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1. Introduction

Let Z% denote the hypercubic lattice, with nearest neighbour edges. A self-avoiding walk
of length n is a sequence of points wy,ws, ..., w, in Z¢ such that |w; — w; 11| = 1 and
for i # j, w; # w;. Let ¢, denote the number of self-avoiding walks, up to translation
invariance, of length n on Z¢. It is well known that the limit u(d) = lim,, ., /™ exists

[1]; the limit is called the connective constant. Fisher and Gaunt calculated that [2]
p=2d—1—1/(2d) —3/(2d)* — 16/(2d)* — 102/(2d)* — ...

However, their calculation is somewhat mysterious. Firstly, they leave open the question
of whether or not the expansion can be continued to higher orders of 1/d. Secondly,
even though the error term ‘. ..” is left uncontrolled, numerical extrapolation techniques
yield surprisingly accurate estimates for u.

Expansions in powers of 1/d have been developed for many other models in
statistical physics, such as the Ising model [2], percolation [3], lattice animals [4] and the
n-vector model [5]. Finding the coefficients of the expansion is normally computationally
intensive. It is often even more difficult to determine the basic properties of the
expansion. What is the radius of convergence? Is it an asymptotic expansion? Can
the expansion be interpreted as a Borel sum?

The self-avoiding walk is most easily understood in high dimensions. As d — oo,
paths in Z¢ with large loops become relatively rare. It is therefore useful to consider
a walk with only local self-avoidance. Say that wy,...,w, is a memory-7 self-avoiding
walk if w(i) # w(j) for 0 < |i — j| < 7. Let \7) denote the number of n-step memory-r
walks, up to translation invariance, and let u,(d) = limn_,oo(cff))l/ " Using memory-4
self-avoiding walks as a starting point (taking into account loops of size 2 and 4) Kesten
showed that [6]

p(d) =2d —1—1/(2d) + O(1/d?).

By considering finite-memory self-avoiding walks with longer memories, the order
of the error bound can be improved. However, not only is this method extremely
computationally taxing, it provides no guarantee that the resulting expansion will only
contain integer powers of d.

The series expansion for p was put on a much firmer footing by Hara and Slade
using the lace expansion [7]. The lace expansion is a powerful technique for exploring
the properties of the self-avoiding walk in dimensions d > 4; we refer the reader to [§]
for a recent introduction. Hara and Slade showed that the connective constant p has an
asymptotic expansion in integer powers of 1/(2d) to all orders, with all the coefficients
taking integer values.

We will actually phrase their result in terms of the series expansion for the reciprocal
of u(d). The quantity S. = 1/u(d) is the radius of convergence of the self-avoiding walk
susceptibility x(z) = > ¢,2". For convenience, set s = 1/(2d). Hara and Slade showed
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that there are constants («y,) such that for M =1,2,..., [7]
M—1
5.(5) = 3 ans” +O(s™). (1)
n=1

They also verified rigorously that the first six terms in the expansion match the exact
calculation of Fisher and Gaunt.

The lace expansion can be used to automate the process of calculating the
coefficients of the asymptotic expansion for 3. and . The computational complexity of
the process is reduced using a combinatorial trick known as the two-step method. Using
a supercomputer to implement the two-step method, the first 13 coefficients of 3. have
been found [9],

1,1,2,6,27, 157, 1065, 7865, 59665, 422421, 1991163, — 16122550, —805887918. (1.2)

It is not known, but it is widely believed, that the radius of convergence of the expansion
for (3. is zero. We will show that the partial sums satisfy Borel type bounds. Borel
summability raises the prospect of calculating p from the series expansion even if the
radius of convergence is zero.

Theorem 1.3. There exist a constant Cy such that for all d,

M—1
Be(s) — Z ps"
n=1

The motivation for Theorem 1.3 is discussed in Section 2. In Section 4, we use the lace

<OMsMM, M =1,2,... (1.4)

expansion to derive a formula for the «,,. This formula is used in Section 5 to control
the growth of the «,, as n — co. In Section 6, we consider the diagrammatic estimates
for the lace expansion. Finally, in Section 7, we prove Theorem 1.3.

