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1. Introduction

Introduced by Finkel and Bentley [5], the quadtree structure is a comparison based
algorithm designed for retrieving multidimensional data. It is often studied in computer
science because of its numerous applications. The aim of this paper is to study the
mean cost of the so-called partial match queries in random quadtrees. This problem
was first analyzed by Flajolet et al. [6].

Let us briefly describe the discrete model. We choose to focus only on the two-
dimensional case. Let Pj,..., P, be n independent random variables uniformly dis-
tributed over (0,1)2. We shall assume that the points have different x and y coor-
dinates, an event that has probability 1. We construct iteratively a finite covering
of [0,1]? composed of rectangles with disjoint interiors as follows. The first point P;

divides the original square [0, 1]? into four closed quadrants according to the vertical
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and horizontal positions of P;. By induction, a point Py divides the quadrant in which
it falls into four quadrants according to its position in this quadrant, see Fig. 1. Hence
the n points Pi,..., P, give rise to a covering of [0, 1]? into 3n + 1 closed rectangles

with disjoint interiors that we denote by Quad(Py, ..., P,).
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FIGURE 1: Two splittings of [0, 1]* with resp. 8 and 100 points.

We are interested in the partial match query. As explained by Flajolet and Sedgewick
[8, Example VII1.23.], given z € [0, 1], it determines the set of points P;, i € {1,...,n},
with x coordinates equal to xg, regardless of the y coordinates (that set is either empty
or a singleton). Denoting the vertical segment [(x,0), (x,1)] by S, the cost of this par-
tial match query is measured by the number N, (z) of rectangles of Quad(Py, ..., P,)

intersecting S, minus 1 (Ny(z) = 0 by convention). Our main result is:

Theorem 1. For every x € [0,1], we have the following convergence:

nfﬁ*E[Nn(ﬂf)] — Ky (:r(l — x))ﬁ*m,
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Flajolet et al. [6] obtained the convergence in mean of the cost of partial match queries
when x is random with the uniform law on [0,1] and independent of Pi,..., P,. We
shall give another proof of this result using fragmentation theory. As a by-product
of our techniques, we shall prove in Corollary 2 below that when rescaled by nl_\@,
N,.(0) converges in L2 (its convergence in mean was obtained in [6]).

The paper is organized as follows. Section 2 introduces the model embedded in

continuous-time and presents the first properties. Section 3 is devoted to the link



between quadtrees and fragmentation theory. Section 4, the most technical one,
contains the proof of the convergence at a fixed point x without knowing the limit.
The identification of the limit is done in Section 5 using a fixed point argument for

integral equation.
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2. Notations and first properties

In order to apply probabilistic techniques, we first introduce a continuous-time
version of the quadtree: the points Pi,..., P, are replaced by the arrival points of
a Poisson point process over Ry x [0,1]? with intensity dt ® dady. All the results

obtained in this model can easily be translated into results for the discrete-time model.

2.1. The continuous-time model

Let II be a Poisson point process on Ry x [0,1]? with intensity dt ® dody. Let
((74,xi,yi),1 > 1) be the atoms of IT ranked in the increasing order of their 7-component.
We define a process (Q(t)):>0 with values in finite covering of [0, 1]? by closed rectangles
with disjoint interiors as follows. We first introduce the operation SPLIT: for every

subset R of [0,1]? and for every (z,y) € [0,1]2,
SPLIT(R, z,y) = {RN[0,2] x[0,y], RN [0, 2] x [y, 1], RN [z, 1] x [0,y], RN [z, 1] x [y, 1]}

In other words, if R is a rectangle with sides parallel to the x and y axes, then
SPLIT(R, z,y) is the set of the four quadrants in R determined by the point (z,y).
We may now recursively define the process (Q(t)):>0. Let 7o = 0. For every ¢ € [0,71),
define Q(t) = {[0, 1]?}, and for every t € [, 7;11), denoting by R the only element (if
any) of Q(7;—1) such that (z;,y;) is in the interior of the rectangle R, let

Q(t) = SPLIT(R,zs,y:) UQ(1i—1) \ {R}.



Observe that a.s., for every i € Z,, there indeed exists a unique rectangle of Q(7;) such
that (241, ¥i+1) is in its interior, hence the process (Q(t)):>o is well defined up to an
event of zero probability. In the sequel we shall assume that the points of IT always fall
in the interior of some rectangle of (Q(t));>0. As explained in the introduction, we are
interested in the number of rectangles of Q(t) intersecting the segment S, specifically

we set:
Ni(z) = #{ReQ():RNS, #0} -1,

so that Ny(z) = 0 for every 0 < ¢ < 71. Recalling that 7,, is the arrival time of the n-th
point of II, Q(7,,) has the same distribution as the random variable Quad(Py, ..., P,)
of the introduction. In particular, for every (n,z) € Nx [0, 1], we have N;, (z) = N, (z)

in distribution.

