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1. Introduction

Let (H]N;t € [0,1]) be a Brownian motion taking values in the space Hy of
Hermitian N x N matrices. A large N limit of this Brownian motion is provided
by Voiculescu’s free Brownian motion, namely let (A, ) be a non-commutative,
probability space and (S;t € [0,1]) be a free Brownian motion in (A, ¢), then for
all choices of t1,... ,t, € [0,1] one has

1
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in probability, provided the covariance of H" is suitably normalized. This conver-
gence extends readily to families {H™>!,1 < i < m} of independent copies of HY,

namely for all choices of 1,... ,t, € [0,1] and 41,...,4; € {1,... ,m}", one has
1 . . . .
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for a family of m free Brownian motions {S!,...,S™}.

We will study the large deviations to this typical behaviour. It turns out that
the Hermitian Brownian motion can deviate towards non bounded processes, and
for this reason it will be convenient for us to replace the monomials in (2) by other
”test-functions”. Indeed let us define, for [ € {1,... ,m}, unitary matrices

UMt = (HN + 40)(HN — 40) 71
and unitary elements in A, by
QL = (S + 4i)(S! — 4i)~?
then one can check that the following convergence holds in probability
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for all ¢1,... ,t, € [0,1], Tyee. 50n € {]. ,m} and €1,... ,&, € {:l:l}

For any family of N x N unitary matrices (V};t € [0,1],i € {1,...,m}), (or
more generally any family of unitaries in some tracial non-commutative probability
space) the numbers Tr((Vi1)** ... (V")) define a tracial state on the *-algebra
of the free group with generators (uf;t € [0,1],4 € {1...,m}). In particular
we shall denote 6V the (random) tracial state defined by the matrices (U}t €
[0,1],% € {1,...m}). It is in this space of tracial states that we shall study large
deviations. More precisely, we shall restrict to a subspace of tracial states 7 such
that for alln, any iy, ... ,i, € {1,... ,m}" and any 1, ... ,&, € {£1}" the quantity
T((uii)sl .- (ui:)sn) is a continuous function of ty,... ,t,.

We shall prove the existence of a good rate function I on this space of states,
given by a variational formula, such that for any closed subset F', one has

limsup N~?logP (6% € F) < — inf I(7).

N—oo TEF
Furthermore we shall also give a lower bound for the probability that the empirical
state is in a neighbourhood of some state satisfying a suitable stochastic differen-
tial equation. This lower bound is one of the main improvements with respect to
earlier results in this direction, especially [7], [8]. We shall relate our results with
Voiculescu’s entropies and the results of [7] and [8] in section 7. In particular we
prove that the microstate-free free entropy is always larger than the microstate en-
tropy (see Corollary 7.5), this is one of the main outcomes of our approach to the
free entropy.

This paper is organized as follows. In section 2 and 3 we gather preliminary
results on hermitian brownian motion and its free analogue. Section 4 is devoted
to a technical result on the convergence of some conditional expectations to their
free analogues. In section 5 we state and prove the large deviation upper bound,
while in section 6 we prove the lower bound. We compare these large deviation
results with Voiculescu’s free entropies in section 7. Finally in section 8 we prove a
technical result which was needed in section 5.

2. Hermitian Brownian motion and tracial states on path space.

2.1. Tracial states. Let m € N and [T(’)‘l] be the group *-algebra of the free
group with generators (ui;t € [0,1],i € {1,... ,m}), and .7-'[761’13]” its self-adjoint part.
We denote by M( [’[’)”1]) the set of all tracial states on 73 ;) and by Me( [om,1]) the
subset of tracial states 7 such that for all e1,... ,e, € {£1}", and all i1,... ,i, €
{1,...,m}", the quantity 7((uz})** ... (u;")*") depends continuously on t1, ... ,t,.
If U = (U}t € [0,1],i € {1,...,m}) is a family of unitary operators on some
Hilbert space, then one can define P(U) for any P € F3,, by substitution. If ¢ is
a tracial state on the von Neumann algebra generated by U, then there is a unique
tracial state 7 on [7(’)11], called the distribution of (U},t € [0,1],i € {1,...,m}),
such that

7(P) = ¢(P(U))

for all P € Fjg ;. In particular if § = (S L ...,8™) is a m-dimensional free Brow-

1 .
nian motion then the family of unitary elements (‘;ﬁfiz;t € [0,1],1 € {1,...m})
t

determines a state o € M(Fg))-
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Let X = (X};t € [0,1],i € {1,...,m}) be a family of self-ajoint operators
in some tracial non-commutative probability space (A,¢), and let 7 € M(F';;)

1 .
denote the distribution of (iﬁfi;;s € 0,1, € {1,... ,m}). Let S = (St,...,5™)
be a m-dimensional free Brownian motion, free with X, then we denote by 7¢ the

distribution of (};;fiz,s €[0,1],1 € {1,...,m}) where, for [ € {1,... ,m}, one has

V! =Xxlifs <tand Y! = X! +S._, for s > t. In particular, one has 7! = 7

and 7° = ¢ for all 7 € M¢(F{3'};). Note that 7 depends only on 7 and not on the

particular realization of X.
We endow M¢( [731]) with the topology such that a sequence (7,,)n>1 converges
to 7 if for every k, every iy,... i € {1,...,m} and every €1,... ,ex € {£1} the

functions
t1,... ,tp — 7'n((uft1)'91 (uz’;)s’“)
converge uniformly to
T((ug;)* - (ugp)™).

Then M¢( [’31]) is a metric space, with distance

oo
dr,m) =Y 27%  sup sup (= 7o) ((ui2)* - (uft)™)|
k=1 i1, i €{1,... , m}k 0<tq1,...,t, <1
51,...,Ek€{i1}k

Some compact subsets of ./\/lc(f[’g 1]) are described in the following Lemma.

