fo and
ftli=o = 0 fili=o.

Let py = pydx and fiy = pydx be the SRB measures of f; and f;, respectively.
Then for any £ < 2 there exists C > 0 so that for all small t

e = pell e (zery < CIEIE
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