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Introduction

The geometry of varieties embedded in a projective space has been
investigated for a long time. In some sense, there are many similarities
with the geometry of subvarieties of an abelian variety, while at the
same time there are major differences. We try to review in this series
of lectures some of this material.
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CHAPTER 1

Subvarieties of an abelian variety

All varieties and subvarieties are irreducible and reduced and de-
fined over the complex numbers (only otherwise specified).

Subvarieties of the projective space Pn have the fundamental prop-
erty that they meet if the sum of their dimensions is at least n. For
subvarieties of an abelian variety, this is no longer true in general and
one has to impose nondegeneracy properties on the subvarieties, which
can take several forms.

If V and W are subsets of an abelian variety X, we set

V ±W = {v ± w | v ∈ V, w ∈ W}.
If V is a variety and v is a point in V , we write TV,v for the Zariski
tangent space to V at v. If X is an abelian variety and x ∈ X, we
identify TX,x with TX,0 by translation. In particular, if V is a subvariety
of X and v ∈ V , the tangent space TV,v will be considered as a vector
subspace of TX,0.

The results of this chapter are taken from the last chapter of [D1].

1. Abelian subvariety generated by a subset

Let X be an abelian variety. The abelian subvariety of X generated
by a connected subset V of X is the intersection of all abelian subva-
rieties K of X such that some translate of K contains V ; we denote it
by 〈V 〉. It is also the intersection of all abelian subvarieties of X that
contain V − V . We say that V generates X if 〈V 〉 = X.

If V is not connected, we define 〈V 〉 to be the intersection of all
abelian subvarieties of X that contain the connected component of
V − V which contains the origin. In particular, 〈V 〉 = 0 if and only if
V is finite.

If V is a subvariety of X,

〈V 〉 =

m times︷ ︸︸ ︷
(V − V ) + · · ·+ (V − V )

for all m� 0.
We will need two lemmas.
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8 1. SUBVARIETIES OF AN ABELIAN VARIETY

Lemma 1.1. Let X be an abelian variety, let V be a subvariety of
X, and let U be a dense subset of V . The vector space T〈V 〉,0 is spanned
by all the TV,v, for v ∈ U .

Proof. Let m be an integer such that the map σ : V 2m → 〈V 〉
defined by

σ(v1, . . . , v2m) = v1 − v2 + · · ·+ v2m−1 − v2m

is surjective. The tangent map to σ at a general point of V 2m, hence
at some point (v1, . . . , v2m) of U2m, is surjective. This map is

TV,v1 × · · · × TV,v2m −→ T〈V 〉,0
(t1, . . . , t2m) 7−→ t1 − t2 + · · ·+ t2m−1 − t2m

hence the lemma. �

Lemma 1.2. Let X be an abelian variety, let V be a proper variety,
and let G be a subvariety of X × V . Let q : G → V be the second
projection. The abelian subvariety 〈q−1(v)〉 of X is independent of v
general in q(G).

Proof. Let v0 be a point of q(G) such that the dimension of K =
〈q−1(v0)〉 is minimal. Let p : X → X/K be the quotient map, let G′

be the image of G by the surjection (p, Id) : X×V → (X/K)×V , and
let q′ : G′ → q(G) be the map induced by the second projection. The
fiber q′−1(v0) is finite. Hence, for v general in q(G), the fiber q′−1(v)
is finite, so that 〈q−1(v)〉 is contained in K. By choice of v0, there is
equality. �

2. Geometrically nondegenerate subvarieties

Definition 2.1 (Ran). A subvariety V of an abelian variety X
is geometrically nondegenerate if, for any abelian subvariety K of X,
either V +K = X or dim(V +K) = dim(V ) + dim(K).

Equivalently,

dim(V +K) = min(dim(V ) + dim(K), dim(X))

or, for any abelian quotient p : X → Y , either p(V ) = Y or the
restriction of p to V is generically finite onto its image.

Examples 2.2. 1) An irreducible curve in X is geometrically non-
degenerate if and only if it generates X. An irreducible hypersurface
D in X is geometrically nondegenerate if and only if the divisor D is
ample.

2) Any subvariety of a simple abelian variety is geometrically non-
degenerate.
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The following technical result will be our main tool.

Theorem 2.3. Let V and W be subvarieties of an abelian variety
X. Let K be the largest abelian subvariety of X such that V +W+K =
V +W and let p : X → X/K be the quotient map. We have

dim(p(V ) + p(W )) = dim(p(V )) + dim(p(W ))

Proof. Replacing X by X/K, we may assume K = 0. If σ :
V ×W → X is the sum map, the fiber σ−1(x) is isomorphic via the
first projection to Fx = V ∩ (x−W ).

Let G be the image of V ×W by the automorphism

X ×X −→ X ×X
(x, y) 7−→ (x, x+ y)

and let u : G→ V +W be the map induced by the second projection,
so that u−1(x) = Fx × {x}. Lemma 1.2 implies that K ′ = 〈Fx〉 is
independent of x general in V +W . For all v in Fx, we have Fx − v ⊂
V +W − x, hence TFx,v ⊂ TV+W,x. Lemma 1.1 then implies

TK′,0 = T〈Fx〉,0 ⊂ TV+W,x.

By Lemma 2.4 below, this in turn implies V +W = V +W +K ′, hence
K ′ = 0. It follows that Fx is finite, hence σ is generically finite and
V ×W and V +W have the same dimension. �

Lemma 2.4. Let X be an abelian variety and let V be a subvariety
of X. Let K be an abelian subvariety of X such that, for all v general
in V , we have TK,0 ⊂ TV,v. Then V +K = V .

Proof. Let p : X → X/K be the quotient map. The tangent map
to the surjection V → p(V ) at a general point v of V is surjective,
hence

dim(p(V )) = dim(V )− dim(TV,v ∩ TK,0)
= dim(V )− dim(K).

This proves the lemma. �

Corollary 2.5. Let X be an abelian variety and let V and W be
subvarieties of X. Assume that V is geometrically nondegenerate.

a) We have either V + W = X or dim(V + W ) = dim(V ) +
dim(W ).

b) If W is also geometrically nondegenerate, so is V +W .
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Proof. By Theorem 2.3, and with its notation, we have

dim(V +W ) = dim(p(V ) + p(W )) + dim(K)

= dim(p(V )) + dim(p(W )) + dim(K)

= min(dim(V ), dim(X/K)) + dim(p(W )) + dim(K)

≥ min(dim(V ), dim(X/K)) + max(dim(W ), dim(K))

≥ min(dim(V ) + dim(W ), dim(X/K) + dim(K))

This shows a).
If W is also geometrically nondegenerate, we have for all abelian

subvarieties K ′ of X, using a),

dim(V +W +K ′) = min(dim(V ) + dim(W +K ′), dim(X))

= min(dim(V ) + dim(W ) + dim(K ′), dim(X))

≥min(dim(V +W ) + dim(K ′), dim(X))

This shows b). �

Corollary 2.6. A subvariety V of an abelian variety X is geo-
metrically nondegenerate if and only if it meets any subvariety of X of
dimension ≥ codim(V ).