LEMMA 2.1. For any function g : [0,1] = R such that lim,_,c g(z) = 0, the
set

K, := {7’ € M(Fioqy) : Vs <t €[, 1],1r<n%x T(|’U,:i. —ui|2) <g(t- s)}

is a compact subset of M€( [731]).

Proof. Applying Cauchy-Schwarz inequality we find that for all iy,...4x €
{1,...,m}* and e; ...e, € {£1}*, the functions ¢1,... ,tx = 7((uf})® ... (uf*)*)
for T € K, are equicontinuous. The result follows from Arzela’s theorem. O

We shall also consider the following sets

Ip:=({7€M(Fgy); max sup r(jui —173) < L.
TV 1Sismigglo )

Any 7 € I'r, can be mapped via the inverse of the M&bius map 4 (z) = (z—44) " (z+
47) into the law of a self-adjoint operator whose variance is less than 26 L.

For all L > 0, the set I'y, is a closed subset of M¢( [0m,1])-

We denote M (Fg'y;) = Ursol'L.

Using the identity 7(S?) = t for a free Brownian motion, one checks readily the
LEMMA 2.2. For any function g : [0,1] = R* such that lim,_0g(z) = 0,

there exists a constant C > 0 such that for any s € [0,1], any L € R", and any
T €'t NK,, one has 7° € o N Ky, with h(z) = C(g(z) + |z|).
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2.2. Hermitian Brownian motion. Let HY(¢);¢ € [0,1] be a Brownian
motion with values in the space of Hermitian matrices, normalized so that, for
any Hermitian matrix A, the process try(AH}) is a real Brownian motion with
variance E[try(AHN)?] = try(A2)t (here and in the sequel we use the notation
try = &Tr for the normalized trace on My(C)). Let (H™1,... HN™) be m
independent copies of HY. As in the introduction we denote by UtN " the image of
the Hermitian Brownian motion H;¥** by the Mébius transformation () = 244
and by 6V € M°(F3,)) the distribution of UN = (Ut € [0,1],1 € {1,... ,m}),
i.e. one has, for all P € .7:[0""1],

&N (P(u)) = try (P(UY)).

3. Malliavin Calculus and Clark-Ocone formula

3.1. Classical case. Let (By;t € [0,1]) be a d-dimensional Brownian motion
on [0,1], with its canonical filtration of o—fields (F;)sgjo,1)- Denote by D the
Malliavin gradient on the L? space of B (see e.g. [13]), and by D'? its domain.

THEOREM 3.1. (Clark-Ocone formula) Let F € D*2 then
1
F = FE[F) +/ ( E[D4F|F],dBs)ga.
0

The proof of this formula can be found in [13] (Proposition 1.3.5 p. 42) in the
one dimensional case and in [11] for any dimension.

3.2. Matrix Clark-Ocone formula. In order to apply the Clark-Ocone for-
mula to matrix-valued processes we need to introduce certain non-commutative
differential operators. For s € [0,1] and [ € {1,...,m}, let V. be the linear map
defined on F¢; by

Vi)™ ()™ = 3 ()™ = D(ug 1)+ (ug) )
(w7t - (g ) 77 ()™ = 1) g Liy=1110,6,1(5)-

Remark that this formula for V. formally comes from an application of the cyclic
gradient formula

n
1/ i1 in\ _ ip+1 in 01 ip_11q .
Vilzg ...o) = — E oy m L=l (8)
p=1

to the (non convergent in general) series u! = (1/4i)(x} + 4i) Zk(z{ J4i)k, j €
{1,...,m}. Using the classical Clark-Ocone formula we can now derive the fol-
lowing variant. We denote by (s;s € [0,1]) the filtration of o-fields of the Her-
mitian Brownian motion HY = (HN1 ... HN™). We set V, = (VL,... V™),
AB=Y%7", A;B;forany (A;,...,Ap) and (By,... ,By) in My(C)™, and |A|? =
AA* =3 A AL

PROPOSITION 3.2. For every P € .7:[’31] and N € N, one has

tenyP [UN] = EftenP (UN)] + / 1 try { E[V,P (UN) [Hs] .dHN(s)} .
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The proposition follows from Theorem 3.1 applied to F = try(P(UY)). A
simple computation shows that, for any smooth function ¢, the gradient of the
function M — trye(M) on the space of hermitian matrices is the cyclic derivative
of p(M). The extension to a function of several matrices is straightforward and
yields the cyclic gradient.

3.3. Exponential martingales. From Proposition 3.2, we deduce

m,sa

ProprosITION 3.3. For any P € }'[0’1] , any t € [0,1], one has
Blexp{N*( EftrnP (UN) 5] = B (trw P (UV))
L foten {| B[V,P (UY) 12,)[*} ds)}] =1,

Proof. Indeed, for P € .7-"[73’18]” the processes s — I [VLP (UN)|H,], for

l=1,...,m, are bounded and adapted so that, by Proposition 3.2
M =tn[E(PUN)H)] — E[tryP(Un)]
= [ytry (E VP (UN) [Hs] dHN (5))
is a bounded martingale with angle bracket
(fytrny (E[V,P(UN)|H,] .dHN(5))) =
e S Jo tow (| B [VLP (UN) 2] ) ds.

and the result follows from exponential martingale theory. |

4. Convergence of conditional expectations

In the following we shall need results on the convergence of conditional ex-
pectations with respect to the Hermitian Brownian motion towards corresponding
quantities for free Brownian motion. We state these results in the following Propo-
sition.

If (A,p) is a tracial non-commutative probability space, and B C A a von
Neumann subalgebra, we denote by ¢(.|B) the conditional expectation onto B.

PROPOSITION 4.1. For P € Fig'yy, 7 € M*(Fgy), € > 0,1l €N, L € Rt
define

H := H(P,L,e,N,T,l)

= ess sup trn ( B[P(UN)| M) — 7(7H(P|B)Y|
{d(6N,7)<e;6NeKL ML}

then one has, for every l € N

(3) suplimsuplimsup sup H =0
L>0 €e—0 N—oo 7E€Kp ,NI'f
t€[0,1]

For the proof we shall use the following three lemmas.

