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ABSTRACT. We study some path transformations related to Pitman’s theorem
on Brownian motion and the three dimensional Bessel process. We relate these
to Littelmann path model, and give applications to representation theory and
to Brownian motion in a Weyl chamber.

1. Introduction

Some transformations defined on continuous paths with values in a vector
space have appeared in recent years, in two separate parts of mathematics. On
the one hand Littelmann [22] developed his path model in order to give a unified
combinatorial setup for representation theory, generalizing the theory of Young
tableaux to semi-simple or Kac-Moody Lie algebras of type other than A. On the
other hand, in probability theory, several path transformations have been intro-
duced that yield a construction of Brownian motion in a Weyl chamber starting
from a Brownian motion in the corresponding Cartan Lie algebra. The oldest and
simplest of these transformations comes from Pitman’s theorem [28] which states
that if (Bt)¢>0 is a one-dimensional Brownian motion, then the stochastic process
R := B; — 2info<s<¢ Bs is a three dimension Bessel process, i.e. is distributed
as the euclidean norm of a three dimensional Brownian motion (actually Pitman
stated his theorem with the transformation 2 supy<,<; Bs — B, but thanks to the
symmetry of Brownian motion this is clearly equivalent to the above statement). It
turns out that the fact that, here, the dimension of the Brownian motion is equal
to 1, the rank of the group SU(2), while 3, the dimension of the Bessel process,
is the dimension of the group SU(2) is not a mere coincidence but a fundamental
fact which we will clarify in the following. Pitman’s theorem has been extended in
several ways. The first step has been the result of Gravner, Tracy and Widom, [15]
and of Baryshnikov [1] which states that the largest eigenvalue of a random n x n

Hermitian matrix in the GUE is distributed as the random variable
n

sup > (Bi(t:) = Bi(ti1))
I=t, >ty 1> 21 >to=0 5
where (By,...,B,) is a standard n-dimensional Brownian motion. This result in
turn was generalized in [7] and [27]. These extensions involve path transforma-
tions which generalize Pitman’s and are closely related to the Littelmann path
model. One of the purposes of this paper is to clarify these connections as well as
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to settle a number of questions raised in these works. In the course of these inves-
tigations we will derive several applications to representation theory. These path
transformations occur in quite different contexts, since the one in [7] is expressed
by representation theoretic means, whereas the one in [27] is purely combinatorial,
and arises from queuing theory considerations.

Let us describe more precisely the content of the paper. We start by defining
the Pitman transforms which are the main object of study in this paper. These
transforms operate on the set of continuous functions 7 : [0,7] — V, with values
in some real vector space V', such that 7(0) = 0. They are given by the formula

Por(t) =m(t) — tzirsgo a(m(s))a, te0,T].

Here o € V and a¥ € VV (where V'V is the dual space of V) satisfy aV(a) = 2.
These are multidimensional generalizations of the transform occuring in Pitman’s
theorem. They are related to Littelmann’s operators as shown in section 2.2. We
show that these transforms satisfy braid relations, i.e. if o, 3 € V and oV, 3" € V'V
are such that a¥(a) = 8Y(8) = 2, and oV (3) < 0,5 (a) < 0 and ¥ (B)3Y(a) =
4 cos? =, where n > 2 is some integer, then one has

PaPsPo ... =PgPuaPs...

where there are n factors in each product. Consider now a Coxeter system (W, .S) (cf
[8],[18]). To each fundamental reflection s; we associate a Pitman transform P,,.
The braid relations imply that if w € W has a reduced decomposition w = s ... sy,
then the operator Py, = Pa, - .. Pa, is well defined, i.e. it depends only on w and
not on the reduced decomposition. We show that if W is a Weyl group, wg € W
is the longest element, and 7 is a dominant path ending in the weight lattice, then
for any path 7 in the Littelmann module generated by 7, one has

(1.1) T = Puon-

The path transformation introduced in [27] can be expressed as P,,, where wy is
the longest element in the Coxeter group of type A.

We derive a representation theoretic formula for P,,, in the case of a Weyl group,
expressed in terms of representations of the Langlands dual group, see Theorem
3.12. This formula is canonical, in the sense that it is independent of any choice
of a reduced decomposition of w in the Weyl group. It is obtained by lifting the
path to a path g(t) with values in the Borel subgroup of the simply connected
complex Lie group associated with the root system. Then one obtains integral
transformations which relate the diagonal parts in the Gauss decompositions of
the elements wg(t). The Pitman transforms are obtained by going down to the
Cartan algebra by applying Laplace’s method. By (1.1) we obtain in this way a
new formula for the dominant path in some Littelmann module, in terms of any
of the paths of the module, which is a generalization to arbitrary root systems of
Greene’s formula (see [14]). As a byproduct of this formula we also obtain a direct
proof of the symmetry of the Littlewood-Richardson coefficients.

This formula appeared in [7] where it was conjectured that the associated map
transforms a Brownian motion in the Cartan Lie algebra into a Brownian motion
in the Weyl chamber. This conjecture was proved in [7] for some classical groups.
Here we give a completely different proof, valid for all root systems.

This paper is organized as follows. In section 2 we define the elementary Pitman
transformations operating on continuous paths with values in some real vector space
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V, taking the value 0 at 0. The first result is a formula for the repeated compositions
of two Pitman transforms, which implies that they satisfy the braid relations. Then
we define Pitman transformations P, associated to a Coxeter system (W, S). In
section 3 we prove our main result which is a representation theoretic formula for
these operators P,, in the case where W is a Weyl group. This formula unifies
the results of [27] and of [7]. Results of Berenstein and Zelevinsky [2] and of
Fomin and Zelevinsky [12] on totally positive matrices play a crucial role in the
proof. In section 4 we make some comments on a duality transformation naturally
defined on paths, which generalizes the Schiitzenberger involution, and give an
application to the symmetry of the Littlewood-Richardson rule. In section 5 we
give two proofs of the generalization of the representation of Brownian motion in a
Weyl chamber obtained in [27] and [7]. One of the proofs relies essentially on the
duality properties, while the other uses Littelmann paths in the context of Weyl
groups. Finally section 6 is an appendix where we have postponed a technical proof.

Acknowledgements. We would like to thank P. Littelmann for a useful con-
versation at an early stage of this work, and P. Diaconis and S. Evans for helpful
discussions. We also thank the referee for useful comments.

2. Braid relations for the Pitman transforms

2.1. Pitman transforms. Let V be a real vector space, with dual space V.
Let a € V and o € V'V be such that o¥(a) = 2.

DEFINITION 2.1. The Pitman transform Py is defined on the set of continuous
paths 7 : [0,T] — V, satisfying 7(0) = 0, by the formula:

_ _ v
Pom(t) = m(t) terslgooz (m(s))a, T>t>0.

This transformation seems to have appeared for the first time in [28] in the
one-dimensional case. Note that P, actually depends on the pair (a, ). For
simplicity we shall use the notation P,, it will be always clear from the context
which oV is involved.

When, for some v € V, 7 is the linear path 7(t) = tv then P,m = 7 when
aV(v) > 0 and Pom = sqm when aV(v) < 0 where s, is the reflection on V

(2.1) sqv=1v—a’(v)a

forveV.
We list a number of elementary properties of the Pitman transform below.

PROPOSITION 2.2. (i) For any A > 0 the Pitman transformation associated
with the pair (Ao, a¥ /\) is the same as the one associated with the pair (o, o).

(i) One has oV (Pym(t)) > 0 for all t € [0,T). Furthermore Pom = m if and
only if &V (w(t)) >0 for all t €10,T).

(iii ) The transformation P, is an idempotent, i.e. PoaPom = Pom for all m.

(iv) Let 7 : [0,00[— V be a path, then —info<i<7 ¥ (7(t)) € [0, " (Par(T))].
Conversely, given a path n satisfying n(0) = 0, «¥(n(t)) > 0 for all t € [0,T)
and x € [0, (n(T))], there exists a unique path 7 such that Pom = n and x =
—infrsiso @Y (n(t)). Actually 7 is given by the formula

(2.2) 7(t) = n(t) — min <x,Ti>r§thav(n(s))> a.
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Proof. Ttems (i) and (ii) are trivial, and (#) follows immediately from (iz).
Hopefully the reader can give a formal proof of (iv), see section 6 for such a proof,
but it is perhaps more illuminating to stare for a few minutes at Fig. 1, which
shows, in the one dimensional case, with o = 1,a¥ = 2, the graph of a function
g:[0,1] — R as well as those of I, —I and f = P,g where I(s) = info<y<s g(u). .

Fig. 1

2.2. Relation with Littelmann path operators. Using Proposition 2.2
(iv) we can define generalized Littelmann transformations. Recall that Littelmann
operators are defined on paths with values in the dual space a* of some real Lie
algebra a. The image of a path is either another path or the symbol 0 (actually
the zero element in the Z-module generated by all paths). We define continuous
versions of these operators.

