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ABSTRACT. We show that for every smooth projective hypersurface- P"* of de-

greed and of arbitrary dimensiom > 2, if X is generic, then there exists a proper
algebraic subvarietyy” g X such that every nonconstant entire holomorphic curve
f: C — X has imagef(C) which lies inY’, as soon as its degree satisfies the effec-

. 5
tive lower bound? > 2" .
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1. INTRODUCTION

In 1979, Green and Griffiths [8] conjectured that every mtje algebraic varietyX
of general type contains a certginoper algebraicsubvariety Y & X inside which all
nonconstant entire holomorphic curvesC — X must necessarily lie.

A positive answer to this conjecture has been given for sageby McQuillan [11]
under the assumption that the second Segre nunjberc, is positive. In the survey arti-
cle [21] (cf. also [20]), Siu provided a beautiful strategy to establisjelaraic degeneracy
of entire holomorphic curves in generic hypersurfages- P**! of high degree larger
than a certainl,, > 1, and alsdKobayashi-hyperbolicityf such X’s if d,, is even much
higher.

Siu’s strategy is based on two key steps: 1) the explicitttoason, in projective coor-
dinates, of global holomorphic jet differentials; 2) théatenation of such jet differentials
by means of slanted vector fields having low pole order. Thai@k construction of jet
differentials can be seen as a replacement of the argumieigt B&emann-Roch which is
known to be difficult to realize since it involves a controltbé cohomology. The reason
to perform explicit constructions is also a better accegbddbase-point set, in order to
provide hyperbolicity instead of just algebraic degengraComplete up-to-date survey
considerations may further be found in [22, 4, 12, 5, 10, 25].

In this paper, we overcome the difficulty of the Riemann-Racjument thanks to
an alternative approach for Siu’s first key step based on Digredundle of invariant
jets [4]. The advantage of this method is also that it usug®ds better bounds on
the degree. Indeed, after performing in Sections 4 and Sabstome explicit, delicate
elimination computations, we finally obtain a lower boundtioa degreel,, = d(n) as an
explicit function ofn, for generic projective hypersurfaces of arbitrary diniems. > 2.

Theorem 1.1. Let X C P"*! be a smooth projective hypersurface of degiieand of
arbitrary dimensionn > 2. If X is generic and if its degree satisfies thiectivelower
bound:

d>2",
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then there exists properalgebraic subvariety” & X such that every nonconstant entire
holomorphic curvef: C — X has imagef(C) contained inY".

As in [20, 21], we thereby confirm, for generic projective bygurfaces of high degree,
the Green-Griffiths-Lang conjecture. Even if our lower bobisifar from the oneleg X >
n + 3 insuring general type, to our knowledge, Theorem 1.1 ishimdirection, the first
n-dimensional result with, moreover, an explicit degreedowound. In addition, as
a byproduct of our constructions, the subvarieties absgrtiie images of honconstant
entire curves vary as a holomorphic family with the generajgrtive hypersurface.

Two main ingredients enter our proof: 1) the existence oaiant jet differentials
vanishing on an ample divisor in projective hypersurfaddsgh degree, following [4, 6];
and Siu’s second key step: 2) the global generation of a griflg high twisting of the
tangent bundle to the so-calledanifold of verticah -jets which is canonically associated
to the universal family of projective hypersurfaces, faliog [21, 13].

The first ingredient dates back to the seminal work of Blodh fdvisited by Green-
Griffiths in [8], by Siu in [19, 22, 21] and by Demailly in [4].1Bch’s main philosophical
idea is that global jet differentials vanishing on an ampiésdr provide some algebraic
differential equations that every entire holomorphic eufv C — X must satisfy. Five
decades later, Green and Griffiths [8] modernized Bloch'gepts and established several
results — still fundamental nowadays — about the geometsntife curves.

Later on, Demailly [4] refined and enlarged the whole thegndéfining jet differen-
tials that are invariant under reparametrization of thes®Ud. Through this geometrically
adequate, new point of view, one looks only at the confornedscof all entire curves.
In [6, 7], the first-named author combined Demailly’s apploavith Trapani’s [23] alge-
braic version of the holomorphic Morse inequalities, scoasainstruct global invariant jet
differentials inany dimensionn > 2. The first effective aspect of our proof is to make
somewhat explicit such a construction.

