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Abstract
Abad point of a positive semidefinite real polynomial f is a point atwhich a pole appears in all
expressions of f as a sum of squares of rational functions. We show that quartic polynomials
in three variables never have bad points. We give examples of positive semidefinite polyno-
mials with a bad point at the origin, that are nevertheless sums of squares of formal power
series, answering a question of Brumfiel. We also give an example of a positive semidefinite
polynomial in three variables with a complex bad point that is not real, answering a question
of Scheiderer.

Introduction

Let f ∈ R[x1, . . . , xn] be a polynomial with real coefficients that is positive semidefinite,
i.e., that only takes nonnegative values. Its degree d is then even. Sometimes, onemay explain
the positivity of f by writing it as a sum of squares of polynomials. Such is the case when
n ≤ 1, when d ≤ 2, and, as Hilbert proved in [16], when (n, d) = (2, 4). For all other
values of (n, d), there exist positive semidefinite polynomials that are not sums of squares
of polynomials [16].

Hilbert asked in his celebrated 17th problemwhether all positive semidefinite polynomials
f could however be written as sums of squares of rational functions. This was proven by him
[17] when n = 2 and by Artin [1, Satz 4] in general.

To understand the possible denominators in a representation of f as a sum of squares in
R(x1, . . . , xn), it is natural to introduce the set B( f ) ⊂ C

n of bad points of f : those points
at which some denominator vanishes in all possible representations of f as a sum of squares
in R(x1, . . . , xn). The existence of a bad point may be thought of as an explanation why f
cannot be a sum of squares in R[x1, . . . , xn].

As indicated in [10, p. 20], that bad points may exist was first noted by Straus in a 1956
letter to Kreisel: if f ∈ R[x1, . . . , xn] is not a sum of squares of polynomials, then its homog-
enization in R[x1, . . . , xn+1] has a bad point at the origin. Such examples only appeared in
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print twenty years later (see [6, Theorem 4.3], [5, p. 196], [8, Proposition 3.5], [4, Counterex-
ample 9.1] or [10, pp. 59–61]).

The bad locus B( f ) ⊂ C
n of f always has codimension ≥ 3, as was shown in increasing

generality by Choi and Lam [6, Theorem 4.2], by Delzell [10, Proposition 5.1], and by
Scheiderer [28, Theorem 4.8]. In particular, bad points never appear when n = 2 (which
yields examples of polynomials f with no bad points that are nevertheless not sums of
squares of polynomials).

Our first theorem shows that a similar phenomenon occurs when (n, d) = (3, 4).

Theorem 0.1 (Theorem 2.4) Positive semidefinite real polynomials of degree four in three
variables have no bad points.

The (n, d) = (3, 4) case considered in this theorem is the only one for which the question
of the existence of bad points is not covered by the above-mentioned results. It was ostensibly
left open in [6, Theorem 4.3].

Our proof builds on the works of several authors: Hilbert’s classical theorem on quartics
in two variables [16], Choi, Lam and Reznick’s detailed study of quartics in three variables
[7], and Scheiderer’s general results on sums of squares in local rings [28]. The argument
works over an arbitrary real closed field.

In three variables, all known examples of bad points share striking common features. To
begin with, they are all real points. It was asked by Scheiderer [27, Remark 1.4 2] whether
a positive semidefinite f ∈ R[x, y, z] could have a nonreal bad point. In our second main
theorem, we construct such an example.

Theorem 0.2 (Theorem 3.6) There exists a positive semidefinite polynomial in R[x, y, z]
with a bad point that is not real.

The only bad points of our example are (0, 0, i) and (0, 0,−i) (see Theorem 3.6).
In ≥ 4 variables, examples of nonreal bad points were already known since the bad locus

B( f ) may have dimension ≥ 1 (see [10, Example 1 p.59]). However, Theorem 0.2 is the
first example in any number of variables where the real bad points of f are not Zariski-dense
in B( f ).

Additionally, in all existing examples of positive semidefinite f ∈ R[x, y, z] with a real
bad point, assumed to be the origin, this point is shown to be bad by an analysis of some low
degree monomials of f . As a consequence, the polynomial f is not even a sum of squares in
the ring R[[x, y, z]] of formal power series. An old question of Brumfiel appearing in [10,
p. 62] asks whether this is a general phenomenon. In our third main theorem, we answer this
question in the negative.

Theorem 0.3 (Theorem 3.11) There exists a positive semidefinite polynomial in R[x, y, z]
that has a bad point at the origin, but that is a sum of squares in R[[x, y, z]].

Our example does not have other bad points than the origin (see Theorem 3.11).
Brumfiel asked his question in any number of variables. There are however easier examples

in ≥ 4 variables, as it may happen that a positive semidefinite f ∈ R[w, x, y, z] is a sum of
squares in R[[w, x, y, z]] but not in R[w, x, y, z]〈w,x,y,z〉 for the simple reason that it is not
even a sum of squares in some other completion of R[w, x, y, z]〈w,x,y,z〉. We give such an
example in Theorem 3.15.

This last remark points to what is difficult in proving Theorems 0.2 and 0.3. Let m ⊂
R[x, y, z] be themaximal ideal corresponding to the bad point. Under the hypotheses of either
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theorem, the polynomial f has to be a sum of squares in all the completions of R[x, y, z]m
(apply [28, Corollary 2.4 and Theorem 4.8]). We thus need to devise an obstruction to f
being a sum of squares in the local ring R[x, y, z]m that is sufficiently global in nature to
allow f to be a sum of squares in all the completions of R[x, y, z]m. We now briefly explain
how to overcome this difficulty (see Sect. 3 for more details).

Let � ⊂ A
3
R

:= Spec(R[x, y, z]) be an integral curve through m whose real locus �(R)

is Zariski-dense in � and such that f vanishes on �. It follows from these facts that, in any
representation f = ∑

i f 2i of f as a sum of squares in R[x, y, z]m, the fi must vanish on �.
As a consequence, one has f ∈ (I 2�)m, where I� is the ideal defining �. It thus suffices to
arrange that f /∈ (I 2�)m to ensure that it is not a sum of squares in R[x, y, z]m.

This is not easy to achieve. Indeed, since f is positive semidefinite, it belongs to the ideal
I 2� at all smooth real points of �, hence generically along �. In other words, it belongs to the

symbolic square I (2)
� of I� (see (3.1) for the definition of I (2)

� and the survey [9] for more

information on this topic). We thus need the ideals I 2� and I (2)
� to be distinct. The simplest

example of this phenomenon, already appearing in [25, Example 3 p.29], is the ideal of the
image of the morphism t �→ (t3, t4, t5).

The polynomials we use to prove Theorems 0.2 and 0.3 are both constructed by modi-
fying appropriately this basic example. For Theorem 0.2, this strategy leads to the concrete
polynomial of degree ten x10 + x2y6 + (z2 + 1)3 − 3x4y2(z2 + 1) (see Theorem 3.6). The
proof of Theorem 0.3 is more involved and does not yield an explicit example.

Our strategy actually works on arbitrary smooth varieties over any base field. We thus
obtain the following result. Recall that a field is said to be formally real if it admits a field
ordering (in particular, such a field has characteristic 0).

Theorem 0.4 (Theorem 3.13) Let X be an affine variety over a field k. Let A be a local ring
of X that is regular, with maximal ideal m. Assume that dim(A) ≥ 3 and that Frac(A) is
formally real. Then there exists f ∈ O(X) such that:

(i) The element f is a sum of squares in the completion Âm of A at m.
(ii) For all prime ideals p 
= m of A, f is a sum of squares in the localization Ap.
(iii) But f is not a sum of squares in A.

Notice that Theorem 0.2 (resp. Theorem 0.3) may be obtained as the particular case of
Theorem 0.4 where k = R, X = A

3
R
and m has residue field C (resp. R).

Theorem 0.4 yields the first examples of a regular local ring A with 2 ∈ A∗ and of an
element f ∈ A that is a sum of squares in all the completions of A but not in A. Such
examples do not exist if dim(A) ≤ 2 by [28, Theorem 4.8], or if Frac(A) is not formally real
[28, Corollaries 1.5 and 2.4].

Thanks to Theorem 0.4, we are able to complete the proof of the following result, which is
almost entirely due to Scheiderer (the case that was still open is explicitly mentioned in [27,
Remark 1.4 2]). To state it, we recall that an element f of a ring A is positive semidefinite if
it is nonnegative with respect to all the orderings of the residue fields of A.

Theorem 0.5 Let A be the local ring at a regular point of a variety over a field k of charac-
teristic not 2. The following are equivalent:

(i) All positive semidefinite elements of A are sums of squares in A.
(ii) Either dim(A) ≤ 2 or Frac(A) is not formally real.

Proof If dim(A) ≤ 2, one may apply [28, Theorem 4.8], and if Frac(A) is not formally
real, the theorem follows from [28, Corollaries 1.5 and 2.4]. The other cases are covered by
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Theorem 0.4, but were already known if either dim(A) ≥ 4 or if the residue field of A is
formally real (see [27, Propositions 1.2 and 1.5]).

Understanding when assertion (i) of Theorem 0.5 holds is also interesting when A is
possibly singular. We refer to [28, Theorem 3.9], to [12, Theorem 3.1] and to [13, Theorem
1.1] for the best known results in dimensions 1, 2 and ≥ 3 respectively.