DEFINITION 2.3. Let 7 : [0,T] — V be a continuous path satisfying m(0) = 0,
and x € R, then EZm s the unique path such that

PoEim = Por and o (Ein(T)) = " (n(T)) + o

if —2a¥(m(T)) + 2info<i<r ¥ (7(t)) < z < —2info<i<r @¥(7(t)) and Eir = 0
otherwise.

One checks easily that EQ7 = 7 and E2EYr = EZ*Yr as long as EYm # 0.
When « is a root and oV its coroot, in some root system, then E2 and E 2 coincide
with the Littelmann operators e, and f,, defined in [22]. Recall that a path 7 is
called integral if its endpoint 7(7') is in the weight lattice and, for each simple root
@, the minimum of the function «V (7 (¢)) is an integer. The class of integral paths
is invariant under the Littelmann operators. For such paths, the action of a Pitman
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transform can be expressed through Littelmann operators by
(2.3) Pom = el (m)
where n,, is the largest integer n such that e?(m) # 0.

2.3. Braid relations. An important property of the Pitman transforms is
the following result.

THEOREM 2.4. Leta, 3 € V and ¥, 3 € V'V be such that oV (a) = 3V(8) = 2,
and o () < 0,Y(a) <0 and ¥ ()5 (a) = 4cos® T, where n > 2 is some integer,
then one has

PaPsPa...=PsPuPs...

where there are n factors in each product.

We shall prove Theorem 2.4 as a corollary to the result of section 2.4. Note
that if oV (8) = 3Y(a) = 0 then P,Pg = PzP, by a simple computation. For
crystallographic angles (i.e. n = 2,3,4,6) a proof of Theorem 2.4 could also be
deduced from Littelmann’s theory (see [23] or [19]). We shall provide still another
(hopefully more conceptual) proof for these angles in section 3, see Remark 3.10.
The general case seems to be new.

2.4. A formula for P,PsP,Ps.... Let a,3 € V and o¥, 3" € VV be such
that a¥(8) < 0 and 8" («) < 0. By Proposition 2.2 (i) we can - and will - assume by
rescaling that o (3) = Y («), without changing P, and Pz. We use the notations

1 1

p=—50"(8)=—58"(a), X(s)=a’(n(s)), Y(s)=p5"(n(s))

THEOREM 2.5. Let n be a positive integer, if p > cos T, then one has

n—1
— _ i : () (g,
PuPiParlt) = w0 it (L2 0
n terms =
n—2
_ ] : (i+1) (.
24) tZSDzsér.l.fzsnfzzo(Zo Ti(p)Z ()8

where Z*) = X if k is even and Z*) =Y ifk is odd. The Ty(x) are the Tchebycheff
polynomials defined by To(z) = 1, Ti(x) = 2z, and 22T (x) = Ti—1(z) + Tht1(x)
for k> 1.

The Tchebycheff polynomials satisfy Ty (cos6) = Siniik#l)e and, in particular,

under the assumptions on p and n, one has Ti(p) > 0 for all k <mn — 1.
Assuming Theorem 2.5 we obtain Theorem 2.4.

Proof of Theorem 2.4. Let oV () = Y (a) = —2cos I, then one has T}, _1(p) =

0 and the last term in the coefficient of « in the right hand side of (2.4) vanishes.

It follows by inspection that this term equals the coefficient of « in the analogous

formula for PgPyPs ... w(t). A similar argument works for the coefficient of 5. ¢
—_———

n terms

The proof of Theorem 2.5 will be by induction on n. It is easy to check the
formula for n =1 or 2. We shall do the induction in sections 2.5 and 2.6.
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Below is a picture of the case p = 1/2.

d = o Fum
3 |
ok . & vz
P P
| P | PP |
| .‘:\. |
[Py ; | PFyPn

Fig. 2
2.5. Two intermediate lemmas.
LEMMA 2.6. Let X : [0,t] — R be a continuous functions with X (0) = 0 and
let to = sup{s > 0| X = infs>y>0 Xy}, then for all u <ty one has

AL XE) =2 Dl X)) == Bl X0

Proof. This is obtained as a byproduct of the proof in section 6. Again it is
perhaps more convincing to stare at Fig. 1 than to give a formal proof. &

Elaborating on this we obtain the next result.
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LEMMA 2.7. Let X andY be continuous functions, such that X(0) =Y (0) =0,
then

inftZSZO (X(S) + instuZO Y(u)) = inftZSZO X(S) +
inftzszo (X(S) —2 infszuzo X(u) + infszuzo (Y(u) + infquZO X(’l})))

Proof. The first term is I = infy>¢>,>0(X(s) +Y (u)). Let to be, as in Lemma
2.6, the last time when X reaches its minimum over [0, ¢], then

I= inf(toizrthO(Y(u) + X (to)); _ inf _ (Y(u) + X(s)))

t>s>u>to >0
Let J be the second term in the identity to be proved, then
J= inf (X (s)—2 SZI%fZOX(u) + Szlgfzo(y(u) + u;fzo X (v)] + X(to)

t>s>
Introduce again the time tg, then
J = inf _ (X(s)— QSzHulszoX(w) +Y(u)+ uérngOX(v)) + X (o)

t>s>u>0

= 1nf(t251£1£20(Y(u) +X(s)—2 leIuI;fZOX(w) + ugml;fzoX(v) + X (to));
to>u

inf | (Y(w)+ X(s) =2 inf X(w)+ inf X(0)+ X(to)))

t>s>u>to

but if u < tp then by lemma 2.6 one has infi>s>, (X (s) — 2infs>y>0 X (w)) =
—inf,>y>0 X (v). If tg < w then infg>,,>0 X (w) = X (¢), therefore

J = inf (togfzo(Y(u) X (t0): dnf (V) + tzlguX(s)))
= inf (toérifZO(Y(u) + X (t0)); tZSZIQILgtoZO(Y(u) + X(s)))
= 1.
2.6. End of proof of Theorem 2.5. Assume the result of the Theorem holds
for some n with n even. Then PoPsPq ... = PaPgPq ... Pq, and one has
n + 1 terms n terms
\Vi _ _ .
a’(Pam(s)) = X(s) 25>121f>0X(u)
BY(Par(s)) = Y(s)+2p Inf X(u)

therefore, by induction hypothesis

PoPsPo...7(t) = PoaPsPa...(Pam)(t)
—_——— —_———
n + 1 terms n terms
n—1
_ o _ . 5 (4) )
)= it Ko (S 2060)a
(i (+1)( )
t>so>31> >sn 2>0 =0
where

Z(i)( ) = X(s) —2infs>y>0 X (u)  for i even
YY) +20 infs>y,>0 X(u) for i odd.
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The coefficient of « in the above expression has the form
Ho =— inf To(p) X (s)

~ inf (To(p)X(s)—Q inf To(p)X(u)+ inf (D(u)+ inf To(p)X(v )))

t>s>0 s>u>0 s>u>0 u>v>0

where

Iw) = Ti(p)Y(u)+2pTi(p) inf X(v)+

u>v>0

Z0) ) _ ~
u>u2>u3> f>un 1>0(Z Tilp (ui) Tolp) ugfzox(v)

= Ti(p)Y (u) + Ta(p )uéngOX( v) +

n—1
' . A(z‘))
u>uz>us 1>pf>un1>0(22 Ti(p)Z

so that we can apply lemma 2.7 to transform it into
H,=— tzu;lgo(To(p)X(s) + szlgfzor(u))

Let us prove by induction on k that

H, = - inf (ZT l) ul +Wk(u2k 1))

t>uo>u1> >’u,2k

with

Wi(v) = inf (Z Ti(p)(Z9D (u )

VU, > U241 -+ > Up—1 >0 o
i=2

Indeed the formula holds for £ = 1 by the computation above. Assume this holds

for some k then one has
2k

= 1 (1
Ha t>Uo>1}?£...>u2k(ZoTl p) 2" (u;) + Wi (ugp— 1))
2%k—1
== f Ti(p)ZD (u;) + £ Tor(p) X (v) +
t>u1>u2n>1 Sugn_ 1(l - (ui) o 1?>v> 2k(p) X (v)

inf ((T%() (0) =2 inf Tor(p)X(w)) +

Ugg—1>v>0 v>w>0

B (G) b Tl ()
where

Rk(z)

Tok+1(p)Y (2) + 20T 2141 (p) Z>ir71f>0X(7-) +

n—1
inf ZD(uy)) — inf Tor(p)X
ZZ’LLQk»:QIlZ...’LLn_l(i:;_Q (u )) z>H‘:>O 2k( ) ( )
n—1

= T2k+1(P)Y(Z)+T2k+2(P)Z>inf X(r)+ inf ( Z ZD (u;))

720 22U 42 Uy —
272 ZU2k 422 n—1 i— kg2
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where we used 20Tk 11(p) — Tog(p) = Topt2(p). Applying Lemma 2.1. we get

2k—1
Ho = _t>u1>u21£lf > I(Z Ti(p )+
o (Tok(p)X (0) + il Rk(z)))
2k+2
= —_ ’L)
t>u0>uln>1f >uskto ( Z T Uz + Wk+1 (U,Qk_;’_l))

Taking & = n gives the required formula for H,. For the coefficient of 3, remark
that

PaPsPy, - . 7(t) = Pa(Pg'Papg ()

—_——— —_————

n + 1 terms n terms
and the formula for n + 1 follows immediately from the formula at step n for
PsPaPs.... The case where n is odd is treated in a similar way. &
—_——

n terms

2.7. Pitman transformations for Coxeter and Weyl groups. Let W be
a Coxeter group, i.e. W is generated by a finite set S of reflections of a real vector
space V', and (W, S) is a Coxeter system (see [8], [18]). For each s € S, let a; € V
and o) € V'V, where V'V is the dual space of V, such that s = s, is the reflection
associated to as (see (2.1)). Then ay is called the simple root associated with s € S
and « its coroot.

