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1. INTRODUCTION

In our previous work [8], we laid general foundations for motivic integration of
constructible functions. One of the most salient features of motivic constructible
functions is that they form a class which is stable under direct image and that motivic
integrals of constructible functions depending on parameters are constructible as
functions of the parameters. Though motivic constructible functions as defined in
[8] encompass motivic analogues of many functions occuring in integrals over non
archimedean local fields, one important class of functions was still missing in the
picture, namely motivic analogues of non archimedean integrals of the type

f(x)¥(g(x))|dx],
;)L
with U a (non trivial) additive character on Q,, f a p-adic constructible function and
g a Qp-valued definable function on Qy, and their parametrized versions, functions
of the type

Ar— [ [z, AU (g(x, A))|dz],
Q
where A runs over, say Q;, and f and g are now functions on ngm. Needless to
say, integrals of this kind are ubiquitous in harmonic analysis over non archimedean
local fields, p-adic representation Theory and the Langlands Program.

One of the purposes of the present paper is to fill this gap by extending the
framework of [8] in order to include motivic analogues of exponential integrals of
the above type. Once this is done one is able to develop a natural Fourier trans-
form and to prove various forms of Fourier inversion. Another interesting feature of
our formalism is that it makes possible to state and prove a general transfer prin-
ciple for integrals over non archimedean local fields, allowing to transfer identities
between functions defined by integrals over fields of characteristic zero to fields of
characteristic p, when the residual characteristic is large enough, and vice versa. It
should be emphasized that our statement holds for quite general functions defined
by integrals depending on valued field variables. One should keep in mind that
there is no meaning in comparing values of individual parameters in the integrals
or the integrals themselves between characteristic zero and characteristic p. Our

transfer principle, which can be considered as a wide generalization of the classical
1
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Ax-Kochen-Ersov result, should have a wide range of applications to p-adic represen-
tation Theory and the Langlands Program. It applies in particular to many forms of
the Fundamental Lemma and to the integrals occuring in the Jacquet-Ye conjecture
[24], which has been proved by Ngo [27] over functions fields and by Jacquet [25] in
general.

Let us now review the content of the paper in more detail. In section 3 we en-
large our Grothendieck rings in order to add exponentials. In fact it is useful to
consider not only exponentials of functions with values in the valued field, but also
exponentials of functions with values in the residue field. This is performed in a
formal way by replacing the category RDefg considered in [8] - consisting of certain
objects X — S - by a larger category RDef™® consisting of the same X — S to-
gether with functions g and £ on X with values in the valued field, resp. the residue
field. We define a Grothendieck ring Ko(RDefg™) generated by classes of objects
(X, g,&) modulo certain relations. Here we have to add some new relations to the
classical ones already considered in [8]. When X — S is the identity, the class of
(X,9,0), resp. (X,0,&), corresponds to the exponential of g, resp. the exponential
of £. One defines the ring C(S)**® of motivic exponential functions on S by tensoring
Ko(RDef”) with the ring P(S) of constructible Presburger functions on S. We are
then able to state our main results on integration of exponential functions in section
4. In particular we show that integrals with parameters of functions in C*%® still
lie in C*P. We first directly construct integrals of exponential functions in relative
dimension 1 in section 5 and then perform the general construction in section 6.
As was the case in [8], extensive use is made of the Denef-Pas cell decomposition
Theorem. Though some parts of our constructions and proofs are quite similar to
what we performed in [8], or sometimes even follow directly from [8], other require
new ideas and additional work specific to the exponential setting. As a first applica-
tion, we develop in section 7 the fundamentals of a motivic Fourier transform. More
precisely, there are two Fourier transforms, the first one over residue field variables
and the second one, which is more interesting, over valued field variables. Calculus
with our valued field Fourier transform is completely similar to the usual one. Using
convolution, we define motivic Schwartz-Bruhat functions, and we show that the
valued field Fourier transform is involutive on motivic Schwartz-Bruhat functions.
We finally deduce Fourier inversion for integrable functions with integrable Fourier
transform. In the following section 8 we move to the p-adic setting, defining the
p-adic analogue of C(S)*P and proving stability under integration with parameters
of these p-adic constructible exponential functions. Such a result is the natural
extension to the exponential context of Denef’s fundamental result on stability of
p-adic constructible functions under integration with respect to parameters. This
result of Denef greatly influenced our work [8] and the present one. It has been later
generalized to the subanalytic case by the first author in [4] and [5]. In section 9,
we close the circle by showing that motivic integration of constructible exponential
functions commutes with specialization to the corresponding non archimedean ones,
when the residue characteristic is large enough. Finally, we end the paper by proving



CONSTRUCTIBLE EXPONENTIAL FUNCTIONS 3

our fundamental transfer Theorem, a form of which was already stated in [9] when
there is no exponential. Let us note that in their recent paper [22] Hrushovski and
Kazhdan have also considered integrals of exponentials.

Some of the results in this paper have been announced in [10].

2. PRELIMINARIES

2.1. Definable subassignments and constructible functions. Let us start by
recalling briefly some definitions and constructions from [8], cf. also [6], [7]. We fix
a field k of characteristic zero and we consider for any field K containing k the field
of Laurent series K ((t)) endowed with its natural valuation

(2.1.1) ord : K((t)"— Z
and with the angular component mapping
(2.1.2) ac: K(t)— K,

defined by ac(z) = xt7°"4®) mod ¢ if 2 # 0 and ac(0) = 0. We use the Denef-Pas
language Lpp p which is a 3-sorted language

(213) (LVala LReSa LOrd7 OI“d, %)

with sorts corresponding respectively to valued field, residue field and value group
variables. The languages Ly, and Lges are equal to the ring language Lgings =
{+,—,-,0,1}, and for Lo,q we take the Presburger language

(214) LPR:{+,—,O,1,§}U{En |7’L€N, n > 1},

with =,, the equivalence relation modulo n. Symbols ord and ac will be interpreted
respectively as valuation and angular component, so that (K((t)), K, Z) is a structure
for Lppp. We shall also add constant symbols in the Val, resp. Res, sort, for every
element of k((t)), resp. k.

Let ¢ be a formula in the language Lppp with respectively m, n and r free
variables in the various sorts. For every K in F}, the category of fields containing
k, we denote by h,(K') the subset of

(2.1.5) hlm,n,r|(K) := K((t)"xK" x Z"

consisting of points satisfying ¢. We call the assignment K — h,(K) a definable
subassignment and we define a category Def; whose objects are definable subassign-
ments. For Z in Defy, a point x of Z is by definition a tuple z = (xg, K) such that
xo is in Z(K) and K is in Field. For a point = (2o, K) of Z, we write k(xz) = K
and we call k(x) the residue field of x.

More generally for S in Defy, we denote by Defg the category of objects of
Defy, over S. We denote by RDefg the subcategory of Defg consisting of definable
subassignments of S x h[0,n, 0], for variable n, and by Ky(RDefg) the corresponding
Grothendieck ring.
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We consider the ring

(2.1.6) A:Z[L,L‘1,< ! )DO],

1 -1~

where L is a symbol, and the subring P(S) of the ring of functions from the set of
points of S to A generated by constant functions, definable functions S — Z and
functions of the form L.? with 3 definable S — Z. If Y is a definable subassignment
of S, we denote by 1y the function in P(S) with value 1 on Y and 0 outside.
We denote by P°(S) the subring of P(S) generated by such functions and by the
constant function L. There is a morphism P°(S) — Ky(RDefg) sending 1y to the
class of Y and sending L to the class of h[0,1,0]. Finally we define the ring of
constructible motivic functions on S by

(2.1.7) C(S) := Ko(RDefy) Qpo(s) P(S).

To any algebraic subvariety Z of A;”((t)) we assign the definable subassignment hy
of h[m, 0, 0] given by hz(K) = Z(K((t))). The Zariski closure of a subassignment S of
him, 0, 0] is the intersection W of all algebraic subvarieties Z of Al such that S C
hz. We set dim S := dim W. More generally, if S is a subassignment of h[m,n, r|,
we define dim S to be dimp(S) with p the projection h[m,n,r] — h[m,0,0]. One
proves, using results of [30] and [20], that two isomorphic objects in Defy, have the
same dimension. For every non negative integer d, we denote by C=¢(S) the ideal of
C(S) generated by the characteristic functions 1 of definable subassignments Z of
S with dim Z < d. We set C(S) = ®4C%(S) with CU(S) := C=4(S)/C=I71(S).

In [8], we defined, for k a field of characteristic zero, S in Def,, and Z in Defg, a
graded subgroup I5C(Z) of C(Z) together with pushforward morphisms

for every morphism f : Z — Y in Defg. When S is the final object h[0,0,0] and
f is the morphism Z — S, the morphism f, corresponds to motivic integration and
we denote it by pu.

Finally, fix A in Def;. Replacing dimension by relative dimension, we defined
relative analogues C'(Z — A) of C(Z) for Z — A in Def, and extended the above
constructions to this relative setting. In particular we constructed a morphism

(2.1.9) pa : INC(Z — A) — C(A) = TI,C(A — A)

which corresponds to motivic integration along the fibers of the morphism Z — A.

2.2. Cell decomposition. We now recall the definition of cells given in [8], which
is a slight generalization of the one in [30].

Let C be a definable subassignment in Defy. Let «, &, and ¢ be definable mor-
phisms o : C — Z, § : C — hg,,,, and ¢ : C — h[1,0,0]. The cell Z¢ ¢, with
basis C', order «, center ¢, and angular component ¢ is the definable subassignment
of C[1,0,0] defined by ord(z — ¢(y)) = a(y), and ac(z — ¢(y)) = &(y), where y lies
in C' and z in A[1,0,0]. Similarly, if ¢ is a definable morphism ¢ : C' — h[1,0,0],



CONSTRUCTIBLE EXPONENTIAL FUNCTIONS 5

we define the cell Z¢ . with center ¢ and basis C' as the definable subassignment of
C[1,0,0] defined by y € C and z = ¢(y).

More generally, a definable subassignment Z of S[1,0, 0] for some S in Def}, will
be called a 1-cell, resp. a 0-cell, if there exists a definable isomorphism

(221) AN — ZC = ZC,a,g,c C S[l,S,T],
resp. a definable isomorphism
(2.2.2) N Z — Zo=Zc. CS[Ls,0],

for some s, > 0, some C' C S0, s, 7], and some 1-cell Z¢ 4 ¢, resp. 0-cell Z¢ ., such
that the morphism 7o A, with 7 the projection on the S[1,0, 0]-factor, is the identity
on Z.

We shall call the data (A, Zcagc), resp. (A, Zeo,), sometimes written for short
(A, Z¢), a presentation of the cell Z.

One should note that A\* induces a canonical bijection between C(Z¢) and C(Z).

In [8], we proved the following variant of the Denef-Pas Cell Decomposition The-
orem [30]:

2.2.1. Theorem. Let X be a definable subassignment of S[1,0,0] with S in Defy.

(1) The subassignment X is a finite disjoint union of cells.

(2) For every ¢ in C(X) there exists a finite partition of X into cells Z; with
presentation (X, Zc,), such that ¢z, = \jp;(v;), with v; in C(C;) and p; :
Ze, — C; the projection. Similar statements hold for ¢ in C(X), in P(X),
and in Ko(RDefy).

We shall call a finite partition of X into cells Z; as in Theorem 2.2.1 (1), resp. 2.2.1
(2) for a function ¢, a cell decomposition of X, resp. a cell decomposition of X
adapted to .

The following result is already in [8] (Theorem 7.5.3), except for (6) that is new.

2.2.2. Theorem. Let X be in Defy, Z be a definable subassignment of X|1,0,0],
and let f : Z — h[1,0,0] be a definable morphism. There exists a cell decomposition
of Z into cells Z; such that the following conditions hold for every y in C;, for every
K in Fieldy,, and for every 1-cell Z; with presentation \; : Z; — Zc, = Z¢, 65,01
and with projections p; : Ze, — Cy, m; : Ze, — h[1,0,0]:

(1) The set mi(p; *(y))(K) is either empty or a ball of volume =¥ 1,

(2) When m;(p; *(y))(K) is nonempty, the function

oo [FET @) — K@)
e foX )

15 strictly analytic.

For each i we can furthermore ensure that either g, i is constant or (3) up to (6)

hold.
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(3) There exists a definable morphism (3; : C; — h|0,0, 1] such that

0
rd %gy,K(‘r) = Bi(y)

for every = in m(py (4)) ().

(4) When m;(p; ' (y))(K) is nonempty, the map g, is a bijection onto a ball of
volume T~ —1-Bi(y)

(5) For every z,z' in m;(p; ' (y))(K), ord(gy x (¥)— gy x (")) = Bi(y)+ord(z—2a').

(6) There exists a morphism r; : C; — h[1,0,0] such that for every x in7;(p; * (y))(K)

gy (x) =1i(y) or ord(gyx(z) —ri(y)) > u(y) + Bi(y).

Proof. We only have to prove (6). First take a cell decomposition with properties (1)
up to (5). By replacing X we may suppose that the identity maps are presentations
of the occurring cells. We consider the graph of f in Z[1,0,0] and its image W C
X|[1,0,0] under the morphism Z[1,0,0] — X|[1,0,0] sending (z,x) to (p(2), ), with
p: Z — X the morphism induced by the projection X[1,0,0] — X. If one takes a
cell decomposition of W C X[1,0, 0], the centers of the cells we obtain that way are
approximations of f as required in (6), and again by replacing X one can assume
that the identity maps are presentations of the occurring cells. Now take again
a cell decomposition of X such that properties (1) up to (5) are fulfilled. Then
automatically (6) is fulfilled as well. O

3. CONSTRUCTIBLE EXPONENTIAL FUNCTIONS

3.1. Adding exponentials to Grothendieck rings. Let Z be in Def,. We con-
sider the category RDef;” whose objects are triples (Y — Z,, g) with Y in RDef,
and £ : Y — h[0,1,0] and g : Y — h[1,0,0] morphisms in Defy. A morphism
Y = 2,¢,¢)— (Y — Z,&¢g) in RDef,*” is a morphism h : Y' — Y in Defy such
that & = o h and ¢’ = g o h. The functor sending Y in RDef to (Y,0,0), with 0
denoting the constant morphism with value 0 in h[0, 1, 0], resp. h[1, 0, 0] being fully
faithful, we may consider RDef; as a full subcategory of RDef7". We shall also
consider the intermediate full subcategory RDef?, consisting of objects (Y, &, 0) with
¢€:Y — h]0,1,0] a morphism in Defy.

To the category RDef?,” one assigns a Grothendieck ring Ko(RDef?") defined
as follows. As an abelian group it is the quotient of the free abelian group over
symbols [Y — Z, &, g] with (Y — Z,£, g) in RDef® by the following four relations
(R1)-(R4). The first two are natural analogues of the ones occuring in the definition
of Ko(RDefz) while the last two are specific to the exponential setting.

Isomorphism: For (Y — Z ¢, g) isomorphic to (Y’ — Z,¢&, ¢'),

(R1) Y —2,¢9 =" — 2.4
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Additivity: For Y and Y definable subassignments of some X in RDef; and &, ¢
defined on Y U Y,

(YUY') = Z,6, 9]+ (Y NY') = Z {yay, gyny']

R2
( ) = [Y_>Z?&Y?Q\Y]+[Y/_)Z’£‘Y/’g|yl]'

Compatibility with reduction: For i : Y — h[1,0,0] a definable morphism with
ord(h(y)) > 0 for all y in Y and h the reduction of A modulo (¢),

(R3) Y = Z&g+h =Y = Z¢+hgl.

