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What is a surface in R3

Some example of surface in R3

e Hyperplane: z = 0.
o Sphere: S2.

o Torus:
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N\ hat is o Surface 7
What is a Surface ?

Definition (Smooth Surface)
A surface in R? locally looks like a subset U ¢ R?. That is there exists a
C! map (u,v) = (x,y,2z) such that the Jacob matrix

9(x.y.2)
d(u,v)

has rank 2, i.e. (Xu,Yu,Zu) # A(Xy, Yv, 2v)-
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N\ hat is o Surface 7
What is a Surface ?

Examples:
e Hyperplane: x =u,y = v,z = 0.
@ Sphere: x = cosucosv,y = cosusinv,z = sinu.

e Torus: x = (R+rcosu)cosv,y = (R +rcosu)sinv,z = sinu.
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N\ hat is o Surface 7
What is a Surface ?

Surface (of Microsoft) is not a smooth surface (in maths).

Go@gle surface A Y Q
QTous [ Images @ Maps [ Actualités () Shopping i Plus  Paramétres  Outils
pro7 microsoft pro6 laptop surface laptop touch screen intel pentium gold 4gb surface book
Commercia

T
Surface Laptop 3, Surface Laptop 3 Surface Book 2, Surface Laptop, Dell Inspiron 27 Microsoft Surfz
256GB SSD, i7,... for Business,... 256GB SSD, i7,... 256GB SSD, i5, 8G... 7000 Series Touc... Studio 2 - all-in-
1599,99 $US 2199,99 $US 2199,99 $US 1109,00 $US 1349,00 $US 3576,99 $US
Microsoft Store Microsoft Store Microsoft Store Reconditionné Dell cow
https://www.google.com/intl t/products?tab=ih o) kb (k) Micrnsoft Store ke ke (9R)
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What is a Surface ?
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Outline

@ Surface (2-d Manifold)

@ A First Look at the Calculus of Area
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Cross Product

ik
area = |(Xu, Yus Zu) X (Xvs ¥v»2v)| = det | Xy yu 2y
Xy Vv Zy
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_ A First Look at the Calculus of Area
A First Look at the Calculus of Area

Let S be a smooth surface, S = I_I%\I:1<Di, where ®; : (W, v) = (x,y,2) is
C! map, then we have

N
Area(S) = Z fl(xu,yu,zu) X (Xys Vv, Zy )| dudv.
i=1
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Outline for section 2

© Metric Tensor
o Length
e Area
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Generalization of Surface in RY

A surface M in RY locally looks like a subset U ¢ R2. That is locally
there exists a C! map X : (u,v) = (x1,X2,--xq) and Xy # 1X,.
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Metric Tensor

e Tangent plane T,M at the position p € M:
TpM = Vec{X (p) Xy(p)}

@ Metric tensor

guv(p gvv P)
:(<Xu(p),Xu(p)> (Xu(p)’Xv(p»)
Xu(p): Xv(p)y (Xu(p). Xv(p)

e g(p) contains much information.
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R N
Length of Curve

For a regular curve y : [a,b] = M, t — X(u(t), v(t)), the length of curve
is that

= f V() (W (0)2 + 28 (HON (0¥ (1) + e (D) (v (1))2 .
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Area

In fact, what we need is |X,||Xy|sin @ rather than | X, X X,|.
We use the formula that (X, X,) = |X||Xy|cos 8, thus we have

IXullXy[sind = \/(IXuIIXVI)2 — (X, Xy)?

= 4/det(g),

with g the metric tensor.

Area(M) = i leu X Xy|dudv = i fM \/det(g).
i=1 i=1

nd;
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Recap: Green’s Theorem

Theorem (Green’s Theorem)

Let D c R? be a region, with boundary 8D is piece-wise smooth,
positively oriented, closed and let F = Pdx 4+ Qdy a C' 1-form on D,

then we have
f dF = f P (2.1)
D oD

Question: Can it also be true for D a surface?

v
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