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1. INTRODUCTION

A (smooth complex projective) variety X is said to have mazimal Albanese dimension
(mAd) if its Albanese morphism ax : X — A is generically finite (onto its image). Equivalently,
the sheaf of differentials (2x is generated by global sections at a general point.

Green and Lazarsfeld showed that such a variety satisfies x(X,wx) > 0. Their method
of proof is to introduce the cohomological loci

Vilwx) = {¢ € A| H'(X, wx ® ayPy) # 0}
(For any smooth projective variety Y, we set ¥ := Pic’(Y).) They prove
Vi >0 codim 3 V;(wx) > i.
This implies, for £ € A general, H'(X,wx ® a%P;) = 0 for all i > 0, hence
(X, wx) = h*(X,wx @ ai Pe) > 0.
Moreover, x(X,wy) vanishes if and only if Vj(wy) # A.

Kollar then conjectured that if X is in addition of general type, one should have x (X, wx) >
0 (this is the case in dimensions < 2).

2. THE EIN—-LAZARSFELD EXAMPLES

Let Ei, E,, and E3 be elliptic curves and let p; : C; — E; be double coverings, where
Cj is a smooth curve of genus > 2 and pj.wc;, ~ O, @ L;. Denote by ¢; the corresponding
involution of Cj. Set A := E} x Ey x E3 and Z := (Cy x Cy x C3) /11 X 15 X 13, smooth except
at finitely many points where it has rational singularities. The variety Z is minimal of general
type. Let € : X — Z be a desingularization. We have:

X
le\%
C1x Oy x Cs 7/22 (Z)2Z)? A

and
AxWx =~ ﬁA b (Ll X LQ) b (Ll X Lg) b (Lg X Lg),
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hence

Volwx,ax) = Vi(wy,ax) = (B, x Ey x {0}) U (E) x {0} x E3) U ({0} x Ey x E3),
whereas Va(wy, ax) = V3(wx, ax) = {0}.

This provides three-dimensional examples for which the Albanese mapping is birationally
a (Z/2Z)?*-covering. The same construction works starting from double coverings p; : X; — A;
of abelian varieties with smooth ample branch loci and provides examples in all dimensions
> 3. One can also extend it to any odd number 2r + 1 of factors and get examples where
the Albanese mapping is birationally a (Z/2Z)* -covering (when the number of factors is even,

X(X,wx) =TI, x(Ej, L;) > 0).!

3. VARIETIES WITH X(X,wx) =0

We are interested in describing the structure of (smooth projective) varieties X of mAd
(and of general type) with x(X,wx) = 0. This class of varieties is stable by taking:

e modifications;

e étale covers;

e if h : Y — X is generically finite and X has mAd, we have x(Y,wy) > x(X,wx)
(essentially because the inclusion wy — h,wy is split by the trace map) hence if x (Y, wy)
vanishes, so does x (X, wx);

e products with any other variety of mAd (and of general type);

e more generally, if X has mAd with a fibration whose general fiber F' satisfies x(F, wr) =
0, then x(X,wx) = 0.

The last result (Chen and Hacon) is proved using generic vanishing theorems and (an extension
of) a theorem of Kollar’s: if f : X — Y, then R'f.(wx ® P¢) = 0 for all ¢ > 0 and £ general
torsion in X, because it is torsion-free (Kollar-we need ¢ torsion here) and supported on a

proper subset (because H'(F,wr ® P¢) = 0 by generic vanishing (for 7 > 0) and hypothesis (for
i = 0)?). Then

X(X,wx) = x(X,wx @ P) =Y (—1)'x(Y, R’ fulwx ® F)) = 0.

%

Warning: in the situation X — Y above, x(Y,wy) and x(F,wr) may be both positive (unless
Y is a curve) (e.g., in the Ein-Lazarsfeld example, where we have an isotrivial morphism X —
(C1 x C9)/(11,12): the surface S35 := (Cy x Cy)/(i1, o) is of general type, hence x(S3,ws,) > 0,
and the general fibers are Cj).