Sum over the line: When p: Y0, 1,0] — h[0, 1,0] is the projection and when the
morphisms Y[0,1,0] — Z, g, and ¢ all factorize through the projection Y[0,1,0] —
Y,

(R4) [Y[0,1,0] = Z,&+p,g] = 0.

Relation (R3) expresses compatibility under reduction modulo the uniformizing
parameter between the exponential over the valued field and over the residue field.
It can be considered as an analogue of the relation exp((27i/p)x) = exp((27i/p)x)
for = in Z, reducing mod p to 7 in Z/pZ. Relation (R4) expresses abstractly the
familiar fact that the sum of the values of a non trivial character over all points in
a finite field is zero. Indeed, in the special case where Y = Z and £ and ¢ are the
constant morphisms with value zero, the relation reduces to

(R4') Y[0,1,0] — Y, p,0] = 0

which one can understand as expressing that the integral of a non trivial character
over a residue field line is zero.

The following lemma allows us to endow Ky(RDef") with a ring structure.
3.1.1. Lemma. We may endow Ko(RDef,”) with a ring structure by setting
[Y - Zaf?.g] : [YI - Zaflagl] = [Y Xz Y' — ZagopY _'_gl Py, g opy +g/ OpY’]a

where Y ®7Y' is the fiber product of Y and Y', py the projection to'Y , and py: the
projection to Y.

Proof. Clearly fiber product induces a commutative ring structure on the free group
on symbols [Y — Z, &, g] with (Y — Z,£,g) in RDef7®. The subgroup generated
by the four relations (R1) up to (R4) is an ideal of this ring, hence, the quotient by
this subgroup is a ring. O

Similarly, using relations (R1), (R2), (R4), and the subcategory RDef?,, one may
define the subring Ky(RDef}) of Kq(RDef?).



8 RAF CLUCKERS AND FRANCOIS LOESER

3.1.2. Notation and abbreviations. We write e*E(g)[Y — Z] for [Y — Z,£, g]. We
abbreviate e*E(g)[Y — Z] by E(g)[Y — Z], e E(0)[Y — Z] by €°]Y — Z], and
eE(0)[Y — Z] by [Y — Z]. Likewise we write e*E(g) for eE(g)[Z — Z], E(g) for
e’E(g)[Z — Z] and €f for e*E(0)[Z — Z]. Note that the element [Z — Z] is the
multiplicative unit of Ko(RDef ™).

3.1.3. Lemma. There are natural injections of rings Ko(RDef;) — Ko(RDef}) —
Ko(RDef?) sending [Y — Z] to [Y — Z] and e[V — Z] to e*]Y — Z].

Proof. Both statements being similar, we prove that i : Kyo(RDefy) — Ky(RDef%)
is an injection. Suppose that there are a,as in Ko(RDefz) having the same image
in Ko(RDef?,). The equality i(a;) = i(as) in Ko(RDef%) induces an equality in the
free group on symbols [Y — Z, ¢, 0] of the form

(3.1.1) D Y= 2,6,00=) [¥; — 2,¢,0],

? J

by adding up relations. For each i, j, let Y; C Y; and Y C Y} be the subassignments
defined by & = 0, resp. {; = 0. Then

(3.1.2) > Y] = 20,00 =) [y} — Z,0,0]
i J
holds in the free group. Hence, a; = ay in Ky(RDefy). O

3.2. Pull-back. For f : Z — Z' in Def;, we have a natural pull-back morphism
I Ko(RDef7?) — Ko(RDef?), induced by fiber product.

If f:Z — Z'is a morphism in RDefz/, composition with f induces a morphism
fi: Ko(RDef;?) — Ko(RDef").

We have similar morphisms when we replace RDef* by RDef®.

3.3. Constructible exponential functions. For Z in Def; we define the ring
C(Z)**® of constructible exponential functions by

(3.3.1) C(2)*P := C(Z) ®ky(rDet,) Ko(RDef7™).

Note that the element FE(id) of C(h[1,0,0])*P, with id the identity map on
h[1,0,0], can be seen as an abstract additive character, taking nontrivial values
at elements of order < 0 only, see (R3) and the explanation of axiom (R3). Like-
wise, the element e!d of C(h[0, 1, 0])*P, with id the identity map on h[0,1,0], can be
seen as an additive character on the residue field. These two meanings of abstract
additive characters underly, of course, the definition of the ring structure in Lemma
3.1.1.

For every d > 0 we define C<%(Z)*® as the ideal of C(Z)*™P generated by the
characteristic functions 1z of subassignments Z’ C Z of dimension < d.

We set

(3.3.2) C(2)%P = @,CYZ)™
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with
(3.3.3) CHUZ)P = C=UZ)™ [C=1(Z)™.

It is a graded abelian group, and also a C(Z)*P-module. We call elements of C'(Z)**P
constructible exponential Functions.

For S in Defy, and Z in Defg we define the group IsC(Z)®P of S-integrable
constructible exponential Functions by

(334) 150<Z)6Xp = Isc(Z> ®K0(RDefz) K()(RDef?(p).
It is a graded subgroup of C'(Z)%®P.

3.3.1. Lemma. For every Z in Defy, the natural morphisms of rings, resp. of graded
groups, C(Z) — C(Z)>P, C=4Z) — C=UZ)™P, resp. C(Z) — C(Z)*P, 1sC(Z) —
IsC(Z)*® are injective.

Proof. This follows from Lemma 3.1.3 by taking tensor products, and by noting that
C=%(Z)** is isomorphic to C=%(Z) @, rpet,) Ko(RDef"). O

3.3.2. Proposition. Let S be in Defy and let W be a definable subassignment of
h]0,0,m|. The canonical morphism

Ko(RDefEP) @pos) PO(S x W) — Ko(RDefS%,,,)
18 an isomorphism.

Proof. This follows from the Denef-Pas quantifier elimination as stated in [8]. O

3.4. Inverse image of constructible exponential functions. Let f : Z — Z' be
a morphism in Def. Since f* as defined on Ky(RDef?;”) and on C(Z’) is compatible
with the morphisms Ko(RDefz/) — C(Z’) and Ko(RDefz/) — Ky(RDef7”), one gets
by tensor product a natural pull-back morphism f*: C(Z')*P — C(Z)%P.

3.5. Push-forward for inclusions. Let i : Z — Z’ be the inclusion between
two definable subassignments Z C Z’. Extension by zero induces a morphism
iy + Ko(RDef?) — Ko(RDef%”). Since this is compatible on Ky(RDefz) with
iy : C(Z) — C(Z'), we get, by tensor product, a morphism i, : C(Z)*P — C(Z')*P.
Because i sends subassignments of Z to subassignments of Z’ of the same dimen-
sion, there are group morphisms i : CS4(Z)*P — C=¢(Z')*P and graded group
morphisms 4, : C(2)*P — C(Z")**®. If Z' is in Defg then f clearly restricts to a
morphism fi : [¢C(Z)*P — [sC(Z")**.

3.6. Push-forward for k-projections. Let Y be in Def; and let Z be a definable
subassignment of Y[0,r,0], for some r > 0. Denote by f : Z — Y the morphism
induced by projection. It follows from statement (1) in Proposition 5.2.1 of [8] that
the map fi : Ko(RDef3,"”) — Ky(RDefy"”) induces a ring morphism f : C(Z)* —
C(Y)*P and because f sends subassignments of Z to subassignments of Y of the
same dimension, there are group morphisms fi : C=4(Z)™P — C=4(Y)*P and graded
group morphisms f, : C(Z2)*® — C(Y)*P. If Y is in Defg then f clearly restricts
to a morphism fi : [¢C(Z)"? — [sC(Y)®P. Note also that the projection formula
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trivially holds in this setting, that is, for every « in C(Y)*P and ( in C(Z)%P,

filf()B) = afi(B).

3.7. Push-forward for Z-projections. If f : Z[0,0,m] — Z is the projection and

Z is in Defg, m > 0, then, by Proposition 3.3.2 and by the fact that f preserves the

dimension of definable subassignments of Z[0,0,m], the map f; : IsC(Z[0,0,m]) —

[sC(Z) induces a graded group morphism fi : I¢C(Z[0,0, m])*P — I5C(Z)**P.
Lemma-Definition 3.7.1 below is a basic kind of Fubini Theorem between the

push forwards of 3.6 and 3.7, and Lemma 3.7.2 is a basic form of the change of
variables formula.

3.7.1. Lemma-Definition. Let ¢ be in I[gC(Z]0,m,r])*® for some m,r > 0 and
some Z in Defg and let f : Z[0, m,r] — Z the projection. Let 7y, ..., Ty, be any
sequence of projections of the form Z|0, 14, j| — Z[0,:—1, j] or Z0,1, j] — Z[0,1, j—1]
whose composition goes from Z[0, m, ] to Z. Then, 7, 4.10...0m(p) is independent
of the sequence 71, ..., Ty, and we define fi(¢) to be this element.

Proof. This follows from the fact that
KO(RDef‘EZ)([87m7O}) ®K0(RDeerXp) C(z)exp ®C(Z) C(Z[Oa O? T]) B C(Z[Ov m, T])exp
is an isomorphism. O
Let A : S[0,n,r] — S[0,n/,r'] be a morphism in Defg. Let ¢ be a function in
C(S[0,n,7])*P. Assume ¢ = lzp with Z a definable subassignment of S0, n, ]
on which A is injective. Thus A restricts to an isomorphism A\ between Z and

Z' == XNZ). We define A\, () in C(S[0,n/,7'])™P as [ij(N~!)*i*](¢), where i and 7/
denote respectively the inclusions of Z and Z’ in S[0, n,r] and S[0,n’, r'].

3.7.2. Lemma. Let A : S[0,n,r] — S[0,n,7'] be a morphism in Defs. Let ¢ be a
function in C(S[0,n,r])*P such that ¢ = 1z with Z a definable subassignment of
S10,n,r] on which X is injective. Then ¢ is in IsC(S[0, n, r])**® if and only if Ay ()
is in IsC(S[0,n/,r'])*P and if this is the case then

pi(e) = pi(A+ (),
with p : S[0,n,r] — S and p' : S[0,n',r'] — S the projections and p, and p; as in
Lemma-Definition 3.7.1.

Proof. Consider the definable isomorphism
(3.7.1) A xid: S[0,n, 7] — S[0,n +n',r + 7]

with inverse g. Since this is an isomorphism, ¢ is S-integrable if and only if g*(¢)
is S-integrable. By construction,

(3.7.2) ™ (97(#) = As (),

(3.7.3) m (g7 (¢)) = ¢,
with 7 : S[0,n +n',r +7'] — S[0,n,r] and 7" : S[0,n +n',r + '] — S[0,n', 7] the
projections. Now the Lemma follows from Lemma-Definition 3.7.1. 0
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3.8. Relative setting. Let us fix A in Def that will play the role of a parameter
space. For Z in Def,, we consider, similarly as in [8], the ideal CS4(Z — A)**P of
C(Z)®® generated by functions 1, with Z" definable subassignment of Z such that
all fibers of 7/ — A have dimension < d. We set

(3.8.1) C(Z — NP .= §,CUZ — NP
with
(3.8.2) CUZ — N):=CZ — N)/C=1(Z — A).

This graded abelian semigroup may be naturally identified with
(3.8.3) C(Z — A) @kympet,) Ko(RDef?).

For Z — S a morphism in Def,, we set

(3.8.4) IsC(Z — NP :=15C(Z — A) @k, rpet,) Ko(RDef?).

Lemma 3.3.1 and all results and constructions in (3.5), (3.6), (3.7), including Lemma-
Definition 3.7.1 and Lemma 3.7.2, extend immediately with the same proofs to the
relative setting.

4. INTEGRATION OF CONSTRUCTIBLE EXPONENTIAL FUNCTIONS

4.1. The main result. We can now state the result on extending our construc-
tion of motivic integrals from constructible functions to constructible exponential
funcions.

4.1.1. Theorem. Let S be in Defy. There is a unique functor from the category
Defg to the category of abelian groups which sends Z to 1sC(Z)%P, assigns to every
morphism f : Z — Y in Defg a morphism fy : I¢C(Z)*® — IsC(Y)®® and which
satisfies the following five axioms:
(A1) Compatibility: For every morphism f : Z — Y in Defg, the map
fi ¢ IsC(Z2)"P — IgC(Y)®P is compatible with the inclusions of groups
IsC(Z) — 1sC(Z)*® and 1sC(Y) — IsC(Y)®P and with the map f :
IsC(Z) — 1sC(Y) as constructed in [8].

(A2) Disjoint union: Let Z and Y be definable subassignments in Defg. As-
sume Z, resp. Y, is the disjoint union of two definable subassignments Z;
and Zy, resp. Y1 and Ys of Z, resp. Y. Then, for every morphism f : Z — Y
in Defg, with f(Z;) CY; fori = 1,2, under the isomorphisms 1gC(Z)*P ~
IsC(Z1)*P & 15C(Z2)*® and IsC(Y )P ~ IsC(Y1)*P @ [5C(Ya)™P, we have
fi= fu® fa, with f; - Z; — Y, the restrictions of f.

(A3) Projection formula:  For every morphism f : Z — Y in Defg, and
every « in C(Y)*P and (3 in 1sC(Z2)*P, if f*(«)B is in IsC(Z)™P, then
filf*(@)B) = afi(B).
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(A4) Projection on k-variables:  Assume that f is the projection f : Z =
Y[0,n,0] = Y for some Y in Defg. For every ¢ in IsC(Z)*P, fi(y) is as
constructed in 3.6.

(A5) Relative balls of large volume: Let Y be in Defg and consider definable
morphisms o : Y — Z, £ 1Y — hg,, ., with Gy, the multiplicative group
AL\ {0}. Suppose that [17] is in IsC(Z)*P and that Z is the definable
subassignment of Y[1,0,0] defined by ordz = a(y) and acz = &(y), and
f:Z — Y is the morphism induced by the projection Y[1,0,0] — Y. If
moreover a(y) < 0 holds for every y in'Y, then

H(E(2)[12]) = 0.

Moreover, these group morphisms f, coincide with the group morphisms constructed
i 3.7 and in 3.5 in the corresponding cases.

When S = h[0,0,0], we write IC(Y)**P for IsC(Y)*P and u for the morphism
f! . Ic<y)exp — IC(h[(), 0, ODGXP = KO(RDefZ)[(g,O,O}) ®Z[]L] A when f Y — h[O, 0, 0] is
the projection to the final object.