Denote by Ps the Pitman transform associated with the pair (o, o). By the
results of the preceding sections, the Py; s € S form a representation of the monoid
generated by idempotents satisfying the braid relations. Such a monoid occurs in
the theory of Hecke algebras for ¢ = 0, and in the calculus of Borel orbits (see e.g.
[20] where this monoid is called Richardson-Springer monoid).

Let Hy be the closed half space Hy = {v € V|aY(v) > 0}. Let w € W and
let w = s1...5 be a reduced decomposition of w, where | = [(w) is the length of
w. By Theorem 2.4 and a fundamental result of Matsumoto ([8] Ch. IV, n° 1.5,
Proposition 5) the operator Ps, ... Ps, depends only on w, and not on the chosen
reduced decomposition. We shall denote by P, this operator.

PROPOSITION 2.8. Let w € W, L, = {s € S|l(sw) < l(w)},Ry, = {s €
S|l (ws) < l(w)}. For any path w, the path Py lies in the conver cone Nser,, Hs,
one has PsPy = Py for all s € Ly, and PyPs = Py for all s € Ry,.

Proof. If I(sw) < I(w) then w has a reduced decomposition w = $s7...Sg
therefore Py, = PsPs, ... Ps, and Py = Py(Ps, ... Py, 7) lies in H, by Proposition
2.2 (ii). Furthermore one has P;P,, = P,, since P; is an involution (see Proposition
2.2 (%) ). Similarly P, Ps = P, when l(ws) < [(w). &

COROLLARY 2.9. If W is finite and wq is the longest element, then P, 7 takes

values in the closed Weyl chamber C = NyesHs, furthermore Py, is an idempotent
and PuyPuwy = PuwoPw = Puw, for allw e W.

Assume now that W is a finite Weyl group, associated with a weight lattice
in V. Recall that paths taking values in the Weyl chamber C are called dominant
paths in [22], and that the set Bm of all (nonzero) paths obtained by applying
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products of Littelmann operators to a dominant path 7 is called the Littelmann
module. From the connection between Pitman’s and Littelmann’s operators, given
in section 2.2, we deduce the following (see also [23]).

COROLLARY 2.10. Let m be a dominant integral path, then a path n belongs to
the Littelmann module Bm if and only if n is integral and m = Py, n.

Indeed for any path n and x such that EZn # 0 one has P, E%n = P,n, therefore
Puwo BN = PuwoPaEin = Puw,n. It follows that the set of paths whose image by
Puw, is 7 is stable under the action of Littelmann operators. If n is an integral path
such that P,,n = 7, and wg = 51 ... sy is a reduced decomposition, then by section
2.2 the sequence 1, Py, 1, Pa,,_1Pa,n,-..,7 is obtained by successive applications
of Littelmann operators therefore they all belong to the Littelmann module Bx. {

Let us come back to the general case of a finite Coxeter group. We shall
now study the set of all paths n such that P,n is a given dominant path. Let
w = 81 ...5¢ be a reduced decomposition. Let 1 be a path such that 1n(0) = 0 and
m = Pyn is a dominant path. Denote 7o = m,m, = n, and n; = Py, ... Ps 14
for j =1,2,...,q9 — 1, then by Proposition 2.2 () for all j = 1,2,...,q the path
n; is uniquely specified among paths v such that Ps,v = n;_1, by the number
zj = —infoci<r ) (10;(t) € (0,0, (nj—1(T))]. Tt follows that 1 = 5, is uniquely
specified, among all paths « such that P,y = 7 by the sequence x1,x2,...,z,.
These coordinates are subject to the inequalities 0 < z; < oz;/j (nj=1(T)). From

Nj—1(T) = n;(T) + zjs,
one obtains

7(T) = no(T) = my(T) + 3 miaxs
=1

therefore the inequality 0 < x; < o (;-1(T)) reads

j—1
0<z; < oc;/j (m(T)) — Zmlasvj (as,)-
=1

It follows that the set of all paths n such that P,n = 7 can be parametrized by a
subset of the convex polytope

j—1
Ke={(x1,...,74) €RIN0 < z; <af (n(T)) = > may (es);i=1,....q}.
=1

The path 7 corresponding to the point (x1,...,z4) is specified by the equalities
nj-1(T) = n;(T) + zj0,

where n; = Py, ., ... Ps,n. In the case of a Weyl group, it follows from [23] that
the subset of K corresponding to paths 7 such that P,n = 7 is the intersection of
K with a certain convex cone which does not depend on 7. This convex cone is
quite difficult to describe, see [3]. Also we do not know if a similar result holds for
all finite Coxeter groups. We hope to come back to these questions in future work.



LITTELMANN PATHS AND BROWNIAN PATHS 11

3. A representation theoretic formula for P,

3.1. Semisimple groups. We recall some standard terminology. We consider
a simply connected complex semisimple Lie group G, associated with a root system
R. Let H be a maximal torus, and B™, B~ be corresponding opposite Borel sub-
groups with unipotent radicals N*, N~. Let «;,i € I, and o ,i € I, be the simple
positive roots and coroots, and s; the corresponding reflections in the Weyl group
W. Let ey, fi,hi,i € I, be Chevalley generators of the Lie algebra of G. One can
choose representatives w € G for w € W by putting 5; = exp(—e;) exp(f;) exp(—e;)
and 7w = vw if 1(v) + [(w) = l(vw) (see [12] (1.8), (1.9)). The Lie algebra of H,
denoted by h has a Cartan decomposition ) = a + ia such that the roots a; take
real values on the real vector space a. Thus a is generated by o, i € I and its dual
a* by ay,i € I. The set of weights is the lattice P = {\ € a*; A\(«)') € Z,i € I} and
the set of dominant weights is PT = {\ € a*; \(af') € N,i € I'}. For each A\ € PT,
choose a representation space V) with a highest weight vector vy, and an invariant
inner product on V) for which vy is a unit vector.

LEMMA 3.1. For any dominant weight \, w € W and indices i1,...,i, € I one
has

(€4, - . ei, Wux,v\) >0
Proof. This is an immediate consequence of Lemma 7.4 in [3].

Let (w;,i € I) € P! be the fundamental weights, characterized by the relations
wi(a}/) =, ,j € I. The principal minor associated with w; is the function on G
given by

A% (g) = (gVuw;, Vu;)
see [2] and [12]. If g € G has a Gauss decomposition g = [g]-[g]o[g]+ with [g]— €
N~—, [glo € H, [g]+ € N, then one has

(3.1) A“(g) = [glg" = evitosldlo),

3.2. Some auxiliary path transformations. We shall now introduce some
path transformations.

DEFINITION 3.2. Let n; : [0,T] — RY,i € I, be a family of strictly positive
continuous functions, and let a : (0,T] — a be a continuous map such that

/ e~ @), (s)ds < oo
o+

we define, for0 <t <T,

t
T; na(t) = a(t) + log </ e"”(“(s))ni(s)ds> ay.
0

Observe that in general the maps ¢ — a(t) and ¢t — 7; ,a(f) need not be
continuous at 0. For all that follows, consideration of the case n; = 1 in the above
definition would be sufficient for our purposes, but the proofs would be the same
as the general case.

Let RY be the root system dual to R, namely the roots of RV are the coroots
of R and vice versa, and denote by P,y i € I, the corresponding Pitman transfor-
mations on a. Let 7w be a continuous path in a, with 7(0) = 0. For ¢ > 0, let D,
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be the dilation operator D 7(t) = en(t). A simple application of Laplace method
yields the following

(3.2) Paym = lim D.T; D '

i s
We shall establish, in section 3.4, a representation theoretic formula for a product
Tir.n - - - Tiy . corresponding to a minimal decomposition w = s;, ...s;, in the Weyl

group. Using this formula we shall use (3.2) to get a formula for the Pitman
transform.

