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Empirical processes and risk minimization

A general framework.

Letd — W;i(0),0 € ©,i=1,... N be N independent real valued
stochastic processes indexed by some measurable set ©.

We will eventually (in the very end of this talk) focus on the
binary case where W;(0) € {0, 1}, which corresponds to
classification. Let us consider

N

01— r(0) = %Z Wi(9), the empirical process,
i=1

0 — R(0) =E[r(d)], its mean.

We do not consider the normalized process
0 — VN [r(9) — R(9)], because we are interested in the
following
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Question
How can we estimate arg min R from argminr ?



Supervised classification setting
We observe independent labelled patterns

(X, Yi) e X x Y,

where X is some big pattern space and Y a finite set of labels.
We consider a family of classification rules

fp: X—Y, 00,
and we define the empirical error rate by setting
Wi(0) = 1[f(Xi) # Yil,

so that N
(0) = 1 S [60X) # Vi),
i=1

We would like to minimize the generalization error rate

N
R(O) = E[r(0)] = 1 S P[H(X) # Yi].
i=1



Confidence interval for an empirical mean

Here the parameter 6 € © is fixed. Firs attempt : compute

£{ool )]} -

not bad, but yields a confidence interval for r(¢), not for R(9).
Second attempt :

E{exp{iZN;Iog [1 — I)\\IW,-(G)} }} = Illj{1 - E[I)\\I VVI(G)} }
< exp{NIog [1 - ;\IR(G)] };

zz

{exp W;(6)] };

i=1

much more useful !



Putting Py = 1 S 1 dwi(s), and ®a(w) = —a~ " log(1 — aw), we

get E{exp [—AIPQ(CD%)} } § thegiid. exp{— [R(9)] } and thus

A
N

Theorem
For any A > 0 such that - < W;(9) < ¥ a. s,

~—

) - log(

)\6 )] 21_6a

R(0) > ¢:‘% <1P9(q>_z) + 'OQA(G)>] >1—c

P

R(9) < o7 <IP9 (o

2>

P

Better than Hoeffding’s, Bennett’s or Bernstein’s inequalities :
]P@(CD%) = r(0) + Py ((D% — |d) ~ r(0) + ﬁ flR WZIPg(dW), SO

that we use some kind of empirical second moment estimate
straightaway.



. and what if W;(#) are not bounded ?

... you can truncate them, a little thinking shows that the order
of magnitude of the truncation level % is not improvable,

... or you can make another choice of ¢, considering for some
p>1andbe)0,1(

Oa(x) = —a" Iog[1 s <H>P—1 <(aV;)+>p}

< —a'log(b), xeR.

This gives for any A > 0, with probability at least 1 — ¢

R(9) < I/\\I{1 - exp[—l)\\/@'@(q’g) - IOQ)@)]}

[an] =[5 T



... and of course also the reverse ...

With probability at least 1 — ¢

i)




One model

Let 6 € argmine r. What can we say about R(@) ?
Statistical mechanics : at least for A > 0 large enough, given
some prior probabibility measure = € M.(©),

E [exp(—)\r@))] ~E {w (exp(—Ar))] ,

and introducing the Gibbs posterior distribution

d7rexp(—)\r) (9 B exp(—Ar(0))
dn ~ wlexp(=Ar)]’

I’(é\) >~ Texp(—xr)(F)-

This gives the idea of approximating 6 by a randomized 4. In
the following we will let p(d® | W) be the distribution of 6
knowing the sample W. (Here above we chose p = mexp(—r)-)



Using the same trick again ...

Elr loo{foym-riey)]}] | K

Fubini ! i

1,
W

agnl/\

and the simple fact 7 [exp(h)] = p{exp [h—log( 22 } we get

Theorem
For any posterior distribution p : Q — M1.(©), with Pp
probability at least 1 — e,

mguﬂ%]—mma}_

AE) < o7 {py(o,) + 2O

A
N

Consequence : you do not need to randomize much, for
instance if © = (0,1)9, 7 is the Lebesgue measure and you
draw ¢ at random in a box of edge N~ containing 9, you get

log[$2(6)] = dlog(N).



Choice of the prior

Introducing the Kullback divergence

K(p, ) = pllog(g)] ifp<m
’ +oo otherwise ’

we have on average

)] + 3

A
N N

Po(R) < 07 {Po[ (0)] + LT =8O L

expected generalization  expected modified
risk of 6 empirical risk of 0.

As P[%(p,)] = P{X[0,P(p)] } + K[P(p), ], the most
desirable choice of = would be = = P(p). Moreover
P{fK[p, P(p)]} is the mutual information between 6 and W.