4.2. Change of variables formula. We have the following analogue of Theorem
12.1.1 of [8].

4.2.1. Theorem (Change of variables formula). Let f : X — Y be a definable
isomorphism between definable subassignments of dimension d. Let ¢ be in CS4(Y )P
with a non zero class in C4(Y)™P. Then [f*(¢)] belongs to Iy C4(X)™P and

A ()]) = Lomdinedol ]

Proof. Similar to the proof of Theorem 12.1.1 of [8]. It is enough to consider the
cases where f is an injection or a projection. When f is an injection the statement
is true by construction. For projections, one reduces to the case of the projection of
a 0-cell as in Proposition 11.4.3 of [8], which follows also by construction. O

4.3. Relative version. Fix A in Defy. The proof of Theorem 4.1.1 which we shall
give in sections 5 and 6 readily extends to the following relative version:

4.3.1. Theorem. Let A belong to Defy and let S belong to Defy. There exists a
unique functor from Defg to the category of abelian groups assigning to any mor-
phism f: Z —Y in Defg a morphism

f!A : Isc(Z - A)exp - ISC(Y — A)exp
satisfying the analogues of azioms (A1)-(Ab) when replacing C(-) by C(- — A).
Let Z be in Def,. For every point A of A, we denote by Z, the fiber of Z at A,
as defined in [8] 2.6. We have a natural restriction morphism i§ : C(Z — A)®P —

C(Z,)®*®, which respects the grading. Let f : Z — Y be a morphism in Def, and
let ¢ be in C(Z — A)*P. We denote by f\ : Zy — Y, the restriction of f to the



CONSTRUCTIBLE EXPONENTIAL FUNCTIONS 13

fiber Z,. It follows from Proposition 14.2.1 of [8] that if ¢ is in Iy C'(Z — A)”®P,
then i} (¢) is in Iy, C'(Z,)®®. Furthermore, it follows from the constructions that

(4.3.1) ix(fin(#)) = fau(ix(e)

for every point A of A.
When S = A and f is the morphism Z — A, we write u, for the morphism
f!A . IAC<Z - A)exp - C(A)EXP = IAC(A i A)exp.

4.3.2. Remark. It follows from the functoriality statement in Theorem 4.1.1, resp.
4.3.1, that for f : X — Y and g : Y — Z in Defg, (go f)1 = g o fi, resp.
(go f)ia = giao fin. We shall sometimes refer to that property as “Fubini Theorem”.

4.4. Global version. Once we have Theorem 4.2.1 at our disposal it is possible to
develop the theory on global subassignments, defined by replacing affine spaces by
general algebraic varieties, along the lines of section 15 of [8]. Since this is essentially
straightforward we shall not give more details here.

5. EXPONENTIAL INTEGRALS IN DIMENSION 1

We shall start by constructing directly exponential integrals in relative valued
field dimension 1.

5.1. Construction. Let S be a definable subassignment and consider a definable
subassignment X C S[1,0,0] and denote by m : X — S the projection. Let My
be the free group on symbols [Y — X &, g, ] with (Y — X, &, g),¢) in RDef? x
IsC(X).

We construct a map

(5.1.1) m: My — C(S)*®

and show that it factors through the natural surjective group morphism My —
IsC(X)**®, thus obtaining a map
(5.1.2) m: [sC(X)™P — C(S)P,
which is the integral in relative dimension 1.
Consider a = [f : Y — X,&, g,¢| in Mx.
We shall use a suitable isomorphism of the form A : Y — Y’ C Y[0, n,r] which is

an isomorphism over Y and which is adapted to a in a certain sense. Then we shall
define m by going through the commutative diagram

Y d X il S

- e

Y/

A, U A, U B,
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where Y C X|[0,ny,0], 7’ and p are the projections, and where we will write Y’ as
the disjoint union of Ay, Ay, and B, along which 7| will be easy to define.

Once we have found \ we will write a’ for [Y' — Y’ £ := oA ¢ := goA™! ¢ =
A7 ()] in My+. We will first define 7{(a’), and then define m(a) as pi7|(a’), where
pi is as in Lemma-Definition 3.7.1.

Write ¢ as [¢o] + [¢1] with ¢; in CS/(X — S) and ¢; not in C=°(X — S)\ {0}.

Let Yy be the graph of &, and let Ay : ¥ — Y be the natural morphism. Let
@iy be f*(¢;) and let o, be Ay '*(¢iv). By taking common refinements, one can
take a single cell decomposition of Yy adapted to the ¢;y, as in Theorem 2.2.1(2)
and such that all six conditions of Theorem 2.2.2 are fulfilled for gy, := g o \;'.
Indeed, take a finite partition F, into cells adapted to ¢gy,, another finite partition
P, adapted to ¢1y,, and another one P» as given by Theorem 2.2.2 for the function
gy, : Yo — h[1,0,0]. The refinement Pj is constructed as follows. For each triple
(Zo, Z1, Zs) of cells with Z; € P, having presentation \;, the intersection ZyNZ1NZs,
if nonempty, is a cell with presentation ®y,A; and is defined to be in P;. The cell
decomposition Pj5 is as desired.

Now we can construct \. Write Zs; for the cells in P3 with presentation As; :
Zs; — S[1,ny + n;,r;]. Let n be the maximum of the n; and r the maximum of the
r;. We extend the maps A3; to maps Ny, : Z3; — S[1,ny + n,r|, by sending to 0 on
additional coordinates. Define A as A : Y — Y’ C S[1,ny + n,r] sending y in Y to
A5, (Ao(y)) for the unique i with \o(y) € Zs;.

Let ) be A™'*(p;y) for i = 0,1. Since £ is a coordinate function on Y, and
hence also on Y’, one has a priori that & = £ o #’ for a unique € : S’ — R0, 1,0].
By the above applications of Theorems 2.2.1 and 2.2.2 and the definition of A\, one
has that ¢, = 7'*(¢;) for some v; € C(S’), and that properties (1) up to (6) of
Theorem 2.2.2 are fulfilled for ¢’ = g o A™'. There are now uniquely determined
parts A, B C Y, such that ¢'(x,-) : y — ¢'(z,y) is constant on B, for each z, and
nonconstant and injective on A, for each z, where A, = {y € h[1,0,0] | (z,y) € A}
and B, = {y € h[1,0,0] | (z,y) € B} are the fibers, and = runs over 5"

By construction gjz = g o 7y for a unique definable g : 7'(B) — h[L,0,0].

On the part A we proceed differently. It follows from the fact that ¢'(z,-) is
nonconstant on the fiber A, and the construction of A that A is a 1-cell having the
identity morphism as presentation. By the previous use of Theorem 2.2.2, A is the
disjoint union of A; and Ay, with
(5.1.3)

Ay :={(z,y) € A| ¢'(z,-) maps A, onto a ball of volume L™/ with j < 0}.

(5.1.4) Ay :={(z,y) € A| ¢'(x,-) maps A, onto a ball of volume L™/ with j > 0}

(recall the normalization is such that the subassignment of all z € h[1,0,0] with
ord(z) > j is a ball of volume LL.77). Note that the A; are cells which have the
identity maps as presentations.
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By construction and property (6) of Theorem 2.2.2, there are definable morphisms
r:S"— h[1,0,0] and n : S" — h[0, 1,0] such that
(5.1.5) g'(z,y) = r(x) = n(z) mod (t)
for (x,y) € As, that is, either r(z) — ¢'(z,y) has order > 0 and n(z) = 0, or, it has
order 0 and angular component equal to n(z).

5.1.1. Lemma-Definition. Consider A\, A;, A5, B, r, and n as constructed above.
Define 7{(a’) in C'(S")**® as

m(a) = eB@)nl (1p¢) + e E(r) a (1a,0)
where 7| in the right hand side is as in [8]. Then, 7{(a’) lies in I[gC'(S")*P and is

independent of the choice of r and 7. Furthermore, pi(7{(a’)), where p is as in
Lemma-Definition 3.7.1, is independent of the choice of A, so we can define m(a) in

C(S)=P as
m(a) = pi(m(a’)).
We extend m to a group morphism m : My — C/(S)*P.

Proof. That 7{(¢’) lies in [gC'(S")*® follows easily from the fact that 7| (15¢") and
7 (14,¢") are in IgC(S’), which is true by the main theorem of [8] and the fact that
¢ is in IgC(X). The independence from the choice of r and 7 is clear by relation
(R3) for Ko(RDefg,).

We prove the independence from the choice of A : Y — Y’. Although this is
similar to the proof of Lemma-Definition 9.1.2 in [8], using furthermore relation
(R4), let us glve details. If another map A Y — Y with the same properties and
with partition Al, Ag, Bis given, there exists a third map A:Y — Y with the same
properties and with partition Al, A,, B, such that A=*(B) contains both A™1(B) and
A7Y(B), for example, the map A=A ®y ) has this property. Necessarily, X_l(é) is
equal to the union of A=!(B) with a 0-cell and is also equal to the union of A~!(B)
with a O-cell, since ¢’ is injective on the A,. Since A is a 1-cell adapted to the ¢, it
follows that

(5.1.6) pm (1pg') = P (15¢") = P (15¢')
with obvious notation (this also follows from Lemma-Definition 9.1.2 in [8]). By
Lemma-Definition 3.7.1, one finds

(517) (e E@) (Lpg) = p(e E@)H (158) = peE@)A (158)).

We now compare integrals over A, A and A. Note that automatically we have
the following inclusions

(5.1.8) ATHA) cATHA),  ATHA) c ATHA),
(5.1.9) AN AN CcATHAD), ATHAD c ATYA)Y),

but maybe not so for Ay. By Lemma-Definition 9.1.2 in [8], one has
(5.1.10) p (Lag) = ] (13¢) = o (149) -
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The subassignment A~'(A,) is equal to A~ (4y) with a 1-cell C adjoined and with
a 0-cell removed, since balls can be partitioned into smaller balls but not into bigger
balls. In our construction, since A and A, are adapted to the ¢}, the pushforward is
stable under removing a 0-cell from A (or from A,). Relation (R4) ensures that the
integral over C'is equal to zero. Together with (5.1.10), this proves the lemma. [The
idea behind the integral over C' being equal to zero, is that if a big ball (namely a
ball of volume .=/ with j < 0) gets partitioned into a combination of big balls and
small balls (namely of volume L™/ for some j > 0) by a refining cell decomposition,
the small balls fit together to fill the full line on the residue field level so that
Relation (R4) can be applied (see the proof of 9.1.2 of [8] for more details about
such refinements and how smaller balls fit together).] O

5.1.2. Example. If g : Z, — Z, is an analytic isometry and 1, is the additive
character on Q, sending z € Q, to exp(27miz/p), with T a representative of z mod pZ,
in Q and exp the complex exponential, then

; Up(g())|dz] =0

with |dz| the Haar measure on Q,. Indeed, one can perform the change of variables
z = g(z) and then compute

/Z bplg(x)|dz| = / bpl2)|dz] = %Zexp@m/p) -

This example explains intuitively why the integral over A; in the Lemma-Definition
5.1.1 gives a zero contribution.

5.1.3. Lemma-Definition. The map m constructed in Lemma-Definition 5.1.1 fac-
tors through the natural group homomorphism My — IsC(X)®P. We write m for
the induced group homomorphism

m o IsC(X)™P — O(S)e®.

Proof. We have to check that m : Mx — C(S)®P factors through Ko(RDef") x
IsC(X), and that it factors further through the tensor product Ko(RDef¢")® kyrpefy)
IsC(X) = [sC(X)=*P.

That m factors through relation (R1) is clear since its definition is independent of
the choice of A, cf. Lemma-Definition 5.1.1. Relation (R2) is clear by construction.
Relation (R3) also follows since we can choose ) in such a way that h factors through
the projection 7/, and then one can compare the original construction and definition
with the ones with g replaced by g + h. We prove relation (R4). Assume that a is
of the form [Y[0,1,0] — X, & + p, g, ] with p : Y[0,1,0] — h[0,1,0] the projection
and that Y'[0,1,0] — X, ¢, and & factorize through the projection Y[0,1,0] — Y. It
follows by construction and from relation (R4) for Ko(RDef§™®) that m(a) is zero.

By construction, the obtained map Ko(RDef$?) x IsC(X) — C(S)*P is bilinear
in the factors Ko(RDef") and IsC(X) over the ring Ko(RDefy), hence it factors
thI‘OUgh Ko(RDefg?p) ®K0(RDefX) ISC(X) [
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5.2. Change of variables in relative dimension 1. One deduces from Theorem
2.2.2 the following change of variables statement in relative dimension 1:

5.2.1. Proposition (Change of variables). Let X and Y be definable subassignments
of dimension r of S[1,0,0] for some S in Defy, and let f : X — Y be a definable
isomorphism over S. Suppose that X and Y are equidimensional of relative di-
mension 1 relative to the projection to S. Then, ¢ is in IsC™(Y)**P if and only if
L-ordiacs f(p) is in IsC™(X)™P and if this is the case then

myi(p) = mxi (L9 £ ()
holds in C'(S)®P with my : Y — S and wx : X — S the projections, wy,, Tx1 as in
Lemma-Definition 5.1.3, and ordjac as in [8].

Proof. By linearity we may assume that ¢ is of the form
(5.2.1) p = e B(9)[Z — Yo,

with ¢y in IsC(Y), Z C Y[0,n,0], and £ : Z — h[0,1,0] and ¢ : Z — h[1,0,0]
definable morphisms. By pulling back along Z — Y, we may assume that Z =Y.
Choose A as in the construction of 7y1(¢) in Lemma-Definition 5.1.3. By chang-
ing A we may suppose that Theorem 2.2.2 is also applied to the function p; o f,
with p; : X — h[1,0,0] the projection. But then A o f can be used to com-
pute mx (L7042 £*(0)) as in Lemma-Definition 5.1.3 and is seen to be equal to

7TY!(90>- 0
6. PROOF OF THEOREM 4.1.1

6.1. Notation. If p : X — Z is a morphism in RDefz and ¢ a Function in C*(2)
which is the class of ¢ in C='(Z), the class of p*(¢)) in C*(X) depends only of ¢,
so we denote it by p*(¢). This construction extends by linearity to a morphism
p*:C(Z) — C(X).

6.2. A special case. Replacing Ky(RDef,") by the subring Ko(RDef%), one de-
fines subobjects C(Z)¢, C(Z)® and 1sC(Z)¢ of C(Z)**P, C(Z)*P and IgC(Z)**P de-
fined in 3.3, cf. Lemma 3.1.3.

Let us first prove that Theorem 4.1.1 restricted to this setting holds:

6.2.1. Proposition. Let S be in Defy. There is a unique functor from the category
Defg to the category of abelian groups which sends Z to 1sC(Z)°, assigns to every
morphism f : Z — Y in Defg a morphism f, : 1sC(Z)® — 1sC(Y)® and which sat-
isfies axioms (A1) to (A4) of Theorem 4.1.1. Moreover, these groups morphisms fi
coincide with the group morphisms constructed in 3.7 and in 3.5 in the corresponding
cases.

Proof. Let f:Z — Y be a morphism in Defg. Consider ¢ in IgC(Z)® of the form
(6.2.1) e[ X — Z]yo

with p: X — Z in RDefz, n: X — h[0,1,0] and ¢q in IsC(Z). We have

(6.2.2) @ = p(e’p o).
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Hence, if we denote by d;, : X — Y[0,1, 0] the morphism

(6.2.3) z— ((f op)(z),n(x)),
the axioms force to set
(6.2.4) fi() = my1(€%6 5.1 (p* 0)),

with 7y the projection Y[0,1,0] — Y, £ the canonical coordinate on the fibers of
Ty, and 7y, uniquely determined by (A4). Since IsC/(Z)° is generated by functions
¢ as above, this proves the uniqueness part of the statement. For existence, one
uses (6.2.4) to define p, by additivity. Note that this definition is clearly compatible
with the relations involved in the definition of C'(Z)°. Note also that (A2) and (A1)
are obvious and that (A4), that is, compatibility with 3.6, is easily checked. The
projection formula (A3) follows easily from the projection formula in [§].