3.3. A group theoretic interpretation of the operators 7;,,. Let a be a
smooth path in a and let b be the path in the Borel subgroup B* = HNT solution
to the differential equation

d d ,
b(t) = <%a(t) —&—Zni(t)ei) b(t);  b(0) = id.

The following expression is easy to check.

LEMMA 3.3.

(3.3) b(t) = e*® 4 o® Z Z

k>1id1,.. ip €Ik
(/ e_ail(a(tl))nil (tl) . e_aik(a(tk))nik (tk)dtl e dtk> €iy - C4p
t>t12t22>... 2,20

Observe that this expression is well defined in each finite dimensional repre-
sentation of G since the operators e; are nilpotent and this sum has only a finite
number of nonzero terms. It is always in this context that we shall use this formula.

LEMMA 3.4. For anyt >0 and w € W one has
A% (b(t)yw) > 0.
Proof. By eq. (3.3) one has
(3.4) A¥ (b(t)w) = (e*Dww,,, v, ) +

/ (ea®Wemain(alt))p, (¢)). ..
-S>t 2t > >t 2>0

e @) (£ e L es W, v, ) diy .. dt,

which is a sum of nonegative terms by Lemma 3.1. Furthermore, since v, is a
highest weight vector, there exists some sequence i1, . .., %, such that e;, ...e; Wu,,
is a nonzero multiple of v,,,, and the n; do not vanish, therefore the sum is positive.

¢

It follows in particular that, according to the terminology of [12], b(t) belongs
to the double Bruhat cell By NB_wyB_, and that b(¢)w has a Gauss decomposition
b(t)w = [b(t)w]_ [b(t)w]o[b(t)w]4+ for all ¢ > 0.

Now comes the main result of this section.

THEOREM 3.5. Letw € W and w = s;, ...s;, be a reduced decomposition, then
the H part in the Gauss decomposition of b(t)w is equal to

exp(Ziy n - - - Tiy ma(t)).
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The fact that the path 7;, ,, ... 7;, na(t) is well defined is part of the Theorem.
By the uniqueness of the Gauss decomposition the preceding result implies

COROLLARY 3.6. The path
Tiwn - Tiy na(t)
depends only on w and n and not on the chosen reduced decomposition of w.
We shall denote by 7,a the resulting path (it depends on n). We thus have
(3.5) [b(t)w]o = eTwo®,

Proof of Theorem 3.5. The proof is by induction on the length of w. Let s; be
such that I(ws;) = l(w)+1. We assume that the H part of the Gauss decomposition
of b(t)w is Tiy i - - - Tiy na(t) as required. By (3.1) it is then enough to prove that
for all ¢ > 0 and ¢,j € I one has

A% (b(8)5:) = A% (b(t)D)
if 1 # j and .
A“ (b(1)T5;) = A (b(t)T) / e=ou(Tua®)p. (5)ds.

0
The claim for ¢ # j follows from Proposition 2.3 in [12], it remains to check the

case i = j.
LEMMA 3.7.
A% (b()Ts;)
A (b(t)w)

Proof.  From the decomposition (3.4), the fact that all terms are positive
and that the n; are positive continuous functions, we see that as ¢ — 0 one has
A% (b()W) ~ et and A¥ (b(t)ws;) ~ cat'® for some ¢y, co > 0, where [1 (resp. I2)
is the number of terms in the decomposition of w; — w(w;) (resp. w; — ws;(w;)) as
a sum of simple roots. Since [(ws;) > I[(w) the weight w(w;) — ws;(w;) is positive,
and one has I, > [5. &

—t—0 0

LEMMA 3.8. Let w = s;, ...8;, be a reduced decomposition, and let b*(t) =
[b(t)w]o[b(t)W] 4, then one has

db d

(1) = %Tik,n...zhna(t)+an(t)ej b (t).

jel
Proof. We do this by induction on the length of w. Assume this is true for w
and let s; be such that I(ws;) = l[(w) + 1, then one has

d w d w
() = %Twa(t)jugnjej b™ (t)

therefore

d s d w
Eb (t)s; = %Twa(t)—&—zj:nj(t)ej bv(t)s;

Since b (t) € B, by [2], [12], the Gauss decomposition of b (¢)3; has the form
b¥(t)s; = exp(B(t) fi)b"* (1)
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with G(¢) > 0 for ¢t > 0, and one has, since f; commutes with all e; for j # i.

%bwsi(t) = %[eXp(_ﬂ(t)fi)bw(t)Ei]
= (550 frem-s0 s s+

exp(~(0) 1) (%fwam +3 jnju)ej) b (1) 5
d WS;
= —Eﬂ(t)fib (t) +

(%Twa(t) + Z nj(t)e; +ni(t)B(t)hi + m(t)BQ(t)fi) b (1)

_ [(%ﬁ(t} + Sai(Tualt) + m<t>ﬂ2<t>) fit

d ws;
5 Zwa(t) +na(D)5(8)h; + zj: nj(t)ejl b (t)

Since b**i(t) € B4, one has %6(2?) + %ai (Twa(t)) + B2(t) = 0 therefore
e_ai(Twa(t))
CC+ fot e=i(Twal(s))n, (s)ds

for some constant C' > 0. Integrating the H part of the Gauss decomposition of
b™si(t) we see that this part is equal to

B(t)

t
(3.6) exp(Ta(t)) exp(C’ + log(C + / =i (Lot (5)ds))ha
0

therefore (b(t)T5) .
A (b(t)ws; .
e = ep(C)(C o+ [ e T )
A% (b(t)) 0
and C' = 0 by Lemma 3.7. We conclude that
e—i(Twal(t))

B(t) = .
(t) JE emeiTualn, (5)ds
This implies that
d 4 =i (Tuwa(®))
—bW%(t) = —Twa(t) +n;(t h; + n;(t)e; | bW (¢
b (D) & O+ s Z j(B)es | 0" (1)
d WS;
— E’E,nTwa(t)—i—Xj:nj(t)ej b (t)
as required. &
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Differentiating with respect to t we get

d —Typa w = —Tya —twa w
%e Twa(t)y, )5 = T (t)zn] wa(t) o —Twa(t)y, (t)3;

<Z e“"]‘”’""“”nj(t)eﬂ) O
where e~7Twa®pw (t) € N. It follows that

i M = (Tua®)y (Do | e=TorOpw (D50, v
dt{ A% (b(t)m) } < Z i(t)e; b (150, >

= e*ai(Twa(t))ni(t)(eﬁivwi,vwi)

e~ i (Twa(t))ni (t)

therefore C’ = 0. This proves the claim for ¢ = j and finishes the proof of Theorem

3.5. &
COROLLARY 3.9. The transformations T; ,, satisfy the braid relations,
7di,n7ﬂj,n e = 7},717;',11

m(i,j) terms  m(i,j) terms
where m(i, j) is the Cartan integer a;(ay).
REMARK 3.10. In the case of rank two groups, the braid relations of the above
corollary and an application of Laplace method yield the braid relations for Pitman
operators as in Theorem 2.4, in the case of cristallographic angles (7/m,m =

2,3,4,6). It is instructive to give an elementary derivation of the braid relations
for the 7; ,, in the simplest nontrivial case namely type Ay (i.e., m = 3). In this

case the relations amount to
t s ~ f{
(3.7) / ds/ dr F(r) G( / / ar F(r) S HO
0 0 G(r (r) H(s)’

for some positive continuous functlons F,G, H, where

(/ G(r 1dr>1G(s)
</ G(r ldr) H(s).

This can be checked directly by an application of Fubini’s theorem, or an inte-
gration by parts. Similar but more complicated formulas correspond to the other
crystallographic angles 7/4 and 7/6.

From (3.7) one recovers, by the method of Laplace, the identity

(3.8) xA(zVY)A(yrz)=(xAy) Az,

and

for continuous functions z,y, z with 2(0) = y(0) = 2(0) = 0 and (non-associative)
binary operations V and A defined by

(3.9) (@ay)(t) = it [a(s) —y(s) +y)],

<s<t
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(3.10) (@vy)(t) = sup [x(s) = y(s) +y(®)).

This is equivalent to the n = 3 braid relation for the Pitman transforms. For a
‘queueing-theoretic’ proof, which some readers might find illuminating, see [25].
Lemma 2.7 is a special case.

3.4. Representation theoretic formula for P,. Let w € W, and let A be
a dominant weight, then A — wA can be decomposed as a linear combination of
simple positive roots A — wA = Y ._;u;c; where u; are nonnegative integers. If

iel
(J1,.--,Jr) € I" is a sequence such that (ej, ...e;, Wux,vx) # 0, then the number
of k’s in the sequence ji, ..., j, is equal to ug. In particular the number r depends

only on w and A. We let S(\,w) denote the set of sequences (ji,...,Jr) € I”
such that (ej, ...ej Wy, vx) # 0. Using (3.4) and (3.5) we obtain the following
expression

ProprosITION 3.11. Let a be a path in a, and A a dominant weight, then one

has
(Toat) gy py) = eMalh) 3 /
(1) €ES(Aw) Y 2120 2tr 20

e~en(atti)) = —ay @)y (1)) ony, (t,)dt ... dEe(ej, ... e, TUx, v))

Let w € W and let P, denote the Pitman transformation on a for the dual
root system RV, by (3.2), one has

Pom = lin(l) D.T.,D '
£—

Using Laplace method, Lemma 3.1 and Proposition 3.11 applied to fundamental
weights, we now obtain the following expression for the Pitman transform (notice
that W acts on a* and on a by duality).

THEOREM 3.12. (Representation theoretic formula for the Pitman transforms).

Let w € W, for each path m on a, one has
(3.11)  Pym(t)=m(t)— > inf (ajy (m(t1)) + .. 4, (7 (t)) @)

el

This formula can be seen as a generalization of the formula in Theorem 2.5.
Observe that sequences ji,...J, such as the ones occuring in the theorem have
appeared already in [3] under the name of i-trails. It is interesting to note that
such sequences appear here naturally by an application of the Laplace method
(sometimes called ”tropicalization” in the algebraic litterature).

By Corollary 1, we see that Theorem 3.12 provides a representation theoretic
formula for the dominant path in some Littelmann module, which is independent
of any choice of a reduced decomposition of wy.

REMARK 3.13. As noted before, formula 3.11 has a similar structure as formula
2.4 (when p = cos Z). We conjecture that such formulas exist for arbitrary Coxeter
groups, i.e. for w € W there exists r and a set S(s,w) C S” such that
(3.12)  Pym(t) =m(t) =Y inf (af (m(t1)) + ...+ a (7(t))) as.

815...,8r€S(s,w)
SES §>41 >45..21,2>0

However we do not know how to interpret these sets S(s, w).
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4. Duality

4.1. An involution on dominant paths. As in section 2.7, we consider a
Coxeter system (W, S) generated by a set S of reflections of V. We assume now
that the group W is finite and let wy be the longest element. We fix some 7" > 0
and for any continuous path 7 : [0,7] — V such that 7(0) = 0 we let

kr(t) =n(T —t) — w(T).

Clearly for all paths k27 = m. We will show that the transformation I = Py, r(—wp)
is an involution on the set of dominant paths, which generalizes the Schiitzenberger
involution (see section 4.5 for the connection).

4.2. Codominant paths and co-Pitman operators. A path 7 is called
a-dominant if oV (7(t)) > 0 for all £. It is called a-codominant if k7 is a-dominant
or, in other words, if " (7 (t)) > o (7 (T)) for all ¢£. Finally it is called codominant
if it is a-codominant for all a. Let us define the co-Pitman operators £, = kPyk,
given by the formula

Eam(t) =7(t) — tgigiT oY (m(s))a + ogirsliT aY(m(s))a

One checks the following

PakPo = Pa, 82 = Soz; EaPo = Soz; Pola = Pao
Furthermore for all paths 7 one has
Eam(T) = 8o Pam(T).

A few properties of &, are gathered in the following lemma, whose proof is left to
the reader.

LEMMA 4.1. (i) E,m is the unique path n satisfying n(T) = sqPam(T) and
Pan = Por.

(ii) Eam is the unique path n such that Pan = Pam and 1 is a-codominant.

(iii) If © is a-dominant, then E,m is the unique path such that Pan = m and

N(T) = sa(m(T)).
(iv) Eqm = m if and only if © is a-codominant.

The transformations £, play the same role with respect to the Littelmann
operators f, as the transformation P, with respect to e, (see (2.3)).

LEMMA 4.2. The &, satisfy the braid relations.
Proof. Follows from &, = kP.k, k? = id and the braid relations for the P,.

One can therefore define &, for w € W, and &, = 55,0 is a projection onto the
set of codominant paths. Furthermore for all w € W one has

Ew = KPuwk

In particular

Ewe = KPuwy k-
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4.3. An endpoint property. In this section we prove the following result,
which is crucial for applications to Brownian motion.

PRrOPOSITION 4.3. For any path m one has
Ewom(T) = woPuwem(T)
Since Py Ewy = Py, it is enough to check this identity for 7 a codominant path
(or for a dominant path using £y, Puw, = Ewy)-

LEMMA 4.4. Let 7 be a codominant path, letw € W and o be such that I(sqw) >
l(w), then Py is a-codominant.

Proof. First we check the result for dihedral groups. With the notations of 2.4,
let m be a a- and (-codominant path, and let n be such that p > cos =, then one
has oV (7(T)) < aV(w(t)) and BY(x(T)) < BV(n(t)) for all t < T. It follows that in
the computation of PgPaPp ... n(T') using formula (2.4) the infimum is obtained

—_——

n terms
for so = s1 = ... =T, therefore (assuming n odd for definiteness)

Y(PsPaPp...n(T)) =

aV(W(T))+2p[ﬂV( (1)) + Tu(p)a (n(T)) + +Tn 1(p)ﬁv(7r(T)))}
—2[a"(m(T)) + Ta(p)BY (w(T)) + .. + Tu—a(p )ﬂv 7)))]
=Tn-1(p)a” (m(T)) + Tn(p) B (n(T ))

where we have used the recursion relation of the Tj. On the other hand, for t <T
one has

a’(PgPaPp...7(t)) =’ ((t)) +
2, il [0 (x(s0) + Ti(p)a (m(51) + . Ta-1(p)B” (m(sn-1)]
2l Y (rlse)) + Ta(0)8" (r(s0) + - T a(0) (n(s0-2)]
In this expression let us replace, inside the infy>s >s,>.. >s, ;>0 €ach 2pTx(p) by
Tr—1(p) + Tk+1(p). We obtain
O 208" (7(s0)) + (To(p) + Ta(p))a” (7(s1)) + - .

(T 2(p) + Tl (x50 1))] >
inf [2p8" (7 (s0)) + Ta(p)a” (w(s1)) + ...

t>50>81>...28,-12>0
t2u1>...2Un 120

+T0(p)B" (7(sn-1)) + To(p)a* (m(u1)) + ... + To2(p) 8" (m(un—1)] =
inf 208" (m(s0)) + Ta(p)a” (m(s1)) + ... + Tu(p) 8" (m(sn-1))] +

t>50>...25n-120

it [aY(n(s0) + Ti(p)B" (w(s1)) + ... Tuoa(p)B” (m(50-2))]

t>502...25n-220

«

Furthermore
a¥(m(t)) +
tzsgzgfmlzo[2pﬁv(7f($o)) + Ta(p)a’ (w(s1)) + ...+ Tu(p)BY (n(5n-1)] >
inf  [aY(n(s0)) + T1(p)BY ((51)) + - + Tus(p)B" (n(s502)]

t>502...28n-220

+T-1(p)a” (n(T)) + Tu(p) 8" (n(T))
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Putting everything together we obtain

' (PsgPuPs...7(t)) > o' (PsPaPs...7(T))
and PgP.Pp ... m is a~codominant. The case of n even is similar. This proves the
claim for dihedral groups.

Consider now a general Coxeter system. We do the proof by induction on I(w).
The claim is true if [(w) = 0. If it is true for some w, let sg € S be such that
l(spw) > l(w). Let now « be such that [(sqspw) > l(sgw) > [(w). Let n be the
order of s,s3, and

W= SqW] = SaS83W2 = SaS3SqW3 = ... = Sa53 ... Wk.
where k is the smallest integer such that
lw) >l(wi) >...>UHwk) and  I(sqwg) > H(wk), l(sgw) > I(wy).

Since I(sqspw) = l(wg) + k + 2 one has k +2 < n. By induction hypothesis,
Pu, (m) is both a and  codominant. Then it follows from the dihedral case that
Ps;Pw = PsgPum = PsPaPs ... Py, is a-codominant.

LEMMA 4.5. Let w be a codominant path and w € W, then Py,7 is the unique
path n such that E,-1n =, and w(r(T)) = n(T).

The proof is by induction on I(w), using the preceding lemma. Let [(s,w) =
l(w) 4+ 1, then P,7 is a-codominant, therefore P,P,,m is the unique path 7 such
that E,n = Py, and 9(T") = sq Py (T). O

Proposition 4.3 is the special case w = wq in the last lemma.
LEMMA 4.6. (—w0)Puw, = Puw,(—wo)-

Proof. If « is a simple root, then & = —wga is also a simple root and &v =
—aVwp. It follows easily that (—wg)Pu(—wo) = Pa.-

If wg = a1 - - o is a reduced expression we thus have

Pug (—wo) = Pay -+ Pa, (—wo) = (—wo)Pa, - -+ Pa, = (—wo)Pu,

since wg = Q1 -+ - - Q. &

THEOREM 4.7. The transformation I = Py, (—wo)k has the following proper-
ties:

(i) I? = Puy;

(ii) The restriction of I to dominant paths is an involution;

(111) IPy, = I;

(iv) (Duality relation) For all paths 7, one has

Im(T) = Pu,m(T);

in particular, one has Im(T) = w(T) when 7 is dominant.

Proof. By Lemma 4.6,
I? = Pugk(—w0) Puy (—w00) K = Puvg 5Puwok = PuoEwo = Pue
this proves (i) and implies (ii) since Py,m = ® when 7 is dominant. This also give
Py =1"=1"I=1

since the image by I of any path is dominant. Finally I = Py, x(—wpo) = kEw, (—wo),
and Proposition 4.3 gives (iv).



20 PHILIPPE BIANE, PHILIPPE BOUGEROL, AND NEIL O’CONNELL

Property (i) will be important for the first proof of the Brownian motion
property.

4.4. Symmetry of a Littlewood-Richardson construction. The concate-
nation 71 of two paths 7 : [0,7] — V 1 :[0,7] — V is defined in Littelmann [22]
as the path mxn : [0,7] — V given by 7 xn(t) = 7(2t), when 0 < ¢t < T'/2 and
mxn(t) =n(T)+n2(t—T/2)) when T/2 <t <T.

LEMMA 4.8. For all w € W one has Py(m *n) = Py(m) x 1, where Py, (1) =
Puo (n)-

Proof. One uses induction on the length I(w) of w. When I(w) = 1 it is easy
to see that Py, (mxn) = Py (7) xn’ where Py (1) = Puw(n'). Since Py Puw = Pu, the
claim is thus true in this case. Suppose that it holds for elements of length n. Let
w = w1 s where l(w) =n+ 1,{(w1) = n, then one has

Pus (7 5 10) = Puy Ps (7 5 1) = Puy (Ps(m) % 1)
where P10 = Puyn. Now by induction hypothesis
Py (Ps(m) + 1) = (Pu, Ps) () + 1"
where Py,,n" = Pu,n’, and therefore Py, 1" = Py, 1. &

In the case of Weyl groups, Littelmann has given the following analogue of the
Littlewood-Richardson construction: Let 7 and 7 be two integral dominant paths
defined on [0, T, then the set

LR(m,n) = {m* u|p € By, * p is dominant}

gives a parametrization of the decomposition into irreducible representations of
the tensor product of the representations with highest weights 7(T') and n(T).
By Theorem 4.7 (i), one has I(n)(T) = n(T) and I(n)(T) = =(T), therefore
LR(I(n),I(m)) gives a parametrization of the decomposition of the tensor product
of the representations with highest weights n(T") and «(T).

PROPOSITION 4.9. The map I : LR(m,n)) — LR(I(n),I(w)) is a bijective
involution, which preserves the end points.

Proof. Let m* p € LR(w,n). By Lemma 4.8 there is a path £ such that

I(mxps) = Pug (K(=wo) (mxp1)) = Puyy (K(—wo) () +#(=w0 ) (1)) = Pug (K(—wo) (1)) %€

and Py, & = Py, (k(—wo) (7)) = I(m). By (%) of Theorem 4.7, one has I(u) = I(n)
thus I(m*n) € LR(I(n),I(7)). One checks easily that I preserves integrality, and
the other properties follow from Theorem 4.7. &

4.5. Connection with the Schiitzenberger involution. In the case of
a Weyl group of type A4—;1 the transform P,, is connected with the Robinson,
Schensted and Knuth (RSK) correspondence : Let us consider a word vyvs - - - vy,
written with the alphabet {1,2,---,d}. Let (P(n),Q(n)) be the pair of tableaux
associated with this word by RSK with column insertion (see, e.g., [14]). Let
a={(z1, - ,z4) € RY 2?21 x; = 0} and let (e;) be the image in a of the canon-
ical basis of R, We identify v; with the path 7; : t + te,,0 <t < 1, and we
consider the path m =y 72 -+ % n,. Then P, 7 is the path obtained by taking
the successive shapes of Q(1),Q(2),--,Q(n) (see Littelmann [22],[24], or [25] for
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a connection with queuing theory). Let us consider the pair (P(n),Q(n)) asso-
ciated by the RSK algorithm to the word v} --- v} where v* = d +1 —v. The
Schiitzenberger involution is the map which associates the tableau Q(n) to the
tableau Q(n) (see [13], [14], [21]). The path associated with the word v} - -- v} is
I(m). Thus I is a generalization of this involution. Note that I makes sense not
only for Weyl groups, but for any finite Coxeter group.

5. Representation of Brownian motion in a Weyl chamber

5.1. Brownian motion in a Weyl chamber. In this section we recall some
basic facts about Brownian motion in Weyl chambers.

We consider a Coxeter system (W, S) generated by a set S of reflections of
an euclidean space V' and we assume that W is finite. We shall denote by C the
interior of a fundamental domain for the action of W on V' (a Weyl chamber), and
by C its closure.

If W is the Weyl group of a complex semi-simple Lie algebra g, with compact
form gg, then V is identified with a*, the dual space of the Lie algebra of a maximal
torus 7', and the Weyl chamber C' = @’ can be identified with the orbit space of
gr under the coadjoint action of the simply connected compact group K with Lie
algebra gg (up to some identification of the walls). Let Z be a Brownian motion
with values in gg, whose covariance is the Killing form. It is well known that
the image of Z in the quotient space gi/K remains in the interior of the Weyl
chamber for all times ¢ > 0, even if the starting point is inside some wall. Since
the transition probabilities of Z are invariant under the coadjoint action it follows
that this image, under the quotient map, is a Markov process on C. A description
of this Markov process can be done in terms of Doob’s conditionning, namely the
process is obtained from a Brownian motion X on V = a*, killed at the boundary
of the Weyl chamber, by means of a Doob transform with respect to the function

h(v) = H a’(v), vev,
a€ERt
(where RT is the set of positive roots) which is the unique, up to a scaling factor,
positive harmonic function on C' which vanishes on the boundary (see [6]). Recall
that, by the reflection principle, the transition probabilities for the Brownian motion
killed at the boundary of the Weyl chamber are

(5.1) p(a,y)dy = > e(w)pi(, wy)dy, ,y € C,

weWw
where p;(x,y)dy are the transition probabilities for Brownian motion X, given by
the Gaussian kernel on a* whose covariance is that of the Brownian motion. Thus
the probability transitions for the Doob’s process are

(5.2) g (0, y)dy = % > e(w)pi(w, wy)dy
weWw

for z € C. These probability transitions can be continued by continuity to = € C',
in particular to x = 0.

For a general finite Coxeter group, formula (5.1) still gives the probability
transitions of Brownian motion killed at the boundary of the Weyl chamber. Let
h be the product of the positive coroots, defined as the linear forms corresponding
to the hyperplanes of the reflections in the group W, taking the signs so that they
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are positive inside the Weyl chamber, then the function h is still the only (up to
a multiplicative constant) positive harmonic function vanishing on the boundary,
and the equation (5.2) defines the semi-group of what we call the Brownian motion
in the fundamental chamber C of V.

We shall prove that the Pitman operator P, applied to Brownian motion in
V yields a Brownian motion in the Weyl chamber. We shall give two very different
proofs of this. The first one uses in an essential way the duality relation of Propo-
sition 4.3 and a classical result in queuing theory. The second one uses a random
walk approximation and relies on Littelmann theory and Weyl’s character formula.
It is valid only for Weyl groups. We have chosen to present this second proof be-
cause it emphazises the close connection between Brownian paths and Littelmann
paths.

5.2. Brownian motion with a drift. We now consider a Brownian motion
in V with invariant covariance, but with a drift £ € C. Its transition probabilities
are now

_ oy e
pre(®,y) = pe(z,y) exp((§,y — @) 5 t)

Actually the distribution of this Brownian motion on the o-field F; generated by
the coordinate functions X, s < ¢, on the canonical space, is absolutely continuous
with respect to the one of the centered Brownian motion, with density

2
exp((§, X — Xo) — @t)

Consider such a Brownian motion in V' with drift £, starting inside the chamber at
point z, and killed at the boundary of C'. The distribution of this process at time
t is therefore given by the density, for y € C,

Py (,y) exp((&,y — x) — H§2|| t) = Z e(w)pe(z, wy) exp({£,y — x) — ||§2|| £)
weWw
= 3 c(wpi(0,y — wa)exp((€,y — o) — |\g||2t)
wew 7 ’ 9

where we have used the invariance of p; under the Weyl group. We now integrate
this density over C, in order to get the probability that the exit time from C' is
larger than ¢. Denoting by T¢ this exit time, one has

P(Te>0)= Y ew) [ pl0.y=wa)expllén—a)

weWw

2

Since the drift £ is in the chamber, for large ¢ one has

2
/ exp((§,y — ) — @t
V\C

€11
-y
2

)dy — 0
therefore

/C pe(0, — wx) exp({€, y — ) )y —1o0 exp((€, w(z) — )

and

Jlim P(Tc > t) = P(Tc = 00) = > e(w) exp((§, w(x) — z))
weW
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We denote by he(x) this function. It follows that, conditionally on {T = oo}, the
Brownian motion with drift £, starting in C' and killed at the boundary of C, is a
Markov process with transition probabilities

iele9) = o) B el (e — )~ IS,

Observe that Zig‘;’; — Zggg as £ — 0. Standard arguments now show that as x — 0
and £ — 0 the distribution of this process approaches that of the Brownian motion
in the Weyl chamber, starting from 0.

Finally we can rephrase this in the following way.

LEMMA 5.1. The distribution of the Brownian motion with o drift £ € C,
started at 0 and conditioned to stay forever in the cone C' — x (where x € C)
converges towards the distribution of the Brownian motion in the Weyl chamber
when x,& — 0.

5.3. Some further path transformations. Let wg = s;...5s, be a reduced
decomposition and write o; = a,,. Let : [0,7] — V be a path with 1(0) = 0.
Recall that 7 is dominant if n(t) € C for all t <T. Set ny =n and, for j =1,...,q,

nj—1="Ps; ... Ps,Nq, T = —Oi?iTa}/(nj(t)).

Then
q
Puo(T) =n(T) + > _ i
j=1

and 7 is dominant if, and only if, z; = 0 for all j < ¢g. We now introduce some new
path transformations and give an alternative characterisation of dominant paths.

Let w € W be a reflection, i.e. w is conjugate to some element in S. We choose
a non zero element a of V' such that wa = —a, then w is the reflection s, given by
(2.1) where oV (v) = 2(a,v)/(a, ). As in [18] we call « a positive root when oV
is positive on the Weyl chamber C| it is a simple root when s, € S. Observe that
one has P, = Py, for all positive roots (the left hand side is defined by Definition
2.1, and the second by Matsumoto’s lemma, since s, € W).

Let 3 be a positive root, and sg the associated reflection. For any positive root
«, one has

Sg Pa s = Psﬁ(a).

Consider the transformation Qg = Pg sg. One has

Qpn(t) = spn(t) + S BY(n(s)) B-

Furthermore if wg = s1 ... s, is a reduced decomposition (s; € 5), then
Qwo = Pwo Wy = le Qﬁq

where 61 = 1 and ﬁj =81...8j-10C;5.

Now define transformations D, = $4,E4 = ¢ Qu t, where t = —k. One has
_ : v _ . v
(5.3) Dan(t) = n(t) + U (n(u) —n(t))ex ool o (n(u))a.
Set

Dwg :D51 -'-Dﬁq Z’LU()c(:u,0 = LQwOL
and note that Dy, = t Py, (—K) wo.
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For a path 7, set p, = n and , for j < g,

pi-1=Dg; Do, pg;  yy=— il 5 (p;(u)).

LEMMA 5.2. For all paths n one has
q
(5.4) Puotl(T) = n(T) + > y;3;.
j=1

In particular, n is dominant if, and only if, y; = 0 for all j < q.

Proof. By construction,

Duon(T) =0(T) + > y;B;.
=1

Since Dy,n(T) = Pun(T) by Proposition 4.3, this implies (5.4). The path 7 is
dominant if, and only if, P,,n(T) = n(T). By (5.4), this holds if, and only if,
> j y;B3; = 0 and, since the y; and 3; are all positive, this is equivalent to the
statement that y; = 0 for all j < gq. &

5.4. The representation theorem, first proof. The definitions of trans-
formations Py, Pug, Qa, Qu, extend naturally to paths 7 defined on R*. In this
section we will prove that, if X is a Brownian motion in V (started from the ori-
gin), then Q,, X is a Brownian motion in the fundamental chamber C. Since wq
leaves the distribution of Brownian motion invariant, this implies that P,,X is a
Brownian motion in C.

To prove this, we first extend the definition of the Dg. Let 8 be a positive root.
For paths 7 : [0, +00) — V with 7(0) = 0 and (7 (t)) — 400 as t — +oo for all
simple roots «, define

(5.5) Dyr(t) = m(t) + int 8 (r(s) = 7(1))8 — inf 5((s))5.

Now set Dy, = Dg, -+ Dpg, as before. Since Dy, does not depend on the chosen
reduced decomposition of wo we can also write Dy, = Dg, -+ Dg, .

LEMMA 5.3. If m is a dominant path, one has Qu, Dw, ™ = 7.

Proof. It is easy to see that for any positive root 5 and path £ : [0,00) — V
with £(0) = 0 and inf;>¢ 8Y(£(t)) = 0 we have Q3Dgl = €. Let ng = 7 and

nj =Dg, - Dym,  vj(t) :=— inf 5 (n;—1(u) = nj-1(1)).
Since 7 is dominant we have, by lemma 5.2 (with T — oo) that v;(0) = 0 for each
7 < q and hence
Quo Duwom=Qp,...93,Dp, ... Dp,m=1
as required. O

LEMMA 5.4. If X is a Brownian motion with drift in C, then D,,,X has the
same distribution as X and, moreover, is independent of the collection of random
variables {inf;>0 oY (X (t)), o simple root}.
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Proof. To prove this, we first need to extend the definitions of Dg and Qg to
paths 7 defined on R with 7(0) =0 and oV (7 (t)) — Fo00 as t — Foo for all simple
a. For t € R, set

Qpn(t) = sgm(t) +sup B (n(s)) B — sup B (w(s)) 3

s<t s<0
and define Dgm by (5.5) allowing ¢ € R. Then, if + denotes the involution
vm(t) = —m(—t)

one has Dg = 1 Qg and Dy, := Dg, -+ Dy, = 1t Qu, ¢ as before. Note that Dy,
does not depend on the particular reduced decomposition of wg, and also that
Da(n(t),t > 0) = (Dgm(t),t > 0) and Dy, (7(t),t > 0) = (Dy,m(t),t > 0). We will
use the following auxillary lemma.

LEMMA 5.5. Let m: R — V with 7(0) = 0, and a(w(t)) — £oo ast — £oo for
all simple roots . Then, for all t € R,

— inf 8“(x(u) — (1)) = — inf 5 (Dy (u) — Dy (1),

Proof. This can be checked directly, or deduced from (2.2). O

Introduce a Brownian motion Y indexed by R such that X = (Y (¢),t > 0) and
(.Y (t),t > 0) is an independent copy of X. For any positive root (3, the distribution
of DgY is the same as that of Y. This is a one-dimensional statement which can be
checked directly, or can be seen as a consequence of the classical output theorem on
the M/M/1 queue (see, for example, [26]). In particular, the distribution of DgX
is the same as that of X. It follows that D,,, Y has the same distribution as Y, and
Duw,X has the same distribution as X. Let Yy =Y and

Y; =Dy, DpY, Vi) = — inf B (Vi 1(u) = Y5 a(0)).

Note that Y; = Dy, Y and recall that, for ¢ > 0, Dy, Y (t) = Dy, X (t). By Lemma
5.5 one has

Vo(t) = —inf B} (Yy(s) — Yq(t))

s<t

Yo1(t) = Yo () + (Ve (1) = V4(0)) 54

and by induction on k,

Vi rl(t) = = inf 5 (Vy-1(s) = Yy 4(1))

Yok-1(t) = Yoi () + (Va-r(t) = Vo1 (0)) By
It follows that the (V;(¢),t < 0) are measurable with respect to the o-field generated
by (Duw,Y (s),s < 0). In particular, the random variable V1 (0) = infy~¢ 8 (X (¢))
is measurable with respect to the o-field generated by (Dw,Y (s),s < 0). Now,
for each @ € S, there is a reduced decomposition of wg with 81 = «, so we see
that the random variables {inf;>¢a" (X (t)), « simple} are all measurable with
respect to the o-field generated by (D, Y (s), s < 0), and therefore independent of
(DY (), s > 0), as required. O

THEOREM 5.6. Let X be a Brownian motion in V. Then Py, X is a Brownian
motion in C.
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Proof. Let z,& € C' and let X be a Brownian motion with drift £&. The event
‘X remains in the cone C' — z for all times’ can be expressed in terms of the vari-
ables {inf;>¢a¥ (X (t)), « simple root} therefore, by lemma 5.4, it is independent
of (DyyX(t),t > 0). Thus, if R has the same distribution as that of X condi-
tioned on this event, then D, R has the same distribution as X. Now we can
let z,& — 0 so that X is a Brownian motion with no drift and R is a Brownian
motion in C; by continuity, D,,, R has the same distribution as X. Now, by lemma
5.3 Qu,Duw, R = R almost surely. It follows that Q,,X, and hence P,,X, is a
Brownian motion in C, as required. &

5.5. Random walks and Markov chains on the weight lattice. We will
now present the second proof of the Brownian motion property. We assume that
W is the Weyl group of the semisimple Lie algebra g as in sections 3.1, 5.1, and
V = a*. As in section 5.1, let T' be a maximal torus of the compact group K, the
simply connected compact group with Lie algebra gr, a compact form of g. Let
w € P, be a nonzero dominant weight and let x,, be the character of the associated
highest weight module. As a function on T this is the Fourier transform of the
positive measure R,, on P, which puts a weight m,; on a weight y where m{; is the
multiplicity of p in the module with highest weight w. In other words

Xw = Z mﬁe(ﬂ)

HEPy
where e(u)(f) = €279} is the character on T. We can divide this measure R,, by
dimw to get a probability measure
1

Vo = 72
dim w

Consider the random walk (X,,n > 0), on the weight lattice, whose increments
are distributed according to this probability measure, started at zero. Thus the
transition probabilities of this random walk are given by

w
m>\7M

Po(p A) = dimw’

Donsker’s theorem and invariance of m“ under the Weyl group implies

. X
THEOREM 5.7. The stochastic process \}Nﬁt] converges, as N — oo, to a Brow-

nian motion on a* with correlation invariant under W .

Let us define a probability transition function g, on P4 by the formula

X Xw X\
/= A .
dim g dim w Z (1t )dim)\
AEPy
A .
Thus g, (1, A) is equal to % where Mf)‘ ., 1s the multiplicity of the module

with highest weight A\ in the decomposition of the tensor product of the modules
with highest weights w and p, see, e.g. [11],[5].

LEMMA 5.8. One has

> e(w)pu (i + p,w(A+ p)).
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Proof. Let dk be the normalized Haar measure on K. By the orthogonality
relations for characters, one has

M2 = [ k) ()
therefore

3 = Mo dimA dim A (k) (k) o () e
G, A) = dlmwdlm,u dim g dim w /KXA( )X“( )X (k)

Now we can use the Weyl integration formula as well as Weyl’s character formula
to rewrite the formula as an integral over T', the maximal torus of K. Thus

o) = g [T c(un)etwaelnChF AIO)e(uwa(i)) O (0)d0

dim g dimw
wi,wae €W

where e(7)(#) = e*77% and p is half the sum of positive weights. Now using the
invariance of x,, under the Weyl group we can rewrite this as

dim A
W) = g | 3 Attt )OO
dim A
= dim#wgvawp, wA+p)).

¢

From (5.2), Theorem 5.7, Lemma 5.8, and standard arguments, we deduce

PROPOSITION 5.9. Let Y be a Markov chain on Py started at 0, with transi-

tion probabilities q,(p, \), then % converges in distribution, as N — oo to a

Brownian motion in the Weyl chamber C.

5.6. Pitman operators and the Markov chain on the weight lattice.
We choose a nonzero dominant weight w, and a dominant path 7 defined on
[0,1] with 7%(1) = w. Let Bn“ be the set of paths in the Littelmann module
generated by 7¢. We now construct a stochastic process with values in P. Choose
independent random paths (7, € Br“,n = 1,2,...), each with uniform distribution
on Bn¥, and define the stochastic process Z as the random path obtained by the
usual concatenations 1y % 72 % - -+ of the n;;4 = 1,2,.... In other words, one has
Zt)=m1)+n2(1) + ...+ n—1(1) + nn(t — n) if t € [n,n + 1]. Beware that this
concatenation does not coincide with Littelmann’s definition, recalled in section
(4.4), since we do not rescale the time. Littelmann’s theory then implies that 7, (1)
is a random weight in P with distribution v, and (Z(n),n = 0,1,...) is the random
walk in a* with this distribution of increments.

THEOREM 5.10. The stochastic process (Py,Z(n),n = 0,1,...) is a Markov
chain on Py, with probability transitions q.,.

Proof. First note that the set of paths of the form 7y x 7y % ... % 1, where
7; € Bm¥ is stable under Littelmann operators, by [22], therefore by (2.3) it is
also stable under Pitman transformations. Consider a dominant path of the form
V1% Y2 % ...k Y, with all 4y € Br*. We shall compute the conditional probability
distribution of Py, Z(n + 1) knowing that Py, Z(t) = v1 * y2 * ... x y,(t) for t < n.
Let 4 = 71 *y2 % ... % v,(1). By Corollary 2.10 the set of all paths of the form
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M % M2 * ...k Ny such that Py (N1 *n2 % ... % 1p) = 71 % ¥2 * ... % 7, coincides with
the Littelmann module B(y; * v2 * ... * 7,). Now consider a path 7,41 € Bm and
the concatenation 7y * g * ... % My, * Npp1, then Py, (1 kn2 % ... % 0y k 1py1) will be
the dominant path in the Littelmann module generated by 71 % 12 % ... %9y * Qpi1.
By Littelmann’s version of the Littlewood-Richardson rule (section 10 in [22]), the
number of pairs of paths (91 * 12 % ... % 7, Ppt1) such that Py (m xn2 ... x1,) =
Y1 kY2 x ..k Yy and Py (1 km2 % ... % 0y * pt1)(1) = A is equal to the dimension
of the isotypic component of type A in the module which is the tensor product of
the highest weight modules @ and w, in particular this depends only on u, and is
equal to M37Mdim A. Since the total number of pairs (11 % 72 % ... % 9y, Npy1) With
Puo (M1 %Mk ... Mp) = Y1 % Y2 *. .. %7y, is dim pdimw, we see that the conditional
N g
probability we seek is dl\i/lwﬂ (14, A). This proves the claim. O

mwdim p = Qu

5.7. Second proof of the representation theorem for Weyl groups.
Putting together Proposition 5.9 and Theorem 5.10 we get another proof of The-
Z([Nt])

orem 5.6. Indeed, by Donsker’s theorem, the process N gives as limit the

Brownian motion in a*. The process (Py,Z(n),n > 0) is distributed as the Markov
process of Proposition 5.9, by Theorem 5.10. Applying the scaling of Proposition
5.9 to the stochastic process (P, Z(t),t > 0) yields for limit process the Brownian
motion on the Weyl chamber. Since P, is a continuous map, which commutes with
scaling we get the proof of Theorem 5.6, when W is the Weyl group of a complex
semisimple Lie algebra. &

5.8. A remark on the Duistermaat-Heckman measure. The distribu-
tion of the path ¢ € [0,n] — Z(t) is uniform on the set

B(ﬂ_w)*n — {771 XM k- kNN € B7Tw},

Therefore, for any path n € B(n*)*", the distribution of (Z(s))o<s<n condition-
ally on {Py,Z(s) =n(s),0 < s < n}, is uniform on the set {y € B(7¥)*"; Pyyy =
n}. It thus follows from Littelmann theory [22] that the conditional distribution
of the terminal value Z, is the probability measure v,. It has been proved by
Heckman [17] (see also [16], [10]) that if 7. — oo in a’ and ey, — v then D.v,,
converges to the so called Duistermaat-Heckman measure associated to v, i.e. the
projection of the normalized measure on the coadjoint orbit of K through v, by the
orthogonal projection on a*. This follows from Kirillov’s character formula for K.
From the preceding section we deduce that if X is the Brownian motion on a*, then
the law of X (T") conditionally on P,,X =+ on [0, 7] is the Duistermaat-Heckman
measure associated with (7).

6. Appendix. Proof of Proposition 2.2 (iv)

Let n be a path. Defining @ = Pon, © = —infr>i>0a”(n(t)), and to =
sup{t|aV(n(t)) = —z}, we shall check that equation 2.2 is valid.
If t > o then one has info<s<; a¥(n(s)) = —x therefore
a’(m(t)) a’(n(t) + 2z
= z+(a’(n(t) +2)
> T
for all ¢ > to. It follows that inf (x,infr> > ¥ (7(s))) = « for t > ty. Formula 2.2
follows for ¢t > t.
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If t < to, let u = inf{s > t|a¥(n(s)) = info<p<s ¥ (n(v))}. Then t < u < t.

One has

a’(n(w) = a’(n(u) =2 inf a¥(y(v))

0<v<u
= —a’(n(u))

which implies that infrs,>: @V (m(v)) < —info<y<t @ (n(v))} < z. On the other
hand, for v > t one has

v _ Vv _ o v
a'(m(v)) = a¥(ne) ~2 it a”(n(s)

> v o v o v

= (a7(n(w)) = Inf a”(n(s))) — Inf a”(n(s))

> — v

= nf a¥(n(s)
therefore infr>,>t @ (m(v)) = —info<s<¢ ¥ (n(s)) and Formula 2.2 for ¢ < ¢ fol-
lows. The existence and uniqueness in Proposition 2.2 follows. &
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