Localization
But for a fixed =, the previous bound is optimized by
p= 7Texp[—AIP,((IJ%)] = Texp(—Ar)»
leading to the idea of localization : work with p close t0 meyxp(—gr)
and choose as a prior meyp(—AR)-
Requirement :
to find an empirical bound for K [p, Texp(—3m)| -
Solution :

Write iK[p, ﬂexp(,gn)] = ﬂ[P(R) - 7Texp(fﬁl?)(’:f)]

+ K(p, ) — :K[Wexp(—ﬂﬁ)a 77] )
bound p(R) — Texp(—sR)(R) bY p(r) — mexp(—pr)(r) and replace
Texp(—4R) DY @ supremum over all possible posterior
distributions.



Theorem
With probability at least 1 — ¢, for any posterior distribution
p:Q—ML(O),

1
X, Texp(-pm)) < (1 - f) {K (s Texp(—m)|
T fo(do) Iog{fwexp(_ﬁr)(dez)

X exp [ﬂfIP91’92(dW1 , de)((D% — |d) (W1 — Wg)} }

B
DY |09(€)}7

N
1
where Py, 9, = N Z O[Wi(61), Wi(05)]
i=1



Disintegrated variant

Theorem
For any posterior distribution p : Q — M1.(©), with Pp
probability at least 1 — ¢,

)= (1-3) [l 20
Iog(dﬂ'exp(_@g)(e) = A °g dﬂ'exp(—ﬁr)()

+10g [ an(00) exp[§ S (0, — 1) [Wi(@) — wi0)]

- g Iog(e)}.



Theorem
For any posterior p : Q — M1 (0©), with Pp probability at least
1 —¢,

+ OM{IOQ [fﬂexp(—ﬁr)(dg)
x exp{ 8/, (dws, dwp)(® — 1) (wy - wz)}]
+log [Chr;:,f_gr)(g)} —log (;) }

Recall that (<D% —1d)(wy — wo) ~ s (wy — w)? and think about
taking A = 20.



Model selection

(and parameter estimation)

Let us assume that the parameter set is decomposed into a
family of models :
o= on

meM
Consider in each model some empirical risk minimizer

Om € argminr,
Om

and ask the question:



Model selection

(and parameter estimation)

Let us assume that the parameter set is decomposed into a
family of models :
o= on

meM

Consider in each model some empirical risk minimizer

Om € argminr,
m

and ask the question: Can we pick up some 0m with a close to
minimum generalization risk R(6m) ?



More generally, we can
replace © with © x (M U {o}), considering

[ i(0, m)} (0,m)€Ox(MU{0})’
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More generally, we can
replace © with © x (M U {o}), considering

[Wi(o. m)] (6,m)c@x (MU{0})’
define 0, € arg mingeeo r(0, m), forany m € M,
and look for an estimate of arg minmep R(0m, 0).
This covers the choice of a penalty, when

Wi(0, m) = Wi(0) + ~(m, ).

Let 6m be a randomized approximation of f,, and let

m : Q2 — M1 (©) be the posterior distribution of 6, knowing the
sample W. N
The best control of arg ming,cy R(0m, 0) is provided by relative
bounds, that is confidence intervals for the differences
R(Qm, 0) - R(am’ 0).



Consider 7 € M!.(© x M), some atomic v € M! (R ), and a
collection pm s : Q — ML (©), me M, 3 € supp v of posterior
distributions.

Given the sample {W;(§,m); 6 € ©,me Mu{o},i=1,...,N},
let us draw independently 5,,,,5, m e M, 5 € supp(v), according
to P[] 5pmp- Let

. A dpm,s n }
C(m,3) = inf lo : 0
( ﬁ) AeR4 (/\ - ﬂ) { 9 [dﬂ'exp[ﬁr(.,m)](-’m) ( m>
+ log [fﬂ'exp[ﬁr(.,m)](dmm)

exp{% Xi(®a - Id) [Wi(0m,5, m) — Wi(6, m)] }]

~Zog (ew(mwefnuw)) }



Lemma With probability at least1 — §, forany m e M,
p € suppv,

dpms ~
lo : Omg,m| <C(m,g
9 dﬂexp[—BH(.,m)](-‘m)( mo ) ( )

Theorem With P, 5 pm s probability at least 1 — ¢, for any
m, m e M: aaﬂ?ﬁl € ]R’+!

(RO g, 0) = R(0m,s,0)]
1

¢

o
N

N
< 5 0 ©2 W0 ,0) — Wi(0ims,0)]
i=1
* ;{C(m, B)+ C(m, ) ~ log ”(’")”gm')”(“)] }



Empirical optimization
Question : Assuming as previously proved that with probability
atleast1 —e¢, forany t,t' € T,
Ry — Ry < B(t, 1),

(where we put t = (m, 3),) how can we build an approximate
minimizer of R; ?



Empirical optimization

Question : Assuming as previously proved that with probability
atleast1 —e¢, forany t,t' € T,

Ry — R: < B(t, 1),

(where we put t = (m, 3),) how can we build an approximate
minimizer of R; ?