Now let us prove functoriality, namely, that g o fi = (g o f), for morphisms
f:Z—=Y and g: Y — W in Defg. As above consider ¢ in [gC(Z)° of the form
e[ X — Z]po = pi(e"p*pp) with p: X — Z in RDefz, n: X — h[0,1,0] and ¢ in
IsC(Z). We have

(6.2.5) (g0 f)(@) = gu(my (€% (p*0)))

and

(go filp) = 7TW!<e£(590f,17! (P"¥0))

(6.2.6) = (€5 ((g x id)y 0 87) (p"20)),

hence it is enough to check that for every ¢ in IsC(Y[0, 1,0])

(6.2.7) g(myi(ey)) = mun(e*((g x id)w))).

We may assume ¢ is of the form [p : X — Y0, 1,0]] 75 (¢o) with ¢ in IsC(Y)
the class of a function in some C*(Y'), and with the above abuse of notation. Since
my1(eS1)) = e°P[X — Y] 1)y, we have

(6.2.8) a(myi(ef)) = mwi(e®dyeop(p*V)).
We now deduce (6.2.7) since

Sgeop(P™) = (g x id)i(pi([X]p* 7y (¥0))))
= (g x id)i([X — Y[0,1,0]] 7y-(¢0))

= (g x id)i(¢). O

6.2.2. Remark. Note that in relative dimension 1, the morphisms f; in Proposition
6.2.1 coincide with those constructed in section 5, by the construction in section 5,
the change of variables formula 5.2.1, and the construction in the proof of Proposition
6.2.1.
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6.3. Uniqueness. The proof is similar to the one in Proposition 6.2.1. Let f : Z —
Y be a morphism in Defg. Consider ¢ in IgC(Z)*® of the form

(6.3.1) E(g9)e"[X — Z]po

with p : X — Z in RDefz, g : X — h[1,0,0] and  : X — h[0,1,0] definable
morphisms, and ¢q in IsC(Z). We have

(6.3.2) ¢ =p(E(g)e"p"¢o).

Hence, if we denote by 074, : X — Y[1,1,0] the morphism sending z to ((f o
p)(x),g(z),n(x)), the axioms force to set

(63'3) i (90) = Ty (7TY[0,1,O]! (E(x)eg(sf,g,n! (]9*<P0)))7

with myo1,0 : Y[1,1,0] — Y[0,1,0] and 7y : Y'[0,1,0] — Y the projections, and x
and § respectively the canonical coordinate on the fibers of myy 1 and my. The
map 7y is determined by (A4) and for the map 7yo10) one is forced to use the
construction of section 5.

6.4. Preliminaries. Let Z be in Defg. In Lemma-Definition 3.7.1 we defined push-
forwards morphisms

(6.4.1) m : 1sC(Z[0,r,m])*P? — 1sC(Z)P

and in section 5 we constructed a pushforward

(642) R ISC(Z[L O, 0])exp — Isc(Z)eXp,

with 7 denoting the projection Z[0,r,m] — Z and Z[1,0,0] — Z, respectively.
We may mix these two constructions as follows:

6.4.1. Lemma-Definition. Let Y be in Defg. Let ¢ be a Function in I¢C(Y[1, n, r])**®P.
Consider the following commutative diagram of projections

Y1, n,7]
/ T
Y[1,0,0] ™ Y[0,n,7]
Y

We have
7T2!7T1!(90) = 77;!7/1!(80)

and we define m () to be the common value of momy () and w7}, ().

Proof. The proof of Proposition-Definition 11.2.2 in [8] carries over to the present
setting. 0
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6.5. A Fubini result for projections Y[2,0,0] — Y.

6.5.1. Proposition. Let Y be in Defg. Let p: X — Y'[1,0,0] be in RDefyp g and
g: X — h[1,0,0] be a morphism in Defy. Denote by my the projection Y[1,0,0] —
Y, by z the canonical coordinate on the fibers of my, and set v, := (nmy op,g) : X —
Y[1,0,0]. For every Function ¢ in IsC(Y[1,0,0])¢, we have

I(E(9)[X — Y]) = mi(E(2)74(p"(¥))).

Proof. By using a construction with a cell decomposition adapted to [X — Y[1,0, 0],
by pulling back, and by Lemma-Definition 6.4.1, we may assume X = Y[1,0,0].
Similarly, by a cell decomposition construction using Theorem 2.2.2 and by Lemma-
Definition 6.4.1, we can reduce to the case where ¢ is either constant or injective.
When ¢ is constant the statement is clear and when ¢ is injective it is a direct
consequence from Proposition 5.2.1. O

Let Y be in Defg. For i = 1,2, we denote by m; : Y[2,0,0] — Y[1,0,0] the
projection (y, 21, 22) — (¥, 2;) and by 7y the projection Y[1,0,0] — Y.

6.5.2. Proposition. Let ¢ be in IsC(Y'[2,0,0])°. Then
myi(mu(E(22)1)) = myi(ma(E(z2)1)).

Proof. We shall use bicells as defined in section 7.4 of [8]. By Proposition 7.4.1
of [8], any definable subassignment Z of Y[2,0,0] admits a bicell decomposition
and, furthermore, for any ¢ in C(Z) there is a bicell decomposition of Z adapted
to ¢ in the sense of loc. cit. More generally, for any ¢ in C(Z)®, there is a bicell
decomposition of Z adapted to ¢. Indeed, this follows from the proof of loc. cit.
and the fact that statement (2) in Theorem 2.2.1 still holds when replacing C(X)
by C(X)¢. Hence, we may assume 1 is the characteristic function of a bicell Z in
Y[2,0,0]. By the argument given at the beginning of the proof of Proposition 11.2.4
of [8], we may assume that the bicell Z is presented by the identity morphism.

Let us consider first the case when Z is a (1, 1)-bicell. We start by the following
special case:

6.5.3. Lemma. Let C' be a definable subassignment of Y and consider definable
morphisms ¢ : C' — h[1,0,0], a, 3 : C — h[0,0,1], and &, n: C — hg,, . Consider
the subassignment Z of Y[2,0,0] defined by
yeC
ord(z1 — 2z9) = a(y)
ac(z1 — 22) = £(y)

ord(z2 — c(y)) = B(y)

ac(z — c(y)) = n(y).
Then

m(mu(E(22)1z)) = myi(ma(E(22)12)).
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Proof of the Lemma. As in the proof of Lemma 11.2.5 of [8], we may assume, after
partitioning C, that one of the following conditions is satisfied everywhere on C"

(1) B>«
(2) B<a
(3) f=aand E+n#0
(4) f=aand £ +n=0.

If condition (1) or (3) holds, Z can be rewritten as a product of two 1-cells, cf. loc.
cit., and the result is clear. If (2) is satisfied, then Z is also defined by

yeC
ord(z1 — z2) = a(y)
ac(z1 — 22) = &(y)
ord(z2 — c(y)) = B(y)
ac(z — c(y)) = n(y).
and one computes

(6.5.1) Ty(mn(E(22)1z2)) = E(c)laels,
and
(6.5.2) my(ma(E(2)1z)) = E(c)L™"'Iz,

with I, ¢, resp. I, the integral of E(z) over the subassignment of h[1,0, 0] defined
by ord(z) = « and ac(z) = &, resp. ord(z) =  and ac(z) = 1. To deduce the
requested equality note that Iz, = 0 when 8 < 0, and that when 8 > 0, a > 0,
hence I, = L', The case of condition (4) also follows from an easy direct
computation. 0]

When Z is a (1,1)-bicell one proceeds similarly as in the proof of Proposition
11.5.4 of [8]. More precidely assume Z is of the form

yeC

ord(z1 — d(y, 22)) = a(y)
ac(z1 — d(y, »)) = £y
ord(z; — c(y)) = B(y)
ac(z — c(y)) = n(y).
If d depends only on y, Z is a product of 1-cells and the statement is clear. Otherwise
d(y, z9) can be supposed injective, as in [8], as function of 2z for fixed y and one
deduces, with exactly the same proof as in loc. cit., the statement from Lemma

6.5.3 using the change of variables in relative dimension 1 (Proposition 5.2.1).
When Z is a (1,0)-bicell one proceeds exactly as in loc. cit., using change of

variables in relative dimension 1. In the remaining cases of a (0, 1) or a (0, 0)-bicell,
Z is a product of cells, and the statement is clear. O

~—

We may now prove the following version of Fubini Theorem:
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6.5.4. Proposition. Let ¢ be in IsC(Y[2,0,0])*P. Then
Ty(Tu(e)) = my(ma(p)).

Proof. By using a construction as in the proof of Lemma-Definition 6.4.1, but now
with a bicell decomposition, we may assume ¢ = FE(g)y with g : Y[2,0,0] —
h[1,0,0] in RDefg and ¢ in IsC(Y[2,0,0])°. By Proposition 6.5.1 we have

m(my, () = myi(m, (E(g)Y)
= my1(m1, (E(22)70(¥))),
with v := (m1,9) : X — Y[2,0,0], hence, by Proposition 6.5.2, we have
myi(my, () = myi(ma, (E(22)70(1)))
= my1(E(z)(m2, 0 1) (¥))).
The result follows, since by Proposition 6.2.1,
(6.5.5) (2, 0 Y1) () = (T2 0 M)i(¥)
and m oy : X — Y[1,0,0] is the morphism (7, g), with 7 : Y[2,0,0] — Y the

projection, which is independent from the order of the two variables in h[2,0,0],
again, by Proposition 6.2.1. U

(6.5.3)

(6.5.4)

6.6. Projections. Let us first consider the projection p : Y [m,0,0] — Y. Let ¢

be in [sC(Y[n,0,0))*P. If m > 1, we set, by induction on m, pi(¢) = my1(m1(p)),

where 1 : Y[m,0,0] — Y[m—1,0,0] is the projection on the first m —1 coordinates.

By Proposition 6.5.4, this definition is invariant under permutation of coordinates.
In the general case of a projection

p:Y[m,n,r] —Y,
for any ¢ in [sC'(Y[m,n,r])*P, we set pi(¢) := (par o pn)(y) for

Y[m,n,r] ==Y[m,0,0] =Y.

It follows from Lemma-Definition 3.7.1, Lemma-Definition 6.4.1 and Proposition
6.5.4 that, for any decomposition of p into projections

Y[m,n,r] i>Y[m/,n', 7’ Py,
with m/ <m, n’ <nandr’ <r, wehave pi(¢) = (paopn)(¢) and that the definition
of pi(¢p) is invariant under permutation of coordinates.

Now if Z is a definable subassignment of some h[m,n,r] and ¢ is in I[gC(Y x Z)**P
we denote by ¢ the Function in IgC(Y[m,n,r])*P which is obtained from ¢ by
extension by zero outside Z. If ¢ = 7 .. 0i[Xi]E(g;), with ¢; in IsC(Y x Z)°,
X, in RDefy,z and g; : X; — h[1,0,0], we have, with a slight abuse of notations,
P =D 1<ic; M) 1 ([Xa]) E(g:), with j : Z — h[m,n,r] the inclusion. Let us write
the projection p: Y x Z — Y as 7o j, with 7 the projection Y[m,n,r] — Y, and
we set

(6.6.1) () == m(P)
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for ¢ in [sC(Y x Z)®P.
The projection formula (A3) trivially holds for py and also the following form of
Fubini’s Theorem.

6.6.1. Proposition. Consider a diagram of projections
Y x ZxW Y x 7 25,
with Z and W in Defy. Then for any ¢ in IsC(Y x Z x W)=P,

(P2 op)i(p) = (P2 opu)(p). O

6.7. Definable injections. Let i : X — Y be a morphism in Defg which is a
definable injection and let g : X — h[1,0,0] and n : X — h[0, 1,0] be morphisms.
Now if ¢ = poE(g)e" W — X] lies in [¢C(X)®P with ¢q in [sC(X), W in RDefy,
and if we write W' for the unique element of RDefy such that for each x € X the
fiber W, equals VVi’(x), we set

(6.7.1) in(p) = (o) E(gwr)e™ W' — YT,

where ny and gy are n and g seen on W,

This definition extends uniquely by linearity to give a morphism i, : IgC(X)*P —
[sC(Y)**P. Also it is quite clear that if j : Y — Z is another definable injection in
Defg, (j e} i); = j! 0] i].

6.8. General case. To define f; for f : X — Y a general morphism in Defg, we
proceed as in [8]. We decompose f as a composition f = mfoiy with i the definable
injection X — X x Y given by z — (z, f(x)) and 7y : X X Y — Y the canonical
projection, and we set fi = 7 o iy

It is quite clear that when f is an injection the new definition coincides with the
previous one. Also, when f is a projection Y x Z — Y, the new definition coincides
with the previous one. Indeed, the analogue of Lemma 11.5.2 of [8] holds for similar
reasons in the present setting, so the proof in Lemma 11.6.1 of [8] extends directly.

6.9. End of proof. We still have to check that if f: X — Y and g :Y — Z are
morphisms in Defg, then gio fi = (go f);. This is proved in a formal way exactly as
in Proposition 11.7.1 of [8], since the analogue of Lemma 11.7.2 in [8] holds in the
present setting. Axioms (A1)-(A5) follow directly by construction.

7. FOURIER TRANSFORM

Let p : X — A be a morphism in Def},, with all fibers of relative dimension d. We
shall denote by Zp (X )P or Z,(X)*? the C(A)*®P-module of functions ¢ in C(X)**P
whose class [¢] in CH(X — A)®P lies in [,C(Z — A)*P. We shall also write 14 ()
or p,(p) to denote the function gy ([¢]) in C(A)**P.
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7.1. Fourier transform over the residue field. Fix A in Def;, and an integer
d > 0. We consider the subassignment A[0, 2d, 0] with first d residue field coordinates
x = (x1,...,24) and last d residue coordinates y = (yi,...,yq) and denote by
p1: A0, 2d,0] — A0, d, 0] and p, : A[0,2d,0] — A[0, d, 0] the projection onto the -
variables and y-variables, respectively. In this section we shall write e(¢) for ef. We
view ), ..., %y as a morphism A0, 2d, 0] — R0, 1,0] and we consider the function
e(zy) == e(Q1<j<q Tiys) in C(A[0, 2d, 0]).
We define the Fourier transform

(7.1.1) f: C(A[0,d,0])™ — C(A[0, d,0])
by
(7.1.2) f(#) := puap.ao ([e(zy)ps(¢)]),

for ¢ in C(A[0,d, 0])**P. The morphism f is C(A)**P-linear.
For ¢ in C(A]0,d,0])*P we write ¢ for t*(p), with ¢ : A[0,d,0] — A[0,d,0] the

A-morphism sending x to —zx.

7.1.1. Theorem. Let ¢ be in C(A[0,d,0])*®. We have
(fof)(p) =L"¢.

Proof. The proof is essentially the same as the standard one for finite fields. More
precisely, we work on A[0,3d, 0] with coordinates (z1,...,Zd, Y1, .-, Ydy 215 .- 2d)-
We shall denote by z : A[0,3d,0] — A[0,d,0], (z,y) : A[0,3d,0] — A0, 2d,0] the
projections onto the corresponding components, etc. If f is a function on A0, d, 0]
we shall write f(z) instead of z*f, etc. By induction and Fubini Theorem (cf.
Remark 4.3.2) we may assume d = 1.