LEMMA 4.2. Let q,ny,... ,n,. € N, then there exists coefficients a,, ¢z € N,
indexed by partitions m = (my,... ,m) of the set

{L.o o, UL D), (L)} U U D), ()
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such that, for all N > 0 and all sets of N x N matrices Ai,... ,As; A );1 <4 <
r;1 < j <mn; one has

r k

EAZAy . A Z [ en (A Z - Ainn Z)] = Y ax N~ A, T trn(Ax))
i=1 ™ Jj=2

where Z is a gaussian Hermitian matriz with covariance Eltrn(AZ)?] = trn(A?),

the sum is over partitions such that my C {1,... ,q}, and Ayy, ... w3 = Auy - Ay,

ifur <ug...<ug.

Proof. This follows from Wick’s formula.

LEMMA 4.3. Let S be a semi-circular variable free with aq,... ,a,, then one
has, with ¢(.|ay, ... ,ay,) denoting conditional expectation onto the algebra generated
by ai, ... ,0n,

k
v(a1SazxSas ...SayS|a, ... ,a,) = Z Qn O,y H v(ar;)
j=2

;=0
where the sum is over partitions of {1,... ,n} and a, is as in Lemma 4.2

Proof. The existence of such a formula follows, e.g., from Speicher’s combinato-
rial theory of free cumulants [18]. The fact that random gaussian matrices become
asymptotically free with constant matrices (see [22]) implies that the coefficients
coincide with those of Lemma 4.2. O

A detailed proof of the preceding two lemmas can be found in [9].

LEMMA 4.4. Let § > 0, then there ezists a two wvariables non-commutative
polynomial F(U,Z) such that, for every tracial non-commutative probability space

(A, ), any selfadjoint x,z € A such that ||z|| < 3 one has ||F(u, z) —u|| < §, where

x+41 ~ _ x+z+4i
a—1; ond u = T2

Proof. One has

u =

~1\ !
17:1+8i(x+z—4i)_1:1+(1+u8i z) (u—1)

: u—1 3 u—1 \—1 : :
Since ||%=z|| < 7, one can expand (1 + “Z=2)~"' as a convergent geometric series

and truncate it to get F'. O

Proof of Proposition 4.1.

Recall that, by definition, UY is the image by v (z) = (z + 44)(x — 4i)~! of the
m-dimensional Hermitian matrix Brownian motion HY, e.g UN = U(H?Y) where,
for any X = (X',...,X™) € C([0,1],H%), ¥(X) is the element of C([0,1],U%")
given, for [ € {1,... ,m} and t € [0, 1], by

T(X); = (X))

Introducing an auxiliary m-tuple of matrix valued brownian motions HN , in-

dependent from U™, then one has, for any P € f[om’l],

E [P (UY) 1] = Bg [P (2@ @) 0s+ B 00))]
where IEzy is the expectation with respect to HN. We set, for s € [0,1] and
U™ € ¥(c([0,1], HR)),
UNs = T(THUN) o5 + ﬁ.jxsvo)-
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By Lemma 4.4, for any time ¢ € [0, 1], we can approximate ﬁtN ’* by a polynomial
function of UYY, and HY ,,,, uniformly on the set where ||[HY || < 3.

Letting P = (uj!)" ...(ui’;)‘e’c be a monomial, we conclude that for any § >
0, there~exists a non-commutative polynomial Q(us;t < 8,Zy—svo) such that on
A (I ool < 3}, one has

IP(T™*) = QUYsv < s, HL 10|l < 6.

We can also do the same substitution in the computation of 7*(P|B;) to obtain
that, since the free Brownian motion is uniformly bounded by 2,

”P (\I’(\I’_l(u)./\s + S.—sVO)) - Q(uu;u S S, Su—sVO)” S 0 in (Aa%/t)
According to Lemma 4.2, the conditional expectation
]E[Q(UQJLV’U S S7ﬁ1JLV—SVO)|H3]’

which is obtained by integrating the gaussian increments, has a finite polynomial
expansion

k
(4) Y NTR,(UYN;v<s)
m=0

where the polynomials R, depend only on the joint moments of (UN;s < t).
Moreover, according to Lemma, 4.3, one has

T(Q(uu;u <8, Ty_s;u > S)|Bs) = EO(uuQU < S)

for some polynomial Eo of degree < k, depending on the moments of wu,;v <s
under 7. As € — 0 the coefficients of Ry in (4) converge towards those of Ry.
Putting things together, it remains to bound the quantities

E[Q(U.;u < 35szy—svo)|1|\H{;,’—H{V||>3|Ht]

and
]E[P(UN)lquj_Hgv >3l Hel-

It follows from standard results in random matrix theory that for s < ¢ one has
P(|HN — HN|| > 2y/t—s) = 0 as N — 0o. On the other hand one can bound
above E[|Q(UN;s <t,HY — HN;u > t)|?|H;] using e.g. Lemma 4.2, so that the
result follows by Cauchy-Schwarz inequality. |

5. Large deviation upper bound

5.1. Statement of the upper bound. We begin here our study of the large
deviation properties of 67V. Observe that, since H" is a Hermitian matrix valued
process whose entries have almost surely continuous paths, then

P (&N € Mﬁ;‘j’l) =1.

Let us now define the rate function governing the deviations of the law of &.We

set I(1) = 4o0 if 7 ¢ M*( [0’",1]) and otherwise

t
I(r) = sup sup {#(P)—%ﬂ(p)_l/ w17 (9.PIB) ] ds}.
t€l0,1] peFmse 2 Jo



8 P. BIANE, M. CAPITAINE, AND A. GUIONNET

We note that the conditional expectation 7° ( -|B;) has its range in A, therefore the
expression

r [ (VaPIBP| = 7 [[7(V.PIB.)]
is well defined.