2. Borel summability and the spherical model

In light of Theorem 1.3, it is natural to ask if . can be recovered from the «,, by means
of a Borel sum. Let B denote the Borel transform of the asymptotic expansion for j,;
B is well defined (see Lemma 5.1) in a neighbourhood of zero by

B(t) = i a,t"/n!

We conjecture that B can be extended analytically to a neighbourhood of the positive
real axis, and that [.(s) is equal to the Borel sum

1 o0
Z Qs = —/ e 5 B(t)dt.
S Jo

Borel

There are two reasons for making this conjecture. Firstly, with R > 0, let
Cr:={2z€C:Re z! > R} denote the open disc in C with centre R/2 and diameter
R. Suppose that (. can be extended to an analytic function on Cg such that (1.4) holds
for all s € C'g. Under this assumption, the Borel sum is well defined in C'z and equal to
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B [10]. Unfortunately, it is not clear how to extend [, to an analytic function on Cg.
Interpreting the Borel sum remains an open problem.

Secondly, there is the case of the spherical model, which is a spin system defined
on Z%. There is a surprising connection between the spherical model and self-avoiding
walk; both are identified with limits of the n-vector models (also known as the O(n)
model). The n-vector model is defined for positive integer values of n; for example, the
Ising model corresponds to n = 1. The model has been studied extensively by scientists;
many aspects of the models have been solved ‘exactly’ [11]. De Gennes ([12] and [1,
Section 2.3]) showed that in an abstract sense, the self-avoiding walk can be viewed
as the ‘limit’ of the n-vector model as n — 0. Stanley showed that as n — oo, the
free energy of the n-vector model approaches the spherical model free energy [13]. The
spherical model is thus said to be the limit as n — oo of the n-vector model.

There is an exact solution K. (d) for the critical point of the spherical model. Gerber
and Fisher show that K.(d) can be written as a 1/d expansion [5]; it is a rare example
of a 1/d expansion about which a great deal is known. They prove that while the radius
of convergence of the expansion is zero, the expansion can be interpreted as a Borel sum
5, (2.14)]:

o0

K
K.(d) = Z " with Borel transform Z

K,x"
Borel (Qd)”

n!

n=1
Note that the signs of the coefficients (K,,) oscillate. The first 12 coefficients are positive,
the next 8 are negative, the next 9 are positive; the pattern of signs goes

12, 8,9,9, 9,9, 9,9,9,10,9,9,9,9,9,9,9,9, 9,9,9,9, 10,9, 9,9, 9,9,...
This oscillation is related to the fact that the Borel transform has no poles on the

positive real axis. We saw in (1.2) that the coefficients «, for the self-avoiding walk also
show a change of sign. The first 11 are positive; a5 and a;3 are negative.

3. Notation

Given a generating function ¢(f3), we will write [5"]¢(5) to denote the coefficient of 5".
We will refer to the fact that (n/e)* < n! < n" for n = 0,1,2... as Stirling’s
approximation.

4. From lace expansions to asymptotic expansions

The lace expansion can be thought of as a sum of inclusion/exclusion terms. For a
derivation of the lace expansion, see [8, Section 3.2]. The finite memory self-avoiding
walks will play a vital role in the proof of Theorem 1.3. For a derivation of the lace
expansion for memory-7 self-avoiding walk, see [14].

A lace of type N and length a is a sequence of open intervals (sq1,t1),..., (Sn,tn)
such that

(i) s; and t; are integers with 0 < t¢; —s; < T,
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(ii) sy =0 and tx = q,
(iii) fori=1,...,N — 1, (s;,t;) intersects (s;41,ti11), and
(iv) if |¢ — j| > 1, (s;,t;) and (s;,t;) are disjoint.
For example, (0,4),(3,5),(4,6) is a lace if 7 > 4.
A simple walk w(0),w(1),...,w(a) starting from 0 is said to be compatible with the
lace (s1,t1),...,(sn,tn) if each interval corresponds to a loop,

w(si) = w(ty) for i=1,...,N,
and if certain self-avoidance constraints are satisfied:

(i) w(0),...,w(t; — 1) is a memory-7 self-avoiding walk,
(ii)) w(1),...,w(ty — 1) is a memory-7 self-avoiding walk (for N > 2), and
(iil) w(ti—2),...,w(t; — 1) is a memory-7 self avoiding walk (for 3 <7 < N).

Let WC(LN) (x; 7) count the number of a-step simple walks from 0 to z that are compatible
with a memory-7 type-N lace. The lace expansion is defined

Hﬁ(I;T):Z(—l)NH(ﬁN)(l‘;T) where H(ﬂN)(I;T): Z 7M™ (7).
N=1 a=N+1

The Fourier transform for functions f : Z% — R is given by
— Z f(x)e ™=, k€ [-m,m]%

We will write 75" (k: 7), HgN)(k; 7) and IT3(k; 7) for the Fourier transforms of W((lN)(I'; T),
H(ﬂN) (x;7) and Ilg(x; 7), respectively.
The starting point in our analysis will be [7, (2.2)]. Let 5, = 1/u,, and take

Boo = (.. When d is sufficiently large, for 7 finite and 7 = oo

B, = s(1— Tl (057). (4.1)
In this section, we will use this formula to derive series expansions for (.

The definition of the lace expansion respects the symmetries of the underlying
lattice.  There are 2%d! ways of choosing an ordered orthonormal basis for R¢
from the set Z¢. FEach simple walk in Z¢ with dimensionality D is equivalent to
2d(2d — 2)...(2d — 2D + 2) other walks under the action of this group of symmetries.

Let f;(a, N, D) count the number of equivalence classes of the set of simple walks
in ZP that have dimensionality D, length a, and that are compatible with memory-7
laces of type N. If a < 2D, f,(a, N,D) = 0. Therefore, we can write the number of
walks compatible with memory-7 laces of length a and type N in Z¢ as a polynomial in
powers of s7! = 2d,

la/2) a-1
Z fr(a,N,D)2d(2d —2)...(2d —2D +2) = Y copns""
b=[a/2]

Let I = {(a,b):0=1,2,...;a=0b+1,...,2b} and set

o0

Cabp = Z(—l)NJrlCa’b’N, (CL, b) cl.

N=1
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The ¢, depend implicitly on 7, but ¢, is fixed once 7 > a. Using this notation to
rewrite (4.1) yields a formal power series,

Br=s[14+ D Breans”] (4.2)

(ab)el
= [l + @2_02713_1 + 6303,23_1 + ﬁf(c4738_1 + 04,25_2) +...]

Plugging “3, = 0” into the right hand side gives “(3, = s”. Taking “(, = s” and plugging
it back into the right hand side then gives “3, = 3+02,182+ (0372+c472)33+. .75 iterating
in this way yields a series expansion for (3,:

= Z Oy 7Sy = S+ 027132 + (203,1 + c32 + 04,2)33 + ...
When 7 = o0, the a,,, are exactly the «a,, that appear in (1.1). Note that the formulae
generated for the o, -,
=1 =01, Q3;= 203,1 + c32 + ca9,
only depend on 7 through the values of the c,.
Lemma 4.3. With S, := {(n.p) € N': >, bnab =n—1},
[Z[ ana b Na,b
Qnr = .
2 [I1; nap!][L+ 22 (@ — 1)ng,)! H

(na,b)es

The big-Y in the formula for «,, ; is a sum indexed by the elements of the finite set S,,;
each element (n,;) of S, is a sequence indexed by 1.

It is a corollary of Lemma 4.3 that o, , = «, if the memory 7 > 2n—2. This follows
from the definition of \S,,. The formula for o, only depends on ¢, with b <n — 1. If
(a,b) € I and b < n —1, then a < 2n — 2. Recall that ¢, is defined in terms of laces
(and the corresponding compatible walks) of length a.

Proof of Lemma 4.3. Let ¢(8) = 14+ >, capf%s"™% Setting 8 = > oo 8™, (4.2)
becomes

The LagrangefBﬁrmann series reversion formula [15, Theorem 1.2.4] states that,

ﬁ Z ﬁkl

Applying the formula yields,

>t = Y i I(1 +anbﬂ“ b ) . (4.4)
n=1

k=1
Let T, = {(nap) € N': 3", nap < k}; by the multinomial theorem,

<1 + ;Ca,bﬁasb_a>k S T na?b!](:!_ S H [ca,bﬁasb_a] Mab

(Na,b)ET)
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Extracting the coefficient of 3~! from the right hand side above leaves only the terms
corresponding to (n,;) in Uy := {(na p) €Tk —1= Z[ angp}. From (4.4) we get,

N _ Map
nz:;om;«? Z Z [TL, sl (k — Zlnab‘H[cabsb ]

k=1 (a,b)€UK

and so

1D L n;!]((kk__%l )] H cans™] "

kzl na b)eUk

Extracting the coefficient of s” on the right hand side leaves only the terms with
n==k+) ;(b—a)ng,. By the definition of Uy, these are the terms with (n,;) € S,. O

5. Factorial bounds on (o, ;)

We can use Lemma 4.3 to bound the coefficients («, ) of the asymptotic expansions.
Lemma 5.1. There is a constant Cy such that |, .| < Cyn!

This is achieved by bounding |c, | in terms of b.

Lemma 5.2. Let ¢, = Zz pi1 |Capl. There is a constant Cs such that c, < < Ch!

Proof. The numbers (c,;) are defined in terms of laces with length a,

la/2] oo

lcal < D > fr(a,N.D) x |[$"s7 (sT = 2) ... (s —2D +2)|.

D=a—bN=1
The number of walks of length a in Z” is (2D)%, so

The absolute value of [s*]s71(s71 —2)...(s7* — 2D +2) is at most

D ) D=a—b,... |a/2].

[Sb_a]<8_1 + 2D)D _ (2D)D+b_a (a _b

Therefore (as D < |a/2] < b)

la/2] a la/2] b Db
@D pera( D 2D
< 2D)Ptbme =
[Casl = D;L_b 2D D! (2D) a—>b D;L_b (a—b)(D —a+b)!
2bb2b
< 2 — (a— -
<1+ la/2] = (a b>)(a—b)!(2b—a)!

By Stirling’s approximation,

b (bleh)? b\ o
< < bl < 2be2p)
(@a—0)!(2b—a)! = (@a—b)(2b—a) = (a—b)e =
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Hence for some constant Cj,

2b 2b
o= leasl < Y (14 [a/2] = (a—1b))-2"- 2Dl < CHY!
a=b+1 a=b+1

]

Before we can prove Lemma 5.1, we need a bound on how a power series with factorial
coefficients behaves under exponentiation.

Lemma 5.3. Let ¢(8) = 1, k!B*. Then

1BK16(8)" < ! H<1 + (n—1)/5%) < 6"k!

Before proving Lemma 5.3, we will state a corollary that will be needed in Section 7.
Corollary 5.4. With C' a positive constant, let ¢(3) = > ;2 C*3*k! For k > n,
[B*](B)" < (6C)"(k —n)!
Proof of Corollary 5.4. For all m, (m + 1)! < 2™m/! and so
[BJ(8)" < [B*1(CB(2CH))" = CR2" " [B*"]p(B)" < C*2*7"6"(k — n)!
[

Proof of Lemma 5.53. Let Iy, ...,l, denote non-negative integers. The first inequality is
equivalent to,

> Hl'<k"H1—|—n—1/j) (5.5)

h+..+lp=k =1

We will show this by induction in k. For convenience, (5.5) can be written in terms of
a multinomial random variable X* = (XF¥,... X*) ~ Multinomial(k;1/n,...,1/n):

nﬂE(( )_2> ﬁ1+n—1/g) ()?k)zxflk—'x,’;'

For the inductive step, we construct X**! from X* by adding 1 to one of X, ... Xk
uniformly at random. Let e; = (1,0,0,...), e = (0,1,0,...), and so on. The inductive

k4+1\ " k+1
() |22 (al)

step is then,

nlk
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( k+1 )—2

X1 with its supremum over the range

The inequality is the result of replacing Y 7",
of X*.

The second inequality in the statement of Lemma 5.3 follows from a well known
result of Euler: 372, 1/5% = 7*/6, and so

k
logH (1+ (n—1)/5°) <an2 (n —1)m%/6 < log(6™).
7j=1 7j=1

L]
Proof of Lemma 5.1. For (a,b) € I, a < 2b. By Lemma 4.3,
(- anay)!
< Na,b
|Oé7”—| Z Hnab(1+z a—ln b'H|Cab|
(Ma,b)ESn
(2n — 2)!
< Na,b
- Z [17as! 2n—1—Zn H|Cab|
(na b)ES
2n—1
<3 (1 + Zcbﬁb)
By Lemma 5.2 and Lemma 5.3, |a,| < 62"Cn! O

6. Diagrammatic estimates

The walks compatible with type-N laces can represented by diagrams containing N
segments, with each segment building a new loop. For N =1,2,3,4 and 5:

ANRVAVARVAVANRVAVA

Such pictures have inspired a number of simple yet effective bounds on the lace

expansion. In particular, there is a a number Cyg such that for d sufficiently large,
for all 7, [7]

159(0;7) < (sCs)™. (6.1)
The method of diagrammatic estimates can be used to bound ﬁl(zN)(O; 7), the number of
walks of length a compatible with type-N laces.

Lemma 6.2. There is a constant Cy such that,

T/2

#MN(0; 7 Z Cys™" !B (1 + /)

Proof. Let f(n,z) = ncl) (x), where ) (x) denotes the number of simple walks from 0
to x of length n. Let g(n) = sup, f(n,x). The loops corresponding to memory-7 laces
have length at most 7. Consider the function

=> B"g(n)
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We will show, by the method of diagrammatic estimates, that

7 (0;7) < [B(GT(B)Y. (6.3)
Let (s1,t1),...,(Sn,tn) represent a typical lace of type N and length a. Let ¢ty = 0.
Note that

(1) t1 —to,to —t1,. .., I —tN_1 6{1,2,...,7'}, and
(ll) 0§S¢+1—ti_1<ti—ti_1 forz'zl,...,N—l.

Let w = (w(0),w(1),...,w(a)) represent a typical simple walk from 0 of length a. Then

#MN(0;7) = ZZ {w : w is compatible with (s1,%1),...,(sn,tn)}]-
(t:) (si)

The first sum is over values of t,...,ty compatible with (i). The second sum is over
values of s1,...,sy compatible with (ii). Take t1,...,ty to be fixed. Suppose that for
some k=1,..., N, we have fixed s1,...,s; and w(1),...,w(tx_1). How many ways are
there to pick sg11 and w(tg—1 + 1), ..., w(tg)?

The choice of w(tx—1 + 1), w(tx—1 +2),...,w(tx) is constrained by the requirement
that w(tx) = w(sk). The number of choices for the value of sy is tx — tx—1. The total
number of choices is at most g(ty — t;_1). Therefore

#N(0;7) < Zg(tl —to)g(ta —t1) ... g(tn — tn-1)
(ts)
and (6.3) follows.
Let Cy = 1000. The lemma follows from (6.3) when we show that for n =1,... 7,
T/2

9(n) = sup f(n.z) < [5"] ZO” "l A1+ 5/8) = C["*s7l A [ j2])

First consider n = 2m < 2d. A walk from 0 to 0 in Z? of length 2m has dimensionality
at most m. The number of ways to pick an m-dimensional subspace of Z? is at most
d™/m! Using Stirling’s formula,

m

f(2m,0) < (2m)i' (2m)*™ < C's™™m)

For x # 0, let ¢ > 1 denote the dimensionality of x. The number j of extra dimensions
a walk from 0 to z of length 2m < 2d can explore is at most m — 1, and the total
dimensionality of the walk is at most ¢ + j < 2m:

m—1
f(2m, x) < (QW)W(Q -2m)*™ < C's'm!
Now consider n = 2m + 1 for 1 < m < d. Summing over the neighbours of z,
cg?7)1+1(a:) =D e cg:n( ). At most 1 of the 2d neighbours of = can be 0, hence
2 1
f@2m+1,z) < ( ﬂ;+ ) [C7s™™ml + (2d — 1) - CY's"""'ml]
m

< O (4 1))
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Lastly, if n > 2d, ¢’ (x) < (2d)™. Again by Stirling’s formula,
fn,z) < n(2d)" < CIM? s~ 12/2 1 /2]

7. Proof of Theorem 1.3

It is well known that d < p < 2d, and hence that s < 3. < 2s. Let C5 € [0,C5]
and suppose that C7 > 10C5/C5. Then for s > C5/M, inequality (1.4) holds simply by

Lemma 5.1. We will show by induction that for some positive constants C5 and Cj, for
k=0,1,2,... and s < C5/k,

k
Be=Y 0ns" + Eps®™ with |Ep| < CFF(k + 1) (7.1)
n=1
Theorem 1.3 follows from (7.1) by taking C; = max{Cg, 10Cy/C5}.

To begin the induction process, notice that E; = ./s € [0,2], so (7.1) holds for
k=0 if Cg > 2. As the proof progresses, we will impose a number of conditions on the
pair of constants (Cs, Cg). The reader will see that all these conditions can be satisfied
by first taking Cs >> 1 and then taking Cs < Cj®.

Assume inductively that (7.1) holds for k =1,..., M — 1. Fix s < C5/M. We need
to show that

|Eaa| < C5H(M + 1)
We will define (A;)?_, such that

4
Eaas™ =5 A, |4 < isMC'é\/[H(M +1)! (7.2)
i=1

We will now use the lace expansion. We have assumed that s = 1/(2d) < C5/M. If Cj

is sufficiently small, (4.1) holds for all 7.
A type-N memory-7 lace consists of N overlapping intervals. Each interval has
length at most 7, so the total length is at most N7. It is therefore easier to use the
finite memory version of the lace expansion. Recall that if 7 > 2M — 2, the first M

coefficients of the series expansions for 3. and 3; agree: forn =1,..., M, a,, = v+
Let 7 = 2M. By [6, Theorem 1] there is a constant Ck such that,
Vs < 1/(52M), 0 < B, — B, < sMT2CH M! (7.3)

If Cs > Ck then Ay := (. — 3, satisfies (7.2). Let E], = Eyy — A;. Then
M-1
By = Z ans" + EpsM. (7.4)
n=1
By (4.1), we must now choose As, A3, A4 such that

M
A2 +A3+A4+Zans"_1 =1 _ﬁﬁr(0;7—>‘ (75)

n=1
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With reference to the diagrammatic estimate (6.1), let

Ay=— Y ()VIF(0:7).
N=M+1
If C5 <1/(2Cgs) and Cg > 2Chg, then A, satisfies (7.2).
Let A3 match the terms generated on the right hand side of (7.5) by laces of length
a > 2M and type N < M,

M 2MN
Ay== (=D)" Y aM(0;7)5z
N=1 a=2M
By Lemma 6.2,
M 2MN N
A3l < > Y B (ZC" "nl G 1+s/ﬁ))
N=1a=2M
M 2MN N
< D (Uts/B)N Y B8] (Z Ci's n!52”> .
N=1 a=2M
Setting x = 32, the right hand side is equal to
M MN
2(1 +5/6.)N Z (CaMBF2s™) (Z nlx”/M”>
N=1 a=M

If C5 is small and Cy is large then (1 + s/3,)CyM3%s™! < Cee™*Ms < 1, and

M MN

|As] < Z Z (Cee ' Ms)” (Zx n'/M")

N=1 a=M

< (Cee*Ms)M Z (Zn'/M”) < isMC'éV[H(M—i- 1!
N=1

By the process of elimination, A4 is now defined by
2M—1

M M
A4+Zans”_1:1—z Z N0, 1) 2. (7.6)
n=1 N=1

Substitute (7.4) into the right hand side of (7.6); by Lemma 4.3, we can cancel the

powers of s below s™:

A4:_Zs"[sn12(—1)N§:ﬁ (0;7) (Zans + Ey > .

Recall that ¢, := Zib:bH |cap].- As ag =1 and a < 2b,

00 2M—-1 a—-1 M—1 a
NEASEER S |ca,b|sb—a(zwsmmw)

n=M a=2 b=[a/2] k=1

IN

> s - ps " (Z\ak]s + |EY|s ) . (7.7)

k=1
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Expand the (-)? terms on line (7.7) and then carry out the sum from n = M to co: we
will split the resulting terms into three groups.
(i) The terms s"cp|a, ||au,| - - - |y, | with M <n < 2M — 2.
(ii) The terms s™c, ... with M < n < 2M — 2 that are not in group (i) because they
contain an |E7,| term.
(iii) The terms s"¢, ... with n > 2M — 1.

Thinking of (4.2) as a recursive formula, Lemma 5.1 is equivalent to the bound:

- o 2
] < |[s"] D s (Z ws’“) < Cptl(n+1)!
b=1 k=1
The contribution from the first group is therefore less than
2M -2
> s Cyti(n+ 1) (7.8)
n=M
The contribution of the second group is
2M—2 n+1—M M-1 2b-1
Z s"[s"] Z cps 0 x (2b) (Z |ak|sk> |E7,|sM. (7.9)
n=M b=1 k=1

For k=1,..., M, define &, by
ars® = |ogls® + ...+ Jan_1|sM T+ | BT, sM.

We claim that the contribution of the third group is at most

2M -2 M 2b
g [p2M = Z cpr ™’ (Z dkask> : (7.10)
b=1 k=1

By having the azz* in the (-)?* term, we catch all the terms in the third group while

2M—1

extracting only the coefficient of . [For example if M = 10, the term s*®cyagaragag

is accounted for by the term cys™2(G65%)(Ars™) (A7) (Ays) =
cos 2 (Jag|s® 4+ . ) (Jag|s" + . ) (A |asls® ) |agls? L)

generated by (7.10).]

The absolute value of A, is now bounded by the sum of three intimidating
expressions, (7.8)—(7.10). However, the «,, are controlled by Lemma 5.1, and the ¢,
are controlled by Lemma 5.2. By the inductive assumption and (7.3), if Cs > Ck then
|ET,| < 2CMM! If Cg > Cy, we have &, < (2Cs)*k! Substituting in these bounds and
applying Corollary 5.4 gives

2M—2
Ay < ) " Oyt (n+ 1) (7.11)
n=M
2M-2  ntl-M
+ Y s Y (GBI (26) (6 Co)" M (n 41— b — M)!(2C3 M)
n=M b=1
2M—2

+ ML (R (6 - 2C6)* M (2M — b — 1))
b=1
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Let k =n — M. On the first line of (7.11), the (n + 1)! is less than (M + 1)!(2M); this
turns the summand into a geometric series. On the second line, the summand (of the
sum over b) is maximized by b = k+ 1, and the sum contains k£ + 1 terms. On the third
line, the summand is maximized by b = 2M — 2, and the sum contains 2M — 2 terms.
It follows that

M—-2
Ayl < SMCYTHM 4+ 1)1Y (s Cy-2M)
k=0

M-2
+ 25O MY " sF(k 4+ 1)(CE (k + 1)1)(2k + 2)(6C) ™!
k=0

+ 2 2M — 2)(CEMT2(2M — 2)1)(12C6)* M3,
To complete the proof of Theorem 1.3, we simply need to check that with s < C5/M
and M > 1, |Ay| < 1sMCY (M + 1)

If C5 is small, the two sums are dominated by their first terms; in particular, we
can assume that each sum amounts to no more than twice the value of the summand
when k= 0. As (2M —2)- (2M —2)! < (M + 1)!/(2M)M=2

| Ay <y (@)MH 48C,Cy  6(12%-2M s C2C3)M-1
sMOMAY M + 1) — Cs Co(M +1) CeM
The right hand side is smaller than 1/4 if Cgs > C5C3 and Cs < C52C5°.
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