2.2. Main equations

Let x € [0,1]. We denote by A the set of words over the alphabet {0, 1},

A= J{o,1}",

n>0

where by convention {0,1}° = {@}. Thus, if u € A, u is either @ or a finite sequence
of 0 and 1. If u and v are elements of A then uv denotes the concatenation of the
two words u and v. We label the rectangles appearing in (Q(¢)):>0 whose intersection
with the segment S, is non-empty by elements of A according to the following rule.
By convention Ry (x) is the unit square [0,1]%. The first point (71, 21,y1) of II splits
[0,1])? into four rectangles, a.s. only two of them intersect S,, we denote the bottom
rectangle by Ro(z) and the top one by R;(z). Inductively, for every u € A, a point of
IT eventually falls into R, (x), dividing it into four rectangles. Almost surely, only two
of them intersect S, denote the bottom one by R,(z) and the top one by Ri(x).
For u € A, we denote the minimal (resp. maximal) horizontal coordinate of R, (x) by
G (z) (resp. Dy(x)), and define the place of x in R, (z) to be

x— Gyu(z)

BT e

If u # @, we denote the parent of u by w which is the word u without its last letter.

We write M, () for the ratio of the (two-dimensional) Lebesgue measure Leb(R,(x))



of Ry(x) by the measure of R (),

_ Leb(Ru(@))

My(x) = m.

We also set for all € [0,1], Mg(x) = 1. For u € {0,1} and ¢ > 0, we introduce the
“subquadtree” Q. »(t) ={R € Q(t+7) : R C Ry(x)}. Then, for every ¢t > 0, one has:

N@) = Lizp +Llisn Y (#{ReQW(t—ﬁ);Rmsw7é(z)}_1). (1)

ue{0,1}

If R is a rectangle with sides parallel to the z and y axes, we denote by ®p :
R? — R? the only affine transformation that maps the bottom left vertex of R to
(0,0), the bottom right vertex of R to (1,0) and the up left vertex of R to (0,1).
It should be plain from properties of Poisson point measures that, conditionally on
(My(x), Xu(x), Ry(z)), the process (®g,(2)(Qu,z(t)))s>0 has the same distribution
as the process (Q(M.,(z)t))i>0, where Q is an independent copy of Q. In particu-
lar, conditionally on (M, (z), X, (z)), the number of rectangles in Q, , that intersect
S (minus 1), viewed as a process of ¢, has the same distribution as the process
(NMu(x)t(Xu(a?)))tzo where N is defined from Q is the same way as N is defined
from Q. Since My(z) and M;(z) have the same distribution, (1) yields

E[Ni(@)] = P(t27)+2E | Nagyaye—m) (Xo(@))] (2)

with the convention Nt(x) = 0 whenever ¢ < 0. More generally, if we write 3, € A for

3t = 0...0 repeated k times, then for every positive integer k,

EN(@)] = gu(®) + 2°E [N, o1y, are-m (X (@) 3)

where g, is a function such that 0 < g, < 2 — 1 and F}, is a nonnegative random

variable defined by

i

k k
Fe o= > a][ M, (@),
i=1  j=i

with (7;)i>1 & sequence of independent exponential variables with parameter 1.
We know compute the joint distribution of (My(z), Xo(«)) which will be of great

use throughout this work. If f is a nonnegative measurable function, easy calculations



yield

E[f (Mo (@), Xo(w))] =

/ ( m<uf + 1osuf ( Z) )

;y/ fm,v) /1_ /”’dmfmw (4)

d/ f(m,y) /dm/ ffmy
[ s [ o[ s

The following lemma contains a large deviations argument that will enable us to

+

2.3. Depoissonization

shift results from the continuous-time model to the discrete-time one.

Lemma 1. For every € > 0, we have
2
E | sup |Np (2) = Na(@)[ 1rgma-cpmae)| =2 O
z€[0,1] n—00
Proof. Note that for every = € [0, 1], t — Ni(x) is non-decreasing and that N;(x) is
at most the number of points fallen so far: Ny(z) < max {i € Z : 7; < t}. In particular

N, () <n, thus we have

2
Sl[lp] |N7'n, (‘T) - Nn(I)| 1Tn>’ﬂ(1+8) < n217n>n(1+5)~
z€[0,1

A large deviations argument ensures that n?P(7,, > n(1 +¢)) tends to 0 as n — oc.