Remark : These bounds provide a confidence interval of length
L(t, 1) = B(t, 1)+ B(t', t) for R; — Ry, since by symmetry

_B(t/7 t) < Rf’ - Rf < B(tu tl)

Therefore it should be kept in mind that
L(t ') = B(t,t") + B(t. t) should be small (at least for N large
enough).



Solution : consider w.l.o.g. that t € T={1,..., T} takes a finite
number of values. Consider some arbitrary complexity function
(Ct)ter (We will apply the method with C; = C(m, 3)).
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Solution : consider w.l.o.g. that t € T={1,..., T} takes a finite
number of values. Consider some arbitrary complexity function
(Ct)ter (We will apply the method with C; = C(m, 3)).

» Index R; by increasing complexity C;,1 > C;.
» Chain the bound, to make it subadditive, defining

B(t,t) = min{zn: B(sn-1,5n);
i=1

nelN,(s)lyc T sg=1t,s,= t’}

» Build an empirical scale of performance considering
p(t) = min{s : B(s,t) > 0} ( the first index t is not proved
to beat).

» Choose t = min(arg max p).



Theorem : Let p = p(t). With probability at least 1 — e,

0, 1<s<p,
~ ming_5B(s,s'), pP<s< 1,
B(s,p) + B(p, 1), s < (argmaxp),
B(s, 1), s>p,s ¢ (argmaxp).

Moreover
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Theorem : Let p = p(t). With probability at least 1 — e,

0, 1<s<p,
. in., - / D < T
B(s.T) < mmsfp B(s,Asl, p<s<t,
B(s,p) + B(p,t), s € (argmaxp),
B(s, 1), s>p,s ¢ (argmaxp).
Moreover

» when p < s < t, s ¢ (argmaxp): there is s < p such that
B(s,s) > B(s',s) > 0, thus B(s,s') < L(s,s’) and
therefore Cy < Cs and R; < Ry < Rs + L(s, §');

» when s € (argmax p), B(p, s) > 0 (by definition) and
B(?, p) > 0 (requires chaining!). Thus
R: < Rs + L(s, p) + L(P, 1). Meanwhile, C5 < Cs and
C; < Cs,and Ry < Rs + L(s,p);

» when s > 1, s ¢ (argmaxp), G; < Cs, using chaining:
B(t,s) > B(t,s) > B(s',s) - B(s',t) > 0, for some s’ < P,
thus A; < Rs + L(s, 1).



Adaptive classification
1[fy(X;) # Yi] = Wi(0,0) € {0, 1},

W6, m) - {Wf(e’ ). 0¢Om,

+00, otherwise.
Let R(0,0) = inf R(9, 0), and

V(o <NZ\W90 Wi, 0 )])

N
V1600 500

Remark : Whenever x € {-1,0,1}, =

®a(X) = x = (x| + x)[®a(1) = 1] +3(Ix| = 1) [@(=1) +1].

2 \



Adaptive classification
1[fy(X;) # Yi] = Wi(0,0) € {0, 1},

Wi(6, m) = {W"(e’ o) 0 € Om
+00, otherwise.
Let R(0,0) = 6|2(fa R(6, 0), and
_ 1 N _
i=1

2 \

N
V1600 500

Remark : Whenever x € {—1,0,1}, =

®a(x) = x = (x| +x) [®a(1) — 1] (Xl = D[o(=1) +1].

Let us make the margin assumption

R(6,0) — R(6,0) > c[V(8,0)]", 6 € ©,



Adaptive classification
1[fy(X;) # Yi] = Wi(0,0) € {0, 1},

w,-(e,m)—{w’(e"”’ o€ Om
+00, otherwise.
Let R(0,0) = R(6, 0), and
N
V(o Z W;(6, o)])

<E<NZ]1f9 ) # F(X )}).

Remark : Whenever x € {—1,0,1},

®a(x) = x = 3(|x| + x)[®a(1) — 1] (x| = D) [o(=1) +1].
Let us make the margin assumption

R(6,0) — R(6,0) > c[V(0,0)]", 6 € ©, and the parametric
complexity assumption

sup ,B[fﬂ'exp[_ﬂlq("m)](de, m)R(H, m) — inf R(@, m)] < dm.
BeR+ 0c©



Theorem With probability at least1 — e,

Sz 5(d0)R(0, m) < |nf R(6, m)

K— 1
+max{ 847C2b% [inf R(6, m) — inf R(Y,0)]%
(ISC] 0c©

Am + Iog(”ng(N)> +5

em(m)
X N s
166C [dm + Iog<1tf?,§7()N)> + 5]

il BRSS I
20[1 082b] 2r=14 251 N

where1~C<32,b=(1- %)(nc)_ﬁ,