It is tempting to ask if Theorem 0.5 remains true for arbitrary regular local rings, not
necessarily of geometric origin. In our last result, we show that this is not the case, answering
a question raised in [28, bottom of p. 209].

Theorem 0.6 (Theorem 4.2) For all n ≥ 0, there exists a regular local R-algebra A of
dimension n with the following properties:

(i) All positive semidefinite elements of A are sums of squares in A.
(ii) The field Frac(A) is formally real.

The regular local rings that we consider to prove Theorem 0.6 are actually not far from
geometry. When n ≥ 1, they lie between the local ring of An

R
at a closed point with complex

residue field and its Henselization.

Notation

If A is ring and p ⊂ A is a prime ideal, we let Ap and Âp be the localization and the
completion of A at p, and we denote by Ip = I Ap ⊂ Ap and Îp = I Âp ⊂ Âp the ideals
generated by an ideal I ⊂ A.

An algebraic variety X over a field k is a separated scheme of finite type over k. If k′ is a
field extension of k, we denote by Xk′ := X ×k k′ the extension of scalars, and by X(k′) the
set of k′-points of X .

1 Generalities on real spectra and sums of squares

The real spectrum Sper(A) of a ring A is the set of pairs ξ = (p,≺), where p is a prime ideal
of A and≺ is a field ordering of Frac(A/p). The element ξ ∈ Sper(A) is said to be supported
at p. We denote by ≺ξ the ordering associated with ξ . We endow Sper(A) with its spectral
topology [3, Definition 7.1.3], generated by open sets of the form {ξ ∈ Sper(A) | fi �ξ 0}
for ( fi )1≤i≤m ∈ Am . If ξ, ζ ∈ Sper(A), one says that ξ is a specialization of ζ if ξ belongs
to the closure of ζ . An element f ∈ A is positive semidefinite (resp. totally positive) if it is
nonnegative (resp. positive) with respect to all points of Sper(A). A real polynomial f ∈
R[x1, . . . , xn] is positive semidefinite in this sense if and only if it is positive semidefinite in
the sense considered in the introduction (see [3, Propositions 7.2.1 and 7.2.2]).

If k is a field, then Sper(k) coincides with the set of field orderings of k endowed with
the Harrison topology (see [20, VIII, §6]). The field k is said to be formally real if Sper(k)
is nonempty, i.e., if k admits a field ordering.

We now collect a few known statements that will be used repeatedly in the sequel. We
start with two lemmas.

Lemma 1.1 ([27, Lemma0.1])Let A be a regular domainwith fraction field K . ThenSper(K )

is dense in Sper(A).
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Lemma 1.2 ([27, Lemma 5.1a)]) Let A be a regular local ring with maximal ideal m. View
m/m2 as an A/m-vector space. Let f ∈ A be positive semidefinite. If f ∈ md , the image
of f inmd/md+1 = Symd(m/m2) is a positive semidefinite polynomial function on the dual
vector space (m/m2)∨.

In particular, if A/m is formally real and d is odd, then f ∈ md+1.

The following two theorems are due to Scheiderer.

Theorem 1.3 ([28, Corollary 2.4]) Let A be a local ring with 2 ∈ A∗. If f ∈ A is totally
positive, then f is a sum of squares in A.

Theorem 1.4 ([28, Theorem 4.8])Let A be a regular local ring of dimension twowith 2 ∈ A∗.
If f ∈ A is positive semidefinite, then f is a sum of squares in A.

2 Quartics in three variables have no bad points

In this section, we show that positive semidefinite quartic polynomials in three variables have
no bad points (Theorem 2.4). We also study quartics in three variables that are nonnegative
in a neighbourhood of the origin (see Theorem 2.5).

Throughout, we work over a real closed field R. We start with a series of lemmas.

Lemma 2.1 Let B be a ring with 2 ∈ B∗. Fix g ∈ B[[x1, . . . , xn]] with only terms of degree
≥ 3. Choose 0 ≤ r ≤ n. Then there exist (ai )1≤i≤r ∈ B[[x1, . . . , xn]]r with only terms of
degree ≥ 2, and b ∈ B[[xr+1, . . . , xn]], such that

r∑

i=1

x2i + g =
r∑

i=1

(xi + ai )
2 + b.

Proof By induction on N ≥ 1, we will construct (ai,N )1≤i≤r ∈ B[x1, . . . , xn]r , bN ∈
B[xr+1, . . . , xn] and cN ∈ B[[x1, . . . , xn]] with the following properties:

(i) One has
∑r

i=1 x
2
i + g = ∑r

i=1(xi + ai,N )2 + bN + cN .
(ii) Only terms of degree ≥ 2 appear in ai,N .
(iii) Only terms of degree ≥ N + 2 appear in cN .
(iv) Only terms of degree ≥ N + 1 appear in ai,N+1 − ai,N and in bN+1 − bN .

To do so, we set ai,1 = b1 = 0 and c1 = g. If ai,N , bN and cN have been constructed, write
the degree N + 2 term of cN as

∑r
i=1 xi ui + v, where ui ∈ B[x1, . . . , xn] has degree N + 1

and v ∈ B[xr+1, . . . , xn] has degree N + 2. It now suffices to define ai,N+1 = ai,N + ui/2,
bN+1 = bN + v and cN+1 = cN − v − ∑r

i=1(xi ui + ai,Nui + u2i /4).
To conclude, define ai := limN→∞ ai,N and b := limN→∞ bN , where the limits are taken

with respect to the 〈x1, . . . , xn〉-adic topology.
Lemma 2.2 Let f ∈ R[[x1, . . . , xn]] be positive semidefinite. Assume that the lowest degree
term of f is a quadratic form of rank r ≥ n−2. Then f is a sum of squares in R[[x1, . . . , xn]].
Proof The degree 2 term of f is positive semidefinite by Lemma 1.2. Since it may be
diagonalized after a linear change of coordinates, we may assume that f = ∑r

i=1 x
2
i + g,

where all monomials in g ∈ R[[x1, . . . , xn]] have degree ≥ 3.
By Lemma 2.1 applied with B = R, there exist (ai )1≤i≤r ∈ R[[x1, . . . , xn]]r with only

terms of degree ≥ 2, and b ∈ R[[xr+1, . . . , xn]], such that f = ∑r
i=1(xi + ai )2 + b (by

convention, R[[xr+1, . . . , xn]] = R when r = n − 2).
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Since f is positive semidefinite, so is its image in R[[x1, . . . , xn]]/〈xi +ai 〉1≤i≤r , showing
that b ∈ R[[xr+1, . . . , xn]] is positive semidefinite. As r ≥ n − 2, Theorem 1.4 shows that
b is a sum of squares in R[[xr+1, . . . , xn]]. The proof is now complete.

Lemma 2.3 A polynomial f ∈ R[x, y, z] of degree ≤ 4 which is positive semidefinite in
R[[x, y, z]] is a sum of squares in R[[x, y, z]].
Proof By Lemma 1.2, the lowest degree term of f is positive semidefinite of degree 0, 2 or
4. If it has degree 0, then f is a square in R[[x, y, z]], and we are done. If it has degree 2,
one may apply Lemma 2.2 to conclude. If it has degree 4, then f is a sum of three squares of
quadratic polynomials by Hilbert’s theorem [16] (this result, proven overR in loc. cit., holds
over an arbitrary real closed field by the Tarski-Seidenberg principle [3, Proposition 5.2.3]).

Now comes the main theorem of Sect. 2.

Theorem 2.4 Let f ∈ R[x, y, z] be positive semidefinite of degree ≤ 4. For all maximal
ideals m ⊂ R[x, y, z], the polynomial f is a sum of squares in R[x, y, z]m.

Proof If f has at least twelve real zeros, then it is a sum of six squares of quadratic poly-
nomials, by a theorem of Choi, Lam and Reznick [7, Theorem 5.1] (this fact, proven over
the reals in loc. cit., is valid over any real closed field by the Tarski-Seidenberg principle [3,
Proposition 5.2.3]).

We may thus assume that f has finitely many real zeros. Using [3, Theorem 7.2.3], we
see that Sper((R[x, y, z]/〈 f 〉)m) contains exactly one point (which is supported at m) if the
residue field ofm is R, and is empty otherwise. In the latter case, the element f ∈ R[x, y, z]m
is totally positive, hence a sum of squares by Theorem 1.3.

It remains to dealwith the casewhere the residuefield ofm is R.After changing coordinates
by a translation, one may suppose that m = 〈x, y, z〉. By Lemma 2.3, the polynomial f is a
sum of squares in R[[x, y, z]]. Since Sper((R[x, y, z]/〈 f 〉)m) is supported at m, a theorem
of Scheiderer [28, Corollary 2.7 (ii)⇒(i)] shows that f is a sum of squares in R[x, y, z]m,
as wanted.

We conclude this section with a more concrete reformulation of Lemma 2.3.

Theorem 2.5 Let f ∈ R[x, y, z] be of degree ≤ 4. The following are equivalent:

(i) The function f : R3 → R takes only nonegative values in a Euclidean neighbourhood
of the origin.

(ii) The polynomial f is a sum of squares in R[[x, y, z]].
Proof It suffices to combine Lemma 2.3 and Lemma 2.6 below.