1One also checks that this construction does not work with abelian groups other than Z /27Z. For example, if
one starts from cyclic triple covers p; : C; — E; and set pj.wc, ~ Op, © L; © L?, one will find a direct factor
L ® Ly ® L3 in ax.wx, hence Vy(wx,ax) = A

2Here we need the results and reasoning used in the introduction, but for the generically finite morphism
F — A, because ¢ is general in X = A, not in F.
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This list shows that it might be difficult to describe all (smooth projective) varieties X
of general type and mAd with x(X,wx) = 0 when dim(X) is large. We suggest the following
conjecture:

Conjecture. Let X be a smooth projective variety of mAd, of general type, with x(X,wx) = 0.
There exist a smooth projective variety X', a morphism X' — X which is a composition of
modifications and abelian étale covers, and a fibration g : X' — Y with general fiber F, such
that 0 < dim(Y) < dim(X) and

a) either g is isotrivial;
b) or x(F,wr) = 0.

The condition in case a) is of course not sufficient to have y(X,wyx) = 0, whereas it is
in case b). The Ein-Lazarsfeld example falls into case a) of the conjecture, and not into case
b). We can construct examples that falls into case b), but not into case a); they are basically
nonisotrivial fibrations whose general fibers are Ein-Lazarsfeld threefolds.

4. MAIN THEOREM (FOR THREEFOLDS)

Theorem 4.1. Let X be a smooth projective threefold of mAd and of general type, with
X(X,wx) = 0. Some abelian étale cover of X is an Ein-Lazarsfeld threefold, and the Albanese
mapping ax is birationally a (Z/27Z)?-covering.

Note also that ax is not finite (we will come back to that later (Proposition 7.3): wx
cannot be ample and ay must contract rational curves on X) but that it is finite on the
canonical model of X.

5. VARIETIES WITH P, =1

Let X be a smooth projective variety of mAd; we have P;(X) > 1 and we want to study
those varieties for which P;(X) = 1. Ueno proved the following:

a) We have
* A 0 0 .
ax : \H(A,Q4) ~ H'(X, Q%).

In particular, we have h/(X, Ox) = (dimj(x)) for all j, hence x(X,wx) = 0.
b) ax : X — Alb(X) is surjective.
c¢) The point 0 is isolated in Vy(wx, ax).

An example of general type) was constructed by Chen and Hacon as follows. With the same

notation as above, choose points of order two §; € Ej and consider the induced double étale
covers C7 — Cj, with associated involution o, and £} — E;. The involution ¢; on Cj pulls
back to an involution ¢; on C7 (with quotient E%). Set

Z' = (0] x Cy x C%)/(idy X9 X 15,1] X idy X03,01 X 14 X id3, 01 X 09 X 03)
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and let ¢ : X’ — Z’ be a desingularization. There is a morphism f’: X’ — A of degree 4, the
Albanese map of X’ is ay: = f'o&’, and

axwg = Oa® (L © L5 © Pey) ® (L @ Pe, © Ly) ® (Pey, © Ly @ L),
where L§ = L; ® P,;. In particular, P;(X’) =1, and
Volwxr, axr) = Vi(wxr, axr) = {0} U (Ey x By x {&}) U (B1 x {&} x Es) U ({&} x B x E3).

Of course, the étale cover E| x El x By — FEy x Ey x E5 pulls back to an étale cover X" — X',
where X” is an Ein-Lazarsfeld threefold:

Z//
Z/2Z 2)22)° (Z/2Z)?
! / ! 12 /
C] x Cf x Cf —»(2/22)4 Z A
2
(Z/2Z)3i @22 (z/22)°
Z/2Z (Z/2Z)?
Cl X 02 X Cg > 7 A.

(The isogeny A’ — A (or rather A — A’) kills the 2-torsion points &; in Vp.) This construction
still works starting from double coverings of abelian varieties with smooth ample branch loci and
provides examples in all dimensions > 3. As in the Ein-Lazarsfeld example, one can extend it to
any odd number 2r + 1 of factors and get examples where the Albanese mapping is birationally
a (Z/2Z)* -covering.

Our main theorem for threefolds allows us to prove the following.

Theorem 5.1. Any smooth projective threefold X of mAd and of general type, with P;(X) =1,
1s a modification of an abelian étale cover of a Chen-Hacon threefold.

In other words, to obtain all such threefolds, one starts from a Chen-Hacon threefold and
take an abelian étale cover, such that no §; is in the corresponding kernel.

It is difficult tostudies these varieties in higher dimensions (they are not stable in étale
covers). For example, do they fall into case a) of our conjecture?

6. IDEAS OF PROOF

Here are further properties of the V;(wx), for X of mAd:

(1) Each component of V;(wy) is an abelian subvariety of A (of codimension > 7) translated
by a torsion point (Simpson).
(2) There is a chain of inclusions (Green)

~

{0} = Vn(wx) C Vn_l(wx) Cc---C ‘/g(wx> C A.
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o(wx) has a component V' of codimension i, this component is contained in (hence
3) If W h t V of codi ion ¢, thi t tained in (h
is an irreducible component of) V;(wx), so that we have i < n. Moreover, if K is the

-~

(i-dimensional) kernel of A — V', we have ax(X) = ax(X) + K (Ein-Lazarsfeld).

o~

(4) The variety X is of general type if and only if Vj(wx) generates A (Chen-Hacon).

6.1. General facts.

Theorem 6.1. Let X be a smooth projective variety of dimension n with generically finite
Albanese mapping ax : X — A. Assume that for some i € {0,...,n}, the locus Vo(wx) has a
component V' of codimension i in A. The Stein factorization of X — A — VisX >Y — ‘7,
where Y is smooth of dimension n — i, of general type, with x(Y,wy) > 0.

(This is not entirely accurate: one needs to take first a suitable abelian cover of X to
assume that A splits as a product.)

We now deduce some consequences of Theorem 6.1 on the possible components of Vj(wx)
and the number of simple factors of the abelian variety A.

Corollary 6.2. Let X be a smooth projective variety of mAd with x(X,wx) = 0.

a) The locus Vo(wx) does not have complementary components (by that, we mean compo-

nents such that the sum morphism induces an isogeny from their product onto A).
b) If X is in addition of general type, A has at least three simple factors.

Proof. 1f Vj(wx) has complementary components Vi, ..., V,, we may assume A = [] i YA/J The

image ax(X) is then stable by translation by [[,; \A/J for each i (by property (3) above), hence
ax is surjective if r > 2. We obtain from Theorem 6.1 a generically finite surjective map
X =Yy x - xY,, with x(Y;,wy,) > 0 for all 7. Since x(X,wx) > [[, x(Y;,wy,), this is absurd.

This proves a). Item b) then follows from the fact that Vp(wyx) generates A (property (4)
above). O

6.2. Case when A has three simple factors.

Proposition 6.3. Let X be a smooth projective variety of general type and mAd with x (X, wx) =
0, whose Albanese variety A has exactly three simple factors Ay, Ay, and As.

a) The map ax is surjective.
b) After passing to an étale cover, we may assume A = Ay X Ay x Az and that Ay x Ay x {0},
A; x {0} x Az, and {0} x Ay x Az are irreducible components of Vo(wx).

Proof. We just explain that a) follows from b) since ax(X) is then stable by translation by
each A; hence is equal to A. O

As shown by considering the product with a curve of genus > 2 of any variety X of general
type and mAd with x(X,wx) = 0, the map ax is not surjective in general as soon as A has at
least four simple factors.
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Finally, we have (after replacing X with a suitable modification), for each {i,j,k} =
{1, 2, 3}, Stein factorizations

(hiz,hik)

pirof: X —2 S Aj x Ay,

where S; is smooth of general type with x(5;,ws,) > 0. Moreover, f; : X — A; has connected
fibers, hence so does h;; : S; - A;. Allin all, we have for each {7, j, k} = {1, 2,3} a commutative
diagram:

(1)

where all the morphisms are fibrations.

Question 6.4. Are the h;; isotrivial? Are the f; isotrivial? Is X rationally dominated by a
product X; X X5 x X3, where X; dominates and is generically finite over A;? We are inclined
to think that the answers to all these questions should be affirmative, but we were only able to
go further in the case where the A; are all elliptic curves.

6.3. The 3-dimensional case. We now come to our main result, which completely describes
all smooth projective threefolds X of mAd and of general type, with x(X,wx) = 0.

Proof of the theorem. By Proposition 6.3.a), ax is surjective. Moreover, Alb(X) is isogeneous
to the product of three elliptic curves and, after passing to an étale cover, we may assume that
ax can be written as

ax: X (f1,f2,f3)

E1 X E2 X Eg,
where each f; : X —» E; is a fibration, and that E; x Ej x {0}, E; x {0} x Ejs, and {0} x E>x Ej
are irreducible components of Vy(wx).

The proof follows the following steps.

(1) The fibrations h;; = S; = E; are all isotrivial. We denote by C;; a general (constant)
fiber of hz]

(2) There exist finite groups G; acting on C;; such that Cy;/G; ~ E; and Cy,/G; ~ Ej, the
surface S; is birational to the quotient (Ci; x Cy,)/G; for the diagonal action of G;, and
hij and hii, are identified with the two projections. Let Y; be a resolution of singularities
of the irreducible threefold S; X g, Sj, and let Y be a resolution of singularities of the
component of Y Xpg,«p, S1 that dominates both Y; and Y5. After modification of X,
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we obtain a diagram

3 2 1
A A

where the squares are birationally cartesian.

(3) The threefold Y is dominated by a product of three curves. After passing to an étale
cover, we may and will assume, from now on, that all the irreducible components of
Vo(wx) pass through 0.

(4) We have Vo(wy) = (Ey x Ey x {0}) U (B} x {0} x E3) U ({0} x Ey x E3). We already
know that Vp(wy) contains the right-hand-side and we must prove that it has no other
components.

(5) The morphism g : X — Y is birational.

(6) The groups G; are all isomorphic to Z/2Z. The idea is that if they had more than two
elements, it would produce extra components of Vy(wx).

O

7. VOLUME AND EULER CHARACTERISTIC

We end this talk with an exploration, for a variety X of general type, of possible relation-
ships between the volume vol(wy) of the canonical bundle and x(X,wx). We can prove the
following.

Proposition 7.1. Let X be a smooth projective variety of general type and of mAd. We have
vol(wx) > x(X,wx).
Because of the Ein-Lazarsfeld examples, there cannot exist any reverse inequality of the

type x(X,wx) > a,vol(wx) in general (with a, > 0). However, one may ask the following
question.

Question 7.2. Are there positive constants a,, such that, for any smooth projective variety X
of dimension n with wy ample, we have

X(X,wx) > apwy?

With the additional hypothesis that Qx be nef, the weaker inequality x(X,wx) > 0 was

conjectured by Q. Zhang. He also showed that if dim(X) = 4, Qx is nef, and wx is ample, then

X(X,wx) > #00”31('

Proposition 7.3 (Q. Zhang). Question 7.2 has an affirmative answer in dimensions < 3.
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Proof. Let X be a surface of general type. Noether’s formula x(X,wy) = 15(cf + ¢2) and
Miyaoka-Yau’s inequality co > %cf imply x(X,wx) > %w%.

In dimension 3, we have x(X,wx) = %3 by Riemann-Roch, and Yau’s inequality cicp >

¢} implies (X, wx) > gw¥- O

3
8

Note that any smooth projective variety of general type with a finite map to an abelian
variety contains no rational curves, hence has ample canonical bundle. In particular, a positive
answer to Question 7.2 would imply that any smooth projective variety X of general type with
a finite map to an abelian variety satisfies x(X,wx) > 0. Proposition 7.3 shows that this is the
case in dimensions < 3 (see also Theorem 4.1).



