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Outline for section 1

@ Background
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Brownian motion

What is the definition of Brownian motion 7
@ Physics (before 20th): Brownian motion is the random motion of
particles suspended in a fluid (a liquid or a gas) resulting from their
collision with the fast-moving molecules in the fluid.
@ Mathematics: Brownian motion is a continuous stochastic processes
with stationary independent increments.

Figure: From left to right is Robert Brown, Albert Einstein, Nobert Wiener, Paul
Lévy and Kiyoshi It3.

Question: What is the gap between the two definitions ?
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Diffusion in random environment/with interactions

@ Random walk on random conductance: Invariant principle for random
walk on random conductance/supercritical percolation model. See the
survey Recent progress on the random conductance model (2011) by

M. Biskup.

4/36
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Diffusion in random environment/with interactions

e Simple symmetric exclusion process (SSEP): i € {0,1}T%, the
hydrodynamic limit of empirical measure ;)Y = ﬁ ZIET?V Nnze(T) is
the solution of heat equation. See the book Scaling limit of
interacting particle systems by C. Kipnis and C. Landim.
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Diffusion in random environment/with interactions

@ Hard sphere model: In the system of N particles in T¢ following the
collision of Newton law, the trajectory of a tagged particle converges
to Brownian motion in [0, 7], under the dilute region of
Boltzmann-Grad scaling ¢ — 0, N — 00,9 !N — . See the work
The Brownian motion as the limit of a deterministic system of
hard-spheres (2015) of T. Bodineau, |. Gallagher, L. Saint-Raymond.

. .
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Outline for section 2

© Diffusion on continuum configuration spaces
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Diffusion on continuum configuration spaces

We want to define a continuum diffusion process, that every particle
evolves as a diffusion associated to the generator —V - aV, where the
diffusion matrix depends on the local information.
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Configuration spaces

@ The continuum configuration space: introduced by S. Albeverio, Y.G.
Kondratiev and M. Rockner. We use the point measure to define the
configuration

Ms(R?) = {,u = Z(Sm for some I finite or countable,
iel
and z; € R% for any i € I} . (21)

o Filtration: for every Borel set U C R¢, we denote by Fi; the smallest
o-algebra such that for every Borel subset V' C U, the mapping
1 € Ms(R?) — u(V) is measurable.

@ Probability: fix p > 0, and define IP, a probability measure on
(M5(RY), Fra), to be the Poisson measure on R? with density p. We
denote by E, the expectation, Var, the variance associated with the
law PP,
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Derivative on configuration spaces

o Derivative: Fgra-measurable function f : Ms(R?) — R. Let
{er }1<k<n be d canonical directions, for x € supp(u), we define

o1
8kf(,u/7 (l:) = I?L% E(f(/’l’ - 59& + 6w+hek) - f(N))a
if the limit exists, and the gradient as a vector

Vf(,UJ, 33‘) = (alf(:uv l‘), an(:ua 113), e 8df(#,l’))

@ Function space:

o C°(Ms(R%)): a function which is F; supported with U C R¢
compact Borel set. Conditioned p(U) = N, the function is C°° with
all the coordinates.

o Hi(Ms(RY)): closure of C2°(Ms(R?)) for the norm

£l vt mety) = (Ep [F°] +E, [/]R IVfIQduD y
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Derivative on configuration spaces

Example

FeC®RN),VI<i<N,g € C®(RY),
f(n) == F(u(g1), - p(gn))-

Then for its derivative at = € supp(u)

N
Vi)=Y Ve F(u(gr), - ulgn) Vai(e).
=1
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Diffusion matrix

o Diffusion matrix: a, : Ms(R?) — RIxd
° : Fp,-measurable;
A € [1,+00) st Vu € Ms(RY), V€ € RY,

sym

€2 < € - an(u)E < AlgP.
o a1, ) = Toa0 () = a0(r_op).
®
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Diffusion on configuration spaces

o Diffusion defined by Dirichlet form: we define Mgs(R%)-valued Markov
process ((fi¢)e=0, (Ft)t>0, (Pr)t=0) by its Dirichlet form
e Dirichlet form:

& (f,9) :=E, [/Rd Vi z)-a(p,)Vg(p,z)du(z)| .

o Domain: D(£2) := H}(Ms(R?)).
o Characterization: let uy = Pyu, for any v € D(€?)