THEOREM 5.1. For every closed set F' C MC(]:%’I]) one has
lim su loglP(6N € F) < — inf I
SuP 33 N g IP( ) < — inf I()
We shall prove Theorem 5.1 in section 5.4 but first we need to establish some

facts about the rate function I.

5.2. Study of the rate function.

THEOREM 5.2. The function I defined in section 5.1 satisfies the following
properties
1) I is a good rate function, i.e. I >0 and the set {I < M} is a compact subset of
ME(F (5 1y) for every M > 0.
2) If I( ) < 00, then there exists a map s — KT € L?(Bs, 7)™ such that

fo T((KD")?)ds < 0o and

) mfpefm w flr [ (V,P|B,) — |2] ds = 0.
b) For any P € Fig.1) one has

1
w(P)=7P)+ [ 7 (VPIB).K7) ds
0
COROLLARY 5.3. With the notations as above, if I(T) < +o0o then one has

1t
1) =5 [ r(KsPas
2 Jo
Since the proof of Theorem 5.2 is rather technical, we defer it to Section 8.

5.3. Exponential Tightness. In this section, we prove that the distributions
of " form an exponentially tight family on M°(Fg'))).

LEMMA 5.4.

lim sup lim sup N—loglP(a € (KL, NTL)) = —oo,

L—oco N—oo©o

or, equivalently,

1
(5) lim sup lim sup — log IP( sup trx (|1 — UY|™2) > L) = —o0,
L—oco N-—ooo N2 t€[0,1]
and
t N _ 77N |2
(6) lim sup lim sup — log IP( sup (U = Gl > L) = —oo0.
L—soco N-—ox N iste#[O,l] \/|t—5|

Proof. Observe that try(|]1 — UN|=2) < 8 + 2try(|HN|?). Then (5) follows
from standard estimates for suprema of Brownian motions. For the proof of (6),
note that |[UY¥ — UN| < 472|HN — HY| and that for p € {1,... ,m},
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try (HVP(t) — HV?(s))
P sup il ( ®) (S)) > L
s#t,s,t€[0,1] Vt—s

N2 ( i 1\2
B! - B!)
<P sup ~—~—2_ > [LN?
; s#t,s,t€[0,1] Vi—s
N2
< exp(—aLN?) ( E (exp[a||B||‘i]))
4
where By, ..., By2 are independent Brownian motions, ||.|| 1 is the 1-Holder norm,

and o > 0 is such that E (exp[a||B||2l]) = C < 400 (see th 4.1 in [12] for the
4
existence of ). Thus, for any N € N, any p € {1,... ,m},

1 tI‘N (H HN’p)
~7 log P sup

N s#t,s,t€[0,1] Vit—s

as L — oo. O

>L| <—-aL+logC — —c0

5.4. Weak large deviation upper bound. Since, for any L € R, the set
Ky NIy is a compact subset of ./\/lc’oo(f[’g} 1]), we see that Lemma 5.4 reduces the
proof of Theorem 5.1 to that of the following weak large deviation upper bound.

LEMMA 5.5. For any T € ULeN(KL\[ NTL), one has
(7 lim sup lim sup P(d(67™,7) <€) < —I(7).

e—0 N—oco

Proof. Let 7 € ULeN(KL\/ NITz) and P € f’(;lf]a, and set

(8) CP( ) == eXp{N2lP,t}
where I3, is the random variable
N 1/ 2
B, = trw BPIF) — BwP)— 5 [ o {| BV, PIF)) ds.
0

For any ¢ > 0, L > 0, t € [0, 1],0ne has
9) PGN,7)<e) < PGEN¢KL,NTL)+

Eli o . 0]
{d(6N,7)<e}n{6NeKr ,NTL} ~N 1\ CN(t)
(10) < PN ¢ K . NTr) +exp{— NZ2essinf N}
d(eN,r)<e ’
NEI(LanL
where we have used IE[¢N ()] = 1 (Proposition 3.3) in the last line. Now, according
to Proposition 4.1 (with I =1 and 2) if we set

Ipa(r) = 7(P) = 7(P) - /0 7(7*(V,P|B,)?)ds

then one has

lim sup lim sup ess sup I8, —lp:(1)| = 0.
e=0 N—ooo dN,r)<e ’
sNexyp ,nrp
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Therefore, for any L € Rt, one has

lim sup lim sup N~ 2 log P(d(6™,7) <€) <

e—0 N—o

max{—Ip(7),limsup N2 logIP(6" € (Kr,.NTL))}

N—oo

Letting L go to infinity gives, thanks to Lemma 5.4,
lim sup lim sup N~ 2log P(d(6",7) < €) < —lp(7).

e—0 N—o0

We can now take the supremum over ¢ € [0,1] and P € .7-"[75‘ ’ls]a to conclude. O

6. Large deviation lower bound

6.1. Existence of processes with smooth K. We shall prove a large de-
viation lower bound for processes satisfying certain smoothness conditions. Before
that we will prove that indeed there exist such processes. More precisely one has

THEOREM 6.1. For any K € .7-'[0 15] , there exists a unique T € M*(F0y))

such that for all P € [0 1) all t € [0,1],0ne has

t
(11) 7(P) =7°(P) + / 7° (V. P7(V,K|B,)) ds
0
Furthermore, one has
1 1
I(r) = 5/ (7 (VL K|B,)[%)ds < oo
0

Proof. Let (¥ be as in (8), and consider the probability distribution Py =
¢F(1)dP. Since K € Fion)"> we can find a finite constant C'(K) such that, for all
N > 0, one has

(12) ¢ (1) < O

By Lemma 5.4 we get
(13) lim sup lim e E] log]PK(a ¢ KL, NTy)=—-o0
L—oco N—oo

therefore the distributions of 6V under IP¥ form an exponentially tight family,
and in particular &V has almost surely converging subsequences. Using Girsanov’s
theorem and Proposition 3.2 we get that for any P € .7:[’811], any t € [0, 1], one has