Let ¢ be in C(A[0,d, 0])*P. We have

(FoP(w) = pale(y(z + 2))p(2)]

(7.1.3) = ple(yu)p(u — )],

after performing the change of variables (x,y, z) — (x,y,u = z + z). Since

(714) L@("L‘) = Mac[]-u:oly:y(p(_x)]a
we have
(7.1.5) ((Fof)(p) — L) () = pre[Luroe(yu)p(u — x)],

which, after performing the change of variables (z,y,u) — (z,w = yu,u), may be
rewritten as

(7.1.6) ((Fof)(e) —L@)(z) = pa[luzoe(w)p(u — z)],

whose right hand side is zero by Fubini Theorem and relation (R4). 0J
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7.2. Fourier transform over the valued field. Fix A in Def;, and an integer
d > 0. We consider the subassignment A[2d, 0, 0] with first d valued field coordinates
x = (z1,...,24) and last d valued field coordinates y = (y1,...,y4) and denote by
p o A[2d,0,0] — A[d,0,0] and py : A[2d,0,0] — A[d,0,0] the projection onto
the z-variables and y-variables, respectively. We view ), ., z;y; as a morphism
A[0,2d,0] — h[1,0,0] and we consider the function E(zy) = E(>,c,cq@iy:) in
C(A[2d,0,0])=P, o

7.2.1. Lemma. Let ¢ be in Zy(A[d,0,0])*P. The class [E(xy)ps(v)] of E(xzy)ps(p)
in C%(py : A[2d,0,0] — A[d,0,0])®P is integrable rel. p;.

Proof. Indeed, it follows by construction that, if ¢ is a function in C(A[d, 0, 0]) whose
class [1] in C4(A[d,0,0] — A) is A-integrable, the class of the pull-back p3(¢)) in
C?(py : A[2d,0,0] — A[d,0,0]) is integrable rel. p;. The statement follows. O

Thanks to Lemma 7.2.1, one may define the Fourier transform
(7.2.1) § : Za(Ald,0,0))P — C(A[d, 0, 0])=®
by
(7.2.2) $(0) = pp, (E(zy)p3(0)),
for ¢ in Zx(A[d, 0,0])**P. The morphism § is C(A)**P-linear.

7.3. Some examples. Let us compute some simple examples. Consider definable
functions o : A — Z and & = (§1,...,&s) : A — h[0,d, 0] with & nowhere zero and
set

Zo ={( N,z = (21,...,24)) € A[d,0,0] | ord(x;) > a(N)},

W, {( = (x1,...,24)) € A[d,0,0] | ord(z;) = (M)},

Wa e {( = (xl, ooy xg)) € A[d,0,0] | ord(z;) = a(X),ac(x;) = &(N) ],
Yo =1z, Vo :=1ly,, and Poe:=lw,,.

7.3.1. Proposition. The following formulas hold:

(1) $(pa) = L_da@faﬂ-
(2) 3(%5) = L_dagpfoﬂrl - ]L_da_d(pfa-
(3) F(Yae) = L4 (o_o1+e(i)t_y), withi the morphism A[d,0,0] — A[d, 1, 0]

Proof. By induction on d, we may assume d = 1. Let us start by proving (3). It
is enough to check that the restriction of §F(1a¢) to the subassignment defined by
ordz = Bandacx =nisequalto 0if a4+ <0, to L™ 1 if a+ 3 > 0, and is equal
to e(én)L=1if a+ 3 = 0. The case a+ 3 < 0 follows from (A5) of Theorem 4.1.1.
The cases a+ > 0 and o + [ = 0 follow from relation (R3) and the construction
of the direct image formalism in [8]. Cases (1) and (2) are more easy. The reader
may also choose to prove first the case of & = 0 and deduce the case of general «
from it. 0

We compute some more examples.
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7.3.2. Lemma. Assume d =1 and let v : A — Z and £ : A — h|0,1,0] be definable
functions. Then

(1) If v > 0 on A, pa(¢yeE(x)) = L7771 ua(v,E(z)) = (L — 1)L and

pa(oy E(x)) = L7

(2) If v <0 on A, pp(¢y¢E(x)) = pa(y E(x)) = 0.

(3) If y =0 on A, pn(¥eE(z)) = e(§)L7 and pa(¢,E(z)) = —L 7.
Proof. Statement (1) and the first part of (3) are obvious from relation (R3) and
the construction in [8], and (2) follows from (A5) of Theorem 4.1.1.

The last part of (3) follows from the first part using cell decomposition, since, by
relation (R4), pa(ii*e(§)) = —1, with & the residue field variable on A[0, 1,0] and ¢
the inclusion of the subassignment defined by & # 0 in A[0, 1,0]. O

If follows readily from Proposition 7.3.1 that
(7.3.1) FoF(pa) =L %,

and

(732) S o S(¢a) = L_d ¢a-

The corresponding statement for v, ¢ will follow from the general Fourier inversion
for Schwartz-Bruhat functions we shall prove in Theorem 7.5.1. Though not at all
necessary, let us provide a direct proof of that fact:

7.3.3. Proposition. The following holds

50 §(ae) = Lt .
Proof. We may assume d = 1. By (1) and (3) of Proposition 7.3.1, it is enough to
compute F(e(i)y_q), with ¢ the morphism A[1,0,0] — A[1,1,0] given by (A, z) —

(AN, z,&(N)acz). But this can be done similarly as (3) of Proposition 7.3.1 and the
last part of (3) of Lemma 7.3.2. O

7.4. Convolution. We denote by = + y the morphism A[2d, 0,0] — A[d, 0, 0] given
by (21, Zay Y15+ Ya) — (X1 + Y1, ..., 24+ yq). We shall also work on A[3d, 0, 0]
with coordinates (z1, ..., %4, Y1, -,Yd, 21, - - -, 24). We shall denote by z : A[3d,0,0] —
A[d,0,0], (z,y) : A[3d,0,0] — A[2d,0,0] the projections onto the corresponding
components, etc. If f is a function on A[d, 0, 0] we shall write f(z) instead of z* f,
etc.

7.4.1. Proposition-Definition. Let f and g be two functions in Z,(A[d, 0, 0])**®.
The function pj(f)p3(g) lies in 7,4, (A[2d,0,0])*P and the function
f 9= poy (P1(f)P2(9))
lies in Z(A[d, 0,0])*P, where p; and p, are as in section 7.2.
Proof. Tt follows directly from Theorem 14.1.1 in [8] that, if ¢ and ¢ are func-

tions in C(A[d,0,0]) whose classes in C?(A[d,0,0] — A) are in IyC(A[d,0,0] — A),
then the class of pi(p)p3() in CU(A[2d,0,0] — A) lies in IyC(A[2d,0,0] — A).
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One deduces that the function pi(f)p5(g) lies in Zo(A[2d,0,0])*P, hence also in
T.+y(A]2d,0,0])*®. Since, by Fubini Theorem,

(7.4.1) ua(Pi(f)Pa(g)) = palpary (P ()P3(9))),

it follows that f * g lies in Z (A[d, 0, 0])**P. O

7.4.2. Proposition. The convolution product (f,g) — f * g is C(A)*P-linear and it
endows I (A[d,0,0])*P with an associative and commutative law.

Proof. C(A)®P-linearity and commutativity being clear, let us check associativity.
This follows from the fact that, if f, g and h are functions in Z,(A[d, 0, 0])**P,

(7.4.2) (f % 9) % h = poryr=(p1(F)P3(9)P5(R)).
by Fubini Theorem. ]

7.4.3. Proposition. Let f and g be two functions in Zy(A[d,0,0])*P. Then
S(f = 9) =3(f)3(9)-

Proof. The proof is just the same as the usual one. Let us consider the function
E(z(y + 2))f(y)g(z) on A[3d,0,0]. It is integrable rel. z, and by Fubini Theorem
we have

pa(E(x(y + 2)) f(y)9(2)) = pa((E(zy) f(y))(E(22)9(2)))
=35(f)3(9).

On the other hand, by the change of variables formula, using the change of variables
(2,4, 2) > (2,1 =y + 2,2), 1a(B(aly + ) f(1)g(2)) may be expressed as
(7.4.4) po (B () o (f (u = 2)9(2))) = S(f * 9),
which ends the proof. OJ

For ¢ in C(A[d,0,0])*® we write ¢ for /*(p), with ¢ : A[d,0,0] — A[d,0,0] the
A-morphism sending x to —x.

We have the following partial Fourier inversion:

7.4.4. Proposition. Let ¢ be a function in Zy(A[d,0,0])*P. For every « in Z,
@a%(@) lies in IA<A[d,0’0]>eXP and

S(pad(p)) = L~ D *P_gt1

Proof. We shall work on A[3d,0,0], keeping notations and conventions from the
proof of Proposition 7.4.3. The integrability of ¢,F(¢) follows from the fact that
the function E(yz)pa(y)p(2z) on A[2d,0,0] lies in Zx (A[2d, 0,0])**P. Let us consider
the function E(y(z+2))pa(y)e(z) on A[3d,0,0]. It is integrable rel. z, and by Fubini
Theorem we have

(7.4.3)

ta(E(y(x + 2))0a(y)0(2)) = pa(pay) (E(y(z + 2))0aly)e(2)))
(7.45) = o (Pa () E(xy) pi(ay) (E(y2)0(2)))
= 11 (E(2y)a(y)T(0) ()
= §(0a(9)).
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On the other hand, performing the change of variables (z,y, 2) — (u =z + 2,y, 2),
we have, by the change of variables formula,

ta(E(y(z + 2))pa(y)9(2) = ot (E(Y(x + 2))paly)e(2)))
= fu—z(H(u,z) (E(wy)ea(y)(2)))
= pu—2(P(2) u,2) (E (uy)pa(y)))

(

(
(40 = e (P(2)5(0) (1)
= Hut=(P(2)8(a) (1))
= ¢ * §(pa),
which concludes the proof. O

7.5. Schwartz-Bruhat functions. We define the space Sy (A[d, 0, 0])*P of Schwartz-
Bruhat functions over A as the C(A)®*P-submodule of Z(A[d, 0, 0])*P consisting of
functions f such that

(7.5.1) frva=Ff fora<k0
and
(7.5.2) frpa=L"Ff fora>>0.

Condition (7.5.1) stands for “compactly supported” and condition (7.5.2) for “locally
constant”. Here the quantifier & < 0in (7.5.1), resp. a > 0 in (7.5.2), means there
exists a definable function ap : A — Z such that (7.5.1), resp. (7.5.2), holds for
every definable function a : A — Z such that a < «q, resp. a > «ay.

7.5.1. Theorem. Fourier transform induces an isomorphism
(7.5.3) § : Sa(A]d, 0,0])%P ~ Sy (Ald, 0, 0])=P
and, for every ¢ in Sx(A[d, 0, 0])*P,

(7.5.4) (FoB)(p) =L "¢

Proof. Let ¢ be in Sy(A[d, 0, 0])*P. Let us note that, for « < 0,

(7.5.5) F(P)pa = F(#)-
Indeed, by Proposition 7.4.3 and Proposition 7.3.1 (1), for a > 0,

(7.5.6) §(p) = B(p * 0a) L™ = F(p) oot
It follows from Proposition 7.4.4 that §(p) lies in Zy(A[d, 0,0])**® and that

(7.5.7) F@(@) =L@ x p_an,
for a < 0. Since ¢ lies in Sx(A[d, 0,0])P, ¢ also, hence
(7.5.8) B * p_qp =LEDg

for @« < 0, and we deduce (7.5.4). So we are left with proving that F(¢) lies in
Sa(A[d, 0,0])**P. It is enough to check that, for a < 0,

(7.5.9) F(p) Lot = F(0) % 0oy,
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which follows from the relations

(7.5.10) FFE(0) = F(paB(3(9) =L F(p) * o-ar1,
for @ < 0 by Proposition 7.4.4, and, by (7.5.4),
(7.5.11) F(E(B(9) =L3(0). O

Now we can prove Fourier inversion for integrable functions with integrable Fourier
transform.

7.5.2. Theorem. Let ¢ be in Zy(A[d,0,0])*P. We assume F(p) belongs also to
Ta(A[d,0,0])P. Then the functions (§ o )(p) and L=%¢ have the same class in
C(Ald,0,0] — A)=P.

Proof. By induction on d we may assume d = 1. Take ¢ in Z,(A[1,0,0])*P. By
Lemma 7.5.3 and additivity, we may assume there exists a 1-cell A : Z7 — Zo C
A[1, s, 7], such that, denoting by i the inclusion Z — A[1,0, 0] and by j the inclusion
Ze — N1, s,7], o = 0(i*(¢)) and ¢ := ji\(i*(p)) lies in Saprs (A[L, 7, s])*P. Since,
denoting by 7 the projection A[l,r,s] — A, ¢ = m(¢)), the result follows formally
from Lemma 7.5.4 and Theorem 7.5.1. 0

7.5.3. Lemma. For every ¢ in Zy(A[1,0,0])*P there exists a cell decomposition of
A[1,0,0] such that, for every 1-cell X\ : Z — Zo C A[l,s,7r], the function ji\(i*)
lies in Sajo,,s(A[L, 7, s])P, where i denotes the inclusion Z — A[1,0,0] and j the
inclusion Zg — A[1,s,r].

Proof. Follows easily from 5.1, or even from Theorem 2.2.1. 0J

7.5.4. Lemma. For r and s in N, denote by 7 the projection A[d,r,s] — Ald,0,0]
and recall notation from 3.6. For any ¢ in Iy rq(Ald, 7, s])*P, if the function m(p)
lies in Zx(A[d,0,0])*P, then

$(m(p)) = m(S(p)).

Proof. Follows from the fact that p, commutes with m. 0

8. EXPONENTIAL INTEGRALS OVER THE p-ADICS

8.1. Definable sets over the p-adics. Let K be a finite field extension of Q, with
valuation ring R. We recall the notion of (globally) subanalytic subsets of K™ and
of semialgebraic subsets of K. Let Ly = {0,+, —, -, {Pn}n>0} be the language
of Macintyre and L., = Lyae U {1 UpsoK{x1,..., 2 }}, where P, stands for the
set of nth powers in K*, where K{z1,...,z,,} is the ring of restricted power series
over K (that is, formal power series converging on R™), and each element f of
K{zy,...,x,} is interpreted as the restricted analytic function K™ — K given by

f(z) ifzeR™
0 else.

(8.1.1) s {
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By subanalytic we mean L,,-definable with coefficients from K and by semialgebraic
we mean Lyp..-definable with coefficients from K. Note that subanalytic, resp. semi-
algebraic, sets can be given by a quantifier free formula with coefficients from K in
the language Lyjac, resp. Lan.

In this section we let £ be either the language Ly, or L., and by L-definable we
will mean semialgebraic, resp. subanalytic when L is Lyfac, resp. La,. Everything in
this section will hold for both languages and we will give the appropriate references
for both languages where needed.

For each definable set X C K™ let C(X) be the Q-algebra of functions on X
generated by functions |f| and ord(f) for all definable functions f: X — K*.!

For a L-definable set X, let C=%(X) be the ideal of C(X) generated by the charac-
teristic functions 1, of L-definable subsets Z C X of dimension < d. (For the defini-
tion of the dimension of £-definable sets, see [19] and [17].) Note that the support of
a function in C(X) is in general not £-definable, cf. the function (z,y) +— || —ord(y)
on K x K*.

By C%(X) we denote the quotient

(8.1.2) CUX) = C=(X)/C=(X).

Finally we set

(8.1.3) C(X) = cix).

d>0

It is a module over C(X). If ¢ is in C(X) with support contained in a L£-definable
set of dimension d, we denote by [¢]y its image in C%(X).