Lemma 2.6 Let A be a finitely generated R-algebra, fix f ∈ A and let m ⊂ A be a maximal
ideal with residue field R. The following assertions are equivalent:

(i) The element f ∈ Âm is positive semidefinite.
(ii) The function Spec(A)(R) → R induced by f takes only nonnegative values in a

Euclidean neighbourhood of the point of Spec(A)(R) corresponding to m.

Proof Let x (resp. x̃) be the point of Spec(A)(R) (resp. of Sper(A)) associated tom. By [26,
Théorème 1.1], the image of the natural map Sper( Âm) → Sper(A) consists exactly of the
elements having x̃ as a specialization.
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If (ii) holds, the semi-algebraic subset { f ≥ 0} of Spec(A)(R) contains a neighbourhood
of x . It follows from [3, Theorem 7.2.3] that the constructible subset { f ≥ 0} of Sper(A)

contains a neighbourhood of x̃ , hence all points having x̃ as a specialization. Consequently,
f is positive semidefinite in Âm.
Conversely, assume that (ii) does not hold, hence that the open subset { f < 0} of

Spec(A)(R) contains x in its closure. By [3, Theorem 7.2.3], the open subset { f < 0}
of Sper(A) contains x̃ in its closure. In view of [3, Proposition 7.1.21], this subset of Sper(A)

contains a point specializing to x̃ . This shows that f is not positive semidefinite as an element
of Âm.

Remark 2.7 Scheiderer has shown in [29, Theorem 2.1] the existence of a homogeneous
polynomial f ∈ Q[x, y, z] of degree 4 that is positive semidefinite, but not a sum of squares
in Q[x, y, z]. Using the homogeneity of f , one sees that f is not a sum of squares in
Q[[x, y, z]] either. This shows that Theorems 2.4 and 2.5 cannot be extended to general base
fields that are not necessarily real closed.

3 Examples of bad points

In Sect. 3.1, we state a simple criterion for an element of a ring not to be a sum of squares.
This criterion is applied in Sects. 3.3 and 3.5 to give examples of real positive semidefinite
polynomials in three variables with a nonreal bad point, or with a real bad point that cannot
be detected after completion (Theorems 3.6 and 3.11). We apply it again in Sect. 3.6 to
give examples of regular bad points on varieties over a field that satisfy minimal hypotheses
(Theorem 3.13). Another example of bad point, of a different nature, is presented in Sect.
3.7.

The proofs of Theorems 3.6, 3.11 and 3.13 rely on auxiliary polynomials f1, f2, f3 and
f4, respectively constructed in Lemma 3.5, Propositions 3.7, 3.9 and 3.12. For 1 ≤ i ≤ 3, the
polynomial fi is used to construct fi+1. While the polynomial f1 is simple (see Lemma 3.5),
the expression of f2 is quite complicated (see Remark 3.8), and we do not provide explicit
formulas for f3 and f4.

In this whole section, we let k be a field of characteristic 0.

3.1 A criterion to be a bad point

We will use the following easy lemma.

Lemma 3.1 Let I be a radical ideal in a ring A such that the imageofSper(A/I ) inSpec(A/I )
is Zariski-dense. If f ∈ I \ I 2, then f is not a sum of squares in A.

Proof Assume for contradiction that f = ∑
i f 2i is a sum of squares in A. Then

∑
i f 2i

vanishes in A/I . It follows that the fi vanish at all formally real residue fields of A/I . As
Sper(A/I ) is Zariski-dense in Spec(A/I ) and as A/I is reduced, the fi vanish in A/I . The
fi thus belong to I , so that f ∈ I 2, which is absurd.

Recall that the symbolic square of an ideal I in a Noetherian ring A is

I (2) := { f ∈ A | f ∈ I 2p for all associated primes p of A/I }. (3.1)

The following lemma will not be used in the sequel, but explains why it may be difficult to
apply Lemma 3.1 in practice.
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Lemma 3.2 Under the hypotheses of Lemma 3.1, if the ring A is regular and the element
f ∈ A is positive semidefinite, then f ∈ I (2).

Proof Let p be an associated prime ideal of A/I . Then pAp = Ip because I is radical.
As Sper(A/I ) is Zariski-dense in Spec(A/I ), one cannot write −1 as a sum of squares in
κ := Frac(A/p), so that κ is formally real by [3, Theorem 1.1.8]. Since f ∈ pAp is positive
semidefinite and κ is formally real, Lemma 1.2 shows that f ∈ p2Ap = I 2p .

Consequently, to apply Lemma 3.1 to give an example of a positive semidefinite element
in a regular ring that is not a sum of squares, we must ensure that I (2) 
= I 2. A basic example
of an ideal in a regular ring whose square and symbolic square are distinct will be given later,
in Lemma 3.5.

3.2 A criterion to be a sum of squares

In our proofs of Theorems 3.6 and 3.11, we also need a way to check that a regular function
on a variety over k is a sum of squares in a neighbourhood of a point. This is the role of
Proposition 3.3.

Proposition 3.3 Let X be a smooth affine variety of dimension n over k. Let f ∈ O(X) be
positive semidefinite, and let p ∈ X be a closed point. Let Y ⊂ X be the Zariski closure
of Sper(O(X)/〈 f 〉). If p ∈ Y , then the differential of f at p vanishes. If moreover Y is
smooth of dimension n − c at p and the Hessian of f at p has rank ≥ c, then f is a sum of
squares in OX ,p.

Proof By Lemma 1.2, the differential of f vanishes at all points x ∈ X with formally real
residue field such that f (x) = 0. It follows that the differential of f vanishes on Y , hence at
p.

Set A := OX ,p and let I ⊂ A be the ideal of functions vanishing on Sper(A/〈 f 〉). As
the generic points of Y are formally real by Lemma 1.1, we see that I is the ideal of the
subscheme Y ×X Spec(A) of Spec(A).

Since Y is smooth of dimension n − c at p, the local ring B := A/I is regular of
dimension n − c. We have seen above that the fraction field of B is formally real. As f is
positive semidefinite, it follows from Lemma 1.2 that the image of f in the localization AI

belongs to I 2AI . We deduce from [30, Appendix 6, Lemma 5] applied with a = I (or from
[18, (2.1)]) that f ∈ I 2.

As Y is smooth at p, [22, Theorem 30.3 (1)⇒(2)] shows that B is 0-smooth over k in
the sense of [22, p. 193], hence that the natural surjections A/I n → B admit compatible
sections for n ≥ 1. This yields a section s : B → ÂI of the quotient map ÂI → ÂI /I = B.
Let x1, . . . , xc be generators of I . By [11, Theorem 7.16], the section s induces a surjective
morphism of B-algebras B[[x1, . . . , xc]] → ÂI . As ÂI is faithfully flat over A by [22,
Theorem 8.14], one may apply [22, Theorem 15.1 (ii)] to show that dim( ÂI ) ≥ dim(A) = n.
Since B[[x1, . . . , xc]] is integral of dimension n, the surjection B[[x1, . . . , xc]] → ÂI is then
necessarily an isomorphism.

We now argue as in the proof of [28, Corollary 2.7]. By a theorem of Scheiderer [28,
Theorem 2.5], there exists an ideal J of A with radical I such that f is a sum of squares in A
if it is a sum of squares in A/J . Since Im ⊂ J for some m, the proposition will be proven if
we check that f is a sum of squares in A/Im for allm. Wewill show the stronger fact that f is
a sum of squares in ÂI = B[[x1, . . . , xc]]. We have seen above that f ∈ I 2 = 〈x1, . . . , xc〉2.
Let κ be the residue field of B. Since theHessian of f has rank≥ c, the image in κ[x1, . . . , xc]
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of the quadratic term of f is a nondegenerate quadratic form. Applying Lemma 3.4 below
concludes.

Lemma 3.4 Let B be a local ring whose residue field κ is not of characteristic 2. Let
f ∈ B[[x1, . . . , xn]] be positive semidefinite. If the lowest degree term of f is quadratic
with nondegenerate image in κ[x1, . . . , xn], then f is a sum of squares.

Proof Let h ∈ B[x1, . . . , xn] be the quadratic term of f . By [2, Chapter I, Proposition 3.4],
we may assume after a suitable linear change of coordinates that h = ∑n

i=1 αi x2i for some
invertible elements αi ∈ B. Since f is positive semidefinite, the αi are positive semidefinite,
and Theorem 1.3 allows us to write αi = ∑

j (α
( j)
i )2 for some α

( j)
i ∈ B. After maybe

permuting the α
( j)
i , we may ensure that α

(1)
i is invertible in B. Choosing the α

(1)
i xi as new

variables, we may finally assume that h − ∑n
i=1 x

2
i is a sum of squares in B[x1, . . . , xn]. By

Lemma 2.1 applied with g = f − h, there exist a1, . . . , an in B[[x1, . . . , xn]] with
n∑

i=1

x2i + f − h =
n∑

i=1

(xi + ai )
2.

Combining these two facts shows that f is a sum of squares in B[[x1, . . . , xn]].

3.3 A nonreal bad point

As explained in Sect. 3.1, we are in need of an ideal whose square and symbolic square differ.
Lemma 3.5 contains a simple example.

