FULTON-HANSEN AND BARTH-LEFSCHETZ THEOREMS FOR
SUBVARIETIES OF ABELIAN VARIETIES

Olivier DEBARRE(™)

Sommese showed that a large part of the geometry of a smooth subvariety of a complex
abelian variety depends on “how ample” its normal bundle is (see §1 for more details).
Unfortunately, the only known way of measuring this ampleness uses rather strong properties

of the ambiant abelian variety.

We show that a notion of non-degeneracy due to Ran is a good substitute for
ampleness of the normal bundle. It can be defined as follows: an wrreducible subvariety
V of an abelian variety X s geometrically non-degenerate if for any abelian variety Y
quotient of X, the image of V in Y either is Y or has same dimension as V. This
property does not require V to be smooth; for smooth subvarieties, it is (strictly) weaker

than ampleness of the normal bundle.

Our main result is a Fulton-Hansen type theorem for an irreducible subvariety V of
an abelian variety: the dimension of the “secant variety” of V along a subvariety S (defined
as V —9S), and that of its “tangential variety” along S (defined in the smooth case as the
union of the projectivized tangent spaces to V at points of S, translated at the origin)
differ by 1. Corollaries include a new proof of the finiteness of the Gauss map and an
estimate on the ampleness of the normal bundle of a smooth geometrically non-degenerate

subvariety.

We also complement Sommese’s work with a new Barth-Lefschetz theorem for
subvarieties of abelian varieties whose proof is based on an idea of Schneider and Zintl.
Let C be a smooth curve in an abelian variety X ; we apply this result to give an estimate

on the dimension of the singular locus of C+4---+ C in X.

We work over the field of complex numbers.

1. Geometrically non-degenerate subvarieties

Recall ([S1]) that a line bundle L on an irreducible projective variety V is k—ample
if, for some m > 0, the line bundle L™ is generated by its global sections and the fibers
of the associated map ¢p= : V — PN are all of dimension < k. A vector bundle E on
V is k—ample if the line bundle Opg«(1) is k—ample. Ordinary ampleness coincide with

0 —ampleness.

Partially supported by N.S.F. Grant DMS 94-00636 and the European HCM project
“Algebraic Geometry in Europe” (AGE), Contract CHRXCT-940557.
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f:V = X. Let VO be the open set of smooth points of V at which f is unramified. Define
the normal bundle to f as the vector bundle on V° quotient of f(TX)vo by TVO.

For any = € X, let 7, be the translation by = . For any v € V, the differential of
the map 7_y,)f at v is alinear map T,V — ToX, which we will simply denote by fi .

ProposiTioN 1.1.— Under the above assumptions, let S be a complete irreducible subvariety
of VO . The following properties are equivalent

(1) the restriction to S of the normal bundle to f is k—ample;

(i) for any hyperplane H in ToX, the set { s €S ‘ f+(TsV) CH } has dimension
<k.

Proof. Let N be the restriction to S of the normal bundleto f andlet ¢ : PN* — P f*(T*X)s

be the canonical injection. The morphism
¢ PN* 5 P (T*X);s ~ PTiX x S &5 PTiX

satisfies
" Op1rx(1) = *Op pr(12x),s (1) = Opn=(1) .
It follows that N is k—ample if and only if the fibers of ¢ have dimension <k ([S1],
prop. 1.7). The proposition follows, since the restriction of the projection PN* — S to any

fiber of ¢ is injective. m

When X is simple, the normal bundle to any smooth subvariety of X is ample ([H]).
More generally, the normal bundle to any smooth subvariety of X is k—ample, where £ is

the maximum dimension of a proper abelian subvariety of X ([S1], prop. 1.20).

Following Ran, we will say that a d-dimensional irreducible subvariety V of X is
geometrically non-degenerate if the kernel of the restriction HO(X, Q%) — HO(Vreg,Q‘\i,reg)
contains no non-zero decomposable forms. This property holds if and only if for any abelian
variety Y quotient of X, the image of V in Y either is Y or has same dimension as V

([R1], lemma II.12).