8.2. The p-adic measure. Suppose that X C K™ is a L-definable set of dimension
d > 0. The set X contains a definable nonempty open submanifold X’ C K" such
that X \ X’ has dimension < d, cf. [17]. There is a canonical d-dimensional measure
on X’ coming from the embedding in K", which is constructed as follows, cf. [31].
For each d-element subset J of {1,...,n}, with j; < ji11, 7; in J, let dz; be the
d-form dx;, A...Ndxj, on K", with z = (21, ..., z,) standard global coordinates on
K™, Let x¢ be a point on X’ such that x; are local coordinates around xy for some
I c{1,...,n}. For each d-element subset J of {1,...,n} let g; be the L-definable
function determined at a neighorhood of xy in X’ by g;dx; = dx ;. There is a unique
volume form |wp|y, on X’ which is locally equal to (max;|gs|)|dz;| around every
point zy in X’. Indeed, |wy|x: is equal to sup; |dx;|. The canonical d-dimensional
measure on X', cf. [31] [29], is the one induced by the volume form |wy|x,. We
extend this measure to X by zero and denote it by u?.

This measure allows us to define the subgroup IC%(X) of C?%(X) for a £L-definable
set X of dimension d, as the group generated by elements [¢]; with ¢ in C(X)
integrable for u¢. We define 1C¢(X) for general e as the subgroup of C¢(X) consisting
of elements [¢]. with ¢ with support contained in a L-definable subset Z C X of

'Instead of taking the Q-algebra we could as well take the Z[1/q, {1/(1 — ¢*) }i<o]-algebra, with
q the residue cardinality of K.
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dimension e and with [¢|7]. in IC°(Z). Finally, we define the graded group IC(X)
as @,1C"(X).

8.3. Jacobian. Using the pullback of differential forms under analytic maps, it
is possible to define the norm of the Jacobian |Jacf| of a L-definable bijection
f: X CK"—Y C K™ as follows. There exists definable K-analytic manifolds
X' C X and Y’ C Y such that X\ X’ and Y\ Y’ have dimension < d with d = dim X
and such that fix» is a K-bi-analytic bijection onto Y’. For subsets I and J of
{1,...,n} and {1,...,m} respectively, we denote by U; ; the definable subset of X’
consisting of points ¢ such that |dz;| coincides with |wy|xs on a neighborhood of z
and |dy,| coincides with |wg|y+ on a neighborhood of f(zy). On Uy, we may write
f*(dys) = gr.sdz;. The functions |g; ;| are constructible on U; ; and there exists a
unique constructible function h on X’ restricting to |gr.s| on each Uy ;. We define
|Jacf| as the class of h in C%4(X) which does not depend on the choices made.

The p-adic change of variables formula (cf. [23]) may be restated as follows:

8.3.1. Proposition. Let f : X C K" — Y C K™ be a L-definable bijection, with
d = dim X. For every measurable subset A of Y one has

(8.3.1) 2 A) = / Jacf| .
f=HA)

8.3.2. A wariant. For the proof of Theorem 8.5.3 below we shall need the following
variant of |[Jacf|. Let X a definable subset of Y x K™ for Y a definable subset of K™
and consider the morphism f : X — Y induced by projection. Assume first X is of
dimension r, Y of dimension s, f is surjective and all fibers of f have dimension r—s.
In this setting we define a constructible function §( f) defined almost everywhere on
X as follows. We can choose (cf. [17]) definable manifolds X’ € X and V' C YV
such that X \ X’ has dimension < r, Y \ Y’ has dimension < s, f restricts to a
locally analytic morphism f’: X’ — Y’ and for every point y in Y’, f~*(y)\ f'~1(y)
is of dimension < r — s, and such that f’ is regular (that is, the Jacobian matrix
has everywhere maximal rank). Denote by y; the coordinates on K™ and by z; the
coordinates on K™. Consider subsets I, I’ of {1,...,m} and J, J' of {1,...,n}, and
denote by Uy s s the set of points x of X’ such that on a neighborhood of z, |wy|x/
coincides with |dy; A dzs|, |wo|p-1(f@)) coincides with |dzy|, and on a neighborhood
of f(x), |woly: coincides with |dyy|. On Uy ;. we may write

(8.3.2) dyp /\dZ]/ = gLJ,[/,J/dy[ /\dZJ,

with g7 . definable. There is a unique constructible function g on X' restricting
to |grsr.o] on X’. We denote its class in C"(X) , which is independent of the
choices made, by 0(f). Note that when f is an isomorphism 0(f) = |Jacf|.

The proof of the following chain rule is clear:

8.3.3. Lemma. Let Z be a definable subset of dimensiont of K™, Y be a definable
subset of dimension s of Z x K™ and X be a definable subset of dimension r of
Y x K. Assume the morphisms f : X — Y and g : Y — Z are induced by
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projections and are surjective, and that all their fibers have dimension r — s and
s —t, respectively. Then the equality

6(go f)=4(f)((g) o f)
holds. O

8.4. p-adic Cell Decomposition. Recall that P, is the set of nth powers in K*,
and for A € K let AP, be {\z | z € P,}. Cells are defined by induction on the
number of variables:

8.4.1. Definition. A L-cell A C K is a (nonempty) set of the form
(8.4.1) {te K| |a|l}l]t—c|9|ﬁ|, t—c€ AP},

with constants n > 0, \,c in K, «,3 in K*, and [J; either < or no condition. A
L-cell AC K™ m >0, is a set of the form

{(z,t) e K™ | 2 €D, |a(@)|0 |t — c(z)| Oz |B(=)],
t—c(x) € AP,},

with (x,t) = (21,...,Zm,t), n > 0, Xin K, D = m,(A) a cell where m,, is the
projection K™t — K™ [-definable functions a, 3 : K™ — K* and ¢ : K™ — K,
and [J; either < or no condition, such that the functions «, 3, and ¢ are analytic on
D. We call ¢ the center of the cell A and AP, the coset of A. In either case, if A =0
we call A a O-cell and if A # 0 we call A a 1-cell. (Recall that P, denotes the set of
n-th powers in K*.)

(8.4.2)

In the p-adic semialgebraic case, Cell Decomposition Theorems are due to Cohen
[11] and Denef [13], [15] and they were extended in [4] to the subanalytic setting
where one can find the following version:

8.4.2. Theorem (p-adic Cell Decomposition). Let X € K™ and f; : X — K be
L-definable for 7 =1,...,r. Then there exists a finite partition of X into L-cells A;
with center c¢; and coset \;P,, such that

[fi(@, ) = Thi(@)] - [(t = o)™ A ™[5, for each (z,t) € A;,

with (z,t) = (1,...,Tm,t), integers a;;, and h;; : K™ — K L-definable functions
which are analytic on m,(A;), 7 =1,...,r. If \; = 0, we use the convention that
aij = O

We shall also use the following lemma from [5]:

8.4.3. Lemma. Let X C K™ be L-definable and let G; be functions in C(X) in
the variables (z1,...,Tm,t) for j = 1,...,r. Then there exists a finite partition of
X into L-cells A; with center ¢; and coset N\;P,, such that each restriction G,|a, is
a finite sum of functions of the form
L s
|(t = ci(2))* A u(t — (@) h(z),

where h is in C(K™), and s > 0 and a are integers.
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8.5. Integration. By Def(L) we denote the category of L-definable subsets X C
K™ for n > 0, with £-definable maps as morphisms. We can now state a general
integration result which states uniqueness and existence of a certain integral oper-
ator. This integral operator is introduced as a push-forward operator of functions
under L-definable maps, inspired by integration in the fibers with a measure on the
fibers coming from Leray-differential forms.

In [16], see also [13], Denef proved stability of p-adic constructible functions under
integration with respect to parameters in the semialgebraic case. Denef’s result had
a major influence on our work [8] and the present one. It was later generalized to
the subanalytic case by the first author in [4] and [5].

8.5.1. Proposition ([16], [4], [5]). Let W be a definable subset of K™ of dimension

r.

(1) Let ¢ be in C(W x K™). Assume for every x in W the function t — p(z,t)
15 integrable on K™. Then the function

ow) = [ olmit)i

lies in C(W).

(2) Let @ be in IC™T™(W x K™). Then, there exists a function g in C(K™) such
that for all x in W\ Z, with Z a L-definable set of dimension < r in K",
one has

o@) = [ elwnldr]

Proof. When W = K" statement (1) is proved in [16] in the semialgebraic case and
in [4] in the subanalytic case and statement (2) is proved in [5]. The proofs carry
over literally to general W. U

8.5.2. Remark. The point in (2) of Proposition 8.5.1 is that it is possible that the
subset of W consisting of those points = in W such that ¢ € K™ +— @(x,t) is
integrable may not be definable.

We shall now prove the following analogue of Theorem 10.1.1 of [8]. Note that
the proof will be much easier, since integrable functions are already defined and
Proposition 8.5.1 is available.

8.5.3. Theorem. There exists a unique functor from Def(L) to the category of groups
sending a L-definable set X to the group 1C(X) such that a morphism f : X — Y
in Def(L) is sent to a group morphism fi : 1C(X) — 1C(Y) satisfying the following
azrioms

(A1) Disjoint union:  Assume that X, resp. Y, is the disjoint union of two L-
definable sets Xy and Xs, resp. Y1 and Ys, such that f(X;) C Y;. Write f; : X; = Y;
for the restrictions. Then we have fi = fi @ fa under the isomorphisms 1C'(X) ~
IC(X,) @ 1C(X3) and IC(Y) ~ 1C(Y7) @ IC(Y3).
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(A2) Projection formula: For every a in C(Y') and 3 in 1C(X), if (o f)B is in
IC(X), then fi((ao f)B) = afi(B).

(A3) Projection for 1-cells: Let X C K" be a 1-cell of dimension r and Y
its image under the projection on K", f : X — Y the projection. Let ¢ be a
W'~ integrable function in C(X). By Proposition 8.5.1 there exists a L-definable
set Z C Y such that Y \ Z has dimension < r — 1 and such that the function
g:Y —-Q:ym~— ff*l(y) Ly z(y)e(y, t)|dt| lies in C<"=1(Y). Then fi([¢],) is equal
to the class of g in ICT71(Y).

(A4) Projection for O-cells: Let X C K" be a 0-cell of dimension r and Y its
image under the projection on K™, f : X — Y the projection. Then fi(1x) is equal
to the class of (|(Jacf)| o f~1) 11y in ICT(Y), where |Jacf| is as in 8.3.

Proof. We will freely use classical forms of the change of variables formula, without
mentioning it. Let us first check uniqueness. Since, by the graph construction, any
morphism f : X — Y is the composition of the graph injection ¢y : X — X x Y and
the projection p : X x Y — Y, it is enough, by functoriality, to prove uniqueness
for i4 and pi. For projections X x Y — Y, one can assume X = K™ and ¥ = K"
by (Al). By induction on m, it is enough to define p; when m = 1. Consider ¢
in C"(K™™) and assume it is integrable. By cell decomposition and linearity we
may assume the support of ¢ is contained in a cell Z of dimension r. If Z is a
1-cell, fi([¢],) is given by (A3). In case Z is a 0O-cell, we may assume by (A2) that
¢ = 1y, and then fi([¢],) is given by (A4). Finally, since ¢ o iy = idx, with ¢ the
projection X XY — X, and since ¢ induces a bijection between the graph of f and
X, uniqueness for ip reduces to that of ¢ (an essentially similar argument is given
with full details in the uniqueness section of the proof of Theorem 10.1.1 of [8]).

Let us now define f, for projections. Let X be a definable subset of Y x K™ for
Y a definable subset of K™ and consider the morphism f : X — Y induced by
projection. Assume first that X is of dimension r, Y of dimension s, f is surjective
and all fibers of f have dimension r — s.

Let ¢ be a u"-integrable function in C(X). There exists a definable subset Z of
Y, with dimension < s, such that the function

(551 g | e

lies in C(Y), with §(f) as in section 8.3.2, and p"~* the measure as in section 8.2.
Indeed, by Fubini and induction, and possibly after considering a partition of X
and Y, we may assume n = 1. Then, we may by cell decomposition assume X
is a cell. If X is a O-cell the statement is clear, if X is a 1-cell the statement
follows from Proposition 8.5.1. We may then define fi([¢].) to be the class of g in
C™5(Y). It follows from Fubini that fi([¢].) lies in IC"*(Y"). Note that certainly
(A3) and (A4) hold. Also, there is a unique way to extend that construction to
a morphism f : IC(X) — IC(Y) satistying (Al) and (A2) for every morphism
f X — Y induced by a projection Y x K™ — Y. Indeed, it is enough to construct
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fron ICT(X) and after cutting X and Y into finitely many definable pieces, one may
assume the above condition is verified. Furthermore, by Lemma 8.3.3, (go f)1 = gio fi
for composable morphisms induced by projections.

Let us now define 4y when 7 : X — Y is a definable injection. Let ¢ be in C¢(X).
Consider a definable subset X’ of dimension e of X such that the support of a
representative ¢ of ¢ is contained in X’. Denote by A : i(X’) — X’ the inverse of
the isomorphism induced by i. We define i/(¢) as the image of [(¢ o A)]c|Jac()N)] in
C°(Y) under the inclusion C°(i(X")) — C°(Y). Certainly 4(¢) is integrable if ¢ is,
hence we deduce a morphism A, : IC(X) — IC(Y).

For a general morphism f : X — Y one considers the factorisation f = 7y o7y,
with ¢y : X — X x Y the inclusion of the graph and 7 : X xY — Y the
projection, and one sets fi := 7w oip. One is then left with checking that the
construction coincides with the previous one for injections and projections and that
(go f)i = g o fi for composable morphisms. This is purely formal and performed
exactly as the proof of the corresponding statements in the proof of Theorem 10.1.1
and Proposition 12.1.2 of [8]. O

8.6. Exponential constructible functions. Fix an additive character ¢ : K —
C* which is trivial on the maximal ideal M of R and such that ¢ (z) # 1 for some
x in K with ord(z) = 0.

For X a L-definable set, we let C(X)®P be the Q-algebra generated by C(X) and
all functions ¢(f), where f : X — K is L-definable (cf. footnote 8.1).

Similarly, for each d > 0 we define C=%(X)®P as the Q-algebra generated by
C=%(X) and all functions ¥ (f) with f: X — K L-definable.

We set
(8.6.1) C(X)™P = @,0%(X)*P
with
(8.6.2) CUX)™P .= C=U(X)™P JC=d—1 (X )oP,

We call elements of C'(Z)®P constructible exponential Functions.

For d > 0 we define the group ICY(X)®P of integrable constructible exponential
Functions as the (Q-algebra of functions which are defined almost everywhere, gen-
erated by IC'(X) and all functions ¢ (f) with f : X — K L-definable. It is a graded
subgroup of C'(Z)*P and a module over C(Z)*P.

The following exponential analogue of Proposition 8.5.1 is our main p-adic result:

8.6.1. Proposition. Let W be a definable subset of K™ of dimension r.

(1) Let ¢ be in C(W x K™)*P. Assume for every x in W the function t — o(z,t)
18 integrable on K™. Then the function

ofa) = [ ol t)lan

lies in C(W)**P.
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(2) Let ¢ be in IC™T™(W x K™)**P. Then, there exists a function g in C(K™)*P
such that for all x in W\ Z, with Z a L-definable set of dimension < r in
K™, one has

o@) = [ elwnldr]

Proof. (1) follows easily from (2), so let us prove (2). By Fubini Theorem it is enough
to consider the case m = 1. By linearity of the integral operator it is enough to prove
the Proposition when ¢ = poi(f) with ¢o in IC™H (W x K) and f: W x K — K
a L-definable morphism.