Lemma 3.5 Let C ⊂ A
3
k be the image of the morphism ν : A

1
k → A

3
k given by ν(t) =

(t3, t4, t5). Define IC := 〈u3 − vw, v2 − uw,w2 − u2v〉 ⊂ k[u, v, w] and consider the
polynomial f1 := u5 + uv3 + w3 − 3u2vw. The following properties hold:

(i) The zero locus of IC is the geometrically integral curve C ⊂ A
3
k .

(ii) One has f1 ∈ IC , f1 /∈ I 2C,〈u,v,w〉 and v f1 ∈ I 2C .

Proof. Since the morphism ν is finite, its image is a closed subvariety C ⊂ A
3
k , which is

geometrically integral because so is A
1
k . That its ideal is exactly IC is explained in [25,

Example 3 p.29]. This proves (i). As f1(t3, t4, t5) = 0, we see that f1 ∈ IC . To show that
f1 /∈ I 2C,〈u,v,w〉, notice that in the development of an element of I 2C,〈u,v,w〉 as a power series
in u, v and w, no term of degree ≤ 3 may appear (this argument may be found in [25,
Example 3 p.29]). The last assertion of (ii) follows from the identity

v f1 = u(v2 − uw)2 + (w2 − u2v)(wv − u3). (3.2)

Now comes our first application of Lemma 3.1.

Theorem 3.6 Consider the ideal m := 〈x, y, z2 + 1〉 ⊂ R[x, y, z]. The polynomial
f := x10 + x2y6 + (z2 + 1)3 − 3x4y2(z2 + 1)

is positive semidefinite. It is a sum of squares inR[x, y, z]p for all prime ideals p ⊂ R[x, y, z]
distinct from m, but it is not a sum of squares in R[x, y, z]m.
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Proof That f is positive semidefinite stems from the inequality between the arithmetic and
the geometric means of x10, x2y6 and (z2 + 1)3.

Let ψ : A3
R

→ A
3
R
be the morphism defined by ψ(x, y, z) = (x2, y2, z2 + 1). Since the

pull-back morphism ψ∗ : R[u, v, w] → R[x, y, z] endows R[x, y, z] with a structure of
free R[u, v, w]-module, the morphism ψ is finite flat. Let C , IC and f1 be as in Lemma 3.5
applied with k = R. Note that f = ψ∗ f1. Let � := ψ−1(C) ⊂ A

3
R
be the curve defined by

the ideal

I� := 〈ψ∗ IC 〉 = 〈x6 − y2(z2 + 1), y4 − x2(z2 + 1), (z2 + 1)2 − x4y2〉 ⊂ R[x, y, z].
Remark first that f ∈ I� by Lemma 3.5 (ii). The flatness of ψ and [22, Theorem 7.5 (ii)]

imply that f /∈ I 2�,m, because f1 /∈ I 2C,〈u,v,w〉 as proven in Lemma 3.5 (ii). Since ψ is finite
flat and sinceC is geometrically integral by Lemma 3.5 (i), the irreducible components of the
curve� surject toC . For t ∈ R>1, the curveC is smooth at (t3, t4, t5) and the morphismψ is
étale with only real points above (t3, t4, t5). We deduce that all the irreducible components
of � contain a smooth real point. It follows that �(R) is Zariski-dense in �. In view of
Lemma 1.1, the residue fields of the generic points of � are formally real. Moreover, as
the curve � has no embedded point by flatness of ψ (see [22, Theorem 23.2]), it is reduced.
Applying Lemma 3.1 with I = I�,m, one shows that f is not a sum of squares inR[x, y, z]m.

It remains to check that, if p ⊂ R[x, y, z] is a prime ideal distinct fromm, then f is a sum
of squares in R[x, y, z]p. If p is not maximal, this follows from Theorem 1.4. From now on,
we assume that p is maximal, and we let p ∈ A

3
R
be the closed point associated with p.

We claim that � is the Zariski closure of {(x0, y0, z0) ∈ R
3 | f (x0, y0, z0) = 0}. We

have already seen that f vanishes on � and that �(R) is Zariski-dense in �. Conversely, if
(x0, y0, z0) ∈ R

3 is such that f (x0, y0, z0) = 0, we deduce from the case of equality in the
inequality between the arithmetic and the geometric means that x100 = x20 y

6
0 = (z20 + 1)3.

These equations imply that x0 
= 0, so x80 = y60 . One then easily verifies that (x0, y0, z0)
satisfies the defining equations of �, which proves the claim. By [3, Theorem 7.2.3], the
Zariski closure of the image of Sper(R[x, y, z]/〈 f 〉) → Spec(R[x, y, z]/〈 f 〉) is also equal
to �. If p does not belong to �, we deduce from Theorem 1.3 that f is a sum of squares in
R[x, y, z]p.

Assume from now on that p belongs to �. In this case, we show that f is a sum of squares
in R[x, y, z]p by applying Proposition 3.3 with X = A

3
R
, Y = �, n = 3 and c = 2. Let

us verify its hypotheses. Let q ∈ A
3
R
be the point associated with m. Note that p 
= q by

hypothesis. The polynomials x8 − y6 and x10 − (z2 + 1)3 vanish on � and have independent
differentials along � \ {q}. We deduce that � is smooth at p. Suppose for contradiction that
the Hessian of f at p has rank ≤ 1. Then

⎛

⎝
∂2 f
∂x∂ y

∂2 f
∂ y2

∂2 f
∂x∂z

∂2 f
∂ y∂z

⎞

⎠ = 144x5y2z(4y4 + x2(z2 + 1))

vanishes at p. As the polynomials x , y and 4y4 + x2(z2 + 1) do not vanish on � \ {q}, we
see that z vanishes at p. It follows that, at the point p, one has

⎛

⎝

∂2 f
∂x2

∂2 f
∂x∂ y

∂2 f
∂x∂ y

∂2 f
∂ y2

⎞

⎠ =
(
90x8 + 2y6 − 36x2y2 12xy5 − 24x3y

12xy5 − 24x3y 30x2y4 − 6x4

)

, (3.3)

and this quantity must vanish at p by the hypothesis on the Hessian. Since z vanishes at p,
the equations of � show that x6 = y2 and y4 = x2 at the point p. Combining this with (3.3)
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shows that

(
56x2y2 −12x3y
−12x3y 24x4

)

= 1200x6y2 vanishes at p. As neither x nor y vanish on

� \ {q}, this is a contradiction. We may thus apply Proposition 3.3 to complete the proof of
the theorem.

3.4 Sums of squares in the completion

In Sects. 3.4–3.5, we use Lemma 3.1 to prove Theorem 3.11. To do so, we construct an
example of (A, I , f ) as in Lemma 3.1, where A is local regular with maximal idealm and f
is positive semidefinite, such that f is moreover a sum of squares in Âm. If one requires
the residue field of A to be formally real, this is not easy to achieve. This is the goal of
Proposition 3.7 in Sect. 3.4 and of Proposition 3.9 in Sect. 3.5. Let us first explain the
principle of the argument of Proposition 3.7, where we ensure that f is a sum of squares in
Âm.

Starting from the example of (A, I , f ) with f ∈ I (2) \ I 2 given by Lemma 3.5, we add to
f a lot of squares of elements of I so as to improve the chances that it is a sum of squares in
Âm. This works well only if the multiplicities of the squares of the generators of I are low
compared to the multiplicity of f , and we can only arrange this after a change of variables of
relatively high degree.Making sure that Sper(A/I ) remains Zariski-dense in Spec(A/I ) only
complicates the change of variables that we need to use. The verification that the resulting
element f is indeed a sum of squares in Âm is computational since we do not know of a
conceptual way to check it.

We recall that, in the whole of Sect. 3, we have fixed a field k of characteristic 0.

Proposition 3.7 There exist f2 ∈ k[x, y, z] and an ideal ID ⊂ k[x, y, z] such that:

(i) The ideal ID defines a geometrically integral curve D ⊂ A
3
k .

(ii) The point (0, 0, 0) belongs to D. The curve D \ {(0, 0, 0)} has a smooth k-point.
(iii) One has f2 ∈ ID and f2 /∈ I 2D,〈x,y,z〉.
(iv) There exists h ∈ k[x, y, z] such that h /∈ ID and h f2 ∈ I 2D.
(v) The polynomial f2 is a sum of squares in k[[x, y, z]].

Proof Let φ : A3
k → A

3
k be defined by φ(x, y, z) = (x2, y8 − y10 + y11,−z2 + 2z3). Since

the pull-back morphism φ∗ : k[u, v, w] → k[x, y, z] endows k[x, y, z] with a structure of
free k[u, v, w]-module, the morphism φ is finite flat.

Let IC , C and f1 be as in Lemma 3.5. Let D := φ−1(C) ⊂ A
3
k be defined by the ideal

ID := 〈φ∗ IC 〉 ⊂ k[x, y, z]. Let k be an algebraic closure of k. Since φ is flat, the curve D
has no embedded point (see [22, Theorem 23.2]). To prove (i), it thus suffices to show that
Dk is irreducible and generically reduced, i.e., that its total ring of fractions

F := k(t)[x, y, z]/〈x2 − t3, y11 − y10 + y8 − t4, 2z3 − z2 − t5〉
is a field. Remark that F = k(s)[y, z]/〈y11− y10+ y8− s8, 2z3− z2− s10〉, where s := x/t .
Since 2z3 − z2 is not a nontrivial power in k(z), we see that 2z3 − z2 − s10 is irreducible in
k(z)[s], hence in k(s)[z] byGauss’s lemma. The same reasoning shows that y11−y10+y8−s8

is irreducible in k(s)[y]. The two field extensions K := k(s)[z]/〈2z3 − z2 − s10〉 and
L := k(s)[y]/〈y11 − y10 + y8 − s8〉 of k(s) have coprime degree. Their tensor product
F = K ⊗k(s) L is thus a field. This proves (i).

One checks that (0, 0, 0) and (1, 1, 1) belong to D(k). Since φ(1, 1, 1) = (1, 1, 1) is a
smooth point of C , and since φ is étale at (1, 1, 1), we see that (1, 1, 1) is a smooth k-point
of D. We have checked (ii).
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Let ŷ ∈ k[[y]] be the element such that ŷ8 = y8 − y10 + y11 and ŷ − y ∈ 〈y2〉. Similarly,
let ẑ ∈ k[[z]] be such that ẑ2 = z2 − 2z3 and ẑ − z ∈ 〈z2〉. For esthetic purposes, we also set
x̂ := x . With this notation, one can write

ID = 〈x̂6 + ŷ8 ẑ2, ŷ16 + x̂2 ẑ2, ẑ4 − x̂4 ŷ8〉, (3.4)

where the generators indeed belong to k[x, y, z] since they only depend on ŷ and ẑ through
ŷ8 and ẑ2. For the same reason, the element defined as

f2 := −y6φ∗ f1 + 2(x̂6 + ŷ8 ẑ2)2 + y4(ŷ16 + x̂2 ẑ2)2 + (ẑ4 − x̂4 ŷ8)2, (3.5)

belongs to k[x, y, z] (we note that φ∗ f1 = x̂10 + x̂2 ŷ24 + ẑ6 − 3x̂4 ŷ8 ẑ2).
To see that f2 ∈ ID , combine Lemma 3.5 (ii) and (3.4). Assume for contradiction that

f2 ∈ I 2D,〈x,y,z〉. Then, in view of (3.4), one has y6φ∗ f1 ∈ I 2D,〈x,y,z〉. This is absurd, because
the monomial ŷ6 ẑ6 appears in the development of y6φ∗ f1 as a power series in x̂ , ŷ and ẑ, but
not in the development of any element of I 2D,〈x,y,z〉 as a power series in x̂ , ŷ and ẑ (as (3.4)
shows). This proves (iii).

Choose h := y8 − y10 + y11. As h(1, 1, 1) = 1 
= 0, we see that h /∈ ID . But hφ∗ f1 =
φ∗(v f1) ∈ I 2D by Lemma 3.5 (ii), so that h f2 ∈ I 2D in view of (3.4). We have verified
assertion (iv).

To prove assertion (v), we use a decomposition f2 = g+g′ +g′′ in the ring k[[x, y, z]] =
k[[x̂, ŷ, ẑ]]. We choose

g := −ŷ6φ∗ f1 + (x̂6 + ŷ8 ẑ2)2 + ŷ4(ŷ16 + x̂2 ẑ2)2,

which is a sum of squares in k[[x̂, ŷ, ẑ]] in view of the identity:

g = (x̂2 − ŷ6)2(x̂8 + x̂6 ŷ6 + x̂4 ŷ12 + x̂2 ŷ18 + ŷ24 +2x̂2 ŷ8 ẑ2)+ ẑ2 ŷ4(x̂4 + ŷ2 ẑ2)(ŷ10 + ẑ2).

We also set
g′ := (y4 − ŷ4)(ŷ16 + x̂2 ẑ2)2,

which is a sum of squares in k[[x̂, ŷ, ẑ]], because y4 − ŷ4 − ŷ6/4 is a square in k[[ŷ]] as its
lowest degree term is ŷ6/4. We finally define:

g′′ := (ŷ6 − y6)φ∗ f1 + (x̂6 + ŷ8 ẑ2)2 + (ẑ4 − x̂4 ŷ8)2. (3.6)

To see that g′′ is a sum of squares in k[[x̂, ŷ, ẑ]], we note that ŷ6 − y6 = −α ŷ8 for some
α ∈ k[[ŷ]]whose constant term is equal to 3/4. Pulling back equation (3.2) by the morphism
φ and combining it with (3.6) yields the identity

g′′ = α
(
x̂2(ŷ16 + x̂2 ẑ2)2 − (ẑ4 − x̂4 ŷ8)(x̂6 + ŷ8 ẑ2)

) + (x̂6 + ŷ8 ẑ2)2 + (ẑ4 − x̂4 ŷ8)2,

which we rewrite as

g′′ = αx̂2(ŷ16 + x̂2 ẑ2)2 + (x̂6 + ŷ8 ẑ2 − α/2(ẑ4 − x̂4 ŷ8))2 + (1 − α2/4)(ẑ4 − x̂4 ŷ8)2.

In the latter expression, all terms are sums of squares in k[[x̂, ŷ, ẑ]]. Indeed, the power series
α and (1− α2/4) are sums of squares in k[[ŷ]] since their constant terms 3/4 and 55/64 are
sums of squares in Q, hence in k.

Remark 3.8 To obtain a (complicated) closed formula for f2, replace φ∗ f1 by its value x̂10 +
x̂2 ŷ24 + ẑ6 − 3x̂4 ŷ8 ẑ2 in the formula (3.5), and use the change of variables x̂ = x , ŷ8 =
y8 − y10 + y11 and ẑ2 = z2 − 2z3.
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3.5 Bad points cannot be tested formally

In Proposition 3.9, we modify the polynomial constructed in Proposition 3.7 so as to make
it positive semidefinite. We argue geometrically, on a well-chosen affine birational model of
A
3
k .

Proposition 3.9 There exist f3 ∈ k[x, y, z] and an ideal ID ⊂ k[x,y, z] such that:

(i) The ideal ID defines a geometrically integral curve D ⊂ A
3
k .

(ii) One has (0, 0, 0) ∈ D(k). The curve D \ {(0, 0, 0)} has a smooth k-point.
(iii) The polynomial f3 is positive semidefinite and totally positive on A

3
k \ D.

(iv) One has f3 ∈ ID and f3 /∈ I 2D,〈x,y,z〉.
(v) The polynomial f3 is a sum of squares in k[[x, y, z]].
(vi) The polynomial f3 is a sum of squares in O

A
3
k ,p

for all p ∈ A
3
k \ {(0, 0, 0)}.

Proof We may assume that k = Q since the general case follows by extending the scalars
(use [22, Theorem 7.5 (ii)] to check that the second part of (iv) remains valid). Let f2, ID and
D be as in Proposition 3.7 applied with k = Q. Define o := (0, 0, 0) ∈ D(Q). Assertions (i)
and (ii) are exactly Proposition 3.7 (i) and (ii). We fix a smooth Q-point q of D \ {o}.

Let D be the closure of D in P3
Q
. Resolving the singularities of D\{o} as in [21, Chapter 8,

Proposition 1.26] shows the existence of a composition of blow-ups at closed points P̃3 → P
3
Q

that is an isomorphism above A
3
Q

and such that o is the only singular point of the strict

transform D̃ ⊂ P̃
3 of D. Choose a very ample line bundle L on P̃

3 and a basis (σi ) of
H0 (̃P3,L), and define U to be the complement in P̃

3 of the ample divisor {∑i σ
2
i = 0}.

Then U ⊂ P̃
3 is an affine open subset such that U (R) = P̃

3(R). Define Z := D̃ ∩ U ⊂ U
and let IZ ⊂ O(U ) be the ideal of Z .

Notice thato ∈ Z(Q). View f2 as a rational function onU that iswell-defined ato ∈ U (Q).
Hence, there exists a ∈ O(U ) nonzero at o such that a f2 ∈ O(U ). Let b1, . . . , bm ∈ O(U )

be generators of IZ , and define:

g := a2 f2 + λ2 ·
m∑

i=1

b2i ∈ O(U ), (3.7)

where λ ∈ Q is to be chosen later.
Weclaim that, for all p ∈ U (R), and for allλ ∈ Qbig enough, there exists a neighbourhood

p of p inU (R) such that g is nonnegative onp . We distinguish three cases. If p /∈ Z(R),
then g is nonnegative at p for λ � 0 since one of the bi does not vanish at p. If p = o, then f2
is nonnegative in a neighbourhood of p ∈ U (R) by Proposition 3.7 (v) andLemma2.6, so that
anyλ ≥ 0works. If p ∈ Z(R) is distinct from o, then it is a smooth point of ZR. Consequently,
aftermaybepermuting thebi ,wemayassume that there existsb′ ∈ O(U ) such that (b1, b2, b′)
forms a regular system of parameters in ÔUR,p � R[[b1, b2, b′]] and such that the ideal
J := IZ · ÔUR,p ⊂ ÔUR,p is generated by b1 and b2. Proposition 3.7 (iv) implies that f2,
hence also g, vanish at the generic point of the spectrum of the ring ÔUR,p/J 2, hence vanish
in ÔUR,p/J 2 by [30, Appendix 6, Lemma 5] (or by [18, (2.1)]). As a consequence, there exist
α, β, γ ∈ R[[b1, b2, b′]] such that g = αb21 + βb1b2 + γ b22 in R[[b1, b2, b′]]. If λ � 0, the
constant terms of bothα and γ −β2/(4α) are positive, so that there exist δ, ε ∈ R[[b1, b2, b′]]
such that δ2 = α and ε2 = γ −β2/(4α).Wemay thenwrite g = (δb1 + βb2/(2δ))2 + (εb2)2

in R[[b1, b2, b′]]. Lemma 2.6 thus shows that g is nonnegative in a neighbourhood p of p
in U (R). The claim is proved.
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SinceU (R) = P̃
3(R) is compact, it is covered by finitely many of the p . Consequently,

for λ � 0, the function g is nonnegative on U (R). We fix such a λ. In view of [3, Theorem
7.2.3], the element g ∈ O(UR) is positive semidefinite. As the only field ordering of Q
extends to R, we deduce that g ∈ O(U ) is positive semidefinite.

View (3.7) as an identity inOU ,o = Q[x, y, z]〈x,y,z〉. Choose a′ ∈ Q[x, y, z] that does not
vanish at o such that a′a and the a′bi all belong to Q[x, y, z]. Let b′

1, . . . , b
′
m′ ∈ Q[x, y, z]

be generators of ID . Define

f3 := (a′)2g +
m′
∑

i=1

(b′
i )
2 ∈ Q[x, y, z]. (3.8)

Since g ∈ O(U ) is positive semidefinite, we see that (a′)2g is positive semidefinite as an
element ofQ(x, y, z), hence as an element ofQ[x, y, z] byLemma1.1.Assertion (iii) follows
at once from (3.8).

Assertions (iv) and (v) are consequences of Proposition 3.7 (iii) and (v) and of the formulas
(3.7) and (3.8) since a and a′ do not vanish at o.

If p ∈ A
3
Q
is not a closed point, then f3 is a sum of squares inO

A
3
Q

,p by Theorem 1.4 and

(iii). Let us check that f3 is a sum of squares in O
A
3
Q

,q . To do so, we apply Proposition 3.3

with X = A
3
R
, Y = D, n = 3 and c = 2. Let us verify its hypotheses. As q is a smooth

Q-point of D, the function field of D is formally real by Lemma 1.1. Since f vanishes on
D by (iv) and is totally positive on A

3
Q

\ D by (iii), we see that D is the Zariski closure of

Sper(Q[x, y, z]/〈 f 〉). As (a′)2g is positive semidefinite and vanishes at q , its differential at
q vanishes and its Hessian at q is positive semidefinite (see Lemma 1.2). Hence, by (3.8) and
smoothness of D at q , the Hessian of f3 at q is positive semidefinite of rank ≥ 2.

By the above, there are only finitely many closed points p1, . . . , pr inA3
Q

\{o}, all distinct
from q , such that f3 is not a sum of squares in O

A
3
Q

,p . By Lemma 3.10 below, there exists

a birational morphism π : A3
Q

→ A
3
Q
such that o and q are in the open subset over which

π is an isomorphism, and such that none of the pi are in the image of π . After a change of
coordinates, wemay assume thatπ(o) = (o). After replacing f3, q and D withπ∗ f3,π−1(q)

and the strict transform of D by π , properties (i), (ii), (iii), (iv) and (v) are still satisfied, and
(vi) now holds.

Lemma 3.10 Fix n ≥ 2. Let p1, . . . , pr , q1, . . . , qs ∈ A
n
k be distinct closed points. Then

there exists a birational morphism π : An
k → A

n
k such that the pi are not in the image of π

and the q j are in the open subset above which π is an isomorphism.

Proof Arguing by induction on r , wemay assume that r = 1. After a general linear change of
coordinates, wemay assume that the first coordinate of p1 is distinct from the first coordinates
of each of the qi , and that the n-th coordinate of p1 is nonzero. Let P be the minimal
polynomial of the first coordinate of p1. Then one may define π by setting π(x1, . . . , xn) =
(x1, . . . , xn−1, P(x1)xn).

We may now give our second application of Lemma 3.1.

Theorem 3.11 There exists a positive semidefinite polynomial f ∈ R[x, y, z] that is a sum
of squares in R[[x, y, z]] and in R[x, y, z]p for all prime ideals p ⊂ R[x, y, z] distinct from
〈x, y, z〉, but that is not a sum of squares in R[x, y, z]〈x,y,z〉.
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Proof Let f3, ID and D be as in Proposition 3.9 applied with k = R. Set f := f3. In view
of Proposition 3.9 (iii), (v) and (vi), we only need to show that f is not a sum of squares in
R[x, y, z]〈x,y,z〉.

Proposition 3.9 (i) and (ii) and Lemma 1.1 imply that the function field of D is formally
real. In view of Proposition 3.9 (i) and (iv), one may apply Lemma 3.1 with I = ID to show
that f is not a sum of squares in R[x, y, z]〈x,y,z〉.

3.6 Bad points on varieties

We extend the example of Proposition 3.9 first to higher dimensions in Proposition 3.12, then
to arbitrary varieties in Theorem 3.13.

Proposition 3.12 For all n ≥ c ≥ 3, there exist f4 ∈ k[x1, . . . , xn] and an ideal
IZ ⊂ k[x1, . . . , xn] such that, setting W := {(0, . . . , 0)} ×A

n−c
k ⊂ A

n
k , the following asser-

tions hold:

(i) The variety Z ⊂ A
n
k defined by IZ is geometrically integral of dimension n− c+ 1 and

contains W. The variety Z \ W has a smooth k-point.
(ii) Let η be the generic point of W . One has f4 ∈ IZ and f4 /∈ I 2Z ,η.
(iii) The polynomial f4 is positive semidefinite and totally positive on A

n
k \ Z.

(iv) The polynomial f4 is a sum of squares in ÔA
n
k ,η

.
(v) The polynomial f4 is a sum of squares in OA

n
k ,p

for all p ∈ A
n
k \ W.

Proof Let f3, ID and D be as in Proposition 3.9. We consider the subvariety Z :=
{(0, . . . , 0)} × D × A

n−c
k of Ac−3

k × A
3
k × A

n−c
k = A

n
k , and we let IZ be the ideal of

Z . View f3 as a function on A
c−3
k × A

3
k × A

n−c
k = A

n
k by pull-back from the second factor,

and define f4 := f3 +∑c−3
j=1 x

2
j . Assertions (i), (ii), (iii) and (iv) are consequences of Propo-

sition 3.9. Assertion (v) follows from Proposition 3.9 (vi) if p /∈ A
c−3
k ×{(0, . . . , 0)}×A

n−c
k

and from (iii) and Theorem 1.3 if p /∈ Z .

Now comes the main theorem of this section.

Theorem 3.13 Let X be an affine variety over k and let x ∈ X be a regular point. Define
A := OX ,x , with maximal ideal m. Assume that dim(A) ≥ 3 and that Frac(A) is formally
real. Then there exists f ∈ O(X) such that:

(i) The regular function f is a sum of squares in Âm.
(ii) For all prime ideals p 
= m of A, the function f is a sum of squares in Ap.
(iii) But f is not a sum of squares in A.

Proof At any point of the proof, we may replace X by an affine open neighbourhood V ⊂ X
of x . To see it, suppose that f ∈ O(V ) satisfies (i), (ii) and (iii). Choose f ′ ∈ O(X) that
does not vanish at x with the property that f ′ f ∈ O(V ) lifts to an element f ′′ ∈ O(X). Then
f ′ f ′′ ∈ O(X) also satisfies (i), (ii) and (iii) since ( f ′ f ′′)|V = ( f ′|V )2 f . As a consequence,
wemay assume X to be smooth and irreducible.Replacing kwith its algebraic closure in k(X),
we may assume that X is geometrically irreducible. We set n := dim(X) and c := dim(A).

Let f4, Z and W be as in Proposition 3.12 and let q ∈ (Z \ W )(k) be a smooth k-
point (see Proposition 3.12 (i)). Let X be a smooth projective compactification of X , let
Y ⊂ X be the closed integral subvariety whose generic point is x , and let Z and W be the
closures of Z and W in P

n
k . Choose homogeneous coordinates [y1 : · · · : yn+1] of Pn

k with
W = {y1 = · · · = yc = 0} and q = {y2 = · · · = yn+1 = 0}.
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By the Artin-Lang homomorphism theorem [3, Theorem 4.1.2] applied over the real
closure of k associated with the restriction of an ordering of Frac(A), one may choose a
closed point p ∈ X \ (Y ∩ X) whose residue field is formally real.

Let L be a very ample line bundle on X . Choose e � 0, and let σ1, . . . , σn+1 be sections
in H0(X ,L⊗e) such that σ1, . . . , σc vanish on Y , such that σ2, . . . , σn+1 vanish on p, and
that are general among the sections satisfying these properties.

Lemma 3.14 The following holds:

(a) The formula t �→ [σ1(t) : · · · : σn+1(t)] defines a morphism σ : X → P
n
k .

(b) The morphism σ is finite flat, and étale at p ∈ X.
(c) One has σ(Y ) = W and σ(p) = q. The point p is a smooth point of σ−1(Z).
(d) The subvariety σ−1(Z) ⊂ X is geometrically integral.

Proof (a) Let IY , I{p} and IY∪{p} be the ideal sheaves of Y , of {p} and of Y ∪ {p} in X .
Since e � 0, the sheaves IY ⊗ L⊗e, I{p} ⊗ L⊗e and IY∪{p} ⊗ L⊗e are all globally
generated. It follows that {σ1 = 0} does not contain p. It then also follows, by induction
on 1 ≤ i ≤ n + 1, that σi does not vanish identically on any irreducible component of
{σ1 = · · · = σi−1 = 0}, and hence that {σ1 = · · · = σi = 0} has dimension n − i . When
i = n + 1, this means that the σi have no common zero.

(b) Each fiber of σ has the property that one of the σi does not vanish at all on it. Since
L is ample and X is proper, this shows that no fiber of σ may be positive-dimensional.
The morphism σ is thus quasi-finite, hence finite since it is proper. That σ is flat now
follows from [22, Theorem 23.1]. As the sheaves I{p} ⊗ L⊗e and IY∪{p} ⊗ L⊗e are
globally generated and the σi are general, the differentials of σ2, . . . , σn+1 at p are
linearly independent. The fiber {σ2 = · · · = σn+1 = 0} of σ through p is thus smooth
of dimension 0 at p. This completes the verification that σ is étale at p.

(c) The inclusion σ(Y ) ⊂ W holds by our choice of σ1, . . . , σc. Since σ is finite by (b),
a dimension argument shows that σ(Y ) = W . Our choice of σ2, . . . , σn+1 implies that
σ(p) = q . Since q is a smooth point of Z , we deduce from (b) that p is a smooth point
of σ−1(Z).

(d) Assertion (d) is a consequence of Bertini’s irreducibility theorem. In what follows, we
explain how to reduce it to the classical statement [19, Théorème 6.3 4)].
The subvariety σ−1(Z) of X has no embedded point by [22, Theorem 23.2] which
applies by flatness of σ , and has p as a smooth closed point by (c). To prove (d), it thus
suffices to verify that σ−1(Z) is geometrically irreducible. Define  := {σ1 
= 0} ⊂ X .
By finiteness of σ , none of the irreducible components of σ−1(Z) lie over the hyperplane
{y1 = 0}, so we only need to show that σ−1(Z) ∩  is geometrically irreducible.
Consider the open subset � := {y1 
= 0} ⊂ Z . For 2 ≤ i ≤ n + 1, define zi :=
yi/y1 ∈ O(�) and gi := σi/σ1 ∈ O(). The variety σ−1(Z) ∩  may be naturally
identified with the zero locus in  × � of the n equations (zi − gi )2≤i≤n+1. Define
�i := {z2 − g2 = · · · = zi − gi = 0} ⊂  × �, so that σ−1(Z) ∩  = �n+1. As
I{p}⊗L⊗e andIY∪{p}⊗L⊗e are globally generated and theσi are general, the differentials
of the gi at p are general. It follows that �i is smooth of dimension 2n − c − i + 2 at p
and that the differential at p of the first projection πi : �i →  has maximal rank.
We will prove by induction on 1 ≤ i ≤ n + 1 that �i is geometrically irreducible.
Assertion (d) will follow by taking i = n + 1. In view of Proposition 3.12 (i), both X
and Z are geometrically irreducible, hence so is �1 =  × �. This shows that the base
case of the induction is valid.
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As for the induction step, assume that�i−1 is geometrically irreducible. Let (τ (i)
j )1≤ j≤mi

be a basis of H0(X , IY∪{p}⊗L⊗e) if 2 ≤ i ≤ c (resp. a basis of H0(X , I{p}⊗L⊗e) if c+
1 ≤ i ≤ n+1). Set h(i)

j := τ
(i)
j /σ1 ∈ O(). Consider themorphism ρi : �i−1 → A

mi+1
k

given by t �→ (h(i)
1 (t), . . . , h(i)

mi (t), zi (t)). Since σi was chosen general, the subvariety
�i ⊂ �i−1 identifies with the inverse image by ρi of a general affine hyperplane of
A
mi+1
k . The facts verified above that �i−1 is smooth of dimension 2n − c − i + 3 at

p and that the differential of πi−1 at p has maximal rank imply that the image of πi−1

has dimension min(n, 2n − c − i + 3). In particular, this image cannot be included in
Y ∪ {p}. Since e � 0, the linear system generated by the τ

(i)
j induces an embedding

of X \ (Y ∪ {p}). It follows that the transcendence degree of the subfield of k(�i−1)

generated by the h(i)
j is equal to the dimension min(n, 2n − c − i + 3) of the image

of πi−1, hence is ≥ 2. We deduce that the image of ρi has dimension ≥ 2. Bertini’s
irreducibility theorem as stated in [19, Théorème 6.3 4)] shows that �i is geometrically
irreducible. This concludes the induction and the proof of the lemma.

We resume the proof of Theorem 3.13. Let U ⊂ P
n
k be an open affine subset containing

q and the generic point of W , and such that f4 is regular on U . Set V := σ−1(U ) ∩ X ⊂ X .
It is an open affine subset (note that σ is affine by Lemma 3.14 (b)) containing q and the
generic point x of Y by Lemma 3.14 (c).

We now define f := σ ∗( f4|U ) ∈ O(V ) and check one by one the claims of Theorem 3.13.
Assertions (i) and (ii) follow from Proposition 3.12 (iv) and (v). To prove assertion (iii), we
consider the ideal I ⊂ A of functions vanishing on the subscheme σ−1(Z) ×X Spec(A) of
Spec(A), and we apply Lemma 3.1. Let us check its hypotheses. That I is radical stems from
Lemma 3.14 (d). Since p is a smooth point of σ−1(Z) with formally real residue field by
Lemma3.14 (c), and sinceσ−1(Z) is integral byLemma3.14 (d), we deduce fromLemma1.1
that the function field of σ−1(Z) is formally real, hence that Sper(A/I ) is Zariski-dense in
Spec(A/I ). That f ∈ I follows from the first statement of Proposition 3.12 (ii). Finally,
since σ is flat by Lemma 3.14 (b), that f /∈ I 2 may be deduced from the second statement of
Proposition 3.12 (ii) by applying [22, Theorem 7.5 (ii)]. Lemma 3.1 now applies and shows
that f is not a sum of squares in A.

3.7 An additional example

It is not straightforward to extract a concrete polynomial from the proof of Theorem 3.11.
Giving an example in ≥ 4 variables is much easier, as the next theorem shows.

We use a variation on Motzkin’s famous polynomial [24, p. 217]: we have only modified
its coefficients to be elements of R[w] instead of real numbers.

Theorem 3.15 The polynomial f = x6 + w2y2z4 + w2y4z2 + (1 − w)x2y2z2 is posi-
tive semidefinite and a sum of squares in R[[w, x, y, z]], but it is not a sum of squares in
R(w)[[x, y, z]], hence not in R[w, x, y, z]〈w,x,y,z〉 either.

Proof The inequality between the arithmetic and geometricmeans of x60 ,w
2
0 y

2
0 z

4
0 andw2

0 y
4
0 z

2
0

implies that f (w0, x0, y0, z0) ≥ (3w4/3
0 − w0 + 1)x20 y

2
0 z

2
0 ≥ 0 for all (w0, x0, y0, z0) ∈

R
4. This shows that f is positive semidefinite. The polynomial f is a sum of squares in

R[[w, x, y, z]] because 1 − w is a square in this ring.
Assume for contradiction that f is a sum of squares in R(w)[[x, y, z]]. Then, for all

but countably many w0 ∈ R the polynomial f (w0, x, y, z) ∈ R[x, y, z] is a sum of
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squares in R[[x, y, z]]. Fix such a w0 with w0 > 1 and define the polynomial g(y, z) :=
f (w0, 1, y, z) ∈ R[y, z]. One can then write g(y, z) = ∑

i h
2
i for some hi ∈ R[y, z]. Setting

y = 0, one shows that no monomial of the form za can appear in the hi . By symmetry, no
monomial of the form ya can appear in the hi . The identity g(y, z) = ∑

i h
2
i now implies

that the coefficient of y2z2 in g is nonnegative, which contradicts our choice of w0 > 1.
That f is not a sum of squares in R[w, x, y, z]〈w,x,y,z〉 follows, since R(w)[[x, y, z]] is

the completion of the localization of R[w, x, y, z]〈w,x,y,z〉 at the ideal 〈x, y, z〉.

4 Regular local rings without bad points

In this last section, we construct examples of regular local rings inwhich all positive semidefi-
nite elements are sums of squares. The regular local rings A that we consider have the peculiar
feature that their function field may be ordered in a unique way. The idea of the construction
is to start with a regular local ring B and with an ordering ξ of Frac(B), and to choose A to
be a maximal sub-B-algebra of the Henselization Bh of B to which ξ lifts.

Theorem 4.1 For all n ≥ 0, there exists a regular local R-algebra A of dimension n such
that Sper(A) consists of exactly one point, which is a field ordering of Frac(A).

Proof If n = 0, take A := R. If n ≥ 1, we split the proof in seven steps.

Step 1 Construction of the local ring A.

Let y ∈ P
n
R
be a closed point with complex residue field, define B := OP

n
R
,y , let m be the

maximal ideal of B and set L := R(x1, . . . , xn) = Frac(B). We recall the definition of the
Henselization Bh of B (see [15, Définition 18.6.5]). Let (Bi )i∈I be a set of representatives
of all isomorphism classes of local essentially étale B-algebras ui : B → Bi such that ui
induces an isomorphism of residue fields. Say that i ≤ i ′ if there exists a (necessarily unique)
morphism of B-algebras Bi → Bi ′ . The set I is partially ordered and filtered. One defines
Bh := lim−→i∈I Bi .