Ezamples. 1) A divisor is geometrically non-degenerate if and only if it is ample; a curve
is geometrically non-degenerate if and only if it generates X. Any geometrically non-
degenerate subvariety of positive dimension generates X, but the converse is false in
general. However, any irreducible subvariety of a simple abelian variety is geometrically

non-degenerate.

2) If ¢ is a polarization on X and V is an irreducible subvariety of X with class
a rational multiple of (¢, it follows from [R1], cor. I1.2 and II.3 that V is non-degenerate
in the sense of [R1], II, hence geometrically non-degenerate. In particular, the subvarieties
W,(C) of the Jacobian of a curve C are geometrically non-degenerate; it can be checked

that their normal bundle is ample when they are smooth (use prop. 1.1).
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DeFINITION 1.2.— An wrreducible subvariety V of an abelian variety X s k—geometrically
non-degenerate if and only if for any abelian variety Y quotient of X, the image of V in
Y either is Y or has dimension > dim(V) — k.

ProposiTioN 1.3.— In an abelian variety, any smooth irreducible subvariety with k-ample

normal bundle is k—geometrically non-degenerate.

Proof. Let 7: X — Y be a quotient of X such that #(V) # Y . The tangent spaces to V
along a smooth fiber of my are all contained in a fixed hyperplane, hence general fibers of

my have dimension <k by prop. 1.1. =

The converse is not true, as the construction sketched below shows, but a partial
converse will be obtained in 2.3. Roughly speaking, if Y is a quotient of X, and if the
image W of V in Y is not Y, k—geometrical nondegeneracy requires that the general
fibers of V— W be of dimension < k, whereas k—ampleness of the normal bundle requires
that every fiber of V. — W be of dimension < k.

Let Lg be an ample line bundle on an elliptic curve E | with linearly independent sec-
tions s, sy defining a morphism E — P! with ramification points (e1,1),...,(eq,1) € P'.
Let Ly be an ample line bundle on a simple abelian variety Y of dimension > 3, with
linearly independent sections t1,ts,t3 such that div(ts), F = div(¢;) Ndiv(tz) Ndiv(ts)
and div(e;t1 +1t2) Ndiv(ts) are smooth for ¢ =1,...,4 (such a configuration can be con-
structed using results from [D2]). Set X =E x Y and define a subvariety V of X by
the equations sty + sty =t3 = 0; then V is smooth of codimension 2., geometrically
non-degenerate, but its normal bundle is not ample (for all e € E and f € F, one has

Tee.pV C Tf<diV(t3)> ), only 1—ample (cor. 2.3).

ProposiTioN 1.4.— Let X be an abelian variety and let V. and W be irreducible subvarieties
of X. Define a morphism ¢ : V" x W — X" by d(v1,...,00,w) = (v1 —w,...,v, —w). If

V 1s k—geometrically non-degenerate,
dim (V" x W) > min(r dim(X), r dim(V) 4+ dim(W) — k) :

Proof. Assume first r dim(V) + dim(W) — & > r dim(X) . Let 7 : X — X/K be a quotient
of X. Iclaim that rdim7(V) + dim7(W) > rdim(X/K) . If #(V) = X/K, this is obvious;
otherwise, we have dim7(V) > dim(V) — ko , where ko = min(k, dim(K)) , hence
rdim7(V) + dim7(W) > r(dim(V) — ko) 4+ dim(W) — dim(K)
> rdim(X) + k — rko — dim(K) > r dim(X/K) .

It follows that (V,...,V, W) (where V isrepeated r times) fills up X in the sense
of [D1], (1.10); th. 2.1 of loc.cit. then implies that ¢ is onto.
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in X that generates X. Let W’ be the sum of W and s copies of C; then
rdim(V) + dim(W') — & = r dim(X) and the first case shows that the sum of the image

of ¢ and s curvesis X" . The proposition follows. =

We obtain a nice characterization of k—geometrically non-degenerate varieties.

CoROLLARY 1.5.— An wrreducible subvariety V of an abelian variety X 1s k—geometrically
non-degenerate if and only if it meets any subvariety of X of dimension > codim(V) + k.

Proof. Assume that V meets any subvariety of X of dimension > codim(V) 4 k& and let
7:X =Y beaquotient of X. If #(V) #£ Y , there exists a subvariety W of Y of dimension
dim(Y) — dim7(V) — 1 that does not meet 7(V). Since V does not meet == 1(W),

codim(V) + k > dim 7T_1(W) = dim(X) —dim#(V) — 1

hence dim#(V) > dim(V) —k and V is k—geometrically non-degenerate. Conversely,
assume V is k—geometrically non-degenerate; let W be an irreducible subvariety of X
of dimension > codim(V) 4+ k. Proposition 1.4 shows that V— W = X | hence V meets
W. =

2. A Fulton-Hansen-type result
Fulton and Hansen proved in [FH] (¢f. also [FL1], [Z1], [Z2]) a beautiful result that

relates the dimension of the tangent variety and that of the secant variety of a subvariety of

a projective space. We prove an analogous result for a subvariety of an abelian variety.

Let X be an abelian variety and let V be a variety with a morphism f:V — X.
Recall that f is unramified along a subvariety S of V if Ag={(v,s) € VxS |v=s}is
an open subscheme of V xx S. Following [FL1], we will say that f is weakly unramified
along S 1f Ag is a connected component of V xx S, ignoring scheme structures. In that
case, if p:V xS — X is the morphism defined by p(v,s) = f(v) — f(s) and €: X — X is

the blow-up of the origin, there exists a commutative diagram

where « is the blow-up of V xx S. Let E be the exceptional divisor above Ag CV xS
and set T(V,S) = p(E). It is a subscheme of PToX contained in [J, .4 PT,V and equal
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T(V,S) is the set of limits in X of (f(v) — f(s)) ,as v €V and s €S converge to the
same point. Obviously, dimT(V,S) < dim(f(\/) — f(S)) :

THEOREM 2.1.— Let X be an abelian variety and let 'V be an wrreducible projective variety
with a morphism f:V — X . Let S be a complete wrreducible subvariety of V along which
fis weakly unramified. Then dimT(V,S) = dim(f(\/) — f(S)) —1.

We begin with a lemma.

LemMMma 2.2.— Let C be an wrreducible projective curve with a morphism ¢ : C — X such
that g(C) is a smooth curve through the origin. Assume that g is unramified at some point
co € C with g(co) =0 and that PTog(C) ¢ T(V,S). The morphism h:V x C— X de-
fined by h(v,c) = f(v) — g(c) s weakly unramified along S x {co} and T(V x C,S x {co})
is contained in the cone over T(V,S) with vertezx PTog(C).

One can prove that T(V x C,S x {¢p}) is actually equal to the cone.

Proof. Let I' be a smooth irreducible curve, let ~y be a point on I' and let
g=(q1,92,q3) : ' = (V x C) xx S be a morphism with ¢(v0) = (s0,c0,%). We need to
prove that ¢(I') C Af, where A{ ={(s,co,s) | s € S};since Ag is a connected component
of V xx S, it suffices to show that ¢y is constant. Suppose the contrary; then (q¢1,¢s) lifts
to a morphism §i3: I =Y and ¢ to a morphism §:C — X . Since p(q1,q3) = ggqz , one
has pgis = ggz hence g(cg) = ﬁ<q~13(’yo)> € T(V,S). This contradicts the hypothesis since
g(co) is the point PTog(C) of PToX . This proves the first part of the lemma.

The second part is similar: let Z — (V x C) xS be the blow-up of (V xC)xx§S,
let T' be a smooth irreducible curve with a point 9 € I and let ¢: T' — 7 be a morphism
such that ¢(y0) is in the exceptional divisor above A{. Write ¢ = a¢ = (¢1,¢2,¢3) and
keep the same notation as above. Then pg(I') is contained in the surface pgi3(I') — ¢(C)
hence pG(vo) belongs to the line in PTyX through ﬁ<q~13(’yo)> and ¢(co) = PTog(C).

This proves the lemma. m

Proof of the theorem. We proceed by induction on the codimension of f(V) — f(S).
Assume f(V)— f(S)=X; if T(V,S)# PToX, pick a point u ¢ T(V,S) and a smooth
projective curve C’ in X tangent to w at 0, and such that the restriction induces an
injection Pic’(X) — Pic’(C’). Let C be a smooth curve with a connected ramified double
cover ¢ : C — C' unramified at a point ¢y above 0; the map Pic?(C’) — Pic?(C) induced

by ¢ is injective.

Since p is surjective, C’ generates X and C is smooth, th. 3.6 of [D1] implies
that (V x S) xx C is connected. If h:V x C — X is defined by h(v,c) = f(v) —g(c), it
follows that (V x C) xx S is also connected. On the other hand, the lemma implies that
the set {(s,co,s) |s €S} is a connected component of, hence is equal to, (V x C) xx S.
It follows that h™! (f(S)) =S x {co}. Since ¢g71(0) consists of 2 distinct points, this is
absurd, hence T(V,S) =PTyX and the theorem holds in this case.
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morphism f/:V x C" = X defined by f'(v,c') = f(v) + ¢ is weakly unramified along
S x {0}, and dimT(V x C'",S x {0}) < dimT(V,S)+1. It follows from the induction
hypothesis that

dim T(V,S) > dim( f(V) + C' = £(S)) — 2 =dim(f(V) — f(S)) — 1,
which proves the theorem. =

The following corollary provides a partial converse to prop. 1.3.

CoROLLARY 2.3.— Let X be an abelian variety of dimension n and let 'V be an wrreducible
projective variety of dimension d with a morphism f:V — X such that f(V) s k-
geometrically non-degenerate. Let VO be the open set of smooth points of V at which
f s unramafied. The restriction of the normal bundle to f to any complete irreducible
subvariety S of VO is (n —d — 1+ k)-ample.

Proof. By prop. 1.1, we must show that for any hyperplane H in TyX , any irreducible
component Sy of {s € S| fu(T,V) C H} has dimension <n—d—1+k. But T(V,Sy)
is contained in H and the theorem gives f(V)— f(Su) # X. Since f is unramified along
Su and f(V) is k—geometrically non-degenerate, prop. 1.4 implies that f(V)— f(Su) has
dimension > d 4 dim(Sp) — & ; this proves the corollary. m

It should be noted that the corollary also follows from the main result of [Z3] (cor. 1),
whose proof is unfortunately so sketchy (to say the least) that I could not understand it.

CoroLLARY 2.4.— Let X be an abelian variety and let V be an irreducible projective
vartety with a morphism f:V — X. Let L be a linear subspace of ToX and let S
be a complete wrreducible subvariety of V along which f 1s unramified. Assume that
dim(f*(TSV) ﬂL) <m for all s €S, and let Ays)y be the small diagonal in f(S)™ .
Then

dim(f(V)m — Af(5)> < mdim(X) — dim(L) +m .

In particular, if m < dim(L) and f(V) is k—geometrically non-degenerate,
m dim(V) + dim(S) < m dim(X) — dim(L) + m + % .

Proof. Let r =dim(L); the variety N={ [t1,...,tm] € P(L™) |t1 A--- Aty =0} has
codimension r—m+1 in P(L™). Consider the morphism f™:V™ — X™ and the
subvariety Ag of V™. The hypothesis imply that in P(ToX™), the intersection of
T(V™ Ag) and P(L™) is contained in N. It follows that

dmT(V™, As) < dim(N) + dim P(ToX™) — dim P(L™)
= dimP(ToX™) = (r—m+1) .

The first inequality of the corollary follows from th. 2.1, and the second from prop.
14. =
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We keep the same setting: X is an abelian variety and V an irreducible projective
variety of dimension d with a morphism f:V — X. Let VY be the open set of smooth
points of V at which f is unramified; define the Gauss map ~:V? — G(d, ToX) by
~(v) = fo(T,V). The following result was first proved by Ran ([R2]), and by Abramovich

([A]) in all characteristics.

ProposiTiON 3.1.— Let X be an abelian variety and let 'V be an irreducible projective variety
with a morphism f:V — X . If S is a complete iwrreducible variety contained in a fiber of
the Gauss map, f(V) is stable by translation by the abelian variety generated by f(S). In
particular, the Gauss map of a smooth projective subvariety of X wnvariant by translation

by no non-zero abelian subvariety of X is finite.

Proof. Under the hypothesis of the proposition, T(V,S) has dimension dim(V) — 1; th.
2.1 implies f(V) — f(S) = f(V), hence the proposition. =

For any linear subspace L of ToX and any integer m < dim(L), let Xy, ,, be
the Schubert variety {M € G(d, ToX) | dim(L N M) > m}; its codimension in G(d, ToX)
is m(codim(L) —d+m).

ProposiTioN 3.2.— Let X be an abelian variety and let V be an wrreducible projective
variety of dimension d with a morphism f:V — X such that f(V) is k—geometrically
non-degenerate. Let v :V® — G(d, ToX) be the Gauss map, let L be a linear subspace of
ToX and let m be an integer < dim(L). Any complete subvariety S of VO of dimension
> codim Xy, , + (m — 1)<dim(L) — m) +k meets yH(ZL m) .

Proof. Apply cor. 2.4. =

The hypothesis could probably be weakened to dim(S) > codim Xy, ,,, + k (see next
proposition); the proposition gives that for m =1 or dim(L). The corresponding Schubert

varieties are Y1, 1 = {M € G(d, ToX) |LNM # 0} and Iy, gim) = {M € G(d, ToX) | L C M} .

More generally, a result of Fulton and Lazarsfeld imposes strong restrictions on the
image of the Gauss map of smooth subvarieties with ample normal bundle which I believe

should also hold for geometrically non-degenerate subvarieties.

ProprosiTioN 3.3.— Let X be an abelian variety and let 'V be a smooth wrreducible pro-
jective variety of dimension d with an unramified morphism f:V — X and Gauss map
~v:V = G(d, ToX). Assume that the normal bundle to f is ample; any subvariety S of
~(V) meets any subvariety of G(d, ToX) of codimension < dim(S).

Proof. If Q is the universal quotient bundle on G(d,ToX), the pull-back ~*(Q) is
isomorphic to the normal bundle f*TX/TV | hence is ample. It follows from [FL2] that for
each Schubert variety ¥ of codimension m in G(d, ToX) and each irreducible subvariety

S of V of dimension m , one has fS ~*[Ea] > 0. Now the class of any irreducible subvariety
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(not all zero) of the Schubert classes; this implies [ v*[Z] > 0, hence SN~y~YZ) #0. =

Regarding the Gauss map of a smooth subvariety of an abelian variety, Sommese
and Van de Ven also proved in [SV] a strong result for higher relative homotopy groups of

pull-backs of smooth subvarieties of the Grassmannian.

4. A Barth-Lefschetz-type result

Sommese has obtained very complete results on the homotopy groups of smooth subva-
rieties of an abelian variety. For example, he proved in [S2] that if V is a smooth subvariety
of dimension d of an abelian variety X, with k—ample normal bundle, 7, (X,V) =10 for

q <2d—n —k+ 1. For arbitrary subvarieties, we have the following:

THEOREM 4.1.— Let X be an abelian variety and let V be a k—geometrically non-degenerate
normal subvariety of X of dimension > %(dim(X) + k) . Then ﬂ'ilg(\/) ~ ﬂ'ilg(X) .

Proof. The case k=0 is cor. 4.2 of [D1]. The general case is similar, since the hypothesis
implies that the pair (V,V) satisfies condition (%) of [D1]. =

Going back to smooth subvarieties, I will give an elementary proof of (a slight

improvement of) the cohomological version of Sommese’s theorem, based on the following

vanishing theorem ([LP]) and the ideas of [SZ].

VANISHING THEOREM 4.2 (Le Potier, Sommese).— Let E be a k—ample rank r vector bundle
on a smooth wrreducible projective variety V of dimension d. Then

HY(V,E*@ Q%) =0 for ptqg<d—r—~Fk.

Recall also the following elementary lemma from [SZ]:

LEMMA 4.3.— Let 0 = F =+ Eqg — E;y — ... = E;x — 0 be an exact sequence of sheaves on a
scheme V. Assume H*(V,E;) =0 for 0<i <k and s < q; then H{(V,F) ~ HI=*(V, Ey) .

THEOREM 4.4.— Let V be a smooth irreducible subvariety of dimension d of an abelian
n—fold X and let L be a nef line bundle on V. Assume that the normal bundle N of V
m X 18 a direct sum BN, , where N; 1s k;—ample of rank r;. For 7 >0,

HY(V, SIN* @ ,C_l) =0 for g < d—max(r; + k;) .
Proof. Since S/N* is a direct summand of S/7'N* @ N* | it is enough to show, by induction
on j,that HY(V,S/N* @ N @ £7!) vanishes for j >0 and ¢ <d —r; —k;. Since N; @ L
is k;—ample, the case j = 0 follows from Le Potier’s theorem. For 7 > 1, tensor the exact
sequence

0 — S/N* —>Sf—1N*®Q§<|V == Oy 2 =0

by Nf@L™'. Since Qf 1is trivial, the induction hypothesis and the lemma give
HY(V,SIN* QN @ L71) > HI7/(V,Q, @Nf @ £71),  and this group vanishes for
g <d—r; —k; by Le Potier’s theorem. =



THEOREM 4.5.— Let 'V be a smooth wrreducible subvariety of dimension d of an abelian n—
fold X . Assume that its normal bundle a direct sum GN;, where N; 1s kj—ample of rank

ri . Then
a) H(X,V;C) =0 for ¢ <d—max(r; +k;)+1;

b) for all nonzero elements P of Pic®(V), the cohomology groups H(V,P) wanish
for ¢ < d—max(r; +k;) .

Remarks 4.6. 1) It is likely that a) should hold for cohomology with integral coefficients.

2) If the normal bundle is k—ample, we get HI(X,V;C) =0 for ¢ <2d—n—Fk+1.
If the normal bundle is a sum of ample line bundles, HY(X,V;C) =0 for ¢ <d; in
particular, the restriction HO(X, Q%) — HO(V,Q¢) is injective and V is non-degenerate
in the sense of [R1], II, hence also geometrically non-degenerate.

3) By [GL], HY(V,P) =0 for P outside of a subset of codimension >d — ¢ of
Pic®(V). By [9], this subset is a union of translates of abelian subvarieties of X by torsion

points.

Proof of the theorem. For a), it is enough by Hodge theory to study the maps

i ‘ i ‘ Y .orri ‘
Since Qg( is trivial, we only need look at ¢:HY(X,0x)— H{(V,Oy) and .
We begin with . We may assume 7 > 0. Let M; be the kernel of the surjection
ngv — , = 0. The long exact sequence of th. 4.4 gives

0= SN = SN @y = ... > N 0y = M;—0.

The lemma and the theorem then yield
HY(V,M;) ~ H =1V SIN*) = 0

for 14+ j—1<d—max(k;+r;), since j>0. This implies that ¢ has the required
properties.

For i = 0, the map ¢ is HY(X, Qg() — HO(V, Q]V) . By Hodge symmetry, this proves
that ¢ also has the required properties, hence the first point.

For b), we may assume d — max(k; +7;) > 1, in which case the first point im-
plies Pic’(X) ~ Pic’(V). Let P € Pic’(X) be nonzero; the same proof as above yields

HO(V,Q{ @ Pyv) =0 for ¢ < d—max(k; 4 ;). The theorem follows from the existence of
an anti-linear isomorphism H°(V,Q{ @ Py ) ~ HY(V, P|*V) ([GL]). =
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abelian variety X, write Cy4 for the subvariety C+---+ C (d times) of X. Recall that
if C is general of genus n and d < n, the singular locus of Cq = W4(C) in the Jacobian
JC has dimension 2d —n — 2.

ProprosiTioN 4.7.— Let X be an abelian variety of dimension n and let C be a smooth
wrreducible curve in X . Assume that C generates X and that its Gauss map 1s birational
onto its image. Then, for d <n, the singular locus of Cyq has dimension >2d —n —1

unless X 1s 1somorphic to the Jacobian of C and C 1s canonically embedded 1n X.

Proof. Let ~:C. — PToX be the Gauss map and let = : C@) 5 C; be the sum
map. The image of the differential of 7 at the point (cje....¢q) is the linear subspace
of ToX generated by ~(c1),...,v(cq). Since C generates X, the curve 7(C) is non-
degenerate; it follows that for ¢1,...,¢q general, the points v(¢1),...,v(cq) spana (d —1)—
plane whose intersection with the curve ~(C) consists only of these points. Thus 7 is
birational. Moreover, if © = c¢; + -+ 4 ¢4 is smooth on Cg, then ~(¢;) € 75(T,Cq) N~(C)
hence 7~ !(x) is finite. By Zariski’s Main Theorem, 7 induces an isomorphism between

7T_1<(Cd)reg> and (Cq)reg -

Let s be the dimension of the singular locus of C; and assume —1 < s <2d —n — 2.
Let L be a very ample line bundle on X ; the intersection W of C; with (s + 1) general
elements of |L| is smooth of dimension > 2 and contained in (Cg)reg . If H is a hyperplane
in ToX and © =¢; 4+ -+ ¢cqg € W, the inclusion T,Cy C H implies v(¢;) € PHN~(C);
the restriction of N¢,/x to W is ample by prop. 1.1. Since Ny, x is the direct sum
of this restriction and of (s + 1) copies of L, the restriction H'(X,Ox) — H (W, Ow) is
bijective by th. 4.5. On the other hand, the line bundle 7*L is nef and big on C(¥ | hence
the Kawamata-Viehweg vanishing theorem ([K], [V]) implies

HY(CD, Ogy) C HY (7 7HW), Op1w)) =~ HY (W, Ow)

Since H'(C,O¢) ~ H'(CD, Onwy) ([M]), we get h'(C,Oc) < h'(X,Ox) and there
must be equality because C generates X . Thus, the inclusion C C X factors through
an isogeny ¢ :JC — X. Since w is birational, the inverse image ¢~!(C,) is the union
of deg(¢) translates of W4(C). But any two translates of Wy(C) meet along a locus of

dimension > 2d —n > s, hence ¢ is an isomorphism. m
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FULTON-HANSEN AND BARTH-LEFSCHETZ THEOREMS FOR
SUBVARIETIES OF ABELIAN VARIETIES

Olivier DEBARRE

Abstract: We prove the following Fulton-Hansen type result for an irreducible subvariety
V of an abelian variety X : the dimension of the “secant variety” of V along a subvariety
S (defined as V —S), and that of its “tangential variety” along S (defined in the smooth
case as the union of the projectivized tangent spaces to V at points of S, translated at
the origin) differ by 1. Corollaries include a new proof of the finiteness of the Gauss map
and an estimate on the ampleness of the normal bundle, for certain smooth subvarieties of
X . We also prove, using ideas of Schneider and Zintl, a new Barth-Lefschetz theorem for
smooth subvarieties of X. Let C be a smooth curve in X ; we apply this result to give an
estimate on the dimension of the singular locus of C+---+ C in X.
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