Indeed, by following [6, 7], we consider a certain intergatproduct éee(10) and (13)
below), the positivity of which yields — thanks to a suitablgplication of the holomor-
phic Morse inequalities — a lower bound for the (asymptotichension of the space
of global sections of a certaiweighted subbundlef Demailly’s full bundle £, ,,, T of
invariant n-jet differentials. This intersection product lives in tbehomology algebra
of the n-th projectivized jet bundle ovek, a polynomial algebra im indeterminates
uy,us, . .., U, equipped with canonical, geometrically significant relas ([4, 6]). The
u; here are the first Chern classes of the successive (antijigidal line bundles which
arise during the projectivization process. The task of caduthe mentioned intersection
product in terms of the Chern classesTof — after eliminatingall the Chern classes
living at each level of Demailly’s tower — happens to be ofthmgebraic complexity,
because four combinatorics are intertwined there: 1) peesef several relations shared
by all the Chern classes of the lifted horizontal distribng; 2) Newton expansion of
large n?-powers; 3) differences of various binomial coefficientsemergence of many
Jacobi-Trudy determinants.

The second ingredientjiz. the vertical jets comes from ideas developed for 1-jets
by Voisin [24] in order to generalize works of Clemens [3] dgid on the positivity of
the canonical bundles of subvarieties of generic projedtiypersurfaces of high degree.
In [21], Siu showed how the correspondigépbal generation properfpr 1-jets devised
by Voisin generalizes to the bundle of tangents to the spéeertcal n-jets. Siu then
established that one may use the available tangential ag@ngr which are meromorphic
vector fields with a certaipole orderc,, > 1, so as to produce, by plain differentia-
tion, many new algebraically independent invariant jefedléntials when starting from
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just a singlenonzerojet differential. At the end, one obtains in this way suffitig
many independent jet differentials, and this then forcesesnurves to lie in a positive-
codimensional subvariety ; X.

This strategy was realized in details for 2-jets in dimensidoy Faun [15] with pole
orderce = 7, and similarly, for 3-jets in dimension 3 by the third-naneagdhor in [18]
with ¢3 = 12. In both works, global generation holds outside a certareptional set.
The general case of-jets in dimensiom was performed recently by the second-named
author in [13] withe, = @ and with a quite similar exceptional set. It then became
clear, when [13] appeared, that Demailly’s invariant jeimbined with Siu’s second key
step could yieldveakalgebraic degeneracy (nonexistence of Zariski-denseceniives)
in any dimensionn. > 2. But to reach effectivity, it yet remained to perform whag th
present article is aimed at: taming somehow the complicatetbinatorics of Demailly’s
tower. Furthermore, at the cost of increasing the pole ougeto ¢/, = n? + 2n, the
exceptional set is shrunk to be just the set of singular [@8]), and thenstrong effective
algebraic degeneracy is gained. This is Theorem 1.1.

As the effective lower boundeg X > 27° of the main theorem above is not optimal,
Sections 6 and 7 of the paper are intended to provide nuniigrigziter estimates in small
dimensions. For surfaces, the best known effective lowantddor the degree ig > 18
([15]), afterd > 21 ([5]) andd > 36 ([12]). In [18], the third-named author obtained the
first effective result for weak algebraic degeneracy ofrerturves inside threefolds of
P4, wheneverleg X > 593.

Theorem 1.2. Let X c P"*! be a smooth projective hypersurface of degiedf X is
generic, then there exists a proper closed subvaiéty X such that every nonconstant
entire holomorphic curvg : C — X has imagef(C) contained inY”

e for dim X = 3, wheneverleg X > 593;

e for dim X = 4, wheneverleg X > 3203;

e for dim X = 5, wheneverdeg X > 35355;
e for dim X = 6, wheneverleg X > 172925.

The last three effective lower bounds in dimensions 4, 5 amagde6entirely new. In
dimension3, our bound 593 is the same as in [18]. Indeed, an inspectitreaxceptional
set in [18] shows that the part of the degeneracy locus whialg depend oryf is in
fact of codimension 2cf. [13]), and therefore is empty, thanks to Clemens’ result [3]
which excludes elliptic and rational curves. Using = 18 andc; = 25 instead of
¢, = 24 andc; = 35, we would have obtained the two lower bountig X > 2432
anddeg X > 25586 which were announced in our firat xi v. or g preprint and which
insured onlyweakalgebraic degeneracgf([13]; usingcs = 33 instead ofc;; = 48, the
bound would beleg X > 120176).

For dimensions 5 and 6, our strategy of proof is the same agHeorem 1.1, except
that we choose a numerically better weighted subbundle ofdilg’s bundle of invariant
jet differentials, exactly as in [6].