We partition W x K into L-definable parts By, By, and Bs:

By = {(z,t) e W x K| f(x,-) is C" at t and %—{(x,t) # 0},
By = {(z,t) e W x K | f(z,-) is not C" at t},

Bs = {(z,t) e W x K| f(x,-)is C" at t and %(w,t) =0},
where C! at a point means continuously differentiable in an open neighborhood and
f(z,-) denotes the function K — K :t — f(x,t) for each z in W.

Note that it follows directly from cell decomposition 8.4.2, cf. also [17] and [19],
that for every x in W the set By, := {t € K | (z,t) € By} is finite and of uniformly
bounded cardinality when x varies and also that surjective £-definable maps admit
L-definable sections. Hence there exists a partition of B, into finitely many L-
definable sets Bs; such that f(x,t) = g;(z) for each i and for each (z,t) in By; for
some L-definable functions ¢g; : W — K.

Similarly, there exists a partition Bjs into finitely many £-definable sets Bs; such
that f(x,t) = r;(z) for each ¢ and for each (z,t) in Bs; for some L-definable functions
r; : W — K. Indeed, this follows from the fact that for every = the image of the
function ¢ — f(z,t) is discrete, hence finite and uniformly bounded when = varies
(again a consequence of cell decomposition 8.4.2, cf. also [17] and [19]) and from the
already mentioned fact that surjective £-definable maps admit £-definable sections.

Hence, for the functions 15,,¢ with ¢ = 2, 3 the Proposition follows. By linearity
of the integral operator we only have to prove the Proposition for the function 15, ¢.

By the implicit function theorem, the set {¢ | f(x,t) = 2, (xz,t) € By} is discrete
for each x in W and z in K, hence finite and uniformly bounded when z and z vary,
by the cell decomposition 8.4.2 (or by [17], [19]). By the existence of L-definable
sections for surjective L-definable maps, there exists a partition of B; into finitely
many L-definable parts By; such that f(z,-) is injective on By, for each i and each
x, with By, == {t € K| (z,t) € By;}. Hence, we may as well suppose that f(z, ) is
injective on By, := {t € K | (z,t) € By} itself. Then, we let T" be the transformation

B — T(By)
(863) T: {(I,t) — (x,y) = (:L’,f(x,t)),
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and let |JacT| be the Jacobian of T" as in 8.3. Writing T'(By), for {t € K | (z,t) €
T(B1)}, one has by the change of variables rule for each x in 7p, (B;)

(8.6.4)

o, ) (f(x,1))|dt| = / (17acT| o T~ (z,y)) " wo(T~" (2, y)) ¥ (y)|dyl.

Big T(Bl)I

Now apply Lemma 8.4.3 to the function

(565) - {w) s ([JacT] o T=\(z, ) pol(T (2, )

with respect to the variable y to obtain a partition of T'(B;) into L-cells A with
center ¢ and coset AP, such that each ;4 is a finite sum of functions of the form

(8.6.6) H(x,y) = |(y = e(x))" Aoy = e(x))*h(x),
where h: W — Q is in C(W), and s > 0 and a are integers.

8.6.2. Claim. Possibly after refining the partition, we can assure that for each A
either the projection A" := my (A) C W has zero p"-measure, or we can write pqa
as a sum of terms H of the form (8.6.6) such that H is pu"-integrable over A and
H(z,-) is integrable over A, = {y | (z,y) € A} for all x in A"

As this claim is very similar to Claim 2 of [5] we will only give an indication of
its proof. Partitioning further, we may suppose that v(y — c¢(z)) either takes only
one value on A or infinitely many values. In the case that v(y —c¢(z)) only takes one
value on A, we may suppose that the exponents a and s as in (8.6.6) are zero. In
the other case, we just keep a and s. Now, in both cases, apply Lemma 8.4.3 to each
h and to the norms of all the L-definable functions appearing in the description of
the cells A in a similar way and do this inductively for each variable. This way, the
claim is reduced to a summation problem over a Presburger set of integers, which is
easily solved. This proves the claim.

Fix a cell A and a term H as in the claim. The cell A has by definition the
following form

A={(z,y)| ze€ A, via(z)) O v(y —c(x)) Oyv(B(x)),
y—c(x) € APy},

where A’ = my (A) is a cell, O; is < or no condition, and «, 5 : W — K* and
c¢: W — K are L-definable functions. We focus on a cell A of dimension r + 1, in
particular, A # 0 and A’ is of dimension 7.

For x in A’ we denote by I(z) the value

/ H(z,y) (y) |dy],

where A, = {y € K | (z,y) € A}. Write

(8.6.7) G(j) = /() ) |dul



38 RAF CLUCKERS AND FRANCOIS LOESER
We easily find
(3.6.8) I(z) = P(c(x) h(@)A7™ 3 g7 7*G(),

(8.6.9)

where the summation is over
(8:6.9) T =i vla(@) D Je(B@), j = v(A) mod m}.

By Hensel’s Lemma, there exists an integer ¢ > 0 such that all units v with
u = 1 mod 7 are m-th powers (here, 7y is such that v(my) = 1). Hence, G(j) is
zero whenever j < —e (since in this case one essentially sums a nontrivial character
over a finite group). Also, when j > 0 then G(j) = fv(u):j’ werp,, [dul, which is

independent of ¥. We find that I(y) is equal to
(8610) g[)(c(y)) |)\| a/m Z q —ja/m SG + Zq ja/m sG

—e<j<0 0<yg
JjeJ jeJ

The factors of (8.6.10) before the brackets clearly are in C(W)**P. The (parame-
terized) finite sum inside the brackets of (8.6.10) can be written as a finite sum of
generators of C(W)®® since each G(j) = P77 mod en With each @ mod etn some
Q-linear combination of values of ¢ which only depends on j mod e + n, and hence,
it is also in C(W)*P. The infinite sum inside the brackets of (8.6.10) is in C(W) by
Proposition 8.5.1 and the above discussion. This finishes the proof of the Proposi-
tion. 0

One may extend Theorem 8.5.3 to the exponential setting as follows:

8.6.3. Theorem. There exists a unique functor from Def(L) to the category of groups
sending a L-definable set X to the group 1C(X)®P such that a morphism f: X — Y
in Def(L) is sent to a group morphism f, : 1C(X)®*P — IC(Y)*™P satisfying the
following azxioms

(A1) Compatibility: For every morphism f : X — Y in Def(L), the map f :
IC(X)*P — IC(Y)®P is compatible with the inclusions of groups IC(X) — 1C(X)**P
and IC(Y) — IC(Y)®® and with the map f : 1C(X) — IC(Y) as constructed in
Theorem 8.5.5.

(A2) Disjoint union:  Assume that X, resp. Y, is the disjoint union of two L-
definable sets Xy and Xs, resp. Y1 and Ys, such that f(X;) C Y;. Write f; : X; = Y;
for the restrictions. Then we have f, = f11® fa under the isomorphisms 1C'(X)®*P ~
IC(X1)®P @ IC(X2)®P and IC(Y)®P ~ I1C(Y1)*P @ I1C(Ys)**P.

(A3) Projection formula: For every v in C(Y)*P and G in IC(X)®P, if (o f)f is
in IC(X)*P, then fi((ao f)B) = afi(B).

(A4) Projection for 1-cells: Let X C K™ be a 1-cell of dimension r and Y its
image under the projection to K™, f : X — Y the projection. Let ¢ be a u"-

integrable function in C(X)®P. By Proposition 8.6.1 there exists a L-definable set
Z C Y such that Y \ Z has dimension < r — 1 and such that the the function
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Y —-Q:ym— ff,l(y) Iy z(y)(y, t)|dt| lies in C="=1(Y)*P. We let fi([¢],) be the
class of g in IC™H(Y)**P,

Proof. The proof is quite formal and similar to proofs we have already given. Indeed,
uniqueness is proven along similar lines than those given in 6.3, and for existence
one can proceed similarly as in the proof of Theorem 8.5.3, using Proposition 8.6.1
instead of Proposition 8.5.1. O

8.7. Variants: adding sorts and relative versions. By analogy with the motivic
framework, we now expand the language L to a three sorted language £’ having L
as language for the valued field sort, the ring language Lgings for the residue field,
and the Presburger language Lpg for the value group together with maps ord and
ac as in 2.1. By taking the product of the measure ™ with the counting measure
on ki x Z" one defines a measure still denoted by ™ on K™ X ki x Z".

One defines the dimension of a £'-definable subset X of K™ x k. x Z" as the
dimension of its projection m(X) C K™. If X is of dimension d, one defines a
measure 4% on X extending the previous construction on X by setting

(8.7.1) pt (W) = /(X) m (Lyy)

with m(1y) the function y +— card(r~1(y) N W).

For such an X, one defines C(X) as the Q-algebra of functions on X generated
by functions a and p~® with o : X — Z definable in £’. Note that this definition
coincides with the previous one when n = r = 0. Since £’ is interpretable in L,
the formalism developed in this section extends to L£'-definable objects in natural
way. In particular the definitions of C=¢, C?, 1C, |Jac|, 6, C™P, etc, extend readily
to L'-definable objects and we have:

8.7.1. Theorem. (1) The statement of Theorem 8.5.3 extends to Def(L') after
adding the additional axiom:

(AD) Let m: X Xk}t x Z" — X be the projection with X in Def(L"). For
any ¢ in IC(X x k% x Z") and every x in X,

mp)(x) = Y o).

m(y)=z

(2) The statement of Theorem 8.6.3 extends to Def(L').

8.7.2. Fix A in Def(L’). We consider the category Defa (L) whose objects are L'-
definable morphisms f : S — A, a morphism g: (f: S — A) — (f': S" — A) being
a morphism g : S — S in Def(L') with fog = f. For f : S — A in Def,(L’) we
define the relative dimension of S over A as the maximum of the dimension of the
fibers of f. For d in Z, define C=¢(S — A) as the ideal of C(S) generated by the
characteristic functions of £’-definable subsets of S of relative dimension < d over
A. Set

(8.7.2) CUS — A) :=C=%S — AN)/C=""1(S — A),
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and define the graded group

(8.7.3) C(S — A) := ®,04S — A).

For every A in A there exists a graded group homomorphism called restriction to A
(8.7.4) i O(S = A) = C(F V),

sending ¢ in C'(S — A) to its restriction to the fiber f=1(\).
We define IC(S — A) as the graded subgroup of C'(S — A) consisting of ¢ €
C(S — A) such that, for every X in A, the restriction ¢|p-1(y) lies in IC(f~1(N)).
One defines similarly CS4(S — A)**®, C(S — A)™P, IC(S — A)*P and

(8.7.5) 10y 0 C(S = M) — C(f71(N)™.

If g: S — S is an isomorphism in Def, (L) between subsets of relative dimension
d, one denotes by |Jacyg| the function in C4(S — A) such that

(8.7.6) [Jacaglis-100) = [Jac(gir-1n)]
for every A in A.

8.7.3. Proposition. For g : S — S’ a morphism in Def (L), there exists a unique
morphism

(8.7.7) gia  1C(S — A) = 1C(S" — A)
which sends p € 1C(S — A) to the unique b € 1C(S" — A) such that for each A € A

(8.7.8) (gls (elrrn) = Ylsy,

with Sy and S5 the fibers and (g|s, ) the direct image as constructed above, and
similarly a morphism

(8.7.9) g 1C(S — AP — 1C(S" — AP,

Furthermore, these morphisms gip satisfy the relative analogues of properties (Al)-
(A4) of Theorem 8.5.3, (A1)-(A4) of Theorem 8.6.3, and (A5) of Theorem 8.7.1
respectively, where in (A4) of Theorem 8.5.3, |Jac| is replaced by its relative analogue
|Jacy .

Proof. One can either remark that the proofs of Theorem 8.5.3, Theorem 8.6.3 and
Theorem 8.7.1 carry over literally to the relative case, or deduce it from the absolute
case using Proposition 8.5.1 and Proposition 8.6.1. U

Since IC(A — A) = C(A), when g is the morphism S — A, one gets from (8.7.7)
a morphism

(8.7.10) pa : 1IC(S — A) — C(A).
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9. SPECIALIZATION AND TRANSFER

In this section we obtain new results on specialization to p-adic and F((¢))-
integration and a transfer principle for exponential integrals with parameters from
Q, and from F,((t)). Some of the results which are announced in [9] are generalized
here to exponential constructible functions. The specialization principle given here
generalizes the one of [18].

9.1. Specialization to valued local fields.

9.1.1. Notation. Let k be a number field with ring of integers O. We denote by
Ao the collection of the p-adic completions of all the finite field extensions of k.
We denote by B the set of all local fields of positive characteristic over O, that is,
endowed with an O-algebra structure. For N > 0, denote by Cp n the collection of
all K in Ap U Bp with residue field of characteristic > N and write Co for Cp 1. By
Ao N, resp. Bo n, denote Co ny N Ao, resp. Co.n N Bo.

For K in Co, we write Rg for its valuation ring, My for the maximal ideal,
ki for its residue field, and ¢(K) for the number of elements of ky. For each
choice of a uniformizing parameter wy of Rk, there is a unique multiplicative map
ac : K* — kj which extends the projection Rj; — kj and sends wg to 1, and
we extend this by setting ac(0) = 0. We denote by Dk the collection of additive
characters ¢ : K — C* such that

Y(x) = exp((2mi/p) Try, (7))

for x € Rg, with p the characteristic of kg, Try, the trace of kg over its prime
subfield and Z the natural projection modulo My of z into kx. Here we identify F,
with Z/pZ and exp denotes the complex exponential.

9.1.2. Interpretation of functions. As a language that can be intepreted in all the
fields of Co, we shall use Lo = Lppp(O[t]), that is, the language Lppp with
coefficients in & for the residue field sort and coefficients in O[t] for the valued
field sort. (Instead of O[t], any subring of O[t] containing O[t] can be used as
coefficients.) To say that a definable subassignment is defined in the language Lo,
we say that it belongs to Def(Ly), and for a constructible function we say likewise
that it belongs to C(S, Lp), C(S, Lo)®P, and so on, when it is defined in L.

For every uniformizing parameter wg of Ry, one may consider K as an O[t]-
algebra via the morphism

(9.1.1) Xk : Oft]— K : Zaiti — Zaiw%.

1€EN 1€N

Hence, if one interprets elements a of O[t] as Ao k(a), an O[t]-formula 9 defines
for all K in Cp a definable subset ¢ of K™ X k% x Z" for some m, n, r, for every
choice of uniformizing parameter wg of Rx. On the other hand, the formula ¢
gives rise to a definable subassignment X of h[m,n,r| and if ¥ gives rise to the
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same subassignment X then 5 = ¥ for all K in Cp y for some large enough N,
independently of the choice of uniformizing parameter.?

With a slight abuse of notation, for X a definable subassignment of h[m,n,r] in
Def(Lp), we write X for the subassignment defined by ¥k where ¥ is a Def(Lp)-
formula defining X, which is well determined for K in Cp y for some large enough
N, as explained above. Similarly, if f : X — Y is a Lp-definable morphism, we
obtain a function fx : Xk — Yk for all K in Cp y for some N.

With a similar abuse of notation, we can interpret a function ¢ in C(X, Lp) as a
function Xx — Q, for N large enough and K in Cp y, as follows.