On the other hand, applying the Cauchy-Schwarz inequality, we obtain

E | sup |N n(m)‘217n<n(1+€) <VE[max{i €Z; : 7; < n})4]\/IP>(Tn <n(l—¢)).
z€[0,1]

As E[(max{i € Zy : 7; < n})?] = O(n*), large deviations ensure that the quantity in

the right-hand side tends to 0 as n — oco. Finally, Lemma 1 is proved.

3. Particular cases and fragmentation theory

We give below the definition of a particular case of fragmentation process. For
more details, we refer to [1]. Let v be a probability measure on {(s1,s2) : $1 >

s > 0and s; + s3 < 1}. A self-similar fragmentation (#,);>0 with dislocation



measure v and index of self-similarity 1 is a Markov process with values in the set
St = {(s1,82,...) 1 81 > s3 > -+ > 0and Y ;s; < 1} describing the evolution
of the masses of particles that undergo fragmentation. The process is informally
characterized as follows: if at time ¢ we have Z(t) = (s1(t), s2(¢),...), then for every
i > 1, the i-th “particle” of mass s;(¢) lives an exponential time with parameter s;(t)
before splitting into two particles of masses 71s;(t) and r9s;(t), where (ri,72) has
been sampled from v independently of the past and of the other particles. In other
words, each particle undergoes a self-similar fragmentation with time rescaled by its
mass. In the next section we establish a link between fragmentation theory and the
process N¢(U), where U is a r.v. uniformly distributed over [0, 1] and independent of
(Q(%))t>0- This connection will provide a new proof of a result of [6] and [3]. See also
[4] for another recent application of fragmentation theory to a combinatorial problem

where the exponent @ appears.

3.1. The uniform case

We consider here the case where the point z is chosen at random uniformly over

[0,1] and independently of (Q(t)):>0.

Proposition 1. Let U be a random variable uniformly distributed over [0,1] and inde-
pendent of the quadtree (Q(t))i>0. Let u € A and denote by up = &, uq, ..., up = u its
ancestors. Then X,,(U) is uniform over [0, 1] and independent of (M, (U), ..., M, (U)),

which is a sequence of independent random variables all having density 2(1—m)1,,¢(0,1)-

Proof. We prove Proposition 1 by induction on k. Let u € A. Denote by ug =
D, uy,...,ur = u its ancestors. Integrating (4) for = € [0, 1], we deduce that for every

v e€{0,1}, X, (U) and M, (U) are independent and distributed according to
1u€[0,1]du ® 1'm€[0,1]2(1 — m)dm (6)

Recalling that Q,, v (t) = {R € Q(t+71) : R C Ry, (U)}, conditionally on (X,, (U), M,, (U)),
the process ®p, (1)(Qu,,v) has the same distribution as (Q(M,, (U)t))¢>0, where Q
is an independent copy of Q. Since X,, (U) is uniform over [0,1], we deduce by
induction on the subquadtree Q,, v that X, (U) is uniform over [0, 1] and independent

of (M, (U),...,M,,(U)) which is a sequence of independent r.v. all having density



2(1 —m)1,,¢p0,1]- Furthermore it is easy to see that
E[ (X, (U), Mu (U))2i] (X (U), M, (U)] = B[ (X (U), My (U))2i] Xos (U)-

Hence by (6), X, (U) is also independent of M, (U).

Letting m(t) = E[N¢(U)], (recall that when ¢ < 0, Ny(z) = 0 for all z € [0,1])

equation (2) becomes
m(t) = Pt>m)+2Em(M(t—mn))], (7)

where M is independent of 71 and has density 2(1 —m)1,,¢[0,1]-

Proposition 2. Let U be uniform over [0,1] and independent of (Q(t))i>0. We have

the following convergence

. e +1 17-3
t11>1£10 tE[N()] = m, where % = \FT

Proof. We consider an auxiliary fragmentation process (#;);>0 with index of self-

similarity 1 and dislocation probability measure v given by
/ I/(dSl, ng)f(Sl, 82) = E[f(Ml(U) \Y Mo(U), Ml(U) AN M()(U)):| .

In other words, the dislocation measure is given by the law of the decreasing ordering
of {Mo(U), M1(U)}. More precisely (F;)i>0 takes its values in S! and satisfies the

following equation in distribution which completely characterizes its law:

1
@ ; (0) i (1)
(F) = ((1t<r) + (1t27M0(U) : ‘gMU(U)(t—T))t>O + (1t27M1(U) ' ng(U)(t—T)>t>0) ’

with (3‘}(0)),520 and (ft(l))tzo two independent copies of (.%;);>¢ also independent of
(Mo(U), My(U),7) and 7 an independent exponential variable with parameter 1. The
symbol + means concatenation of sequences and (.)! is the decreasing reordering (and
erasing of zeros). Then, it is straightforward to see that the expectation of the number
#.7; of fragments of .%; minus 1 satisfies the same equation as E[N;(U)], namely letting

m(t) = E[#% — 1] for t > 0, and m(¢) = 0 for ¢ < 0 we have

m(t) = P{t>mn)+2EmM(—mn))], (8)



where M is independent of 71 and has density 2(1 — m)1,,g0,1]- By (7) and (8), the
functions m and m satisfy the same integral equation,
1 t
f)y=1—et+ 2/ dm?2(1 — m)/ dse™*f(m(t — s)).
0 0
Differentiating with respect to ¢, we see that both m and m are solutions of the Cauchy

problem for the integro-differential equation

1
(1) =1 f(t) + / dm2(1 — m)f (mt),
£(0) = 0.

Uniqueness of solution of this kind of integro-differential equation is known, see e.g. [9].
We deduce that for every ¢ > 0, m(¢t) = m(¢). We now focus on m(t). Following [2,
Section 3], we let for every 3 > 0, (8) = 1— [ v(ds, dsz)(5?+85). An easy calculation

yields:
B2 4368 —2
(B+1)(B+2)

In particular the Malthusian exponent associated to v, which is characterized by ¢ (5) =

0 (see [1, Section 1.2.2]), is

Y(B) =

V17T -3

B = =5

Applying [2, Theorem 1], we get:

N TA-8) 4 Tl BN( B 5 5"
o B = o s -7 ) U rvm ) W) Ut e )

k=1

Finally, we use the Weierstrass identity for the gamma function: for every complex

number z € C\Z_,

e -1
D(z+1)=e7" 142 ek,
()

where v is the Euler—-Mascheroni constant. We conclude that

4 (V17 +1) 1 1 T +1)
B(26" +3) P(VI7 - g+ ) I2(F +2) 1+ 572 203(F" + 1)

Jim t=PE[N(U)] =
which completes the proof of the proposition.

Remark 1. One can derive the following equality in distribution from (1):

(d)
NU) = 1n<a+t Nz(\gz(u)(tfn)(XO(U)) + NJ(\Z(U)(FTI) (X1(U)),
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where (Nt(o))tzo and (Nt(l))tzo are independent copies of the process (IV;);>0. We have
already noticed that Xo(U) and X (U) are also uniform and independent of (Nt(o))tzm
of (Nt(l))tzo and of (My(U), M1(U)). If Xo(U) and X;(U) were independent, then
N (U) would satisfy the same distributional equation as (#.%#; — 1);>0. However, this
is not the case since we have Xo(U) = X;(U). This explains why we had to work with

expectations.

Corollary 1. ([6], [3].) We have
lim 0 EN,(0)] = Im.

Proof. This is a straightforward application of Lemma 1 and Proposition 2.

3.2. Case x =0

As a further example of the connection with fragmentation theory, we derive asymp-
totics properties for N¢(0). In this case, the sequence of the areas of the rectangles
crossed by Sy is a fragmentation process, enabling us to state a convergence of N;(0),

once rescaled, in L2. A convergence in mean has already been obtained in [6, Theorem

6] and [7].

Theorem 2. The random variable

V2-1
mt = Z Leb(Ru(O)) lRu(O)EQ(t)a t Z 0,
ueA

is a uniformly integrable martingale which converges almost surely to M, as t — oo.

The distribution of Moo is characterized by

EM] =1 and Mo L My(0)V21m© + Ay (0)V2-tomL), 9)
where MY and MY are two independent copies of My also independent of (Mo (0), M1(0)).

Furthermore, we have the following convergence in L2:

tV2N(0) — me.

t—oo  \/213(1/2)
Proof. Tt is easy to check from properties of Poisson measures that the rearrangement
in decreasing order of the masses of the rectangles living at time ¢ and intersecting Sy,
1

(Leb(Ru(O)) lRu(O)GQ(t)> >0
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is a self-similar fragmentation with index 1 and dislocation probability measure given
by the decreasing ordering of {My(0), M1(0)}. As in the proof of Proposition 2, we
introduce for every 3 > 0, ¥(3) = 1 — E[My(0)? + M;(0)”], which is easily computed:

(B+1)2-2
(B+1)2 -

Thus the Malthusian exponent p* of this fragmentation satisfying ¥U(p*) =0 is

() =

pF=v2-1.

The first two points of the theorem follow from classical results of fragmentation theory,
see [1, Theorem 1.1]. We refer to [10] for the characterization of the law of My, via
the distributional equation (9) and to [11] for some of its properties. The last point
comes from [2; Corollary 6] and the Weierstrass identity for the gamma function used

in a similar manner as in the proof of Proposition 2.

Corollary 2. We have the following convergence in L2 :

. reva)
n \/iNTn(O) 2 mmw

Proof. This proposition easily derives from Lemma 1 and Theorem 2.

Remark 2. Observe that Corollary 2 implies the following convergence in distribution:

1-v/2 N F(2\/§)
n' VAN, (0) = 7\/@3(\@)9}20@.

Remark 3. It is worthwhile to notice that the behavior of the cost of the partial match
query in the case x = 0 is drastically different from its behavior in the case when x is
uniform or z is fixed in (0, 1) (see Theorem 1 and Proposition 2).

3.3. An a priori uniform bound

This section is devoted to the proof of an a priori uniform bound on s~ E[N;(z)]

over (z,s) € (0,1) x (0,00) that will be useful in many places.

Lemma 2. There exists C < oo such that

sup sup E[sfﬂ*Ns(x)} < C. (10)
z€(0,1) s>0
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Proof. As a warmup, we start by proving that there exists C; < oo such that for
every = € (0,1),
. C
E[s ¥ Ny(2)] < ———. 11
sup E|s ()] < A=) (11)

s>0

Combining (2) with the densities computed in (4), we deduce that for every = € (0,1)

T E[N(x)] = tPPE>m)+2 </1 dy // dmpE [t‘B*Nmafn)(y)}

o [ [ e [ Nt )}) (12)

By monotony of ¢t — Ni(x) we have E [t‘B*Nm(t,n)(y)] <E [t_ﬁ*Nt(y)}. Further-
more, recalling that 8* < 1, there exists a constant C’ such that for every ¢ > 0,

t*B*IP’(t > 1) < C'. Hence

C' 42 (/: %E |7 Nw)] + /Oz ((1_);@1['E [ B*Nt(y)D

, 2 ! P
< c +F(1_x)/0 AyE [177" N, (w)]
/ 2 —B*
= C —l—mE[t TN()].

It has been shown in Proposition 2 that E [t*ﬁ*Nt(U)] has a finite limit as t — oo,
and for every t > 0, E[N;(U)] < t. Thus the quantity E [t=°" N,(U)] is bounded over

t= P B[Ny ()]

IA

(0,00). The inequality (11) follows from these considerations.
Introducing S(x) = sup,~qs 7 E[Ny(x)] for every = € [0,1], we have just shown
that S(z) < Ci(xz A (1 —x))~ L. Using (12), we have for every = € (1/2,1):

S(z) = ig}g{t TPt > ) +2</ / dm]E 5" Nty (y )}
Lo [ M)}
C’+2§1>1%){/:O§J/Olde {t_ﬁ*]\/}(y)} _’_/Ol/zldyy/ol dmE [t_’B*Nt(y)}}

1—a

G| -y . *

+28up/ [ dmmP E {(mt)fﬁ Nmt(y)}
>0J121 =9 Jo

IN

IN

1 z ==

N d T—y «

C’—l—SSup/ dyE [t_ﬁ Nt(y)} +2/ liy dmm” S(y)
t>0 Jo 172+~ Y Jo

2 s [° 1
oo | WS (13)

IN

Cs +
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Let us show that this implies that for every z € (0,1), S(z) < 100C;. Arguing
by contradiction, suppose that there exists a € (1/2,1) such that S(a) > 100C5.
Let S = sup,epi/2,4 S(x). By (11), S is finite; there exists b € [1/2,a] such that
S(b) = 0.9S. In particular, S(b) > 0.9sup,¢(y/95) S(z) and S(b) > 90C,. Applying
(13) at b, we get

b
* 1
_ 2-097"
< 907'S(b) + Wsw),

leading to a contradiction since (8* +1)? > ffé%:. Finally, S(z) < 100C; for every
xz € (0,1).

4. The convergence at fixed = € (0,1)

We prove in this section that when x € [0,1] is fixed, t =% E[N;(x)] admits a finite
limit as t — oco. The results of the preceding section do not directly apply since the
place Xo(z) of x in the rectangle Ry(z) highly depends on z. Recall notation 3 for
the word composed of k zeros 0...0 € A. The guiding idea is that the splittings tend

to make X, (z) uniform and independent of Mj, (x).

4.1. A key Markov chain

Fix 2 € (0,1). To simplify notation, for every k > 1, we write X; for X;, (z)
and M, for M;, (x). We shall focus on the process (X, My)r>0, which is obviously a
homogeneous Markov chain starting from (z,1) whose transition probability is given
by (4) or (5). Let k > 1. We denote by Fj, the filtration generated by (X;, M;)i1<i<k.
It is easy to see that the transition probability only depends on Xy, that is

E[(Xkis Miti)iz1|Fi] = E[(Xnpis Miti)iz1| Xi] -

Proposition 4.1. Fiz x € (0,1). There exists a coupling of the chain (Xi, My)r>o0
with a random time T € Z. such that for any k > 0, conditionally on {T < k},
the r.v. Xy is uniformly distributed over [0,1], independent of (M;)1<i<k and of T.

Furthermore, we have

E [1.157] < 4oc.
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Proof. For any k > 1 we consider the event
E, = {Mk < Xg_1 A (]. — kal)}~

Using the explicit densities (4) and (5), one sees that conditionally on Fi_; and on
the event Ej of probability —(Xx—1 A (1 — Xg—1)) In(Xg—1(1 — Xx—_1)), the conditional

distribution of X, is

1 1 1
1 -1 dy.
—In (Xk—l(l _ Xk—l)) (1 —y ye(0,X,_1) T y yE(Xk_1,1)> Y

In particular, conditionally on E} and Fj_1, the variable X} is independent of M} and
has a density bounded from below by —1/In(Xy_1(1—Xk_1)). Thus, we can construct
simultaneously with (X}, My )r>0 a sequence of random variables (By)r>0 € {0, 1}2+ as
follows. Suppose that we have constructed (X;, M;, B;)o<i<x—1. Then independently of
Fr—1, toss a Bernoulli variable of parameter —(Xp_1 A (1—Xg—1)) In(Xp_1(1—Xk—1)).
If 0 comes out, we consider that we are on the event E}, then put Bj, = 0 and sample
(X%, M) with the conditional distribution on Ef and Fj_1. If 1 comes out, we consider

that we are on the event E} and we proceed to the following.
1. First sample M}, from its distribution conditionally on E} and Fj_1.

2. Then independently of My, toss a Bernoulli variable By, of parameter —1/ In(Xy_1(1—
Xk-1)). If By = 1, sample X}, uniformly from [0,1] and independently of
(M, ..., My). Otherwise, sample X with density

1 1 1
“1)1 1)1 dy,
—In (X1 (1 = Xg-1)) =1 ((1 -y ) v Xr) T (y ) ye(xkl’l)) Y

independently of (M, ..., My).

The device provides us with a Markov chain (X, Mg, By)r>0 such that the first two

coordinates have the law of the process introduced before Proposition 4.1. We then let
T =inf{k >0, B, = 1}.

By definition of T, the random variable Xp is sampled uniformly over [0,1] and
independently of (M, ..., Mr). We deduce that the process (X741, Mry;)i>1 has the

same distribution as the process (X;, (U), M, (U))r>1 defined in Proposition 1, hence

» T3k
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an easy adaptation of Proposition 1 shows that for every positive integer ¢, Xp4; is
uniformly distributed over [0, 1] independent of (M, ..., Mr4;) and of T. This proves
the first part of Proposition 4.1.

For the second part, we need to evaluate the tail of the random time 7. We introduce
the following variation. Let (Xj)s>o be a Markov chain with space state (0,1) U
{0}, where 0 is a cemetery point. Informally, this chain is the chain (Xj) until we
reach the time 7', then it is killed and sent to the cemetery point. Thanks to the
calculation presented at the beginning of the proof, it should be clear that given Xj_1
and conditionally on {T" > k — 1}, the probability of the event {T" = k} is Xj_1 A
(1— Xj_1). Thus the transition probability for the chain (X}) is defined as follows: for

every z € (0,1),

11—z T
1-y)2 Lyeoa) T alye@n — 2/ (1- w)) dy,

and p(9,dy) = dg. By construction of this chain, the stopping time T = inf{k > 1:

ple.dy) = m(l—mm(

X = 9} has the same distribution as T'. In order to estimate 7', we define the following
potential function V' : (0,1) U {0} — [1, 0]
1,—6+ E1ace(0,1/2) + i1ace[1/2,1)-
e Vi-z
Then one can show that for every z € (0,1) U {9},

V()

/ pa.dy)V(y) < 085V (x)+ Lipy (),

so that [12, Theorem 15.2.5] may be applied: there exists € > 0 such that for all
xz € (0,1),

T—1
E ZV(Xk) 1158 | < e 1157 W (),
k=0

from which we deduce that

E[1.157] < o
(note that the last quantity is not uniformly bounded for 2 € (0,1)). This completes
the proof of Proposition 4.1.

In the remaining part of this section, x is fixed in (0,1). Coming back to (3) and

writing M, = M1 M, ... M, for the Lebesgue measure of R;, (z), we have

B[Ny (2)] = ¢t (gk(t) +2FE [wak (Xk)1T>k} +2FE [wak (Xk)1T§k} ) (14)
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We shall treat separately the last two terms of (14).

4.2. Study of t =7 2*E[Nyz,,_ p (Xi)1lrsk]
We shall see that ¢t QkE[Nﬁkt_Fk (Xk)1rsg] is arbitrarily small uniformly in ¢

provided that the integer k is chosen large enough. Observe

ti’g* 2FRE [Nﬁkt—Fk (Xk)1T>k] < tiﬁ*QkE [Nﬂkt(Xk)1T>k]
= 2FE {Mf (Mkt)iﬁ*NMkt(Xk)1T>k}

—3* — o~ _
— R [Mk 175 4E [(Mkt) s Nmt(Xk)‘a(Mk,Xk,T)H.

Letting ¢ be the map (s,u) — E[s~#" N,(u)], we have:

P " —
R[Ny (Xi)lrsk] < 2°E [Mk 1T>k¢(Mkt,Xk)}.

Thanks to (10), ¢ < C, so that the quantity in the last display is at most C2FE [Mf* 1T>k] .

Holder’s inequality yields for every p > 1

« 11/p _
ﬁp} E[17s5]" e

C2'E [MfHDk} < C2E {Mk

The last term is easily treated, by Markov’s inequality we have E [17-;] < 1.157*E[1.157].

Concerning IE[M',[: "] we have

E [Mf*”} < E [Mm(x)ﬁ*p S Mak(x)ﬁ*p}

/1 F(y)dyE [Mgl ). M, (y)m’} :
0

where f(*) is the density of X; under P. It is easy to see from (4) that ) is bounded

from above by (z A (1 — 2))~!. Hence

e [3]"] [ [T

= zA(l-2)
Recall from Proposition 1 that when & = U is uniform over [0, 1] and independent
of (Q(t))¢>0, then M, (U),..., M;, (U) are independent and distributed according to
1imef0,1)2(1 —m)dm. In particular

2
(Bp+1)(B*p +2)

E[MO(U)B*P} _

and thus
2

<(5*p +1)(Bp+ 2)>k1 '

/01 dyE [ﬂkq(y)ﬁ*p} =
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Gathering all these estimates, we obtain

t_ﬁ*zkE[NMkthk (Xk)1T>k}
1 1/p 9 (k=1)/p -y
C2k ( ) ( ) E[1.157 P1.15-k0-1/p)
zA(1-x) (B*p+1)(B*p+2) [1.157]

= K 2{ 2 }Upl 151/P—1 k
oo (B*p+1)(B*p+2) ' ’

where K, ,, is a constant that only depends on p and = but on k. Now, one can easily

IN

prove that for p > 1 sufficiently close to 1, the term between brackets in the last display
becomes strictly less than 1. Consequently, letting € > 0 fixed, there exists an integer

k sufficiently large such that for every ¢ > 0,
tiﬁ* 2FE [Nﬁkthk (Xk)]-T>k] < e (15)
4.3. Conclusion

Observe that we have for every ¢t > 0

t B 2kE {Nﬁkt_Fk (Xk)]-Tgk}

= 2'E [1TSkE {t_ﬁ*Nﬁkthk (Xk)’ O(MkyFkaT)H

— 2'E [1T§k(ﬂk ' F)E [(Hkt ~ P Nap (Xk)( o (M, Fk,T)H :

where y; denotes y V 0. By Proposition 4.1, on the event {T" < k}, the r.v. Xj is
uniformly distributed over [0, 1] and independent of My, ..., Mj, thus of M. It is also
independent of Fj, and T. Hence, letting 6 be the map s — E[S;B* N, (U)], where U is

a random variable uniformly distributed on (0, 1) independent of N, we have:

t=P 2R [Nﬁkthk (Xk)]-TSk} = 2FE {]_Tgk(ﬁk — t’le)i*G(Hkt - Fk) .

Applying Proposition 2, (Mt — F}) a.s. tends to a finite limit as t — oo. Hence by
dominated convergence ¢t~ 2*E [Ny; , . (Xi)1lr<k] has a finite limit as ¢ — co. We

deduce from this fact, (14) and (15) that

limsup t 7 E [Ny (z)] — litm inft 7 E[Ny(z)] < e

t—00 — 00
Since that inequality holds for every & > 0, t# E[N;(z)] has a finite limit as ¢t — oo

which we denote by nq():

Noo(z) = lim t~ 7 E[Ny(z)].

t—o0
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5. Identifying the limit

In this section, we show that = — nu(z) is proportional to = — (z(1 — z))? /2
using a fixed point argument for integral equation (see also [4, Section 4.1] for a similar
application) . The normalizing constant will come from the L!'-norm of x — (z(1 —
x))?"/? and the constant of Proposition 2.

Combining (2) with the densities computed in (4), we deduce that

P E[N,()] = t—ﬂ*ﬂv(tzﬁ)m( / 1dyy /0 Y dmm® E [0m) ™ Noay ()]

w2 [T = B [ N )})

Thanks to Lemma 2, we get by dominated convergence

2 . ! 1 . e 1
- B +1 dy——— 1— )8+ dy—— )
Noo () B 11 (m /w yyﬁ*+2 Moo (Y) + ( ) /0 y(l )R noo(?/))
In other words, if we define
2 * 1 . 1
_ B*+1 _ e\ L
gz(y) - ﬁ* 1 (fE y5*+2 1cr<y<1 + (]. 1’) (1 — y)ﬁ*“ 10<y<az> )

we have

noo(z) = / dygs (1) oo ().

Let G be the operator that maps a function f € 1[0, 1] to the function

/0 dyg.(y) f(y)

In particular, ns is a fixed point of G. It is easy to check that z € (0,1) — g.(.) €
LL1[0, 1] is continuous for the L-norm. Furthermore, Lemma 2 ensures that |n..(z)| <
C for every x € (0,1). As a consequence, 2 — no(x) is continuous over (0,1). An
easy computation shows that for every y € (0,1) fo dzg.(y) = 1. Let p be another

fixed point of G having the same integral as no,. Then

1 1 1
/0 el () — p(a)] = / da / dyge (1) (Moo — 1))

1 1
< /0 dx /O dygz(y) Ines (y) — p(y)|
/Odylnoo(y)—p(y)L
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which shows that the inequality is in fact an equality. Hence no, —p has a.e. a constant
sign. As we know that the integral of n,, — p is zero, we deduce that n,, = p a.e.
Straightforward calculations prove that pg : « +— (2(1 — x))? /2 is also a fixed point of

G of L'-norm, so that
_ 8*/2
noo() = |neollrllpolly  (x(1 — 2)) a.e.

Since ns, and pg are continuous, we can remove the a.e. statement (observe that

Noo(0) = Neo(1) = 0 by Theorem 2). Plainly,

r2 (5 +1)
Ipolls = w572y

On the other hand, (10) and the dominated convergence theorem ensure that ||n.|j1 =
lim;_ o t =7 E[N;(U)], which was computed in Proposition 2:

I2(s"+1)

3(B* 4+ 1)

70l =

Proof of Theorem 1. To sum up, we have for every z € [0, 1]:

. TeF+TE +2)
e a1 (5 4 1)

=8 B[N, ()] 21— )",

Applying Lemma 1, Theorem 1 is shown.

6. Extensions and comments

6.1. Various convergences

In this paper, we only proved a convergence in mean of t—?" N, (z). We may wonder
whether this quantity also converges in distribution, in probability, or even almost
surely. A more interesting question is the following: does the process ((t=°" N, (7)) zefo], t >
0) converge in distribution in the Skorokhod sense to a random function (C())zeo,1)
as t — o0o? Observe that if it does, then there exists a random point U uniformly
distributed over (0,1) such that C(U) = 0, U corresponding to the point x1 of the first
atom of IT (Ny(z1) is indeed of order tV2~1 by Theorem 2).

Conjecture 1. We have the functional limit law (t‘B*Nt(x))me[o’l] — (C())zef0,1] as
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t — oo in (D([0,1]), || - ||sc), where C satisfies the distributional fized point equation

e A LR ) R )

Us
* x — U,
F1laap, 3 (1= Uy ¢ (220
1-U,

+ (- Up)(1 —1y))” ¢V (%) })IE[OJ] 7

where Uy, Uy, €0, cOL 10 ¢cOY gre independent, Uy and Uy, are uniformly
distributed on [0,1] and ¢(©0, ¢(OV (0 cOD) haye all the same distribution as C.

6.2. Multidimensional case

The strategy adopted in Section 3.1 may be generalized to higher dimensions. As
for the convergence in mean of the number of hyper-rectangles crossed by a fized affine
subspace having a direction generated by some vectors of the canonical basis, our

approach may also be followed.

6.3. Quadtree as a model of random geometry

On top of its numerous applications in theoritical computer science, the model of
random quadtree may be considered as a model of random geometry. More precisely
one can view, for ¢t > 0, the set of rectangles Q(t) as a random graph, assigning length
1 to each edge of the rectangles. We denote this graph by Q(t) A natural question
would be to understand the metric behavior of Q(t) as t — oo? If L; is the graph
distance in Q(t) between the up-left and up-right corners, then Theorem 2 already

shows that L; is less than the order tv2-1,

Problem 1. Is (tl_\/iLt) tight? Does it converge in distribution? If not, find the

t>0

right power of t.
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