Quite differently, for dimension8 and4, the construction of nonzero jet differentials is
based on @aompletealgebraic description of the full Demailly bundl&s, ,,, 7%, n = 3,4,
due respectively to the third-named author ([16]) and tostbeond-named author ([14]),
after Demailly [4] and Demailly-El Goul [5] forn = 2. The invariant theory approach
requires finding the composition series of thg ,, 7%, but this is understood only in di-
mensions 2, 3 and 4, because of the proliferation of secgridaariants — a well known
phenomenongf. [14] and the references therein. Then by appropriately simgnthe Eu-
ler characteristics of the composing Schur bundles [1&]ntpaccount of the numerous
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syzygies shared by a collection of fundamental bi-invdsidih4], one establishes the pos-
itivity of the Euler characteristics((EnymT;}) for n = 3,4, at least asymptotically as
goes to infinity. Furthermore, realizing also in dimensidhéstrategy finalized in dimen-
sion 3 by the third-named author [17], we estimate from atbogeontribution of the even
cohomology dimensions® (X, E,, ., T% ), thereby gaining a suitable lower bound for the
dimension of the spack’ (X, E,, ,,T%) of global sections. Such estimates are done by
means of Demailly’s [4] generalization of a vanishing tleordue to Bogomolov for the
top cohomology, and also by means of the algebraic versigheoiveak holomorphic
Morse inequalities for the intermediate cohomologies .[17]

Even if the numerical bounds obtained in this way in dimemsi8 and 4 are better
than the ones we obtained in all dimensions, the extremiacyr of the algebras of
invariants by reparametrizatiorf( [14]) is the main obstacle to run the process in the
higher dimensions > 5. This was our central motivation to follow the strategy of T

Acknowledgments. The first-named author warmly thanks Stefano Trapani fdep#y
listening all the details of the proof of the main theorem.

2. PRELIMINARIES

2.1. Jet differentials. We briefly present here useful geometric concepts selecteal f
the theory of Green-Griffiths’ and Demailly’s jets [8, 4]f( also [16, 6]). Let(X,V)
be adirected manifoldi.e. a pair consisting of a complex manifold together with a
(not necessarily integrable) holomorphic subbundle- T'x of the tangent bundle t&'.
This category will be very useful later on, when we will calesi the situation wherg' is
the universal family of projective hypersurfaces of fixedmd® and/ the relative tangent
bundle to the family. The bundlg,V is the bundle oft-jets of germs of holomorphic
curvesf: (C,0) — X which are tangent t®’, i.e., such thatf’(t) € V) for all ¢ near
0, together with the projection map— f(0) onto X.

Let G, be the group of germs df-jets of biholomorphisms dfC, 0), that is, the group
of germs of biholomorphic maps

t o) =art+agt’ +-- +apth, a€C* a;€C, j=2

of (C,0), the composition law being taken modulo termof degreej > k. ThenGy,
admits a natural fiberwise right action dgl” which consists in reparametrizirigjets of
curves by such changesof parameters. In [13], one finds the multivariate Bad\ Bruno
formulae yielding explicit reparametrization for the salled absolute cas& = Tyx.
Moreover the subgroufl ~ C* of homothetiesp(t) = At is a (non-normal) subgroup
of G, and we have a semidirect decompositiép = G|, x H, whereG; is the group of
k-jets of biholomorphisms tangent to the identitg. with a; = 1. The corresponding
action onk-jets is described in coordinates by

(1) - (f,,f”,""f(k)) — ()\f,,)\2 ”,...,)\kf(k)).

As in [8], we introduce theGreen-Griffiths vector bundi&FCV* — X, the fibers of

which are complex-valued polynomiaig(f’, f”,..., f) in the fibers ofJ,V having
weighted degree: with respect to th€* action, namely such that:

QN N PR = XmQ(f! 1", f ),
forall A € C*and all(f’, f,..., f*®)) € J,V. Demailly refined this concept.
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Definition 2.1 ([4]). The bundle of invariant jet differentials of ordér and weighted
degreem is the subbundler), ,,V* C EGGV* of polynomial differential operators

Q(f', f",..., f®) which are invariant undwrbltrary changes of parametrizatione.
which, for everygo € Gy, satisfy:

QU(f o) (fow) s s (fop)) = O™ Qf 1", fP).
Alternatively, Ey, ,,V* = (E,CGJC;V*)G;c is the set of invariants o[’V * under the action
of G}