First suppose that ¢ is in Ky(RDefx(Lp)) and of the form [r : W — X] for
some Lp-definable subassignment W in RDefx(Lp). For K in Cp, consider W,
which is a subset of Xy x (k)¢ for some ¢, and consider the natural projection
i Wi — Xg. Then one sets

(9.1.2) o {XK —Q

x — card (7' (2)) .

Similarly as before, this is well determined for N large enough and K in Cp y. By
linearity that construction extends to Ko(RDefx(Lp)).

Let us now define ¢ when ¢ lies in P(X). If one expresses ¢ in terms of L and
of definable morphisms a : X — Z, replacing IL by ¢x and each a by ax : X — Z,
one gets a function g : Xx — Q again well determined for K in Cp y when N is
large enough. By tensor product, this defines ¢k for general ¢ in C(X, Lo).

Next we interpret ¢ in C(X, Lo)®® as a function ¢k 4, : X — C, for K in Co n
when N is large enough and for every i in Dy, as follows.

First suppose that ¢ in Ko(RDefx(Lp))®*® is of the form [W, g, €] with W a Lo-
definable subassignment, where g : W — h[1,0,0] and £ : W — h[0,1,0] are Lo-
definable morphisms. For K in Cp, consider Wy, g : Wi — K, and £ : Wi — kg,
and consider the projection 7 : Wi — Xg. Then, for ¢ i in Dk, one sets

Xk —Q
T = Y et () Vi (9 (y)) exp((2mi/p) Trp, (Ex (y)))-

Similarly as before, this is well determined for N large enough and for all K in
Co.n and all ¥ in Dg. The construction being compatible with the previous one,
this defines ¢k 4, for general ¢ € C(X, Lo)**P, by tensor product.

(9.1.3) CK o {

9.1.3. Integration. Let K be in Cp and consider a - not necessarily definable - subset
Aof K™ x k- xZ". Let A’ be the image of A under the projection K™ X kjx x Z" —
K™ and define the dimension of A as the dimension of the Zariski closure of A’
in A7 with dim( := —1. Let f : A — A be any function, with A a subset of

2This follows either from Ax and Kochen [1], [3], Ersov [21], Cohen [11], Pas [30], or others,
or from a small variant of Proposition 5.2.1 of [18] (a result of Ax-Kochen-Ersov type that uses
ultraproducts and follows from the Theorem of Denef-Pas).
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K™ x k% x Z". The relative dimension of f is defined to be the maximum of the
dimensions of the fibers; it is also called the relative dimension of A over A.

For A and A’ as above, we denote by A’ the Zariski closure of A’ in A%, If A’ is
of dimension d, we consider the canonical d-dimensional measure u? on A'(K), cf.
[31], [29], and put the counting measure on k% x Z". We shall still write p? for the
product measure on A'(K) x k7% x Z", formed by taking the product of the above
u? with the counting measure, and we finally still denote by u? its restriction to A,
similarly as in section 8.

We denote by F(A) the algebra of all functions A — C. and we say a function ¢
in F(A) is integrable in dimension d if A and ¢ are measurable and ¢ is integrable
with respect to the measure u¢. More generally, we say that a function ¢ € F(A) is
integrable in dimension e if the support B of ¢ is of dimension e and the restriction
©|p is integrable in dimension e as defined above. For e > 0 an integer, we denote
by F=¢(A) the ideal of F(A) of functions with support of dimension < e and we set

(9.1.4) Fe(A) = F=(A))F="YA) and F(A):=@.F(A).

We define 1F¢(A) as the subgroup of F°(A) consisting of functions in F*°(A) which
are integrable in dimension e and denote by p : [F¢(A) — C as the integration
operator. We set [F'(A) := @ 1F¢(A) and extend p to p: IF(A) — C by linearity.

Let f: A — A be a mapping as before. Let F=¢(A — A) be the ideal of F(A)
of functions with support of relative dimension < e over A. The groups F'¢(A — A)
and F(A — A) are defined correspondingly. For every A in A, there is a natural
restriction map, which is a graded group homomorphism,

(9.1.5) -1 Fre(A — A) — Fre(f'(\),

defined by sending ¢ in Frx(A — A) to the restriction of ¢ to the fiber f=1()).
We define [F (A — A) as the graded subgroup of Fx(A — A) of Functions whose
restrictions to all fibers lie in [F', where restriction is as just defined, and we denote
by pa the unique mapping

(9.1.6) pp s IF(A — A) — F(A)

such that (@) (A) = p(elr-1(n)) for every ¢ in IF(A — A) and every point A in A.

We still have to go one step further in the interpretation of functions. Let f :
S — A be a morphism in Def(Lp). Let ¢ be in C(S — A, Lo)®P. The Function ¢
is the class of a tuple (pg)q with g in CS4(S — A, Lo)*P, where only finitely many
components are nonzero. Then, for N > 0 large enough, K € Co y, and ¥k € D,
each function g k.4, lies in F?(Sk), and by taking the class of (0 x yx )a, We get
a function PK i in FK(SK — AK)

The following result says that the motivic exponential integral specializes to the
corresponding integrals over the local fields of high enough residue field character-
istic.

9.1.4. Theorem (Specialization Principle). Let f : S — A be a morphism in
Def(Lo). Take ¢ in IC(S — A, Lo)®P. Then there exists N > 0 such that for



44 RAF CLUCKERS AND FRANCOIS LOESER

all K in Co N, every choice of a uniformizing parameter wg of Rk, and all Yk in
DK, PK )i lies in IFK<SK — AK) and

(LA (L)) ke = Hdge (PR )-

Proof. Let us first consider the case where ¢ lies in IC(S — A, Lp). We can as-
sume ¢ lies in IC, (S — A, L), using notations from [8]. In [8], the definition of
relative integrability of ¢ and the value of the relative integral were defined simulta-
neously along the following lines. One may assume S is a definable subassignment
of Alm,n,r] := A x hlm,n,r] and, using cell decomposition and induction, it is
enough, by Theorem 14.1.1 of [8] to consider the behaviour of the integrability con-
dition and the computation of the integral for: 1) projection along Z-variables, 2)
projection along residue field variables, 3) projections A[m,n,r] — Alm — 1,n,7]
when S is a O-cell, 4) projections Alm,n,r] — Alm — 1,n,r] when S is a 1-cell
adapted to ¢. Note that certainly given ¢ the cell decompositions involved here
will specialize to cell decomposition defined by the specialized conditions when N
is large enough. This is a special instance of the compactness argument in model
theory. In 1), one can assume ¢ is a Presburger function, that is lies in P, (S) with
the notation of loc. cit. In that case, the integrability condition was built from the
start to be compatible with speciailization, since it was expressed by “summability
when L replaced by ¢ > 17. Also the relative integral was defined by summing
up series in powers of I and specializes to summing over Z" with respect to the
counting measure. Step 2) is tautogically compatible with specialization. In step 3)
a function Lo"42¢/  defined almost everywhere occurs, and for N large enough it
specializes to |Jacfk|. By the change of variables formula for integrals over fields in
Co, it follows that 3) is compatible with specialization. Finally step 4) is compatible
with specialization since the relative motivic volume of a 1-cell Z specializes to the
volume of the corresponding Zx, for N large enough, by definition.

When ¢ lies in C(S, Lp)®*P, the statement about compatibility of relative inte-
grability with specialization holds by the previous construction. The construction
of the relative integral of ¢ can be performed along similar lines as before. Special-
ization for steps 1), 2) and 3) holds for the same reasons as before and only step 4)
needs to be considered. It follows from our constructions that it is enough to show
that the relative integral of the function E(z) on a 1-cell with special coordinate z
specializes to the corresponding one over K, for N large enough, which is clear by
construction, cf. also Lemma 7.3.2. ]

For p-adic fields, we can say more, using the formalism of 8.7.

9.1.5. Theorem (Specialization Principle). Let A be in Def(Lo) and let f: S — 5’

be a morphism in Defr(Lp). Let ¢ be in 1C(S — A, Lo)®P. Then there exists

N >0 such that for all K in Ap n, each choice of a uniformizing parameter wg of

Ry, and all Y in Di the Function @iy, lies in IC(Sx — Ak)™® and such that
(falo) ke = Firie (@)

Proof. Similar to the proof of Theorem 9.1.4. O
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9.2. Transfer principle for integrals with parameters. We start by proving
the following abstract form of the Transfer principle:

9.2.1. Proposition. Let ¢ be in C(A, Lo)®P. Then, there exists an integer N such
that for all Ky, Ky in Con with kg, ~ kg, the following holds:

PK1pr, = 0 for all Vi, € Dk,
if and only if
Pk, = 0 for all Yr, € Dr,.
Proof. We first consider the case when ¢ lies in C(A, L»)¢. Suppose that A is a
Lo-definable subassignment of h{m,n,r|. We give a proof by induction on m. For

m = 0, the proof goes as follows. By quantifier elimination, any finite set of formulas
needed to describe ¢ can be taken to be valued field quantifier free. It follows that

(9.2.1) P, = QK
for K; and K in Co y with kg, ~ kg, and N large enough, since two ultraproducts
K = [, Ki and K' = [],, K] of fields K; and K in Co with kg, ~ kg over a
nonprincipal ultrafilter U on a set I are elementary equivalent, as soon as K and K’
have characteristic zero.

Now assume m > 0. By applying inductively the Cell Decomposition Theorem
2.2.1, we can construct a Lo-definable morphism

(9.2.2) f:A— hl0,n 7]

for some n', ', and ¢ € C(h[0,n',7'], Lo)¢, such that ¢ = f*(@). Necessarily, ¢ is
unique. By the induction hypothesis,

(9.2.3) ¢k, = 0 if and only if g, =0

for K; and K5 in Co y with kg, ~ kg, and N large enough. Since px = fj(Pk)
for K in Cp y when N is large enough, the result follows for general m and for ¢ in
C(A, Lo)®.
In general, when ¢ lies in C(A, Lo)®P, we write ¢ as a finite sum of the form
¢

(9.2.4) Z E(gi)e(&)[Xi — A,

i=1
with i € C(A, ﬁ(g)

After finitely partitioning A, we may suppose that there is a partition of {1, ..., ¢}
into parts B, such that

(9.2.5) ord(gi(z;) — g;(x;)) <0

for all © € B, , all j € B,,, all 1y # 7y, all A € A and all z; € X;, z; € X lying
above A, and such that

(9.2.6) ord(gi(zi) — g;(x;)) = 0
for all 7,5 € B,, all r, all A € A and all z; € X;, z; € X lying above A.
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9.2.2. Claim. There exists N > 0 such that for all K in Co n the statement
(9.2.7) YK = 0 for every Y € Di

18 equivalent to

(9.2.8) Z(G(&)[Xi — Api) ke =0 for every r and for every Vi € Di.

1€B,

Since the left hand side of (9.2.8) is in fact independent of the choice of character
Y, the proposition directly follows from the claim and the treatment of the case ¢
in C (A, ﬁ@)e.

Let us now prove the claim. By compactness there exists Ny such that for all
K € Co,n, the partition {B,}, satisfies the following property: for every i € B,,,
every j € B,,, every 1 # 1, every A € Ag and every z; € Xk, z; € X,k lying
above A

(9.2.9) ord(gix (z;) — gjx(x;)) <0,

and, for every i,j € B,, every r, every A € Ag and every z; € Xk, x; € Xk lying
above A,

(9.2.10) ord(gix (x;) — gjrx(z;)) > 0.
Now the claim follows from Lemma 9.2.3. O

9.2.3. Lemma. Let K be in Co. Let ¢; be in C and x; € K with ord(z; — x;) <0
fori#£34,4,5=1,...,n. For every v in Dk consider the exponential sum

Sw = Z Cﬂﬂ(l’l)
=1

Suppose that Sy, = 0 for all ¢ in Di. Then c¢; =0 for all i.

Proof. We shall perform an induction on m := —min;(ord(x;)). If m = 0 there is
nothing to prove. So let us assume m > 1.

For every n > 0, we denote by Dg(n) the set of restrictions of the characters in
Dk to the ball w *R. We denote by p the characteristic of kx and we set 7 := wg if
K is of characteristic p and 7 := p if K is of characteristic 0. We fix elements vy, .. .,
y of w™ R whose images in w " R/mw " R form a F,-basis. For a = (ay,...,a,) in
{0,...,p—1}", we denote by B, the ball ord(z — > a;y;) > ord(rw™). Let us fix
Yo in D (m — 1). There are exactly p" characters in Dy (m) extending 1y. Indeed,
such characters are determined by their value on vy, ..., ¥,, hence if we denote by
Gji, for 1 <@ < p, the p distinct complex numbers such that Cf . = Yo(py;), they are
in one to one correspondence with the set of tuples (¢;;);, via ¢ — (¢¥(y;)).

We may rewrite Sy, as

(9.2.11) Sp= > I »w)*Saw

a€{0,...,p—1}7 1<i<r
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with

(9212) Smwo = Z Ciwo <QI1 — Z ajyj)-

©;€B, 1<j<r

For fixed j, the p x p-matrix A; := (Cf,)zg, 0 < /¢ < p-—1, is an invertible

Vandermonde matrix. It follows that the Kronecker (tensor) product matrix A; ®
-+ ® A, with coefficients ngjgr C(fj 0 </¢; <p-—1,is an invertible p" x p"-matrix.

Jst?
Thus, the vanishing of Sy, for every ¢ in Dy (m) implies the vanishing of all the sums

Sa.p, for every ¢ in Dg(m—1), and the induction hypothesis allows to conclude. [

Now we can prove the following fundamental transfer principle for exponential
integrals:

9.2.4. Theorem (Transfer principle for exponential integrals). Let S — A and 5" —
A be morphisms in Def(Lo). Let ¢ be in IC(S — A, Lp)®P and ¢ in IC(S" —
A, Lo)®P. Then, there exists an integer N such that for all Ky, Ky in Con with
ki, ~ kg, the following holds

HAk, (90K17¢K1> = MAg, (glel,le) Jor all le € DKl
if and only if

HAgk, (¢K2,w1<2) = MAg, ((leg,szQ) Jor all Yx, € Dg,.

Proof. By taking the disjoint union of S and S’ over A and linearity, it is enough to
prove the following particular case of the result: if S — A is a morphism in Def(Le)
and ¢ is in IC(S — A, Lp)®P, there exists an integer N such that for all K;, K in
Co.n with kg, ~ kg, the following holds:

HA g, (QOKthl) =0 for all 101(1 S DK1
if and only if

HAg, ((,OK27¢K2) = ( for all Vi, € Dg,,
which follows directly from Theorem 9.1.4 and Proposition 9.2.1. 0

9.2.5. Remark. Without exponentials, a form of Theorem 9.2.4 can already be found
in [9]. As mentioned in the introduction, it should have a wide range of applications
to p-adic representation Theory and the Langlands Program. It applies in particular
to many forms of the Fundamental Lemma. In this direction, let us mention work
by Cunningham and Hales [12], and let us recall that the Fundamental Lemma over
functions fields has been proved by Laumon and Ng6 for unitary groups [26] and
more recently by Ngo for Lie algebras [28], and that Waldspurger deduced the case of
p-adic fields [32] by representation theoretic techniques. Theorem 9.2.4 applies also
for instance to the Jacquet-Ye conjecture [24], a relative version of the Fundamental
Lemma involving integrals of additive characters, which has been proved by Ngo
[27] over functions fields and by Jacquet [25] in general.
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