E,[wv] — E,|uv] = —/0 E?(ug,v)ds. (2.2)
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Main theorem

Theorem (Decay of variance)

There exists two finite positive constants v := v(p,d,\), C := C(p,d, A)
such that for any u € C°(Ms(R?)) supported in Qy,, then we have

Vit

14 0,\¢
] < €L+ togt)” (£ )l (23)
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A solvable example

e a= l. independent Brownian motion issued from Poisson point
process.

o u(p) := [pa fdp with f € C>®(RY).
o @ufw) = —rexp (—5), then fi(a) = @1 x f(2)

(2mt) §
] / ft dM 7

Zf

ieN

up(p) = E, [u(pe)[Fo] =

@ Under this case, the variance can be calculated
_ 2 _ 2
ary i) = p | @) do = pl
_ 2 _ 2
Wy o] = p [ | 12(0) do = pll il
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A solvable example

@ By the heat kernel estimate for the standard heat equation, we known
d .
that || f¢]|7, 2(Rd) = ~ C(d)t _§Hf||L2 (ray thus the scale ¢72 is the best
one that we can obtain.

@ Moreover, if we take f = 10,1 and t = r2(1=4) for a small ¢ > 0,
then we see that the typical scale of diffusion is a ball of size »'~¢. So

for every x € Qr<17r5>' the value fi(z) ~ 1 —e™"” and we have

Var, [u] = p/Rd fAa)de = pri(l—r72) = (1 — %)Varp[ ].

It illustrates that before the scale ¢ = 2, the decay is very slow so in
d
the Theorem 2 the factor (l—\}%) is reasonable.

e Remark: besides this case (linear functional + no interaction), | do
not know how to calculate exactly the variance.
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Outline for section 3

© Main steps of proof
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Zero range model

@ An analogue is proved in discrete case: Relaxation to Equilibrium of
Conservative Dynamics. |: Zero-Range Processes, (1999) by E.
Janvresse, C. Landim, J. Quastel, and H. T. Yau.

@ Our contributions:

e Generalization to continuum configuration space without gradient
condition.

d
o Correct scaling exponent (%) and uniform for time.
e Fix an error in the proof.
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Decomposition of approximation and variance

. 7d K K14
@ A decomposition of type “approximation - variance”.

@ U = U + Wy

Vg i— Ut — |ZK| Z Tyut,

YyeEZK

Z Tyut

yEZK
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Estimate of variance

Lemma

There exists a finite positive number C := C(d) such that for any
u € C°(Ms(R?)) supported in Q;, and K > 1, we have

2

1 lu ¢ 2
Var, e > g(J(d)( ) E,[u?]. (3.1)

K
YyEZK
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Estimate of variance

Proof.
Then we can estimate the variance simply by L? decay that

r 2
1
Epl(we)’] =K, | | B 12| Z Tyl
L YyEZK
r 2
1 1
<E, 7‘ZK| Z TyU = 7’21{‘2 Z Ep [(o—yu)ul.
L EZK T, YyeEZK

We know that for | — y| > [, then the term 7,_,u and u is independent
so E, [(Tu—yu)u] = 0. This concludes eq. (3.1). O

v
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Estimate of approximation

Recall that v; = uy — @ ZyezK Tyt

Lemma

There exists two finite positive numbers C := C(d, p),~ := ~v(d, p) such
that for any u € C°(M;(RY)) supported in Q;,, K > 1, and v, defined
above, for t, > max {I2,16A?},t,41 = Rt, with R > 1 we have

<tn+1>%p[<wnﬂ>2] —< 2) T Epl(vr,)?)
C10g(tns1)) K2 (1) ul3e0 + Ep[u?]. (3.2)

v
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Proof of the main theorem from two lemmas

Iteration using K := \/tp4+1

Ep[(u,,,)?)
<2Ep[(vtn+1 )2] + 2E,o[(wtn+1 )2]

a+2

<2(7) 7 B+ 2B o, )

tn+1
o+ 2(tn11) "5 (Cl10g(tn 1)) s (L)l + Epfu?])

a+2 d+2

() 7 Bl () 7 Bl + 28l )

tn+1 tn+1
o+ 2(tns1) ™ (C08(Hn11)) s (L)l e + Epfu?])

(3.3)
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Proof of the main theorem from two lemmas

o Uy = (tn)?E,[(us,)?) and 6 = 4R~}
Uni1 < 0Us + o (10g(ti))7 () a2 + (bng1) " Epfu?]) + Ca(l) B, [u?]
@ By choose R large such that 6 € (0,1) and tg = (I,,)?

Un+1

n

(€ ((10g(tns0) () ul} + Epfu]) + Co(ta)E,[u?]) 0"~
k=1

+ UO €n+1

<5 (€2 (0glt)) (W)l + Bplu?]) + Co(t) B, fu?])
+ (1) ‘B[]

I d
o (ur,.1)?] < Ca(log(tsn))? (W) e
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Outline for section 4

@ Localization inequality
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o Localization inequality
Localization inequality

@ Recall Asf =E([f|Fq,].