We now define a filtration oz’S’V*. A coordinate chang¢ — W o f transforms

every monomial f(*)¢ = (f)a ()% --- (f*)% having, for anys with 1 < s < k,
the partial weighted degree§, := (1] + 2|l2| + - -+ + s|¢s|, into @ new polynomial

(Vo f)('>)g in (f,f”,..., f®), which has the same partial weighted degree of osder
when/,, 1 = --- = ¢, = 0, and a larger or equal partial degree of ord@therwise (use
the chain rule). Hence, for eagh= 1,...,k, we get a well defined decreasing filtration

F? on EZCV* as follows:

LfY e fW) e BEGVE involving
BV = { only monomlals(f ‘)) with [¢], >  TPE
The graded term€ir)_, (E{’(V*) associated with thek — 1)—f|ltration Y (EZSV™)
are the homogeneous polynomigéf’, f”, ..., f¥) all the monomialg f(*))* of which
have partial weighted degré&;,_, = p; hence, their degreg in f®) is such thatn—p =
kly, and Grﬁ_l(E,fﬁv*) = 0 unlessk|m — p. Looking at the transition automorphisms

of the graded bundle induced by the coordinate chahge ¥ o f, it turns out thatf(¥)
transforms as an element Bf C T'x and, by means of a simple computation, one finds

Gry' [ (BFGV*) = EGY 0 V" ® SV,

Combining all filtrationsE? together, we find inductively a filtratiof™® on E,fgv* the
graded terms of which are

Gr' (BSV*) =SV @ SV @ @ S%V*, LeNF, |f,=m
Moreover ([4]), invariant jet differentials enjoy the nedliinduced filtration:
FP(BmV*) = BV N FP(EFSVY),

the associated graded bundle being, if we empk)% to denoteG/ -invariance:

Gy,
Gr.(Ek,mV*) — < @ Shv* ® SZQV* Q- ® Sgkv*> '

[€],=m

2.2. Projectivized k-jet bundles. Next, we recall briefly Demailly’s construction [4]
of the tower of projectivized bundles providing a (relajignooth compactification of
J /Gy, where.J,/*%V is the bundle ofegulark-jets tangent td/, that is,k-jets such
that f/(0) # 0.

Let (X, V') be a directed manifold, withim X = n and rank/ = r. With (X, V'), we
associate another directed manif¢/d, V) whereX = P(V) is the projectivized bundle
of lines of V, 7: X — X is the natural projection and is the subbundle df'; defined

fiberwise as
def

‘7500,110 {5 eT X ,(z0,[v0]) ‘ m£eC- Uo}
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for anyzo € X andvg € T'x 4, \ {0}. We also have a “lifting” operator which assigns to
a germ of holomorphic curvég: (C,0) — X tangent tol” a germ of holomorphic curve
f:(C,0) — X tangent tol in such a way thaf (¢) = (f(t), [f'(t)]).

To construct the projectivized-jet bundle we simply set inductivelyXy, V) =
(X, V) and(Xy, Vi) = (Xp_1, Vi_1). Clearly rankV}, = r anddim X, = n + k(r — 1).
Of course, we have for eadh > 0 a tautological line bundl®x, (—-1) — X and a
natural projectionr;,: X, — Xj;_;. We callr;; the composition of the projections
Tj+1 © -+ o T, SO that the total projection is given by ;. : X}, — X. We have, for each
k > 0, two short exact sequences

(3) 0— OXk — ’ﬂ'ZVk»fl ® OXk(l) - TX;C/X;C,1 — 0.

Here, we also have an inductively definedifting for germs of holomorphic curves such
that fi): (C,0) — Xy is obtained agj;) = fir—1)-

Theorem 2.1([4]). Suppose thaankV’ > 2. The quotient/,”*V’ /G, has the structure of
a locally trivial bundle overX, and there is a holomorphic embeddid@egv/@k — X
over X, which identifies/; %V /G, with X, 9, that is the set of points i}, of the form
fi(0) for some non singulak-jet f. In other wordsX is a relative compactification of
J, -9V /Gy, over X. Moreover, one has the direct image formula:

(7r0,k:)* OXk (m) =0 (Ek,mV*) .

Next, we are in position to recall the fundamental applaratof jet differentials to
Kobayashi-hyperbolicity and to Green-Griffiths algebraggeneracy.

Theorem 2.2([8, 22, 4]) Assume that there exist integétsm > 0 and an ample line
bundleA — X such that

HY(Xk, Ox, (m) @ w5, A7) ~ HY (X, BV @ A1)

has non zero sections, ..., oy andletZ C X, be the base locus of these sections. