PAC-BAYESIAN LEARNING BOUNDS
OLIVIER CATONI

September 15, 2011

SUPERVISED LEARNING THROUGH STATISTICAL INFERENCE

In this setting, we are given a large set of input-output data wy, ..., wy € W.
Our goal is to optimize some processing of these data. The changes we are ready
to make to this processing is described by a set of tunable parameters § € ©. The
quality of the processing is described by some loss function L(w,f) € R. Our
goal is to minimize

1 N
=1

with respect to 6 € ©.

As we assume that NV is potentially very large, we will draw at random some
independent identically distributed sample (W7, ..., W,,) according to the uni-
form distribution on {wy, ..., wx}, where the size n of the statistical sample
corresponds to the amount of computations we are ready to make. This sample
will be used to choose the parameters.

Although in this scenario the marginal sample distribution is the atomic mea-

sure
1 N
¥ 2 0w
=1

we will in the following deal with arbitrary i.i.d. sample distributions P € M (W) ,
where W is assumed to be some arbitrary measurable space.
In this slightly more general setting, our goal is now to estimate

o(P) € argropelél/[/(ﬂ/, ) dPp,

where we assume that this is meaningful. For instance, we may consider some
probability measure 7 € M (©), where © is a measurable space equipped with
some o-algebra and assume that (w,6) — L(w,0) : W x © — R belongs to
L, (W x ©,P ® 7) and is such that infseq [ L(w, 0)dP(w) > —oc. The fact that
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the minimum is reached and that §(IP) is uniquely defined is not crucial, since we
will only be able to work out some approximation of it. R
From a technical perspective, we will look for some estimator 6 : W* — ©

~

such that (W7, ..., W,,) is an approximate minimizer in the sens that

oWy, .. W) & /L[wﬁ(wl,...,wn)] dP(w) — inf /L(w,e) dP(w)

0cO

is ““ as small as possible ” (in some sense to be made more precise in the follow-
ing).

EXAMPLES.

1. Supervised binary classification : w = (x,y) € W = X x Y, where Y =
{-1,+1},© c Y* and L(w,#) = 1]y # 0(x)] is the classification error;

2. Least square linear regression : w = (z,y) € W= R¢ x R, © C RY, and
L(w,8) = (y — (b, x>)2 is the quadratic risk;

3. Density estimation : W is arbitrary, © C {§ € ML (W); 6 < 7}, where

7 € MY (W) is some reference measure, and L(w, ) = — log [d—(w)l .In
T
the case when P < 7, R R
((0) =%(P,0),

where the Kullback Leibler divergence, also called relative entropy, is de-

fined as P

400, otherwise,

for any probability measures P, Q € M (W).
A FEW NOTATIONS. Let IP be the empirical measure, defined as

I [

We will use the following short notation of integrals :

FB.p.7) = [ £w,6.6)dP(w) dp(6) dn(), 0
so that for instance

L(P, p) /L(w,e) AP (w) dp(0).

SEPTEMBER 15, 2011 OLIVIER CATONI



1. THE PAC-BAYES APPROACH PART I : CLASSIFICATION

In this section, we will derive margin bounds for linear classification in high
dimension and its applications to kernel methods. PAC-Bayes theory was first
developed in the framework of supervised classification (see [11, 12, 13, 14, 10]).
We start with this simpler setting, and will show in the next section how to deal
with more general loss functions.

1.1. A PAC-BAYES BOUND FOR 0-1 LOSS FUNCTIONS. Let us assume that
L(w,0) € {0,1}. Given some parameter A € R, let us consider the (normalized)
log-Laplace transform of the Bernoulli distribution :

o 1
o, (p) & 3 log[1 — p+ pexp(—\)].

Let us also consider the Kullback-Leibler divergence of Bernoulli distributions

K(q,p) = qlog (%) +(1—q)log G_%) :

Let us recall first Chernoff’s bound.

PROPOSITION 1.1 For any fixed value of the parameter 0 € O, the identity

/ exp[~AL(P, 0)] dP®" = exp{ -X, [L(P, 0)] |
shows that with probability at least 1 — ¢,
L(P.0) < B [L(P,0),log(e™")/n],
4]
— -1 e
where B.(q,0) = Ag%&i 2N (q + >\>
—sup{p€[0,1] : K(g.p) <6}, q€[0,1], IRy,
Moreover
—0q < B1(q,0) — ¢ — v/25q(1 — q) < 20(1 — q).
In the same way, the identity
/ exp[AL(P, 0)] dP®" = eXp{ACD_,\ [L(P, e)}}
shows that with probability at least 1 — €

L(P,0) < B_[L(PP,6),log(c")/n],
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1.1 A PAC-BAYES BOUND FOR 0-1 LOSS FUNCTIONS 4

) 1)
where  B_(q,0) = /\lerllg+ P_x(q) + N

= SUP{p €[0,1] : K(p,q) < 5}, q€1[0,1], 6 € Ry,
and
—0¢ < B_(q,0) —q— /20q(1 — q) < 25(1 — q).
Let us mention here some important identity.
PROPOSITION 1.2 For any probability measures m and p on some measurable

space, such that KX(p, ) < oo, and any bounded measurable function h, let us
define the transformed probability measure Tey,n) < T by its density

AT exp(h) _ exp(h)
dm 7

where Z = [ exp(h) dn. Let us moreover define

Var(hdr) = [(h— [hdr)’dn.

The expectations with respect to p and 7 of h and the log-Laplace transform of h
are linked by the identities

Jhdp —K(p,7) + K(p, Texp(ny) = log| [ exp(h) dr] 2)
= [hdm + fo (1 — @) Var [h dftexp(an) | da. 3)

PROOF. The first identity is a straightforward consequence of the definitions of
Texp(h) and of the Kullback-Leibler divergence function. The second one is the
Taylor expansion of order one with integral remainder of the function

f(a) =log| [ exp(ah)dn],
which says that f(1) = f(0) + f(0 —i—fo a)f"(a)da. O

Exercise 1 Prove that f € C*. Hint : write

+00
exp(ah) =1 +/ 1(y < a)hexp(yh) dy
0

and use Fubini’s theorem to show that o — [ exp(ah) dm belongs to C'.

Let us come now to the proof of Proposition 1.1 (page 3). Chernoff’s inequal-
ity reads

B, [L(P,6)] logyie—l

)

where the inequality holds with probability at least 1 —e. Since the left-hand side is
non-random, it can be optimized in \, giving L(IP, §) < B, [L(P,6),log(e™")/n].
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1.1 A PAC-BAYES BOUND FOR 0-1 LOSS FUNCTIONS 5

Exercise 2 Prove more precisely that

log(e™1)
nA

is reached when L(P,0) < 1. When L(P,0) = 1, L(P, ) = 1 almost surely, and
the result is trivial, since By (1,0) = 1 forany ¢ € R,.

arg max @, [L(P,0)] —

Since

. _ ) . 1—exp(=Aqg—9)
lim &;! —1=1 <1
A—E{loo A (q * )\) A—E{loo 1— exp(—)\) -

Applying equation (2, page 4) to Bernoulli distributions gives

APx(p) = Mg+ K(q,p) — K(q,p»)

where
p

p+ (1 —p)exp(A)

P =
This shows that
1)
Bi(q,0) = Sup{p €01 : ®alp) <g++, A€ R+}
= Sup{p € g, 1[: K(g,p) <5+ K(q,pr), X € R+}
= sup{p € g, 1[: K(g,p) < 5}
—sup{p€[0.1] : K(g.p) <5},

¢'—1

pt—1

because when ¢ < p < 1 then A = log( ) € R, ¢ = p, and therefore

K(Qap)\) = 0. 5
0
Let us remark now that mK(m,p) =2 (1 —2)"" Thusifp > q > 1/2,
x
then

(p—q)?
K(q,p) > my

so that if K'(¢,p) < 4, then
p < q+/26q(1—q).
Now if ¢ < 1/2 and p > ¢ then
(» —q)?
S~ p<1/2 —q)?
K(q,p) > { 2p(1 —p) / 2%7
20p—q)? p>1/2
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1.1 A PAC-BAYES BOUND FOR 0-1 LOSS FUNCTIONS 6

so that if K (¢, p) < 4, then
(p—q)* < 20p(1 —q),
implying that

p—q<0(1—q)+/25q(1 - q) +0*(1 — q)* < v/26¢(1 — q) +20(1 — q).
On the other hand,

(r—a)? (b —a)’
K(a,p) = 2min{q(1 —¢q),p(1 —p)} = 24(1 = p)’

thus when K (¢, p) = § with p > ¢, then

(p—q)* > 20q(1 — p),
implying that
p—q>—6q+/25q(1 — q) + 62¢*> > \/20¢(1 — q) — 5q.

Exercise 3 The second part of Proposition 1.1 (page 3) is proved in the same way
and left as an exercise.

We are now going to make Proposition 1.1 uniform with respect to 6. The
PAC-Bayes approach to this is to randomize 6, so we will consider now joint dis-
tributions on (W7, ..., W,,, #), where the distribution of (W75, ..., W,,) is still P®"
and the conditional distribution of # given the sample is given by some transition
probability kernel p : W" — M’ (©), called in this context a posterior distri-
bution*. This posterior distribution p will be compared with a prior (meaning
non-random) probability measure 7 € M’ (O).

PROPOSITION 1.3 Let us introduce the notation
Ba(g,6) = inf &} +§
MG = EN Iy )
For any prior probability measure 1 € M () and any A € Ry,

/exp{ sup nA{% [L(P, p)] — L(P, p)} — X(p, 7?)] apPe" <1, 4

peM} (©)

*We will assume that p is a regular conditional probability kernel, meaning that for any mea-
surable set A the map (wq, ..., wy) — p(wy, ..., w,)(A) is assumed to be measurable. We will
also assume that the o-algebra we consider on O is generated by a countable family of subsets.
See [6, page 50] for more details
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1.1 A PAC-BAYES BOUND FOR 0-1 LOSS FUNCTIONS 7

and therefore for any finite set A C R, with probability at least 1 — ¢, for any
p e ML(O),

L(P.5) < By (L@, g, Xlom) +log((M/) )

PROOF. The exponential moment inequality (4) is a consequence of equation (2,
page 4), showing that

exp{ sup nA/{@,\ [L(P,0)] — L(P, 9)}dp(9) — XK (p, 7'(')}

peEML (©)
< /exp [m{cm [L(P,0)] — L(P, 9)}} dn(0),

and of the fact that @, is convex, showing that @, [L(P, p)] < [ @\[L(P,6)] dp(0).
The deviation inequality follows as usual. []

We cannot take the infimum on A € R as in Proposition 1.1 (page 3), because
we can no more cast our deviation inequality in such a way that A appears on some
non-random side of the inequality. Nevertheless, we can get a more explicit bound
from some specific choice of the set A.

PROPOSITION 1.4 Let us define the least increasing upper bound of the variance
of a Bernoulli distribution of parameter p € [0,1] as

1- 9 S 1 2a
3(p) = pl=p), ps1/:
1/4, otherwise.

Let us choose some positive integer parameter m and let us put

1 n

b= Zlog(slog[(m+ 1)/4)'

With probability at least 1 — ¢, for any p € M (0),

L(P,p) < L(P, p) + B [L(P, p), K(p, 7). €],

where

B,, (q, e, e) = max{\/Qﬁ(q){e - log[(m il 1)/6]} cosh(t/m)

n
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1.1 A PAC-BAYES BOUND FOR 0-1 LOSS FUNCTIONS 8

2(1 = q){e+log[(m+1)/€]}

+ . cosh(t/m)?,
2{e+log[(m +1)/€|} }
. V/Q@Qﬁ{e—+log[0n~+])/e]}Codla/ﬂﬂ

N 2{6 + log[(nm + 1)/6]} cosh(t/m)?.

Moreover, as soon as n > 5,

N 2{6 + log[log(n)Q/e}}

n

Bliog(n)2)-1(q, €, €) < B(q, €, €) o \/QE(q){e + loglog(n)?/e] } cosh[log(n)™']

cosh [log(n)_lf, (5)
so that with probability at least 1 — €, for any p € M (0),
L(P, p) < L(P, p)

. J 20[L(P, p)] {fK(p, 7) + log [log(n)Q/e]}

n

cosh[log(n) "]

2{?((;), ) + log[log(n)?/e] }

+ - cosh [log(n)’lf.
PROOF. Let us put

q = L(F’ p)’
©_ K(pm) + log[(m + 1)/e]

— - 7

N 810g[(m+ 1)/6]
min — n )
A:{&jm,zauwm}
o

— — -1 _
p=Bala.0) = jnf a4+ 5.
~ 2

u(p)
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1.1 A PAC-BAYES BOUND FOR 0-1 LOSS FUNCTIONS 9

According to equation (3, page 4) applied to Bernoulli distributions, for any A\ €
A,
1

A
)
Bsp) =p—5 [ A= =pda <o 1

As moreover p, < p,

p—¢q< inf )\02(])) + ; = inf 1/207(p) cosh {log(%)].
€

A€A

AsT(p) <1/4and ¢ > log[(mn—i— 1/€] ,

/_2_5:/):2)\111111:\/810g[(m+1)/6}‘
v(p) n

Therefore either A\, < h) < 1, or X > 1. Let us consider these two cases
separately. R N

If Apin = min A < A < maxA = 1, then log () is at distance at most ¢/m
from some log()\) where A € A, because log(A) is a grid with constant steps of
size 2t /m. Thus

p—q < +/200(p) cosh(t/m).

If moreover ¢ < 1/2, then(p) < p(1—gq), so that we obtain a quadratic inequality
in p, whose solution is less than

p < q+ v/25q(1 — g) cosh(t/m) + 26(1 — q) cosh(t/m)Q.

If on the contrary ¢ > 1/2, then v(p) = v(q) = 1/4 and
p<q+ \/Wcosh(t/m),
so that in both cases
P —q < \/200(q) cosh(t/m) + 25(1 — q) cosh(t/m)Q. (6)
Let us consider now the case when A > 1. In this case
p—q < \/260(p) A = 20.

In conclusion, applying Proposition 1.3 (page 6) we see that with probability
at least 1 — ¢, for any posterior distribution p,

LP,p)<p<q+ max{%, v/200(q) cosh(t/m) + 26(1 — q) cosh(t/m)Q},
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1.2 LINEAR CLASSIFICATION AND SUPPORT VECTOR MACHINES 10

which is precisely the statement to be proved.
In the special case when m = |log(n)?] — 1 > log(n)? — 2,

t 1 n 1
m = 4[log(n)? — 2] log (810g [log(n)? — 1] ) < log(n)

as soon as the last inequality holds, that is as soon as n > exp(\/§) ~ 411 to
make log(n)? — 2 positive and

3log(n)? — 8 + log(n) log{8log [log(n)® — 1}} >0,

which holds true for any n > 5, as can be checked numerically. [J

1.2. LINEAR CLASSIFICATION AND SUPPORT VECTOR MACHINES. We are
going in this section to consider more specifically the case of linear binary classi-
fication. In this setting W = X x Y = R¢ x {—1,+1}, w = (2, y), where z € R?
andy € {—1,+1},© = R% and

L(w,0) = 1[(0, z)y < 0].

Although we will stick in this presentation to the case when X is a vector
space of finite dimension, the results also apply to support vector machines, where
the pattern space is some arbitrary space mapped to a Hilbert space J{ by some
implicit mapping ¥ : X — H, © = H and L(w,0) = 1({f, ¥(z))y < 0). It
turns out that classification algorithms do not need to manipulate J{ itself, but
only to compute scalar products of the form k(x1, z2) = (V(z1), U(z3)), defining
a symmetric positive kernel k£ on the original pattern space X. The converse is
also true, any positive symmetric kernel k can be represented as a scalar product
in some mapped Hilbert space (this is the Moore-Aronszajn theorem). Often used
kernels on R¢ are

k(z1,22) = (14 (21,22))", for which dim H < oo,
k(x1,9) = exp(—||lz1 — x5]|%), for which dim H = +o0.
In the following, we will work in R?, which covers only the case when dim JH <
o0, but extensions would be possible.
The loss function being homogeneous with respect to x and #, we may replace
x with x/||z||. Therefore, we will assume without loss of generality that ||z| = 1.

Let us consider, after [10, 13] as prior probability measure 7 the centered
Gaussian measure with covariance 37! Id, so that

dr . (5\" BleI®
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1.2 LINEAR CLASSIFICATION AND SUPPORT VECTOR MACHINES 11

Let us also consider the function

o(x) = \/%7 /;OO exp(—t*/2) dt, reR

. { 1 1} ( 12) cR
miny ——,-¢cexp|{ ——1], = .
= or 2 p 5 +

Let 7y be the measure 7 shifted by 6, defined by the identity

/h(e/) dme(8') = /h(9+6’) dm(6).
In this case 5
K(mo,) = 5101

and
L(w> 7T9) = [\/E<97 33):1/} .

Thus the randomized loss function has an explicit expression : randomization re-
places the indicator function of the negative real line by a smooth approximation.
As we are eventually interested in L(w, 6), we will shift things a little bit, consid-
ering along with the classification error function L some error with margin

M(w,0) = 1[0, z)y < 1].

Unlike L(w, ) which is independent of the norm of ¢, the margin error M (w, 0)
depends on ||f||, counting a classification error each time z is at distance less than
16|~ from the boundary {z’ : (#,z’) = 0}.

Let us compute the randomized margin error

M(w,m;) = @[\/E<<97x>y - 1)}

It satisfies the inequality

M(w,m9) > @(—V/B) L(w,0) = [1 —¢(\/B)] L(w,0).

Applying previous results and choosing some finite set of parameters A C R,
we obtain

PROPOSITION 1.5 With probability at least 1 — ¢, for any 6 € R¢,

L(P,6) < [1 — o(v/B)] " M(P,m) < Cy(6),

where

Ci(0) = [1—-o(v/B)]'B (M(F, W(,),%QHQ,G),

the bound B being defined by equation (5, page 8).
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1.2 LINEAR CLASSIFICATION AND SUPPORT VECTOR MACHINES 12

We can now minimize this empirical upper-bound to define an estimator. Let
us consider some estimator ¢ such that

o~

01(8) < inf Cl<9) —|—<

T heRd

Then for any fixed parameter 6,, C1(0) < C1(6,) + (. On the other hand, with
probability at least 1 — €

M(P,m,) < B_ (M(IP, o), log(el))'

n

Indeed
/exp{n)\ [M(P,7,) — ©_\[M(P,m,)] } dpen

< /exp{nA/{M(P, 0) — d_, [M(IP,H)} dm)*(e)} dP®" < 1,
because p — —®_,(p) is convex. As a consequence

PROPOSITION 1.6 With probability at least 1 — 2,

~

L(P,8) <
el*Iéf@[l - ¢(\/B)}lB<B— (M(IPJTGJ? log(;_ ))7 BHZ*H 7€> + g

It is also possible to state a result in terms of empirical margins. Indeed
M (w,m9) < M(w,0/2) + o(+/B).
Thus with probability at least 1 — ¢, for any § € R?,
L(P,0) < Co(0),

where
i) = [1- (V)] "B (M0 + o(v3). 2L ).

However, C; and (', are non-convex criterions, faster minimization algorithms are
available for the usual SVN loss function, for which it is also possible to derive
some generalization bound. Indeed

M(w, ) = [/B((0,2)y —1)] < (2 (0,2)y), +9(\/B).

Thus we also have, using this time Proposition 1.3 (page 6)

SEPTEMBER 15, 2011 OLIVIER CATONI



13

PROPOSITION 1.7 With probability at least 1 — ¢, for any 6 € R¢,

L(P.0) < [1 - o(v/F)] "' Ba ( [ 2= 6.00) .aBa.0) + V),

BHQHQ*-QIOg(MH/G))
2n

= DoV o[ +evB) + E )

where )
Bliell

C3(\,0) = /(2 — (9,x>y)+ dP(xz,y) + TR

The loss function C3(\, 6) is the most employed learning criterion for support
vector machines, and is called the box constraint. It is convex in 0. There are
fast algorithms to compute infy C'3(\, 6) for any fixed value of A\. Here we get an
empirical criterion which could be used to optimize also the value of \.

2. THE PAC-BAYES APPROACH PART II : ARBITRARY LOSS FUNCTIONS

2.1. ESTIMATE OF THE RISK AT SOME FIXED PARAMETER VALUE. Let us for
short define the risk as

R(0) = /L(w,@) dP(w).

We want to minimize R. In the classification section, we started with estimates
of R(0) for a given value of 6. This is not however always the most effective way
to handle the minimization of R. Estimating the variations of the criterion between
to parameter values may give faster convergence rates. This is what we are going
to explain here, before applying the results to the case of least square regression.
Let

L'(w,0,0) % L(w,0) — L(w, 0, 6.6 € O,

R(0,0) < R(6) — R(0)
= /L'(w,&,&’) dP(w), 6,0 € ©.

Let us first discuss the estimation of R'(6, ¢') for fixed values of ¢ and 6’. We
will derive some bounds of the Chernoff kind.

SEPTEMBER 15, 2011 OLIVIER CATONI



2.1 ESTIMATE OF THE RISK AT SOME FIXED PARAMETER VALUE 14

Let us consider the following piecewise €? influence function ¢ : R — R
satisfying the inequality

—log(l—x+x2/2) S@Z)($)§log(1+x+x2/2), r € R, (7)

and defined as

—log(2), x <1,
B 10g(1—|—w—|—x2/2), —1<z<0,
vle) = “log(1—z+2%/2), 0<x<1,
log(2), x> 1, r e R,

Let us remark that

1+x+22/2

—log(l—x+x2/2) :10g< =y

) <log(1l+z+2%/2),

showing that equation (7) holds. Let us consider for some parameter A € R’ the
empirical counterpart of R'(6,6') defined as

(0,0 = A—1/¢[AL’(w,9,9’)} dp.

Let us remark that it is antisymmetric : 7,(0,0') = —r,(6',0) for any 6,60" € ©.
The influence function %) is chosen in order to satisfy the following lemma.

LEMMA 2.1 Let us consider some fixed pair of parameters (0,0') € ©2. Let us
assume that w — L'(w,0,0") € Lyo(P). Forany A € R,

/exp [nAry (6, 60')] dP®"
)\2
< exp{ nlog [1 + AR'(0,0') + 5 / L'(w,0,0)? dIP(w)] :

COROLLARY 2.2 Under the same hypotheses, with probability at least 1 — e,

)\2

1 | .
r(0,0") < Xlog [1 + AR'(0,0") + ?/L/(M,Q,Q’)Q dIP(w)} L og(e™)

n
log(c ™)
n\

<R(,0)+ %/L’(w,&,e’)Qd]P +
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2.2 PAC-BAYES BOUNDS 15

Let us assume for simplicity that infgce R(f) is reached at 6,. Let us choose some
slope parameter a € R, and let us put

b= sup{/L’(w,@,H*)Qd]P(w) —aR'(6,0,); 0 € @},

so that
/L’(w, 0,0,)*dP(w) < aR'(6,6,) + b.

COROLLARY 2.3 Forany \ € Ry, any 6 € ©, with probability at least 1 — ¢,

b 1 -1
r(0,0,) + — + og(< )
R(0) - R(6,) < 2___nA
a\
1.4
2
b | -1
sup 7y (0,0") + bA + ogle”)
0'cO 2 n
= al
124
2

We would like to proceed by minimizing the right-hand side of this last inequal-
ity, something we are not allowed to do, because this “probably approximately
correct” inequality is not uniform with respect to 6 € ©.

2.2. PAC-BAYES BOUNDS. As in the classification case, the PAC-Bayes ap-
proach consists in considering randomized values of 6, possibly depending on the
sample (W1, ..., W,,), whose conditional distribution with respect to (W7, ..., W,,)
is described by a posterior distribution p : W" — M (©). As we may for com-
modity wish to randomize in a larger parameter set, let us introduce the target set
O, C O and let us assume that the infimum of the criterion is reached on this set,
so that we may consider 6, € arg ming, R.

LEMMA 2.4 Let m € M (©) be some prior probability measure.

/exp sup /{—nlog (1 — A\R'(0,0")
peM! (©)

+ % L'(w,@,@')Qd]P(w)> — nAri (6, 9’)] dp(6) dr (")

— X (p, w)} dPe" < 1. (8)
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2.2 PAC-BAYES BOUNDS 16

This lemma is a consequence of the following corollary of equation (2, page
4).

LEMMA 2.5 For any upper-bounded real valued measurable function h and any
probability measure T,

log( / exp(h) dw) ~ suwp / hdp — K (p, ). ©)

peM’ (©)

PROOF. When £ is upper-bounded, exp(h) is bounded and we can define Texp(h)
as in Proposition 1.2 (page 4). If X(p, 7) = +o0, then [ hdp — K(p,7) = —oc.
If on the other hand K (p, 7) < +00, log(42) € Li(p) and

fK(p, Wexp(h)) =XK(p,m) — /hdp — log (/ exp(h) dw). (10)

If [ hdp = —o0, then again [ hdp — K(p,7) = —oc, otherwise h € L;(p), and
the above equation shows that in this case

log(/exp(h) dw) > /hdp—fK(p, 7). (11)

In the case when p = ey,(), the left-hand side of equation (10) is null, so that
h € Li(p), and equation (10) shows that equality is reached in equation (11) when
P = Texp(h)- O
Let us now come to the proof of Lemma 2.4 (page 15). The left-hand side of
the inequality to be proved is well defined, if suitably interpreted. Indeed, even if
L'(-,0,0") ¢ Li(IP), we may still define by convention
2

_AR(0,0) + % / L (w, 0,0')2 dP(w)

as

/{—)\L’(w, 0.0) + %QL'(w,e,e')?} AP (w).

Indeed, we are now taking the expectation of a measurable function lower-bounded
by —1/2, which always makes sense in R U {4+00}. Making this interpretation,
we get that

2
—nlog (1 — AR'(9,0") + % /L'(w, 0,0") d]P(w)) —nAry(6,0)

takes its values in [—o0, 2nlog(2)], due to the fact that ¢ is upper bounded by
log(2). Thus we can define its generalized expectation, with values in RU{—o0},
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2.2 PAC-BAYES BOUNDS 17

with respect to any probability measure bearing on (6, ¢’). Thus the left-hand side
of equation (8) is well defined if we adopt these conventions, and according to
Lemma 2.5 (page 16), it is not greater than

2 —n
/<1 — A\R'(6,0") + %(L’)Q(]P, 9, 9’)) exp[—nAr}(0,6")]dr(0)dr(6")dPe".
According to Fubini’s theorem for positive functions, this is equal to
A2 -
/(1 —AR'(0,0") + 7(L’)2(IP, 0, 9’)) exp[—nAr}(6,6")]dP*"dr (0)dn(¢'),

which is in turn not greater than 1, since

—(z) < min{log(Z), — log(l —x+ x2/2) },

and therefore
n 2
exp[—nAry(0,0')] < Hmin{Q, <1 — AL (W;,6,0') + %L’(Wi, 0, 0’)2) }
=1

This ends the proof of Lemma 2.4 (page 15).

In order to go further while staying reasonably explicit, let us assume from
now on that © = R Let us consider some probability measure 7 € ML (Rd),
which we will choose below to be concentrated near the origin. Let my be the
shifted measure defined by the formula

/h(e/) dm(0') = /h(9+6’) dr ('),

for any bounded measurable function h. Let us consider as already explained,
some closed subparameter set O, C O, and 0, € arg r%in R, assuming for sim-

plicity that it exists.
Simplifying somehow the previous lemma gives

PROPOSITION 2.6 Let us assume that for any 0 € ©, L(-,0) € L;(P), so that
R(0) = L(P, 0) is well defined, and that 0, € arg H(})in R.

With probablity at least 1 — ¢, for any 6 € ©, as soon as
(L/)Q(IP, Ty, 7T9*> < 400,
(91, 02) — R’(Ql, 92) - L1 (ﬂ'g (029 7T9*), and

A
R/ (g, mg,) < (w9, ma,) + = (L')*(P, 79, T0,) +

K(mg, mp, ) + log(e™t)
5 )

n
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2.2 PAC-BAYES BOUNDS 18

PROOF. Indeed, when (L’)Z(IP, o, 7T9*) < 400,

/R'(91,92)2 dmy(0;)dmy, (62) = /(/ L'(w,61,6) dIP(w)) dmy(60,) dmy, (62)
< (L/)Q(]P,Wg,ﬂ'g*) < 400,

so that R € Ly(my ® mp,) C Ly(mg ® g, ), and the proposition follows from
Lemma 2.4 (page 15) and the fact that log(1 + z) < z. O

In order to use this proposition, let us modify our generalized margin assump-
tion, assuming instead that forany D € R,

(L") (P, 7g,m,) < apR'(0,6,) +bp,  0€0O,,R(0,0,)< D

Let us also make an assumption linking the excess risk R'(6, 6,) with the entropy
K (mg, mp, ). Namely, let us assume that for any D € R, and some pp € R and
qp € R,

K(mg, mp,) < ppR'(0,0,) + qp, 6cO, R 0,0, <D
Let us assume in the same way that for some £ € R,
R'(0,0,) < R(my,my,) + &, 0 € O,.
(In the application to least square regression, we can take £ = 0.)

COROLLARY 2.7 With probability at least 1 —¢, forany 6 € ©, andany D € R
such that R'(0,0,) < D?,

A opp\ ! Abp | gqp +log(e™?)
/ < _ %A _ Pp !
R(Q, 9*) ~ (1 5 TL)\) <T)\(7T9,7T9*) —+ 9 + Y +§ .

Let us consider some pseudo-estimator §(Wy, ..., W,,) such that

(T, me,) = aing (9, 9, )
We assume for simplicity that it exists. (If not, we can find some estimator which
reaches the infimum up to some arbitrary small margin.) This is not a legitimate
estimator, since it cannot be computed from the observations, but it will serve
nevertheless to state the following proposition.

PROPOSITION 2.8 Let us consider any estimator 6 € ©, such that for some ( >
0,

sup 7 (w5, 7)) < inf sup 4 (7, 7) + C.
0'€O, b0+ o co.
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2.2 PAC-BAYES BOUNDS 19

With probability at least 1 — €, for any D € R, as soon as

max{R'(9,6,), R'(6,,)} < D?, (12)

9'co,
Abp  qp +log(e™)
T 2 nA ¢
N - )\CLD PbD -
and R'(0,0,) + R'(6,0,) < (1— o ﬁ) {M’D
2[qp +1 !
[QD Og<€ )} +2€+C]_
n

PROOF. Let us mention that (6,60') — 74(6,6') is a bounded measurable func-
tion, since —A"log(2) < r4(6,6) < A'log(2), thus the suprema and infima
appearing in the proposition are all finite real numbers. Let us remark now that,
according to the assumption made on the estimator 6,

(T, mo.) < sup 7\(m5, M) < SUp 7(m,, o) + €
* *

= — inf )(ry = —r}\(r5 .
Juf 73(me,m,) + ¢ = —ri(mgm.) + ¢

Applying Corollary 2.7 (page 18) we deduce that with probability at least 1 — e,
as soon as condition (12) is fullfilled,

o~ Aap  Pp -
"0,0)<[1—-— — = "5, Tor
R ( ) ) = ( 2 n/\> |:;1€lg* 7”)\<7T9, g )

Abp  gp +log(e™) }
+ &,
2 n
~ Aap  pp -t Abop  qp +log(e™!)
/ < v v / -
R'(6,0,) < (1 5 n)\> (77,7, ) + 5 .Y £,

so that the last result of the proposition is obtained by summing up these two
inequalities. [J
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2.3  SIMPLIFIED CRITERION 20

2.3. SIMPLIFIED CRITERION. As we will see below, in some situations, 74 (g, mg/)
can be compared with the simpler criterion

7 (0,0) % 2 / AL (w, 79, o) | AP (w),

where the integration with respect to 7y and 7y is performed inside the influence
function ).

Indeed let us introduce the numerical constant ¢ = 3/log(4) < 2.17 and the
(hopefully) small quantity

np = c/\/sup{Var[L(w,Ql) dmy(61)],60 € ©,, R'(6,6,) < D2} dP(w)

log(e™)
n\x

+e / Var [L(w, 0,) dry, (6)] dP(w) +

We assume that it makes sense, namely that [ L(w, §")* dmy(0') dP(w) < oo for
all 8 € ©, and that

w sup{Var [L(w, 6,)dmy(61)],0 € ©,, R'(0,6,) < D2} € Ly(P).

LEMMA 2.9 For any D € R, with probability at least 1 — ¢, for any 0 € O,
such that R'(0,0,) < D?,

(9, T, ) < TA(0, 0,) + 1.

PROOF. Let us remark first that for any = € [0, 1],

D 1—=
¢(m)_1—$+l’2/27
wl/(x) _ - (1_13)2 Z —9.

[14 (1 —2)2]*
Using the symmetries of 1, we deduce from this inequality that

7 () = () + (2 —m)?

is convex on the whole real line for any value of m € R. Jensen’s inequality tells
us that for any probability measure p € M’ (©) and any function i € L;(p),

% [ JEG dpw)} < [ 5,00 ap0).
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2.3 SIMPLIFIED CRITERION 21

Choosing m = [ h(6) dp(0) gives

. [ JEG dpw)} < [ [00)) dp(0) + Var [1(0) ).

Using the symmetry ¢)(—h) = —1(h) and working now with —h instead of h
proves the reversed inequality, so that

LEMMA 2.10 For any probability measure p € M (0) and any function h €
Ly(p),

] [ol@] a0 - { J2C dp<e>] ‘ < min{log(4), Var[1(6) do(0)] }
< log{l + ¢ Var [h(0) dp(6)] }

PROOF. The last inequality is a consequence of the inequality min{log(4), x} <
log(1 + cx), which, according to the fact that x — log(1 + cz) is concave has to
be checked only when = = log(4), where we get an equality for the chosen value
of c. UJ

Applying this lemma, we see that

3\ (79, T, ) — TA(6, 0.)

<A / log {1+ e? Var L/, 01, 05) dy(6) s, (62)] } dP ().
We can now remark that

Var [L’(w, 91, 92) dW@(@l) dﬂ'g* (92)]
= Var[L(w, 6) dmg(6)] + Var [L(w, 65) dr, (62)].

To end the proof of Lemma 2.9 (page 20), it is enough now to use the fact that for
any h € L;(IP), with probability at least 1 — €

log(e™")
n

/ log[1 + h(w)] dP(w) < log [1 + / h(w) d]P(w)} +

< /h(w) d]P(wH@.
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PROPOSITION 2.11 Let us consider some pseudo-estimator 0 e O, such that
™(0,6,) = inf 7(9,0
PA(@.0.) = jnf 7(0,0,)

and any estimator 6 such that

sup 7a(0,0') < inf sup 7(6,6) + C.
0'cO, 0€0. g'co,

For any D € R, with probability at least 1 — 2¢, as soon as

max{R’(é\, 0,), R'(6, 0,)} < D (13)
R@.0,) < (1-%2_P0 M w "\(0,0)
= 2 nA g/eel))* A
Ab 1 -1
+ D qD + Og(E ) 4 Do +§
2 nA

-1
and R(0,0,)+ R(0,0,) < (1 _apA @) (bDM

Q[qD + log(efl)]
nA

+277D+2§+C>~

PROOF. Combining Lemma 2.9 (page 20) with Corollary 2.7 (page 18), we obtain
with probability at least 1 — 2¢ that for any § € O, such that

R(0,0,) < D?,

A o b log (e}
R/(979*) < (1_2_29_1)) (TA(9’0*>_|_ D +QD+ Og(€ )+77D+€>-

2 nA 2 nA
The end of the proof is the same as in Proposition 2.8 (page 19). [

2.4. THE EXAMPLE OF LINEAR LEAST SQUARE REGRESSION. Let us apply
the previous propositions to the case where w = (z,y) € R? x R, and L(w, §) =
(0, z) — y)2. It is representative of the local behaviour of any smooth loss func-
tion and explicit computations can be performed. Let us work with Gaussian
perturbations, choosing as reference measure the Gaussian centered measure

_ /2
0= (1) ew(-slol /2.

Let us assume that /y4 dP(y) < 400 and /||:v||4dIP(x) < +o0. Let us also
assume that O, is a closed convex set and that R(0,) = inf{R(6),0 € ©,}.

SEPTEMBER 15, 2011 OLIVIER CATONI



2.4 THE EXAMPLE OF LINEAR LEAST SQUARE REGRESSION 23

Exercise 4 Show that
zuaa)z/w—ﬁﬂ@%m@% 6eo,
Rins) = R(6) + 5~ / l|? dP(a), 6 e R,

so that R'(mg, mp,) = R'(0,0,) and we can take £ = 0.

Let us also recall that 5
K(mg, m0.) = 5110 = 0.11%.

Let us now compute legitimate values for ap and bp.

(L'2(P, 74, 74.) = /[<91 — 6o, )’
+2(0y — 00, x) ({0, ) — y)] "y (61 drg. (69) AP (2, )
g/P@—%@f
+8(61 — 0o, )2 ({00, ) — y)* drg (1) dmg, (B) AP (2, ).
Let us put

91:<91—0,ZL‘>, 90:<00_9*’x>7
my = (0 — 0,,x), mo = (Ox, ) — .

With these notations

/(91 — 90, l’>4 d’/Tg(el) d’/Tg* (90)

= E[(Ql —Jgo + ml)ﬂ = E[(gl — 90)4] + 6E[(91 — go)z}mf +m]
12 4 12 2
- 2L B b a0 - 0.,

and

L/k91——90¢xf((&hx>——y)zdﬂdﬂl)dﬂﬁ(ed
= E[(gl — g0+ m1)*(g0 + m0)2}
= E{ [(91 = 90)% + 2(g1 — go)ma + m7] [gg + 2g0m0 + Mg }
E[gy + 9591 + (91 — g0)*mg — dggmoma + migg + mimg)
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2.4 THE EXAMPLE OF LINEAR LEAST SQUARE REGRESSION 24

(1) =0)+ 200,24 000,2(0.5) )"

< Al Al
= 2

B B
Thus

(L) (P, g, mp,) < /(2(0 —0,,x)* +8(0 —0,, x>2((49*, x) — y)2
| 48] 56|
B 32

32|

0—0,,x)°+ 5

(<9*a T) — ?J)Q + ) dP(z,y).

Let us define

k= sup [0 —0,,x)*dP(z)
oce. [[(0 —0,,2)2dP(z)]

0 = \//(<9*,fc> —y)" dP(z,y).

=/ [lal P o)

2

assuming all these quantities are finite. We obtain that
(L")*(P, 79, m,) < apR'(6,6.) + bp,

where

48\/rs2
ap = 8y/ko? + 2kD? + %
3252 , 568t
= ﬁ 4 O'i —|— 524 .

Let us now discuss the simplified criterion. Let us notice first that

bp

&S

/3 )

L) = [ (#,2) = o) dmal®) = (0,2) — )" +

so that
L'(w,mg,m9) = L' (w,6,0)

and

(0.6 = A1 /¢{A[(<9,x> —y)" = (0'.2) —»)°] } Pz, ).
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As the criterion 7, which serves to compute our estimator ) requires only to com-
pute scalar products of the form (6, x), we are entitled to make in the previous
computations any change of representation which preserves this scalar product.
We can thus consider the Gram matrix

G = / 22t dP(z)

and make the change of representation (z,6) — (G~Y2x, G'/20). If G is not
invertible, we can restrict X and © to the linear subspace generated by the eigen-
vectors of G’ with non zero eigenvalues, since X1, ..., X, almost surely belong to
this subspace. Therefore we can assume without loss of generality that G is the
identity, because this becomes true after we restrict the space and make the pro-
posed change of representation. Now that we made this change of representation
and assume that G = Id, we have

Q/mewwzd,
5

so that we can take pp = g, and qp = 0.

Let us now compute 77p. The variance of the sum of two uncorrelated random
variable being the sum of their variances,

Var[L(w, 0') dmy(6')] = Var{ (0 = 0,2)> +2(0 — 0/, ) ((0, ) — y)] dm(e')}

- Var[<9’ —0,2)* do(0')]
+4((0,z) — 3/)2 Var[(0' — 0, z) dmg(0')]

_ 2| 2|z )?
+4((0 —y) —
A sy -
92|14 2 2
Sl gy — 2l g g, a2l
B B
g L2l
(o) =) T + 80T+ 7
Thus we can take
1253073 8D? 4\ ,] log(e™)
”D:CA[ 3 T\ T3 TE) T T
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PROPOSITION 2.12 With probability at least 1 — 2¢, as soon as

max{R'(8,6,), R'(8,6,)} < D?,

A ~ A - 2log(e!
R(,9.) + R(0.0.) < (1 S %) (m ML G g),
where
4 2
ap = 8v/koj + 2kD?* + 8\2E84,
h_ 325202 N 5657
B g2
125202 8D? 4 log(e™!)
— )\ 4% 4 = 4 .
Np = ¢ 3 +( 3 +62>84] Y
Let us put

A =sup{[|o —0'|| = (6,0) € ©2},

and let us take

A =8(4Vko] + kA?),

=

nA
COROLLARY 2.13 For any n such that
n>2"x3ks3,
forany D € R, with probability at least 1 — 2¢, as soon as

max{R'(9,6,), R'(9,,)} < D?,

6 0. 1
R.0.) + F(0.0) <24+ 70 4 905 (107 4 yra2) L)
s ZesiD?

+ 217 + c)\/E(4ai + VEA?) —é + + 2.
n

Starting with D = A and applying the above corollary twice we obtain

PROPOSITION 2.14 For any n such that

n>2"x 3k s,
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with probability at least 1 — ,

R@.60.) < [By s?+ By /rlog(4/€)]o? N Bs klog(4/e)A?

+ B4 Cv
n n
where
97 g A2\ §2
B, = (1 N cs4> 28 +20x3c+ 2" (7 + c)\/E(4+ \/E—2) ﬁ]
n o; ) n
2M 2N

nos '

27 4
B2:28(1+ 084),
n
27 4
33:26(1+ 684),
n
27 4
B, = 2(1+ 084).
n

Exercise 5 Deduce from the previous proposition that

2 2
/ R(,6.)dpor < [Boit B V(L +los)]os
n
. B k(1 + log(4))A?
n
Let us remark that the order of magnitude of the bound depends on the values

of UZ, which measures the size of the noise, A, which measures the size of the

target parameter set O,, and of two remaining quantities, s3 and x, which are
linked with the dimension d.

Indeed, in any case

+ B4 (.

2> / le|? dP(z) = d.

Let us give more precisions in some special cases.

1. The distribution of x under P is a multivariate Gaussian measure. In this

case, it is still so after the linear change of representation we used to turn
the Gram matrix into the identity matrix. Thus in this case

= [l api) = [ (Z x?)lePm

=1
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—Z/xd]P )+2 > /x

1<i<j<d

=3d+d(d—1)=d*+2d,

so that s3 = dy/1 + 2/d. Moreover, (#, z) is Gaussian under P for any 6,
so that x = 3 in this case.

2. The distribution of z under IP is such that z; = 1 almost surely and x», . .., 24
are independent. In this case, the linear change of representation made to
normalize the Gram matrix will renormalize z-, ..., x; independently by
substracting their means and making a change of scale to change their vari-
ance to 1, while x; will remain unchanged. Let us introduce

/ ri dP(z)

We get s7 < xd + d(d — 1), so that s3 < d\/1+ (x — 1)/d.

Let 6 be such that ||0|| = 1. As

/(9,x>4d]P(x):/<ZH4x4+6 > 0i0xal

1<i<j<d

+491293$12} ) dP(z)

=2

d
<XZQ4+6 D067 +4yx 161> 16
1=2

1<i<j<d

2 d
=(x—3)29?+3(293) LAl Sl
=1 =1 1=2

< max{x, 3} +4y/x sup p(1—p?)>*?
pe[O,l}

33/2

k< max{x,3} + “ - V¥.
3. The distribution of z under PP is almost surely bounded and nearly orthog-
onal. More precisely let us assume that for some positive constants A and
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B,

16112 2
P(||z]] < B) =1, and su < A%
(H ” - ) g;é%)) <973L’>2 dIP(JZ)

In this situation, k < A%B2, since
2
0.0 ape) < B [ 0.0 P ) < 4252 ( / <e,x>2d1P<x>) .

Moreover s2 < AB+/d. Indeed,

s;= [ su {6, )° 5 dPP(x)
[ (/0.0 dP(w))

0, x)?
< AZBQ/ (6. dP(z) = A*B%d.
= T e apa

The condition involving A means that the smallest eigen-value of the Gram
matrix is not smaller than A~2, It is for instance the case if

/x?d]P(x)Zl, i=1,...,d,
1— A2
‘/xixj dP(x)

d—1"
Let us remark that in this setting, necessarily A2B* > sﬁ /d > d, so that
this cannot yield a bound for x lower than d. This situation is met when
estimating functions in orthogonal or nearly orthogonal bases. For instance
let us consider the Fourier basis on the unit interval, defined for any u €

<

1<i<j<d.

[0,1] as
SOO(U‘) = 17
woi_1(u) = \/ECOS(ZI{ZWU), 1<i<r,
woi(u) = \/isin(Qk‘ﬂu), 1<i<r.

Let dPP(z) be the image of the uniform probability measure U on the unit
interval [0, 1], by the map ¢, so that for any measurable set £ C R* 1,
P(z € E) = U[p™'(E)]. In this case A = 1, because we have an or-
thogonal basis, and B = /1 + 2r = v/d. So in this case we get a d/n
convergence rate.
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The same rate can be achieved with localized bases, the most simple being
the even histogram basis, defined as

pi(u) =Vdl(ue [ —1)/di/d]), wel0,1], 1<i<d

Setting here again P(z € E) = U[®!(E)] for any measurable set E, we
obtain as in the previous case that A = 1 and B = /d.

3. ORDINARY LEAST SQUARE ESTIMATOR

We are going to study in this section the ordinary least square estimator § =
arg (gngl L(IP, ), the setting being the same as in the end of the previous section.
€0,

A slight variant of Proposition 2.6 (page 18) is obtained by replacing R’ (7, 7, )
with R'(my, 0,) and accordingly 4 (mg, 7y, ) with 7 (7p, 0,). We still obtain with
probability at least 1 — ¢ that for any # € © such that

(L')*(P, 7, 6,) < +00,

1 -1
R(mg, 0,) < 73\(mo, 0.) + %(L’)QUP, 79, 0.) + :KWMBJ og(e ™).

Moreover it is straightforward to deduce from the properties of ¢ that
— A —
'\ (m9,0,) < L' (P, 79, 0,) + B (L')Q(IP, 7o, 0s).

Let us introduce the empirical counterparts of o4, s, and x, defined as

ot = / ((Br) — )" dP(a.y).

st = [ el dPo)
{/(9 2 dB(x),0 € RY, 0] = 1}.

Here we assume as in the end of the previous section that we have made the
necessary linear change of variables on # and x, replacing if necessary (6, z) with
(G'/20,G=1/2z), to turn the Gram matrix into the identity matrix, while letting
the scalar product (¢, z) unchanged.

=l
||

(L) (w, 79, 0,) = /[(9' 0, 2)? 200 — 0,2 (B ) — y)]? dre(9)
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< /[2<9' —0+0—0,,2) +8(0' —0+0—0,,2)*((0,,7) — y)°] dmy(¢')

6fl«)* | 12]=|?
<—5+
B B
8]l|”
B

(0 — 0,,2)° +2(0 — 0, )"

((0s, ) — y)* +8(0 — 0,, )2 ({0, ) — ).
Thus
(L')*(P, 7, 6,) < 8|10 — 0,]>VED? + 2/|0 — 0. ]|'F

12—2 8—2—2 6—4
IEWR ey T

In the same way

(L) (P, 79,0,) <810 —0,|>Vk ol +2||0 — 6,]|*k
12s2\/k , 8sio?  6s)
+ 2V -0, ]F + /=2 4+ =2,
5 | | 5 7

Moreover

R'(mg,0,) = L'(P, 79, 0,) = d + R'(6,6,),

B
and L'(P,m,0,) :g—l—L’(]P 0,0,), where

/ ol aP(a

PROPOSITION 3.1 With probability at least 1 — ¢, for any 0 € ©,,

ANk +R)R'(6,0,)”

- R0 {1 A1t L 7vE) + Stvestva) - o)
1 -1 4\ 3\ d d
* Ogé; ) — (siod +5i73) + @(83+§i)+T+L/<IP99)Z

The random coefficients %, 74, 5, and d, according to the weak law of large num-
bers, converge to their deterministic counterparts x, 04, S4 and d. That it is the case
for % is not completely straightforward, since its defintion involves a supremum,
but can be seen from the inequality
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7 — k| < Sup{‘ (i Hixi>4d(F —P)(x)
< sup{ > HJQJ HI

aeNILdl, ail iy

|a|=4
d 4
< sup{ (ZI@I) 0 € R (10]] = 1}
i=1
d
X max{'/Hgg?id(F— P)(z)|,a € NIM |a| = 4}
i=1
d
d? m&X{‘/Hm?i d(F— IP)(QS)
i=1
def

Here [1,d] = [1,d] NN is an integer interval and |a| = Y27, ;. Thus the weak
law of large numbers applied to each term of the last maximum shows that

0 € R |16 = 1}

Hm“Zd]P P)(z)|,

0 € R, [|0] = 1}

ya € NI | = 4}.

lim ]P®”{|E—/<;| 27]} =0, neRL.

n—-+o0o

Thus, putting

1
M= max{aix/% — 02k, 53VE — 52k,
2 2 -4

R— n,EiEi 5404584 — 8373_ d}7
we see that for any n > 0,

lim P®"(m>n)=0.

n—-4o00

Choosing, for some small enough value of > 0,

we see that

PROPOSITION 3.2 There is some integer N such that for any n > N and any
e > 0, with probability at least 1 — ¢, for any 0 € ©,,

aR(0,0,)? — %R’(@, 0.) +c+ I'(P.0,0,) > 0
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where
_E
1507
B 2557 + 33y/klog(e™!)] o3

n

Let 6 be the ordinary least square estimator on O,, defined by the equation

-~

L(P,8) = inf{L(F,@);GEG*},

so that L' (PP, 0, 0,) < 0. Let us consider the discriminant A = 1/4 — 4ac of the
quadratic equation ax? —x/2+c = 0 and let us assume that A > 0, or equivalently

that
16
\/_ (2557 + 33v/klog(e ™ 1)].
Let us consider § € O, satlsfylng
~ 1
R'(6,0,) < o and

1®.0) = wi{LP.00 € 0., 0.0 < .

~ 1 A
We see from the previous proposition that R'(0,6,) < o %4 Let us now
a a

consider for any « € [0, 1],
0, = (1 — @) + af.

From the convexity of § — L(P, #), we deduce that

L(P,6,) < (1 — a)L(P,6) + aL(P,0) < L(P,6,).

1 VA ~ 1 VA
Thus either R' (6, 6,) < o o or R'(0,,0,) > 4—~|—2— Since R/ (6, 6,) <
1 VA ~ 1
— — 2= and o — R/(8,,0,) is continuous, this proves that R'(6;,6,) < — —
4a 2a 4a

%" As b, = 0, we have proved the following proposition.

a

PROPOSITION 3.3 There is some N (depending on P) such that for any n > N
and € €]0, 1] such that

>%_[25 + 33v/klog(e )],
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with probability according to the sample distribution P®™ at least 1 — e,

4[25s3 + 33y/klog(e™!)] 0%
- :

R'(6,06,) <

\/1—16ac>1—16ac 1 _@S% -

PROOF. Si A = , —
ince VA 5 = 2 da  2a

Exercise 6 (Another set of hypotheses) Ler us put

05 = ess sup /((9*,31:} — y)Qd]P(y | z).

dP(z)

Show that there is N such that for any n > N and ¢ €)0, 1] such that

16
n > 1—; [25d + 331og(e™")],

with probability at least 1 — e,

—1 2
R({G.0) < 4[25d + 331log(e )]02'

n

Thus, asymptotically, we obtain a — rate of convergence in this situation, under

the only assumptions that

ess sup /(<9*,£IZ'> — y)QdIP(y | z) < +o0,
dP(zx)

and /||$||4dIP(x) < +o00.

Exercise 7 Let us make the same hypotheses as in the previous exercise, and con-
sider now the estimator 0 of Proposition 2.11 (page 22). Let us take

A4
A= 8(405 + HAZ) and 3 =

and let us assume that
n > 2"x 3/k s3.

Show that with probability at least 1 — ,

R'(8,6,) < [

Bid + Bylog(4/e€)] o3 n BS"‘?lOg?EZL/E)AZ + B,(¢,

n

where
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27 4 X AQ 4
B, = <1+ﬂ) {28+26 x 30+211(7+c)(4+ﬁ—2)8—4]
n o5 )dn
21258 A2
nos

and the other constants are as in Proposition 2.14 (page 27).
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