@ The local information is scale L > /t approximates u;.
Theorem (Localization inequality)

Foru € L? (Ms(R?)) of compact support that supp(u) C Q,, any
t > max {lg, 16A2}, K > \/t, and u; the function associated to the
generator L at time t, then we have the estimate

E, [(us — AKut)Z] < C(A)exp (— \[/2> E, [uQ] . (4.1)

Remark: in application, we usually choose that K = vlogt\/t, so that we
get Ep [(ut — .AKUt)Q} < t_’yEp [u2]
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Proof: multiscale functional - outline (from JLQY)

Let s = exp (%) , 8> 0 to be fixed. The key is to consider a multiscale
functional

K
Surs(f) = akEp [(Auf)?] + /k 0 B, [(A)?] + axcE, [(f — Ak f)?]

K
=y [1%] = [ alB, (4] ds
and put u; in the place of f and do derivative (non-trivial)

d 2A2
Esk,K,ﬁ(ut) < FSk,K,B(’U«t%

we choose k = v/t > 1, and 3 = /t to obtain

arE, [(u — Axw)?] < Sk p(ue)
20%¢ 202t
< exp <52) Sk, k,3(uo) = exp <52) aiE, [(uo)Q] .
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Proof: multiscale functional - a hidden trap

e Warning: in the step of %SkyK,g(ut)

4
dt

d

E, [-(Aw)’] = =

]Ep [— (Asut) Ut] = QEP [Asut(—ﬁut)] .
but Asu; ¢ D(E?). If we pretend it is the case, one may have
E, [Asur(—Luy)]

=E, V(Asf)-aVfdu

stl

+E,

/ V(AJ) - aVf du]
Qs\Qs—1

<E, / Vf-aVidu
Qs\stl

Vf-aVfdu
stl

+AE,
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Proof: multiscale functional - counter example

Example

Let n € C2°(R?) be a plateau function:

supp(n) € B1,0<n<1,n=1in Bu,
2

n(z) = n(|z|) decreasing with respect to |z|.

and we define our function f(u) = (fgan(z) du(z)) A3 .
We define the level set B, such that
a1l
B,:=qzxeR 5 <n(z) <1,

Then, we have E,[f|Fp,] ¢ C°(Ms(RY)).
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Proof: multiscale functional - counter example

Figure: f(1) = (fga n(x) dpu(x)) A 3, then E,[f|Fp,] is not smooth in this
example.
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Proof: multiscale functional - regularity of A, f

Recall that A, f = E,[f|Fq,], it is both a function and a martingale with
respect to (Fq,)s>0. Note M= Af.

Lemma

With probability 1, for any 0 < s < oo, there is at most one particle one
the boundary 0Q);.

Lemma

After a modification, for any f € C°(Mgs(R?)) the process (///J) . is a
5=

cadlag L*-martingale with finite variation, and the discontinuity point

occurs for s such that 1(0Qs) = 1.
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Proof: multiscale functional - regularization

@ We do some regularization

1 €
As cup := / Asirug dr.
€Jo
@ We study the regularized multiscale functional Sy, x . (ut)

St () = Ak [(Apeur)?] + [ g (£, [(Ascun)?]) ds + axBy [12 — (Axur)?]

@ Then we focus on

d K —
ﬁsk,K,ﬁ,s(ut) = 2akE, [us(Luy)] +/ 20,,E, [AS,Eut(_Eut)} ds,
k
where
2 £
As cup := 2 (e = 1) Aspruy dr.
0

Chenlin GU (DMA/ENS) Heat kernel for particle systems July 30, 2020 32/36



Proof: multiscale functional - regularization

E, [A.of(—L])]

=E, V(Asf)-avfdu

stl

+E, / V(Asef)-aVfdu
Qs\stl

+

<E, + AE,

/Qs_1 Vf-aVfdu

OA
NER

The term in red is the one finally contributes to the analysis. One
intermediate step will appear a miracle L? martingale isometry.
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Outline for section 5

© Discussions
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Discussion

@ Can we reduce the term logarithm?

@ Can we identify the long time behavior like in the work of zero range
model that

Var,[u¢] =

[ (p)*x(p) o (t,g) .
[87¢/(p)1]?

© Long range interaction ?
Q Diffusion on other manifold rather than R%?
© Other type of dynamics?
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PSL*

Thank you for your attention.
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