Let α1, . . . , αn be n elements of R[[t]] that are algebraically independent over R (see
[23, Lemma 1]). They give rise to a morphism α : Spec(R[[t]]) → A

n
R
. Since the αi are

algebraically independent, the morphism α induces an inclusion α∗ : L ↪→ R((t)). The field
ordering of R((t)) for which t is a positive infinitesimal restricts, by the inclusion α∗, to an
ordering ξ of L .

Define Li := Frac(Bi ). Consider all the subsets J ⊂ I such that:

(i) For all i ∈ J , the ordering ξ may be extended to an ordering of Li .
(ii) For all i, i ′ ∈ J , there exists i ′′ ∈ J with i ′′ ≥ i and i ′′ ≥ i ′.

Since an increasing union of such subsets again has these two properties, we may use Zorn’s
lemma to choose one that is maximal with respect to the inclusion. Call it J . It is partially
ordered and filtered, and we consider the B-algebra A := lim−→i∈J

Bi .

The arguments used in [15, Théorème 18.6.6, Corollaire 18.6.10] to show that Bh is
a flat local regular B-algebra with maximal ideal mBh and residue field C show, mutatis
mutandis, that A is a flat local regular B-algebra with maximal ideal mA and residue field
C. Its dimension is n by [14, Proposition 6.1.1].

Step 2 Construction of an ordering ζ of K := Frac(A).
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Consider the set Zi ⊂ Sper(Li ) of orderings whose image in Sper(L) is ξ . Since Sper(L)

is Hausdorff [20, VIII, Theorem 6.3], its point ξ is closed. It follows from [20, Corollary
p. 272] that Zi ⊂ Sper(Li ) is closed, hence compact by [20, VIII, Theorem 6.3]. Since
the Zi are nonempty for i ∈ J by property (i) of Step 1, the subset Z := lim←−i∈J

Zi of
Sper(K ) = lim←−i∈J

Sper(Li ) is nonempty by Tychonoff’s theorem. This shows that the field
K is formally real. We choose a point ζ ∈ Z .

Step 3 In the remainder of the proof, we suppose that Sper(A) contains a point χ distinct
from ζ , and we use this hypothesis to contradict the maximality of J .

In Step 3, we show that one may assume that χ is an ordering of K .

The point χ ∈ Sper(A) corresponds to an ordering of κ := Frac(A/p) for some prime
ideal p ⊂ A. Set c := dim(Ap) and let (t1, . . . , tc) be a regular system of parameters
in Ap. By Cohen’s structure theorem [22, Theorem 29.7], there exists an isomorphism
Âp � κ[[t1, . . . , tc]], which induces inclusions K ⊂ κ((t1, . . . , tc)) ⊂ κ((t1)) . . . ((tc)).
Any ordering of a field k extends in two ways to an ordering of k((t)), one for which t is a
positive infinitesimal and one for which t is a negative infinitesimal. If c ≥ 1, it follows that
K admits at least two orderings, one for which t1 is positive and one for which t1 is negative.
Replacing χ by one of these, we may assume that c = 0, i.e., that ζ and χ are two distinct
orderings of K .

Step 4 Study of the valuations associated with the orderings ζ and χ .

Let f ∈ K be such that f �ζ 0 but f ≺χ 0. There exists j ∈ J such that f ∈ L j ,
and we fix such an element j . Since Bj is a local essentially étale B-algebra, there exist a
projective variety X over R, a closed point x ∈ X , a morphism π : X → P

n
R
étale at x such

that π(x) = y, and an isomorphism of B-algebras Bj � OX ,x . In particular, L j � R(X). By
resolution of singularities, we may assume that X is smooth over R. After multiplying f by
a square, we may assume that f ∈ Bj . Let D ⊂ X be the effective Cartier divisor obtained
by taking the Zariski closure in X of the subscheme { f = 0} ⊂ Spec(Bj ).

Let V≺ := {g ∈ L j | −r ≺ g ≺ r for some r ∈ R} be the valuation ring associated with
an ordering ≺ of L j (see [3, Proposition 10.1.13]). Its maximal ideal is m≺ := {g ∈ L j |
−r ≺ g ≺ r for all r ∈ R>0} and its residue field is isomorphic to R. We let v≺ be the
corresponding valuation of L j and c≺ ∈ X(R) be its center. Since ζ restricts to ξ on L ,
the restriction of vζ to L is induced by the t-adic valuation on R((t)) and the inclusion
α∗ : L ↪→ R((t)). As L j is a finite extension of L , we deduce that vζ is a discrete valuation.
If cζ ∈ D, replace X with its blow-up at cζ , and D with its strict transform in the blow-up.
This has the effect of decreasing the image by the valuation vζ of a local equation of D at
cζ . As vζ is discrete, repeating this procedure finitely many times ensures that cζ /∈ D.

Step 5 Construction of a subset J ′ ⊂ I .

Let S be the spectrum of the semilocal ring of X at the points x , cζ and cχ . We note
that x is distinct from either cζ or cχ since its residue field is C (but cζ and cχ might
coincide). As OX (−D) is invertible and as any locally free module of constant rank over
the spectrum of a semilocal ring is free, the ideal sheaf OX (−D)|S is principal, generated
by some g ∈ H0(S,OX (−D)|S). Since cζ /∈ D, one has g(cζ ) 
= 0 and we may assume,
after maybe replacing g with −g, that g(cζ ) > 0. In particular, g �ζ 0. If cζ = cχ or if
g �χ 0, define h = 1. If cζ 
= cχ and g ≺χ 0, let h ∈ O(S)∗ be an invertible element such
that h(x) = h(cζ ) = 1 and h(cχ ) = −1, so that h �ζ 0 and h ≺χ 0. Then the element
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e := f h/g ∈ L j has the property that e �ζ 0 and e ≺χ 0. Moreover, e ∈ (Bj )
∗ because

both f and g generate the invertible sheaf OX (−D) at the point x .
Consider the ring A′ obtained by localizing A[z]/〈z2 − e〉 at one of its maximal ideals.

We define J ′ ⊂ I to be the set of i ∈ I such that there exists a morphism of B-algebras
Bi → A′.

Step 6 The subset J ′ ⊂ I satisfies the properties (i) and (ii) of Step 1.

Since e ≺χ 0, the element e ∈ K is not a square, and it follows that A′ is integral with
fraction field K ′ := K [z]/〈z2 − e〉. Since e �ζ 0, the element e has a square root in the real
closure of K associated with ζ . This shows that ζ may be extended to an ordering ζ ′ of K ′.
If i ∈ J ′, the restriction of ζ ′ to Li is an ordering of Li that extends ξ . The shows (i).

Choose i, i ′ ∈ J ′. The two morphism Bi → A′ and Bi ′ → A′ induce a morphism
Bi ⊗B Bi ′ → A′. The localization of Bi ⊗B Bi ′ at its maximal ideal induced by the maximal
ideal of A′ is a local essentially étale B-algebra with residue field C that admits a morphism
to A′. It is thus of the form Bi ′′ for some i ′′ ∈ J ′, and the element i ′′ ∈ J ′ satisfies i ′′ ≥ i
and i ′′ ≥ i ′. We have verified the property (ii).

Step 7 The subset J ′ ⊂ I contradicts the maximality of J .

It is clear that J ⊂ J ′ since for all i ∈ J , there exist morphisms of B-algebras Bi →
A → A′.

It remains to show that J ′ 
= J . Consider the ring B ′
j obtained by localizing Bj [z]/〈z2−e〉

at its maximal ideal induced by the maximal ideal of A′. The ring B ′
j is a local B-algebra with

residue field C that is essentially étale because e ∈ (Bj )
∗. It is therefore of the form Bj ′ for

some j ′ ∈ I . Since there exists a morphism B ′
j → A′ by construction, we see that j ′ ∈ J ′.

However j ′ cannot belong to J . Indeed, if it were the case, there would exist a morphism of
B-algebras B ′

j → A. This is impossible since e is a square in B ′
j but e ≺χ 0.

That the positive semidefinite elements in the regular local rings constructed in Theo-
rem 4.1 are sums of squares is a straightforward application of Scheiderer’s results on sums
of squares in local rings.

Theorem 4.2 For all n ≥ 0, there exists a regular localR-algebra A of dimension n with the
following properties:

(i) All positive semidefinite elements of A are sums of squares in A.
(ii) The field Frac(A) is formally real.

Proof Let A be the R-algebra constructed in Theorem 4.1. It satisfies (ii). To verify (i),
choose a nonzero positive semidefinite element f ∈ A. Since the only point of Sper(A)

is supported on the ideal (0) of A, the space Sper(A/〈 f 2〉) is empty. It follows from the
real Nullstellensatz that −1 is a sum of squares in A/〈 f 2〉 (see [3, Theorem 4.3.7]). As a
consequence, f = (( f + 1)/2)2 − (( f − 1)/2)2 is a sum of squares in A/〈 f 2〉, hence a sum
of squares in A by [28, Corollary 2.3 (b)].
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