Proof. Assume V meets any subvariety of X of dimension ≥
codim(V ). Let K be an abelian subvariety of X with quotient map
p : X → X/K and p(V ) 6= X/K. Let W be a subvariety of X/K such
that dim(p(V )) + dim(W ) = dim(X/K)− 1 and p(V )∩W = ∅. Then
p−1(W ) does not meet V and has dimension dim(X) − dim p(V ) − 1,
hence dim(X) − dim(p(V )) − 1 < codim(V ). This proves that V is
geometrically nondegenerate.

Conversely, if V is geometrically nondegenerate and W is a subvari-
ety of X such that dim(V ) + dim(W ) ≥ dim(X), we have V −W = X
by Corollary 2.5.a) hence 0 ∈ V −W . �

3. Ampleness of the normal bundle

To any vector bundle (or more generally, coherent sheaf) E on a
variety X, one can associate a bundle PE → X whose fibers are the
projectifications (in the Grothendieck sense) of the fibers of E and a
canonically defined line bundle OPE(1) on PE. We say that E is ample
if OPE(1) is ample on PE.

Any quotient vector bundle of an ample vector bundle is ample.
Using the Euler exact sequence, this implies that the tangent bundle
to Pn is ample, and so is the normal bundle to any smooth subvariety
of Pn. This is not always the case for subvarieties of abelian varieties.
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Lemma 3.1. Let V be a smooth subvariety of an abelian variety X.
The normal bundle to V in X is ample if and only if, for all hyperplanes
H in TX,0, the set

{v ∈ V | TV,v ⊂ H}
is finite.

Proof. The surjection TX |V � NV/X induces a morphism

g : P(NV/X) −→ P(TX |V ) = V ×P(TX,0)
p2−→ P(TX,0)

such that g∗OP(TX,0)(1) = OP(NV/X)(1). It follows that NV/X is am-
ple if and only if g is finite. If H is a hyperplane in TX,0, the fiber
g−1(H) maps isomorphically to {v ∈ V | TV,v ⊂ H} by the projection
P(NV/X)→ V . �

Proposition 3.2. Any smooth subvariety V of a simple abelian
variety X has ample normal bundle.

Proof. Let H be a hyperplane in TX,0 and let C be a subvariety
of {v ∈ V | TV,v ⊂ H}. For all v smooth in C, we have TC,v ⊂ H, hence
by Lemma 1.1, T〈C〉,0 ⊂ H. Since X is simple, this implies 〈C〉 = 0,
hence C is a single point. �

Proposition 3.3. If the normal bundle to a smooth subvariety V
of an abelian variety X is ample, V is geometrically nondegenerate.

Proof. Let p : X → Y be an abelian quotient such that p(V ) 6= Y .
Let y be a smooth point of p(V ) and let H ⊂ TY,0 be a hyperplane that
contains Tp(V ),y. For any v ∈ p−1(y) ∩ V , we have TV,v ⊂ (Tp)−1(H),
hence p−1(y) ∩ V is finite by Lemma 3.1. This implies that p(V ) has
same dimension as V . �

As a partial converse, if V is geometrically nondegenerate, for any
hyperplane H of TX,0, one can show that

{v ∈ V | TV,v ⊂ H}
has dimension ≤ codim(V )− 1 (one says that the normal bundle to V
in X is (codim(V )− 1)-ample).

4. Connectedness theorems

We are now interested in the connectedness of the intersection of
two subvarieties of an abelian variety. For applications, it is better
to have a more general result, whose statement is unfortunately a bit
technical.

We say that a pair (V,W ) of subvarieties of an abelian variety X
is nondegenerate if
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• either V and W are nondegenerate and dim(V ) + dim(W ) >
dim(X);
• or V = X and W generates X.

Theorem 4.1. Let V and W be normal projective varieties, let
X be an abelian variety, and let f : V → X and g : W → X be
morphisms such that (f(V ), g(W )) is nondegenerate. There exist an
isogeny p : X ′ → X and factorizations

f : V
f ′−→ X ′

p−→ X

and

g : W
g′−→ X ′

p−→ X

such that

• V ×X′ W is connected;
• the sequence

(1) π1(V ×X′ W ) −→ π1(V )× π1(W )
π1(f ′)−π1(g′)−−−−−−−→ π1(X

′) −→ 0

is exact.

Instead of proving the theorem (the proof can be found in [D1],
§8.3), we will deduce from it a few geometric consequences.

Corollary 4.2. Let X be an abelian variety and let V be a normal
geometrically nondegenerate subvariety of X of dimension > 1

2
dim(X).

The morphism π1(V )→ π1(X) is bijective.

Proof. We first show that this morphism is surjective. Since
π1(X) is a free abelian group, it is enough to show that the com-
position π1(V )→ π1(X)→ π1(X)/nπ1(X) is surjective for all integers
n > 0, i.e., that the inverse image of V by the isogeny nX : X → X
is connected. Any two irreducible components of n−1

X (V ) are geomet-
rically nondegenerate, of dimension > 1

2
dim(X), hence they meet by

Corollary 2.6. It follows that n−1
X (V ) is connected.

Apply now Theorem 4.1, taking for f and g the inclusion ι of V in
X, so that V ×X V is the diagonal of V × V . Since π1(ι) is surjective,
the isogeny p is an isomorphism and we have an exact sequence

π1(V ) −→ π1(V )× π1(V ) −→ π1(X) −→ 0
t 7−→ (t, t)

(t, t′) 7−→ π1(ι)(t− t′)

which shows that π1(ι) is bijective. �
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Sommese extended in [S] this result, proving that if V is a smooth
subvariety of a simple abelian variety X,

πi(V ) ' πi(X) for i ≤ 2 dim(V )− dim(X).

This should still be valid for geometrically nondegenerate subvarieties
which are local complete intersections.

Corollary 4.3. Let X be a simple abelian variety of dimension
n, let V be a normal projective variety, and let f : V → X be a finite
surjective morphism of degree d.

For v ∈ V , let ef (v) be the local degree of f at v (i.e., the number
of sheets that meet in v). For any integer ` ≤ min{d−1, n}, the subset

(2) R` = {v ∈ V | ef (v) > `}
has codimension ≤ `.

If d ≤ n, the induced morphism π1(f) : π1(V )→ π1(X) is injective
with finite cokernel.

Proof. Let X ′ → X be an isogeny of maximal degree such that f

factorizes as V
f ′−→ X ′ → X. Replacing f by f ′, we may assume that

f factorizes through no nontrivial isogeny.
We show by induction on ` that R` is nonempty for ` ≤ min{d −

1, n}. It is then a result of Lazarsfeld (which generalizes the purity
theorem) that it has codimension ≤ ` in V .

We have R0 = V . Let ` ≤ min{d − 1, n} and let R be the nor-
malization of an irreducible component of R`−1. It has dimension
≥ n − ` + 1 > 0 in V , hence f(R) generates X (because X is sim-
ple) and R ×X V is connected by Theorem 4.1. But R ×X V contains
the diagonal ∆R of R. If they are equal, R ⊂ Rd−1 ⊂ R`. Otherwise,
another component of R ×X V meets ∆R and if v is a point in the
intersection, we have ef (v) > `, hence R` is nonempty.

If d ≤ n, Rd−1 is nonempty and contains a curve R, with normal-
ization R′ → R, such that the morphism f−1(R)→ R induced by f is
bijective. We use Theorem 4.1 again: there is an exact sequence

π1(V ×X R′) −→ π1(V )× π1(R
′) −→ π1(X) −→ 0.

But V ×XR′ is homeomorphic to R′, hence π1(V )→ π1(X) is bijective.
�





CHAPTER 2

Minimal cohomology classes and Jacobians

The results of this chapter are taken from [D3].

1. Nondegenerate subvarieties

Let X be an abelian variety of dimension n. We say that a subva-
riety W of X, of dimension d, is nondegenerate if the restriction map

(3) H0(X,Ωd
X) −→ H0(Wreg,Ω

d
Wreg

)

is injective. By [R], Lemma II.1, this is equivalent to each of the
following properties:

• the cup-product map ·[W ] : Hd,0(X) −→ Hn,n−d(X) is in-
jective, where [W ] ∈ Hn−d,n−d(X) is the cohomology class of
W ,
• the contraction map ·{W} : Hn,d(X) −→ Hn−d,0(X) is injec-

tive, where {W} ∈ Hd,d(X) is the homology class of W .

Example 1.1. If ` is an ample class, by the Lefschetz theorem, any
subvariety with class a multiple of `n−d is nondegenerate.

Proposition 1.2. Any nondegenerate subvariety of X is geomet-
rically nondegenerate.

In fact, one can show that a subvariety W of an abelian variety X is
geometrically nondegenerate if and only if the kernel of the restriction
(3) contains no nonzero decomposable forms.

Proof. Let W ⊂ X be a nondegenerate subvariety of X, of dimen-
sion d, and let p : X → Y be an abelian quotient of such that p(W ) 6= Y
and m = dim(p(W )) < dim(W ) = d. For any 1-forms η1, . . . , ηm+1 on
Y and ω1, . . . , ωd−m−1 on X, we have η1 ∧ · · · ∧ ηm+1|p(Y ) = 0, hence
p∗η1∧ · · ·∧p∗ηm+1∧ω1∧ · · ·∧ωd−m−1 vanishes on W . This contradicts
the injectivity of the restriction (3). �

Let V and W be two subvarieties of X, of respective codimensions d
and n−d. Assume that s = V ·W > 0. The addition map V ×W → X
is then surjective, hence generically étale. It follows that for x general

15



16 2. MINIMAL COHOMOLOGY CLASSES AND JACOBIANS

in X, the varieties V and x−W meet transversally at distinct smooth
points v1, . . . , vs.

Let Pi : TX,0 → TX,0 be the projector with image TV,vi
and kernel

TW,x−vi
. Let c(V,W ) be the endomorphism

∑s
i=1

∧n−d Pi of
∧n−d TX,0;

Ran proves ([R], Theorem 2) that the transposed endomorphism tc(V,W )

of
∧n−d T ∗X,0 ' Hn−d,0(X) is equal to the composition:

Hn−d,0(X)
·[V ]−−−→ Hn,d(X)

·{W}−−−→ Hn−d,0(X).

In particular, when V and W are nondegenerate, c(V,W ) is an auto-
morphism.

Proposition 1.3 (Ran). If V and W are nondegenerate subvari-
eties of a n-dimensional abelian variety, of respective codimensions d
and n− d, we have

(4) V ·W ≥
(
n

d

)
.

Proof. Since c(V,W ) is the sum of V ·W projectors of rank 1, we
have (

n

d

)
= rank

(
c(V,W )

)
≤ V ·W.

�

Let (JC, θ) be the principally polarized Jacobian of a smooth curve
C of genus n. For each d ∈ {0, . . . , n}, the class of the subvariety

Wn−d(C) =

n−d times︷ ︸︸ ︷
C + · · ·+ C

is θd = θd/d!. This class is minimal, i.e., nondivisible, in H2d(A,Z).
The variety Wn−d(C) is nondegenerate (Example 1.1). Since θn = n!,
we have

Wn−d(C) ·Wd(c) =

(
n

d

)
The main result of Ran is that equality in (4) has strong geometrical
consequences. To state it, we need a definition.

Definition 1.4. Let V and W be two subvarieties of an abelian
variety X and let σ : V × W → X be the sum map. We say that
V has property (P) with respect to W if, for v general in V , the only
subvariety of σ−1(v + W ) which dominates both v + W via σ, and W
via the second projection, is {v} ×W .
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Theorem 1.5 (Ran). Let V and W be nondegenerate subvarieties
of a n-dimensional abelian variety, of respective codimensions d and
n− d. If V ·W =

(
n
d

)
, the variety V has property (P) with respect to

W .

Proof. We keep the same notation as above. If αi spans the line∧n−d TV,vi
in
∧n−d TX,0, then {α1, . . . , αs} (with s =

(
n
d

)
) is a basis

for
∧n−d TX,0. The choice of an identification

∧n TX,0 ' C induces an

isomorphism
∧d TX,0 '

∧n−d T ∗X,0. Let βi be an element of
∧d TW,x−vi

such that βi(αi) = 1. Then c(V,W ) =
∑s

i=1 αi ⊗ βi. In particular, for
i 6= j:

βi
(
c(V,W )−1(αj)

)
= 0.

Fix v = v1 in V and let x vary in v +W , so that v ∈ V ∩ (x−W ).
We get:

d∧
Tx−vi

W ∧ c(V,W )−1
(n−d∧

TvV
)

= 0

for i > 1. Since W is nondegenerate, the points x− v1, . . . , x− vs must
therefore describe proper subvarieties of W . This proves the last part
of the theorem, since p2σ

−1(x) = W ∩ (x−V ) = {x− v, x− v1, . . . , x−
vs}. �

For 1 < d < n, apart from Jacobians of curves, I know of only
one other family of principally polarized abelian varieties of dimension
n with a subvariety with class θd: in the 5-dimensional intermediate
Jacobian JZ of a smooth cubic hypersurface Z in P4, the image by
any Abel-Jacobi map of the Fano surface of lines contained in Z is a
surface F in JZ with class θ3.

For any positive integer n, let An be the moduli space of complex
principally polarized abelian varieties of dimension n, let Jn be the clo-
sure in An of the subvariety which corresponds to Jacobians of smooth
curves of genus n, and let CT 5 be the closure in A5 of the subvariety
which corresponds to (principally polarized) intermediate Jacobians of
smooth cubic threefolds. For 0 < d ≤ n, the subset Cn,d of An which
corresponds to principally polarized abelian varieties for which θd is
the class of an effective algebraic cycle (so that Cn,1 = Cn,n = An), is
closed in An.

Conjecture 1.6. For 1 < d < n and (n, d) 6= (5, 3), we have
Cn,d = Jn. Furthermore, C5,3 = J5 ∪ CT 5.

It follows from a criterion of Matsusaka that the conjecture holds
for d = n− 1 and any n. It also holds for n = 4 and d = 2 by [R].



18 2. MINIMAL COHOMOLOGY CLASSES AND JACOBIANS

I proved in [D3] a weak version of this conjecture: Jn is an irre-
ducible component of Cn,d for all 1 < d < n, and CT 5 is an irreducible
component of C5,3.

2. Subvarieties with minimal classes in Jacobians

We now prove our main result.

Theorem 2.1. Let (JC, θ) be the Jacobian of a smooth curve C of
genus n. Any nondegenerate subvariety V of JC of codimension d such
that V ·Wd(C) =

(
n
d

)
is a translate of either Wn−d(C) or −Wn−d(C).

Any subvariety with minimal class θd satisfies the hypotheses of the
theorem.

Sketch of proof. We prove by induction on n−d that any (n−
d)-dimensional irreducible subvariety V of JC which has property (P)
with respect to Wd(C) is a translate of some Wr(C)−Wn−d−r(C), with
0 ≤ r ≤ n−d. This is obvious for n−d = 0, hence we assume n−d > 0.

For any positive integer e, we define the sum map

σe : V ×We(C)→ JC

and the difference map

δe : V ×We(C)→ JC.

Since V ·Wd(C) > 1, the maps σd and δd are not birational. Let m be
the smallest integer such that either σm or δm is not birational onto its
image.

We will assume that σm is not birational onto its image: for v
general in V , there exists an irreducible component Γ of (σm)−1(v +
Wm(C)), distinct from {v}×Wm(C), which dominates v+Wm(C). Our
aim is to prove that V can be written as U +C for some subvariety U
of J(C).

By Theorem 1.5, V has property (P) with respect to Wd(C). One
checks that V still has property (P) with respect to Wm(C). The pro-
jection p2(Γ) ⊂ Wm(C) therefore has dimension r < m. Furthermore,
for D general in p2(Γ), there exists a subvariety SD of V of dimension
m− r > 0 such that

SD +D ⊂ v +Wm(C).

One checks that for E general in Wr(C), the subvariety E +Wm−r(C)
of Wm(C) must meet p2(Γ) at some point D = E + E ′ and that,
analogously, the subvariety SD + D − v of Wm(C) meets E ′ + Wr(C)
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at s points E ′ + E1, . . . , E
′ + Es with s > 0, i.e., there exist points

v1, . . . , vs of SD ⊂ V such that

vi + (E + E ′)− v = E ′ + Ei , i.e., vi − Ei = v − E.
Since r < m, the map δr is birational onto its image. Therefore, since
v and E are general, Ei = E for all i and v ∈ SD. In other words,

(SD +D − v) ∩
(
E ′ +Wr(C)

)
= {D}

as subsets of Wm(C). This is actually a scheme-theoretic equality.
A simple argument shows that this is only possible if there exists an
effective divisor ED of degree r such that

SD +D − v = Wm−r(C) + ED.

Moreover, since v ∈ SD, the divisor E ′D = D − ED is effective, and

SD + E ′D = v +Wm−r(C).

If c is in the support of E ′D and if x is any point of C, the point
v+x− c is in SD hence in V . Since v is general, this implies that some
irreducible component T of the scheme

{ (v, c) ∈ V × C
∣∣ v − c+ C ⊂ V }

dominates V by the first projection. Note that U = δ1(T ) satisfies U +
C ⊂ V . In particular, dim(U) < dim(V ) ≤ dim(T ), hence dim(U) =
dim(T )− 1. This implies V = U + C.

Now it is not difficult to check that U still has property (P) with
respect to Wd+1(C) and the induction hypothesis applies.

The conclusion of the proof is now easy: if C is hyperelliptic, −C is
a translate of C, hence −Wn−d−r(C) is a translate of Wn−d−r(C), and
V is a translate of Wn−d(C). If C is nonhyperelliptic, one checks(

Wr(C)−Wn−d−r(C)
)
·Wd(C) =

(
n− d
r

)(
n

d

)
.

This number is equal to
(
n
d

)
only if r = n − d, or r = 0, hence V is a

translate of either Wn−d(C) or −Wn−d(C). �

Höring has recently proved ([H2]) that in the intermediate Jacobian
of a general cubic hypersurface Z ⊂ P4, any surface with class θ3 is a
translate of either the Fano surface F , or of −F .





CHAPTER 3

Cohomological methods

Most results of this chapter are taken from [PP1] and [D2].

1. The vector bundle associated to a covering

Let f : Y → X be a covering, i.e., a surjective finite morphism, of
degree d, between smooth projective (complex) varieties of the same
dimension n. The morphism f is flat, hence f∗OY is locally free of
rank d and there is a trace morphism TrY/X : f∗OY → OX such that
the composition

OX −→ f∗OY

TrY/X−→ OX

is multiplication by d. Let Ef be the vector bundle, of rank d− 1, dual
to the kernel of TrY/X , so that

f∗OY = OX ⊕ E∨f .
Also, by duality for a finite flat morphism

f∗ωY/X = OX ⊕ Ef .
This vector bundle is interesting because of the following proposition.

Proposition 1.1. There is a factorization

Y

f
��

??
??

??
??

� � // Ef

~~}}
}}

}}
}

X

Proof. The inclusion E∨f ⊂ f∗OY induces a morphism

SymE∨f −→ f∗OY

of OY -algebras which is surjective since Sym0E∨f is mapped onto OX

and Sym1E∨f onto E∨f . Taking relative spectra, we get

Y = Spec f∗OY ↪→ Spec SymE∨f = Ef

�

21
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Example 1.2. If f : Y → X is a double cover, Ef is a line bundle
on X and the branch locus of f in X is a smooth divisor which is the
zero locus of a section s ∈ H0(X,E⊗2

f ). The variety Y sits in the total
space of Ef as

Y = {(x, t) ∈ Ef | t2 = s(x)}.

We will be interested in situations where Ef is ample. This has
several consequences.

Consequence 1. Assume Ef is ample. If S is a proper variety and
g : S → X is a morphism whose image has dimension ≥ 1, S ×X Y is
connected.

Proof. Let T = S ×X Y and let f ′ : T → S be the morphism
deduced from f . If g is finite, Ef ′ = g∗Ef is still ample, hence
H0(S,E∨f ′) = 0 (because S is integral of dimension ≥ 1). This im-
plies

h0(T,OT ) = h0(S, f ′∗OT ) = h0(S,OS) + h0(S,E∨f ′) = 1

hence T is connected. In general, consider the Stein factorization

g : S
p→ S ′

g′→ X, where p has connected fibers and g′ is finite. The
morphism T → S ′ ×X Y induced by p has connected image and con-
nected fibers, hence T is connected. �

Consequence 2. Assume Ef is ample. The induced morphisms

H i(f,C) : H i(X,C) −→ H i(Y,C)

are bijective for i ≤ n− d+ 1.

Proof. Consider the projective completion π : Ēf = P(E∨f ⊕
OX) → X of Ef . Let ξ ∈ H2e(Ēf ,C) be the class of the divisor at
infinity Ēf Ef and let [Y ] ∈ H2e(Ēf ,C) be the class of the image of

Y
j
↪→ Ēf , with e = d− 1. Consider the commutative diagram

Hn−e+i(Y,C)
j∗

//

·j∗[Y ] **VVVVVVVVVVVVVVVVVV
// Hn+e+i(Ēf ,C) = Hn+e+i(X,C)[ξ]

j∗

��

Hn+e+i(X,C)

f∗tthhhhhhhhhhhhhhhhhh

π∗
oo

Hn+e+i(Y,C)

with i ≥ 0. The class of Y in Ēf is d times that of the zero section;
since j∗ξ = 0, this implies j∗[Y ] = dce(f

∗Ef ). An analogue of the Hard
Lefschetz Theorem, due to Sommese, shows that since f ∗Ef is ample,
the cup-product by its top Chern class is surjective when e ≤ n. The
map j∗ is then surjective, and since j∗ξ = 0, so is f ∗. Since f ∗ is



2. THE MUKAI TRANSFORM 23

injective in all degrees, it is here bijective, and the statement follows
by Poincaré duality. �

It is expected that the maps H i(f,Z), as well as the maps πi(f) :
πi(Y )→ πi(X), are still bijective in the same range.

When X is a projective space, the ampleness of Ef was proved by
Lazarsfeld in [L].

Theorem 1.3. Let Y be a smooth projective variety and let f :
Y → Pn be a covering. The bundle Ef (−1) is globally generated. In
particular, Ef is ample.

Proof. It is enough to show that Ef (−1) is 0-regular, i.e.,

H i(Pn, Ef (−i− 1)) = 0

for all i > 0. This follows from Kodaira vanishing on Y . �

This was later generalized by Kim and Manivel ([KM]) to the case
where X is a Grassmannian or Lagrangian Grassmannian. When X is
an abelian variety, Ef is not ample in general (if f is an isogeny, Ef is
a sum of numerically trivial line bundles), but only nef (i.e., “limit” of
amples; [PS]).

However, there is a large class of situations in which Ef is ample.
We will prove the next theorem in the rest of this chapter.

Theorem 1.4. Let X be a simple abelian variety, let Y be a smooth
projective variety, and let f : Y → X be a covering. If f does not factor
through any nontrivial isogeny X ′ → X, the bundle Ef is ample.

In particular, Consequence 1 above applies (the conclusion also fol-
lows from Theorem 4.1), and so does Consequence 2.1

2. The Mukai transform

Let X be an abelian variety of dimension n defined over an alge-

braically closed field k and let X̂ = Pic0(X) be its dual abelian variety.

For ξ ∈ X̂, we denote by Pξ the corresponding numerically trivial line
bundle on X.

1When d ≤ n, we showed in (the proof of) Corollary 4.3 that π1(f) : π1(Y )→
π1(X) is bijective. In particular H1(f,Z) : H1(X,Z)→ H1(Y,Z) is bijective, hence
H1(Y,Z) is torsion-free, and so is H2(Y,Z) by the Universal Coefficients Theorem.
When d < n, the morphism H2(f,Z) : H2(X,Z)→ H2(Y,Z) is injective with finite
cokernel, and so is Pic(f) : Pic(X)→ Pic(Y ). It is expected that both morphisms
are bijective.
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There is on X × X̂ a unique line bundle P that satisfies, for all ξ

in X̂,
P|X×{ξ} ' Pξ and P|{0}× bX ' O bX .

If F is a coherent sheaf on X, or more generally a complex of coherent
sheaves, we set

Ŝ (F ) = q∗(p
∗F ⊗P),

where p : X × X̂ → X and q : X × X̂ → X̂ are the two projections.
This defines a functor from the category of coherent OX-modules to
the category of coherent O bX-modules. Let

RŜ : D(X)→ D(X̂)

be its derived functor. Since
̂̂
X is canonically isomorphic to X, there

is another functor
RS : D(X̂)→ D(X).

Theorem 2.1 (Mukai). Both RŜ and RS are equivalences of
categories and there is a canonical isomorphism of functors

RS ◦RŜ ' (−1X)∗[−n].

Example 2.2. If ξ ∈ X̂, it is easy to check that the complex
RS (kξ) is the single sheaf Pξ placed in degree 0. It follows that

RŜ (Pξ) is the single sheaf k−ξ placed in degree n.

The cohomology sheaves of the complex RŜ (F ) are

RiŜ (F ) = Riq∗(p
∗F ⊗P).

This is a sheaf on X̂ whose support is contained in

(5) Vi(F ) = {ξ ∈ X̂ | H i(X,F ⊗ Pξ) 6= 0}.
Following Mukai, we will say that a coherent cheaf F

• satisfies property WITj if RiŜ (F ) = 0 for all i 6= j (we then

write RjŜ (F ) = F̂ );
• satisfies (the stronger) property ITj if Vi(F ) = ∅ for all i 6= j,

i.e.,

H i(X,F ⊗ Pξ) = 0 for all ξ ∈ X̂ and all i 6= j.

Of course, these definitions also make sense for a complex of coherent
sheaves on X.

Mukai proves ([M1], Corollary 2.4) that if F satisfies WITj, the

sheaf F̂ satisfies WITn−j, and
̂̂
F = (−1X)∗F .
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Example 2.3. The sheaf kξ satisfies IT0, hence Pξ satisfies WITn
(Example 2.2). However, Pξ does not satisfies ITn since Vi(Pξ) = {−ξ}
for all i ∈ {0, . . . , n}.

An ample line bundle L on X satisfies IT0, and L̂ is a vector bundle

on X̂ of rank h0(X,L). In particular, if L defines a principal polariza-

tion, L̂ is a line bundle which is (ϕ−1
L )∗L−1 ([M1], Proposition 3.11.(3)),

where ϕL : X → X̂ is the isomorphism defined by L.

Similarly, L∨ satisfies ITn, and L̂∨ = (−1X)∗L̂∨[−n].

Definition 2.4. A coherent sheaf F on X is M-regular if

codim
(
SuppRiŜ (F )

)
> i

for all i > 0.

One can show that this property is equivalent to the more concrete
condition

codim(Vi(F )) > i

for all i > 0. Obviously, sheaves that satisfy WIT0 are M-regular (but
the converse is false in general).

3. M-regular sheaves

We now show that M-regular sheaves have remarkable positivity
properties.

Theorem 3.1 (Pareschi–Popa, Debarre). Let F be a coherent sheaf
on an abelian variety X. Consider the following properties:

(i) F is M-regular;
(ii) for any ample line bundle L on X, there exists a positive in-

teger N such that, for (ξ1, . . . , ξN) ∈ X̂N general, the map

(6)
N⊕
i=1

H0(X,F ⊗ Pξi)⊗H0(X,L⊗ P∨ξi )→ H0(X,F ⊗ L)

is surjective;
(iii) F is continuously globally generated: there exists a positive

integer N such that, for (ξ1, . . . , ξN) ∈ X̂N general,

(7)
N⊕
i=1

H0(X,F ⊗ Pξi)⊗ P∨ξi → F

is surjective;
(iv) there exists an isogeny π : X ′ → X such that π∗(F ⊗ Pξ) is

globally generated for all ξ ∈ X̂;
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(v) F is ample.

Then, (i)⇒ (ii)⇒ (iii)⇔ (iv)⇒ (v).

Implication (v)⇒ (iv) does not hold in general.

Proof. Let us show (i)⇒ (ii). Surjectivity of (6) is equivalent to
that of⊕

ξ∈U

H0(X,F ⊗ Pξ)⊗H0(X,L⊗ P∨ξ )→ H0(X,F ⊗ L)

for any dense open subset U of X̂, hence to the injectivity of its dual

H0(X,F ⊗ L)∨ →
⊕
ξ∈U

H0(X,F ⊗ Pξ)∨ ⊗H0(X,L⊗ P∨ξ )∨

or, by Serre duality, to the injectivity of

(8) ExtnX(F , L∨)→
⊕
ξ∈U

HomC(H0(X,F ⊗ Pξ), Hn(X,L∨ ⊗ Pξ)).

One checks that there exists a fourth-quadrant spectral sequence
(p ≥ 0, q ≤ 0)

Epq
2 = ExtpbX(R−qŜ (F ), L̂∨)⇒ Extp+q

D( bX)
(RŜ (F ), L̂∨).

By Serre duality, we have

ExtpbX(R−qŜ (F ), L̂∨) ' Hn−p(X̂, R−qŜ (F )⊗ L̂∨)∨

which, since F is M-regular, vanishes for q < 0 and n− p ≥ n− (−q),
i.e., p ≤ −q. On the other hand, these groups can only be nonzero for
0 ≤ p ≤ n and −n ≤ q ≤ 0. Differentials coming into E00

r being always
zero, we have a chain of inclusions

HomD( bX)(RŜ (F ), L̂∨) = E00
∞ ⊂ · · · ⊂ E00

3 ⊂ E00
2 = Hom bX(R0Ŝ (F ), L̂∨)

and a result of Mukai implies that the left-hand-side term is isomorphic
to ExtnX(F , L∨). We obtain an injective map

ExtnX(F , L∨) −→ Hom bX(R0Ŝ (F ), L̂∨)

which is the morphism on global sections associated with the morphism
of sheaves

ϕ : ExtnX(F , L∨)⊗ O bX −→H omO bX (R0Ŝ (F ), L̂∨).

At a general ξ ∈ X̂, the morphism between fibers induced by ϕ is the
map

ExtnX(F , L∨)→ HomC(H0(X,F ⊗ Pξ), Hn(X,L∨ ⊗ Pξ))
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which appears in (8). Since the sheaf H omO bX (R0Ŝ (F ), L̂∨) is torsion-
free, the map (8) is injective.

Let us show (ii)⇒ (iii). Let L be an ample line bundle on X such
that F ⊗ L is globally generated. In the commutative diagram⊕N

i=1H
0(X,F ⊗ Pξi)⊗H0(X,L⊗ P∨ξi )⊗ OX

//

��

H0(X,F ⊗ L)⊗ OX

ev

����⊕N
i=1H

0(X,F ⊗ Pξi)⊗ L⊗ P∨ξi // F ⊗ L

the top arrow is surjective by (ii), and so is the evaluation. It follows
that the bottom map is also surjective, hence (iii).

Let us show (iii) ⇒ (iv). Let ξ0 ∈ X̂. Since torsion points are

dense in X̂N , the open subset of points of X̂N for which the map (7)
is surjective and all h0(X,F ⊗ Pξi) take their minimal value contains
a point of the type

(ξ0 + η1(ξ0), . . . , ξ0 + ηN(ξ0)),

where (η1(ξ0), . . . , ηN(ξ0)) is torsion, hence also contains

Uξ0 + (η1(ξ0), . . . , ηN(ξ0)),

where Uξ0 is a neighborhood of ξ0 in X̂. Since X̂ is quasi-compact, it
is covered by finitely many such neighborhoods, say Uξ1 , . . . , UξM .

Let π : X ′ → X be an isogeny such that the kernel of π̂ : X̂ → X̂ ′

contains ηi(ξj), for all i ∈ {1, . . . , N} and j ∈ {1, . . . ,M}. Fix j ∈
{1, . . . ,M}. The map

N⊕
i=1

H0(X,F ⊗ Pξ ⊗ Pηi(ξj))⊗ π∗P∨ξ ⊗ π∗P∨ηi(ξj)
−→ π∗F

is surjective for all ξ ∈ Uξj . But this map is

N⊕
i=1

H0(X,F ⊗ Pξ ⊗ Pηi(ξj))⊗ π∗P∨ξ −→ π∗F

and since each H0(X,F ⊗ Pξ ⊗ Pηi(ξj)) is a subspace of H0(Y, π∗(F ⊗
Pξ)), the sheaf π∗(F ⊗ Pξ) is globally generated for all ξ ∈ Uξj , hence

for all ξ ∈ X̂.

Let us show (iv)⇒ (v). Let C be a curve in X ′. If there is a trivial
quotient π∗F |C � OC , there are surjections π∗(F ⊗Pξ)|C � π∗(Pξ)|C
for each ξ ∈ X̂. Since π∗(F ⊗Pξ) is globally generated, so is π∗(Pξ)|C .
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This implies that the map X̂ → X̂ ′ → Pic0(C) vanishes, hence π(C) is
a point, which is absurd.

So the restriction of π∗F to any curve in X has no trivial quotient.
A lemma of Gieseker implies that π∗F is ample, hence so is F . �

4. Proof of Theorem 1.4

Green and Lazarsfeld have shown that any irreducible component
of the locus

Vi = {ξ ∈ X̂ | Hn−i(Y, f ∗P∨ξ ) 6= 0}
is a translated abelian subvariety of codimension ≥ i in X̂. Since X is

simple, Vi is finite for all i > 0. Let Ŷ = Pic0(Y ). Since Y is connected,

Vn = {ξ ∈ X̂ | H0(Y, f ∗P∨ξ ) 6= 0}

= {ξ ∈ X̂ | f ∗P∨ξ ' OY }

= ker(f̂ : X̂ → Ŷ ),

hence Vn = {0} because f̂ is injective. By Serre duality on Y , we have

Vi = {ξ ∈ X̂ | H i(Y, ωY ⊗ f ∗Pξ) 6= 0}
= {ξ ∈ X̂ | H i(X, f∗ωY ⊗ Pξ) 6= 0}.

Since f∗ωY = OX ⊕ Ef , we have Vi(Ef ) ⊂ Vi and Vn(Ef ) = ∅. The
sheaf Ef is M-regular, hence ample by Theorem 3.1.



CHAPTER 4

Generic vanishing and minimal cohomology classes
on abelian varieties

In this section, we show how a cohomological property of the ideal
sheaf of a subvariety V of a principally polarized abelian variety implies
that V has minimal class in the sense of Chapter 2. Since all known
subvarieties with minimal classes (see Chapter 2) have this cohomo-
logical property, it is conjectured that this property should actually
characterize them (Conjecture 6.1).

Most results in this section are due to Hacon, Pareschi, and Popa.

1. The theta dual of a subvariety of a principally polarized
abelian variety

For any subvariety1 V of a principally polarized abelian variety
(X,Θ), we define

T (V ) = {x ∈ X | V ⊂ Θ + x}
and we call it the theta dual of V (we assume here and in the rest of
this chapter that Θ is symmetric, i.e., −Θ = Θ).

We have V − T (V ) ⊂ Θ. The image of T (V ) by the isomorphism

X → X̂ provided by the principal polarization is, in the notation of
(5) of Chapter 3,

T̂ (V ) = {ξ ∈ X̂ | H0(X,IV (Θ)⊗ Pξ) 6= 0} = V0(IV (Θ)).

Example 1.1. If C is a smooth projective curve of genus n and
d ∈ {0, . . . , n − 1}, we have Θ = Wd(C) + Wn−d−1(C) and T (Wd(C))
is −Wn−d−1(C).

If F is the Fano surface of lines in the 5-dimensional intermediate
Jacobian (JZ,Θ) of a smooth cubic hypersurface Z in P4 (see Chapter
2, §1), we have Θ = F − F and T (F ) = F .

The point here is that subvarieties V for which V − T (V ) = Θ are
very special. Indeed, the examples above are conjectured to be the

1In this section only, subvarieties will still be reduced, but will be allowed to
have several irreducible components of the same dimension.

29
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only ones on an indecomposable principally polarized abelian variety.
We will relate this conjecture with Conjecture 1.6 in Chapter 2 and
to cohomological properties of the sheaf IV (Θ) analogous to the ones
studied in Chapter 3.

2. Weakly M-regular sheaves

Let X be an abelian variety. In §2 of Chapter 3, we defined the
Mukai transform

RŜ : D(X) ∼−→ D(X̂)

from the derived category of coherent OX-modules to the derived cat-
egory of coherent O bX-modules. A coherent sheaf F on X was said to
be M-regular if

codim
(
SuppRiŜ (F )

)
> i

for all i > 0 (Definition 2.4). This property can be shown to be equiv-
alent to

codim(Vi(F )) > i

for all i > 0, where Vi(F ) is defined in (5).

Definition 2.1. A coherent sheaf F on an abelian variety X is
weakly M-regular if

codim
(
SuppRiŜ (F )

)
≥ i

for all i > 0.2

Again, this property can be shown to be equivalent to

codim(Vi(F )) ≥ i

for all i ≥ 0.
These definitions also make sense for complexes of coherent sheaves

on X.

Remark 2.2. We proved in Theorem 3.1 that M -regular sheaves
are ample. This result is used in [PP3] to prove that weakly M -regular
sheaves are nef (i.e., “limits” of amples).

We will be interested in subvarieties V of X such that the sheaf
IV (Θ) is weakly M-regular.3

2Pareschi and Popa say that F is a GV-sheaf.
3This property is equivalent to: OV (Θ) is M-regular and h0(V,OV (Θ)⊗Pξ) = 1

for ξ ∈ X̂ general. Indeed, since Hi(X,OX(Θ) ⊗ Pξ) = 0 for all ξ ∈ X̂ and all
i > 0, we get Vi(IV (Θ)) = Vi−1(OV (Θ)) for i ≥ 2 while V1(IV (Θ)) = {ξ ∈ X̂ |
h0(V,OV (Θ)⊗ Pξ) > 1}.



4. MUKAI TRANSFORM OF TWISTED IDEAL SHEAVES 31

Example 2.3. If C is a smooth projective curve, Pareschi and Popa
have shown that IWd(C)(Θ) is weakly M-regular.

If F is the Fano surface of lines in the 5-dimensional intermediate
Jacobian (JZ,Θ) of a smooth cubic hypersurface Z ⊂ P4 (see Chapter
2, §1), Höring has shown in [H1] that IF (Θ) is also weakly M-regular.

3. A criterion for weak M-regularity

Given an object F • in D(X), we set

R∆(F •) = RH om(F •,OX)

(and we define R∆̂ similarly on D(X̂)). We have

(R∆ ◦R∆)(F •) ' F •

and a commutation relation ([M1] (3.8))

(9) R∆̂ ◦RŜ ' ((−1 bX)∗ ◦RŜ ◦R∆)[n].

Our main technical tool will be the following result, due to Hacon
and Pareschi–Popa, for whose proof we refer to [PP3].

Theorem 3.1. Let F • be a complex of coherent sheaves on an
abelian variety of dimension n. The following properties are equivalent:

(i) F • is weakly M-regular;
(ii) R∆(F •) satisfies WITn.

4. Mukai transform of twisted ideal sheaves

Let V be a subvariety of a principally polarized abelian variety
(X,Θ). We investigate the Mukai transform of IV (Θ), beginning with
the following technical result.

Proposition 4.1. Let V be a subvariety of a principally polarized
abelian variety (X,Θ) of dimension n. We have an isomorphism

(−1 bX)∗RnŜ (R∆(IV (Θ))) ' ObT (V )(Θ̂).

Proof. We first identify the fibers of the sheaf on the left-hand-
side.

Lemma 4.2. For any ξ ∈ X̂, there is an isomorphism

(−1 bX)∗RnŜ (R∆(IV (Θ)))ξ ' H0(X,IV (Θ)⊗ Pξ)∨.
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Proof. Since Hn+1(X,R∆(IV (Θ)) ⊗ Pξ) vanishes, we have by

base change for complexes, for any ξ ∈ X̂, a natural isomorphism

(−1 bX)∗RnŜ (R∆(IV (Θ)))ξ ' Hn(X,R∆(IV (Θ))⊗ P−1
ξ ).

By Grothendieck–Serre duality, this hypercohomology group is isomor-
phic to H0(X,IV (Θ)⊗ Pξ)∨. �

The fibers therefore have dimension either 0 or 1, and the latter

happens if and only if ξ ∈ T̂ (V ).
We have a natural surjective homomorphism

RnŜ (R∆(OX(Θ))) −→ RnŜ (R∆(IV (Θ))).

Indeed, as in Lemma 4.2, the morphism betweens fibers over ξ is given
by the dual of the injection H0(X,IV (Θ)⊗Pξ) ↪→ H0(X,OX(Θ)⊗Pξ).

Now R∆(OX(Θ)) ' OX(−Θ) and (−1 bX)∗RnŜ (OX(−Θ)) ' O bX(Θ̂)
(Example 2.3), which proves the proposition. �

Assume now that IV (Θ) is weakly M-regular. By Theorem 3.1, the
complex R∆(IV (Θ)) satisfies WITn, hence (Proposition 4.1)

(−1 bX)∗RŜ (R∆(IV (Θ))) ' ObT (V )(Θ̂)[−n].

Applying the functor R∆̂[n] to both sides, we obtain on the left-hand-
side, using (9),

R∆̂
(
(−1 bX)∗RŜ (R∆(IV (Θ)))[n]

)
' RŜ (IV (Θ)),

so that

(10) RŜ (IV (Θ)) ' R∆̂(ObT (V )(Θ̂)).

This implies already that T (V ) is nonempty, but we have more.

Proposition 4.3. If V is a subvariety of dimension d of a princi-
pally polarized abelian variety (X,Θ) of dimension n such that IV (Θ)
is weakly M-regular, dim(T (V )) ≥ n− d− 1.

Proof. Since V has dimension d, we have RiŜ (OV (Θ)) = 0 for

i > d, and so RiŜ (IV (Θ)) = 0 for i > d + 1, by applying the Mukai
functor to the exact sequence

(11) 0→ IV (Θ)→ OX(Θ)→ OV (Θ)→ 0.

Combining

codim bX(T̂ (V )) = min{k | E xtkO bX (ObT (V ),O bX) 6= 0}
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with the isomorphism

(12) E xtiO bX (ObT (V ),O bX) ' RiŜ (IV (Θ))⊗ O bX(Θ̂)

obtained from (10), we get the desired result. �

Theorem 4.4. If V is a subvariety of dimension d of a principally
polarized abelian variety (X,Θ) of dimension n such that IV (Θ) is
weakly M-regular and T (V ) has dimension n− d− 1, we have

• T (V ) is Cohen-Macaulay and equidimensional;
• IT (V )(Θ) is weakly M-regular;
• V is Cohen-Macaulay and T (T (V )) = V .

Since V − T (V ) ⊂ Θ, by Proposition 4.3 and Corollary 2.5.a) in
Chapter 1, any geometrically nondegenerate subvariety V such that
IV (Θ) is weakly M-regular satisfies the hypotheses of the theorem.

Proof. The complex F • = R∆(IV (Θ)) satifies WITn by Theo-

rem 3.1, hence RiŜ F • = 0 for i 6= n, while, by Proposition 4.1,

codim bX(Supp(RnŜ (F •))
)

= codim bX(T̂ (V )) = d+ 1.

So F • is certainly not weakly M-regular, but an extension of Theorem

3.1, for which we refer to [PP3], still implies RiŜ (R∆(F •)) = 0 for

i < d+ 1, or equivalently RiŜ (IV (Θ)) = 0 for i < d+ 1.
As we have noted above in the proof of Proposition 4.3, we have

RiŜ (IV (Θ)) = 0 for i > d+1. Using the isomorphism (12), we obtain

(13) E xtiO bX (ObT (V ),O bX) 6= 0 ⇐⇒ i = d+ 1,

which implies that T (V ) is Cohen-Macaulay of pure codimension d+1.
This proves the first point. For the other two points, we need the

following.

Lemma 4.5. If IV (Θ) is weakly M-regular, R∆̂(IbT (V )(Θ̂)) satisfies
WITn, and

RnS
(
R∆̂(IbT (V )(Θ̂))

)
' (−1X)∗OV (Θ).

In other words, we have RS
(
R∆̂(IbT (V )(Θ̂))

)
' (−1X)∗OV (Θ)[−n].

Proof. By Mukai’s inversion result (Theorem 2.1 of Chapter 3),
the lemma is equivalent to

RŜ (OV (Θ)) ' R∆̂(IbT (V )(Θ̂)).
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Because of the exact sequence (11) and its analogue for T (V ), this is
in turn equivalent to

RŜ (IV (Θ)) ' R∆̂(ObT (V )(Θ̂)),

which is (10). �

By Theorem 3.1, the lemma means that IbT (V )(Θ̂) is weakly M-
regular. Moreover, by Proposition 4.1, the support of the Mukai trans-

form of R∆̂(IbT (V )(Θ̂)) is −T̂ (T̂ (V )), hence −T̂ (T̂ (V )) = −V by the
lemma again.

Since T̂ (T̂ (V )) = V has dimension n− dim(T̂ (V ))− 1, everything

we did for V applies to T̂ (V ). In particular, V = T̂ (T̂ (V )) is Cohen-
Macaulay. �

5. Minimal cohomology classes

Theorem 5.1. If V is a geometrically nondegenerate subvariety of
dimension d of a principally polarized abelian variety (X,Θ) of dimen-
sion n such that IV (Θ) is weakly M-regular, V and T (V ) both have
minimal class.

Proof. Since V is Cohen-Macaulay (Theorem 4.4), it has a dual-

izing sheaf ωV ' R∆(OV )[n− d]. Equation (10) for T̂ (V ) reads

RS (IbT (V )(Θ̂)) ' R∆(OV (Θ)) ' ωV (−Θ)[d− n]

hence by Mukai’s inversion theorem,

RŜ (ωV (−Θ)) ' (−1 bX)∗IbT (V )(Θ̂)[d].

In other words, ωV (−Θ) satisfiesWITd and ̂ωV (−Θ) ' (−1 bX)∗IbT (V )(Θ̂).
We now use the relation

chi(F̂ ) = (−1)i+jPD2n−2i(chn−i(F ))

in cohomology between the Chern character of a sheaf F on X sat-
isfying WITj and that of its Mukai transform, established in [M2],
Corollary 1.18, where PD denotes the Poincaré duality isomorphism
and the components of the Chern character are indexed by the codi-
mension. In our situation, we obtain

chd+1(IT (V )(Θ)) = (−1)n+1PD(chn−d−1((−1X)∗ωV (−Θ))).
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We now compute both sides. On the one hand, since the support of
ωV (−Θ) has dimension d, the right-hand-side vanishes. On the other
hand

chd+1(IT (V )(Θ)) = chd+1(OX(Θ))− chd+1(OT (V )(Θ)) = θd+1 − [T (V )],

hence the theorem. �

6. A conjecture

As explained in the introduction to this chapter, in view of Example
2.3, it is natural to make the following conjecture.

Conjecture 6.1. Let (X,Θ) be an indecomposable principally
polarized abelian variety of dimension n and let V be a subvariety of
X of dimension d ≤ n− 2. The following properties are equivalent:

(i) V has minimal cohomology class;
(ii) V is geometrically nondegenerate and IV (Θ) is weakly M-

regular.

The implication (ii)⇒ (i) follows from Theorem 5.1.

The conjecture holds for n = 4 (because all subvarieties with mini-
mal classes are known in this dimension ([R])) and for d = 1 by Mat-
susaka’s criterion. It also holds if (X,Θ) is the Jacobian of a curve or
the intermediate Jacobian of a general cubic threefold (because again,
all subvarieties with minimal classes are known (see §2 of Chapter 2
and Example 2.3)).

If true, Conjecture 6.1 has an amusing consequence relative to Con-
jecture 1.6 in Chapter 2. If V has minimal class, IV (Θ) is weakly
M-regular by Conjecture 6.1 hence, by Theorem 5.1, T (V ) also has
minimal class. In particular, Cn,d = Cn,n+1−d. Since Cn,n−1 = Jn by
Matsusaka’s criterion, this would imply Conjecture 1.6 for d = 2 and
all n.
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[H2] Höring, A., Minimal classes on the intermediate Jacobian of a generic cubic
threefold. Preprint.

[KM] Kim, M., Manivel, L., On branched coverings of some homogeneous spaces.
Topology 38 (1999), 1141–1160.

[L] Lazarsfeld, R., A Barth-type theorem for branched coverings of projective
space. Math. Ann. 249 (1980), 153–162.

[M1] Mukai, S., Duality between D(X) and D(X̂) with its application to Picard
sheaves, Nagoya Math. J. 81 (1981), 153–175.

[M2] Mukai, S., Fourier functor and its application to the moduli of bundles on
an abelian variety. Algebraic geometry, Sendai, 1985, 515–550, Adv. Stud.
Pure Math. 10, North-Holland, Amsterdam, 1987.

[PP1] Pareschi, G., Popa, M., Regularity on abelian varieties I. J. Amer. Math.
Soc. 16 (2003), 285–302.

[PP2] Pareschi, G., Popa, M., Generic vanishing and minimal cohomology classes
on abelian varieties. Math. Ann. 340 (2008), 209–222.

[PP3] Pareschi, G., Popa, M., GV-sheaves, Fourier-Mukai transform, and generic
vanishing. Eprint math.AG/0608127.

[PS] Peternell, T., Sommese, A., Ample vector bundles and branched coverings.
II. The Fano Conference, Proceedings, Torino 2002, 625–645, Univ. Torino,
Turin, 2004.

[R] Ran, Z., On subvarieties of abelian varieties. Invent. Math. 62 (1981), 459–
479.

[S] Sommese, A., Complex subspaces of homogeneous complex manifolds. II.
Homotopy results. Nagoya Math. J. 86 (1982), 101–129.

37