¢
try( E(P(UM)[Hy)) = E(tryP) +/ trn( IE(VP|Hs). IE(VK|Hs))ds
0
t ~
+ / tr [ ]E(VSP|’HS).dHN(s)]
0
where Hy is a PY- Hermitian Brownian motion. The process

tr—>/ trN E(V,P|H,).dHy (s )]
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is a martingale whose bracket is of order N~2, therefore it converges to zero in
probability as N — oco. Henceforth, by Proposition 4.1 any limit point u of 6V
under IPY satisfies

(14) P) = (P) + [ (9P (VKB ds

for any P € Fg,; and any ¢ € [0,1]. This proves the existence of 7 and it remains
to show uniqueness. We first prove that if 7 satisfies (11), then it corresponds to the
distribution of % for some bounded process X. Let us apply, forl € {1,... ,m},
equation (11) to P = |1 +¢& — u}|~2™. Although P is not really a polynomial one
can check easily by expanding the inverse as a geometric series that indeed one
has P = lim P, and V4P = lim V,P, for some sequence of polynomials, where
convergence holds in norm, so that we can apply formula (11). By an explicit

computation we get
T Vsl +e —ug| 72™)) <7 (2m1 + e — uy 7"

for v, s < t, therefore since K is bounded, for any v € [0, 1],
v
([T +e—ug 7™ <FO1+e —u7>™) + 2mLK/ 71+ & — ul|72mH)ds
0

for some constant Ly := sup,ejo17||VsK||oo < 00, and we conclude by Gronwall’s
lemma that 7%(|1 + & — ul|~2™) < D?™ for some constant D independent of v,t,1

and e. Therefore T is the distribution of {;éf:::,t €[0,1],1 € {1,... ,m}} for some

bounded process X;.

We shall now prove that the distribution of Y; := X; — f(f K7ds, where K] :=
7°(VsK|Bs), is that of a free Brownian motion. We shall rely on the following result,
which is a free version of Paul Lévy’s well known theorem on the characterization
of Brownian motion as the unique martingale with continuous paths and square
bracket equal to ¢, and which may be of independent interest.

THEOREM 6.2. Let (Bs;s € [0,1]) be an increasing family of von Neumann
subalgebras, in a non-commutative probability space (A, 7), and let

(ZS = (Zsla ;Z;n);s € [071])
be an m-tuple of self-adjoint processes adapted to (Bs;s € [0,1]), such that Z is
bounded, Zy = 0, and for all s <t one has
1. 7(Z|Bs) = Zs
2. 7(1Zy — Zs|*) < K(t — s)? for some constant K,
3. Foranyl,p€ {1,...,m}, and all A, B € Bs, one has

T(AZ!BZP) = T(AZ.BZP) + 1,(t — s)T(A)T(B) + o(t — s),

then Z is a free Brownian motion, i.e. for all s < t the elements Z} — Z';l €

{1,...,m} are free with Bs, and have a semi-circular distribution of covariance
(t—s)In.

Proof. Because of the invariance of the conditions under time translation, it
is enough to prove that Z; — Z; is free with By, and of semi-circular distribution
with covariance tI,,. We can assume that Zy = 0, and one has for any ¢y,...4, €
{1,...,m},

(2. Z) = 1(Z3 + (2 = Z2) . (2 + (2 = Z7).
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From condition 1 we get 7(Z! — Z!|Bs) = 0, and expanding the above product using
2 and 3 gives
T(Z . 2 —T(Zi . Zin) =
(t =) Xochip<na 2ip=i, T(Zi - LZSTEZE 2 (Z8 L Z8 )
+o(t — s)

where we have used non commutative Holder’s inequality in order to bound the
terms containing at least three (Z} — Z!) factors. It follows that the quantities
T(Z% ... Zi") satisfy a system of differential equations whose initial conditions are
known. It is easy to see that this system has a unique solution, resulting with the
observation that there exists at most one process (in distribution) satisfying 1, 2
and 3.

Since the free m-dimensional brownian motion satisfies also 1, 2, 3 we conclude
that Z, — Zj is a free brownian motion. For the freeness property with respect to
By, we consider a quantity of the form

T(ALZ0 Ay Z0 .. A Zim)

which again satisfies the same differential equation as when Z; is a free Brownian
motion free with By. O

In order to apply Theorem 6.2 to the process Y we have to check the 3 condi-
tions. First we apply (11) to P = (X! — X})Q;, where Qs € Bs N 01+ Although
P does not belong to .7-'[’&1] one can again check that it is a limit of a sequence of
P, in f[0m7 1’ such that VP, converges to VP, so there is no problem in applying
formula (11). One has VEP = 6y1,¢(5,4Qs + W where 74(W|B;) = 0. We thus
find that for all @, € B, one has

T((X; — X)Qs) = F‘J((th—Xﬁ)Qs)Jr/o T(F(Val(X} — X3)Qs]|Bu)- Ku)du

T(/t QsKidu)

from which we get that condition 1 is satisfied by X; — f(f Kds.

We now apply (11) to P = (X}!—X!)* (the same remark as above applies). Since
7O((X} - X))") = 2(t - 5)%, VE[(Xf = X})"] = 0 for u ¢ [,1] and VE[(X] - X})'] =
461 (X} — X1)? for u € [s,t], one has

(X = X)) =20t~ ) + /t T(TH(A(X] = X0)°|Bu) K du

Since K7 is uniformly bounded in norm, using Hélder’s inequality and Gronwall
lemma, we get the bound 2.

Condition 3 can be checked in a similar way as condition 1.

We conclude that X is solution to the stochastic differential equation

t
Xt:St+/ stS
0

with K, = 7(V:K|B;). Observing that for K € Fioap X = K,(X) is uniformly

Lipschitz, e.g there exists a finite constant C such that for all s € [0, 1],
|1 Ks(X) — Ks(Y)|] < CsipllXu = Yull,
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we can use the usual Gronwall argument to prove the uniqueness of the solution to
this equation, establishing the uniqueness of 7. O

Remark that from the above proof we can extract the following result.

PROPOSITION 6.3. With notations as in the proof of Theorem 6.1, under the
probability P%, the trace states 6% converge in probability, as N — co, towards T.

6.2. Statement of the lower bound. We can now state the large deviation

lower bound for states coming from an element K € }'[gl f]a in My ( [0, 1])

THEOREM 6.4. Let K € .7:[73’13]” and let T be the associated tracial state as in
Theorem 6.1, then one has

lim hm 1nf — log PN, 1) < 8) > —I(7).
=0 N

Proof. As in the upper bound proof we can write for any L € R, with ¢ as
in (8)

. N1
]P(d(O'N,T) < 5) > E |:1d(a'N,‘r)<6 GNeKy Nl ng];
> E [1d(&N,T)<5;&NeKLfan CK(l)]

x exp{—NZesssup l%’l}
d(aN ,r)<s
&N €Ky ,sNTL

Using Theorem 4.1 we have, for any L € RT, that
liminfliminf ~ inf ¥,

§—0 N-ooo d(eN ,r)<s
eNeKy ,0rp

=7(K) -7 (K) + %/0 (|7 (Vs K|B,)[*)ds

Therefore we get, for any L e R,

— >
(%1_1)1[1) hmlnf log]P (d(N,7) < 8) >

T | N
—I(1) + ;1_1)% l}\r{rggof N2 log E [1d(&N,T)<5;&NeKmeFL Cr(1)].
In order to conclude, we need to show that the last term in the above r.h.s. vanishes.
This follows from Proposition 6.3 and the observation that

lim liminf P67V €Ky, Nl)=1

L—oo N—oo

by (12) and Lemma 5.4. O
Observe for later purpose (see section 7) that we can also prove

COROLLARY 6.5. Let K € f[glf]a and let T be the associated tracial state as in
Theorem 6.1, then one has

1 .
lim lim hmlan—logP(d( N 1) <& ||HY Y| < R,1<i<m) > —I(r).

R—006—0 N—oo
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Proof. In view of the previous proof, this amounts to showing that

lim sup lim sup P¥ (3i € {1,... ,m},||H|| > R) < 1

R—oo N-—oo

By Girsanov formula, under PP, the process (HM'!,... ,HtN’m)tZO is a strong
solution to the stochastic differential equation

dH = dw} + E[ViK[H,)(HNY, ... HY™)dt
where W N, i are hermitian brownian motions. In particular,

A < W +t21[tp1]||E[V§KIHt]I| < O+ W)

for a finite constant C. The result thus follows from the well known fact that the
spectral radius of Wigner’s matrices converges almost surely to 2. O

7. Large deviation functional and non-commutative entropies

7.1. Comparison between Voiculescu’s first definition of free entropy
and the large deviation functional. Let us recall Voiculescu’s first definition
of free entropy [21]. Let C% := C(Xi,...,X,) be the free *-algebra generated
by m self-adjoint elements (Xi,...,X,). Let M(CJ) be the set of tracial states
on C(Xy,...,X,), for which Xj,...,X, are bounded in the GNS representation.
ForneN pe MCE),R>0, NeN, e>0,let 'r(u,n,N,e) be the set of
n-tuples of N x N Hermitian matrices (A1, .., A,) such that

|T(Xi1..Xz'p) — tI‘N(Ail..Ajp” <e€
forall 1 <p < mn,i,.,ip € {1,..,n}?, and ||4;|/cc < R. The free entropy of u is
defined as
_ . . . _9 E
x(p) = sup inf inf lim sup (N log A(T'x (1,1, N, €)) + 5 log N) :

Replacing Lebesgue measure A by the Gaussian probability measure

1 n
P(dAY,..,dAN) = Z—nexp{——trN Oo@y } AN dAN),

if we set

x(#) = sup nf inf lim sup N—logP (Cr(g,m, N,e€)),

then a simple Laplace’s estimate yields

n

X() = x() + 5 3 p(X7) +nC
k=1

for some well defined finite constant C.

Keeping in tune with our previous computations, we shall rather consider
the following entropy, using functional calculus on unitary matrices. Let Cf} =
ClUy,...,Uy, Ul_l, ..., U1 be the x-algebra of the free group with n generators,
and let M(C™) to be the set of tracial states on Cf*. Consider T'%(v,n, N, €) the
set of n-tuples of unitary N x N matrices V1, .., V,, satisfying

|V(U€1..UE”) —tra (Vi ;”)| <e
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forall 1 <p<mn,ii,.,ip € {1,.,n}P, 1, -+ ,ep € {—1,+1}7, and
—1<27 (V4 V) <1-2(R*+1)7!
for all j € {1,---n}. Define

1
X(v) := inf inf li — log P(((AN),--- ,9(AN)) e TY N,e)).
X(v) = sup inf inflim sup 7 log P(($(Ar'), -+, 9(4n)) € T(u.n, N, )
Denote ¥ the map from C(X;,...,X,) into C{U,...,U,, U ,... ,U;t) such
that
X'+ 44
1 my __  _

PO X = (X =

Then, we claim that

LEMMA 7.1. For any p € MY} for which the GNS representation consists of
bounded operators one has

x(p) = X(po ¥).

PRrOOF. The only point is to notice that 1 can be approximated by polynomial
functions uniformly on compact sets, as well as its inverse on ®(z) € [-1,1—2(R?+
DN {lzl =1}

O

For any state 7 € M%%( 0. 1]) one can consider the state 7o on C} induced

by the evaluation map at time 1, namely for any P € CJ} one has 7 o 11 (P) =
7(P(U(1),...,U™(1))). Now, by Theorems 5.1 and 6.4 and its corollary 6.5, we
obtain the following result.

THEOREM 7.2. Denote by Tx the state associated with K € F; "%, as in The-

[0,1] »
orem 6.1. For any pu € M}, one has
(15) - éi_r)% inf{I(rx);d(tk o m1,p) < 6, K € fmy't’ls]a} < X(p)
and

M) < = lim it {I();d(r o m, ) < 6,7 € MO=(Fin))}

(16) —inf{I(7),7 0 m = p}.

If p is of the form 7k o m; for some state K € f[om’ ’ls]a, or if it is in the closure
of the set of such states, then the upper and lower bounds for free entropy given
by Theorem 7.2 coincide and we have a formula for Voiculescu’s free entropy. This
raises the problem of determining which states satisfy this condition. One could
hope that any state indeed satisfies it, but this seems to be a very difficult question
since the truth of this would imply in particular a positive solution to Connes’
problem of embedding arbitrary II;-factors into the ultraproduct of the hyperfinite
factor.

In the much simpler case where one considers the spectral measure of a non-
centered Gaussian Wigner’s matrix, O. Zeitouni and A. Guionnet have shown that
upper and lower bounds given by Theorem 7.2 coincide but the proof is already
highly non trivial.
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7.2. The infimum is reached at a brownian bridge. Following [8], we
shall now prove that the infimum in the right hand side of (16) can be replaced by
the value of I at the law of the Brownian bridge. Hereafter, for y € M®°( {"}}) C

My}, we denote 7, € M“°(Fg})) the distribution of the process

{\IJ(tXl—k(l—t)S’L,lglgm),te[0,1]}

1-t

where {X!,..., X™} is distributed as po®~! and {S*,... ,S™} is a m-dimensional
free Brownian motion, free with {X*,... , X™}.

THEOREM 7.3. For any p € M(F{},), one has
(17) X(p) < =I(7)-
Proof. For any p € M%( {"f}), any d,€ > 0, one has

P (d(6™ omy,p) < &d(6N,7,) < 6)
1—P(d(6N,7u) > dd(6N omi,p) < €))}

(18) P (d(6N omi,p) <€) = (

For any n-tuple of matrices X',... , X™, the conditional distribution of hermit-
ian brownian motion knowing that H™1(1) = X',...HM™(1) = X™ is that
of (tX Ty (1-tHN 1<1< m) ,t € [0,1] for some hermitian brownian motion
1—t
(HN ... HN™). For N large, X*,...,X™ and (HN,... HN™) are asymp-
totically free, the distribution of the hermitian brownian motion being close to that
of free brownian motion. It follows that for any § > 0 one has
limsup lim sup P (d(6™,7,,) > 6|d(6™ om1,p) <€) =0
e—0 N—oo

We deduce that for any § > 0

1
lim sup lim sup N log P (d(6™ o1, ) <€)

e—0 N—oo

: . 1 . .
(19) = lim sup lim sup el logP ({d(6™ o m1,p) < e} N {d(6"N,7,) < 8})

e—0 N—oco
Using theorem 5.1 we get

1
li li —logP (d(6™ <e€) < —1i inf I(r)=-1I
meuplimsup 7z g P (d0 omup) <€) < —fimy o) Tr) = —I(7)

where we have used in the last equality that I is a good rate function. O
We will now establish for the free brownian bridge an equation which is the
analogue of a well known property of the usual brownian bridge.

PROPOSITION 7.4. The state T, satisfies the equation, for all P € [’(7},1], all
t €10,1],

t —
7P = 7+ [ (7)) s

— S

(20) — 2oP)+ /0 s (T;S(vspuss).ru (%ws))d&
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Proof. First, we remark that one has

tX - X

Xt:St+ st

o 1—s

where (S;;0 < t < 1) is a free Brownian motion, free with X. Now we can take
a dual projection onto the subfiltration B;, generated by the process X (i.e. By is
the von Neumann algebra generated by X,;u < s), to get that

., ¢ X - X,
(21) Xt = St +/ Tu (7|Bt) ds
0 1-s

where (S‘t; 0 <t <1) is a martingale in the filtration B,. In fact, is not difficult to

check, using Theorem 6.2 that indeed (S;;0 < t < 1) as defined by (21) is a free

Brownian motion. This implies formula (20), as in the proof of Theorem 6.1. [
Since the free Brownian bridge is a Markov process, one has

X - X X —-X; X,
o (Ri0) = (3bw) - 2

where J# denote the non-commutative Hilbert transform of 4 € M7} and p; =
T, o T is the time marginal of the free Brownian bridge. The last line equality a
direct consequence of Corollary 3.9 in [23].

From this and Theorem 7.3 we deduce that for any p € M(F,) such that

Xx* (1) > —o0, one has
] @

2 1 m
—_1 ~ 1 wt |2 _1 2
]dt_ 2/0 7 [|j |]dt 5> a(XH)+mC

i=1

1

(22) >Z(u)s><*(u)+1 inf “,;t UJ’“— YVP|Fy) — K¢

2 PeFm™ t

[0,1]

where

is the microstates-free entropy, up to a Gaussian term.

We now show that the second term in the right hand side in (22) vanishes.
It is enough to prove that functions of the form ¢ + 7,°(V;P|B;) form a total
family in the Hilbert space of functions ¢ — Y; with Y; € B; (Y is adapted) and
7u( fol |Y;|?ds) < co. Indeed, for any 0 < tg < --- < t, < 1, any (j;)1<i<n €
{1,---,m}, any family Q; € }'m 5a " for 1 < i < n, if Q is defined by

(23) Q=3 (a-u) ' -a-u_))Q
then it satisfies

(24) 7HVLIQIIBY) Zl(tz 1] (W) Qi (W)

Note that we have been cheating a little since (1 — uij)_l does not belong to .7-'[’611],
however as noted earlier, the Malliavin operator can be extended to this situation,
and one has

L 1,
VL= ud) ™ = 1),
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Hence, the family {(7,"(V+P|Bt))seo,1). P € Fgi)"} contains the adapted step-
wise constant functions. We show that these processes form a dense subspace
of square integrable adapted processes. Let H be the Hilbert space obtained by
the GNS construction for 7. By considering coordinates, it is easy to see that
Co([0,1], H) is dense in L?([0,1], H), therefore if § is positive, continuous, has sup-
port in [—1,0], and integral 1, then any L? adapted process f; is the limit of f * 4,
with d,,(z) = nd(nz), which is a continuous adapted process. Finally any contin-
uous adapted process can be approximated in L? by stepwise adapted processes.
This yields the required density.

Finally, observe that the above bounds can be generalized to tracial states for
which x*(p) = —oo by noticing that I(7,) can be approximated by its restriction
to the time interval [0,1 — §] for § > 0. For this retriction, the non-commutative
Hilbert transform of 7, is uniformly bounded and therefore belong to L?, so that
the above arguments hold. Lettin § going to zero shows that x(u) < x*(u) even
when x*(p) = —oc.

Putting things together, we get the following inequality between the two en-
tropies of Voiculescu.

COROLLARY 7.5. For any tracial state T,

x(p) < x* ()

8. Proof of Theorem 5.2
Observe first that, by an elementary quadratic form argument,

1 (7t(P) — °(P))”
— sup sup S
2 pery e tenon) | fy 7 (7 (VP|Bs) |?) ds

(25) I(r) =

so that I > 0.
Let us now show that the level sets of I are compact in M %( 0. 1]). We shall

prove that for any M € R, , there exists L(M) < oo such that
(26) {ISM}CKL(M)\/QFL(M).

which implies, by Lemma 2.1, that {I < M} is relatively compact. Since I|k, ) -nrar)
is lower semicontinuous, as the supremum of the functions

Ipa(7) = #(P) = F(P) — % /Ot {17 (V.PIB ) ds

which are continuous on Ky ) N L L(a), we obtain that {I < M} is compact.
We first show that for any M € R, , there exists L; (M) < oo such that

(27) {I <M} CTyL (my-
Let, for n € N*,
fa(z) = A +07" = R(2))™!
then for any ¢ € [0,1], any I € {1,... ,m}, any 7 € {I < M}, any s € [0, 1], one has

8 FUalud) <P + 3+ 5 [ 7 (Tuha0h)IB?) i
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@) Vuhl) = —ilale? (1) - i)

Furthermore, for any n € N, and any z with |z| =1, one has
(30) |(R(z) = Dfalz)| £ 1,
and, if we let a, =1+n"1 +,/(1+n-1)2 — 1, so that
L+n7 ' = R(2) = (2an) 7 2z — an|?
for |z| =1, then
|Fn(2)(z — 2)| 2[fn(2)(z — a)|
day|z — an|™! = 2v/2a, fr(2)

IA

(31)

Equations (29), (30) and (31) show that for any ¢ € [0, 1], one has
(32) IVufn(u)? < ugeSan fn(uy).

Plugging this estimate into (28) shows that for any ¢ € [0,1], any 7 € {I < M},
any s € [0,1],

) < P+ 0+ [ (T I5)?) du
< Pfal) + M4 [ 7 (Tuba)?) du

SNt
(33) < F(fulu)) + M+ day, / 7 (fo(ul)) du.

Therefore, by Gronwall’s lemma (since u — 7% (f,(u!)) is uniformly bounded when
n € N) that

(34) 7 (fa(up)) < (F(fnlup)) + M) eonsit,
Since g2
1 +1
~0 l L
sup sup 7 (fn(u;)) := = sup supo ( ) <2,
t€[0,1] nEN (Fa(wr)) te0,1]neN \2+n"t4+n"157
we deduce from (34) that
(35) max  sup sup7°(fn(ul)) < (2+ M)et.

lefl,... ,m} t,s€[0,1] n€EN

Finally, observe that f, are, on |z| = 1, non negative functions which grow pointwise
towards 2|1 — 2|72 so that monotone convergence theorem and (35) result with

max  sup 7°(|1 - U{|7?) < (1+ M)e'
le{1,....,m} ¢ 5¢€0,1]

and therefore (27) holds with L;(M) = (1 + M)e*. We now prove that for any
M € N, there exists L2(M) such that
(36) {I<M}cC KLz(M)\[-
To this end, we take, for s <t € [0,1], P = |uj — u{[* € Ff';, and observe that for
any u € [0,1],

|VoP|(U) < 2'Ly<uxt + 2°Lu<s|Uf — UL
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Therefore, using (25), we obtain that, for any 7 € {I < M}, any v € [0,1],

BN F(UL-UY?) < (UL -UP) +
VA8
VIR (Pit—s+2 [ (UL~ ULPIBLY) i)
0

1
2

Now for u < s, one has
(38)  FU -V = 4r(|@T UL + S+ i) -
2
(W™ (UL + Sty + )| 1B.)
< 4o (lsi—u - Sé—u|2) = 24|t - S|

and

(39) P(UI =T = 4o (|(S+9)7" = (SL+i)7 ) <40 (ISt - si[)
= 2%t —s|.

so that (37), (38) and (39) imply that

(40) (U —UP) < 2%t — 8|+ 2°VM [t — 52,

from which we deduce (36) with Lo(M) = 2* + 26/M .Equations (27) and (36)
imply (26) with L(M) = max{Li(M), La(M)}.

We now prove points a) and b) of the second claim. Let 7 € M**(Fg))
be such that I(r) < 400, and consider the Hilbert space of adapted processes
s — Ly € B, such that fot 7(]Ls|?)ds < oo, and the closed subspace generated by
the processes s = 7°(V;P|B;) where P € F™*%g ). According to (25), when
I(7) < 400, one has

1
(1) (r(P) = a(P))* <21(r) [ (7*(V.PIB.)P) ds
0
therefore, by Riesz’s Theorem there exists K, such that for every P € f{g ’5“ one
has
1
(42) +(P) = o(P) = / (7 (V. P|By).K,) ds.
0

which completes the proof of the theorem.

O
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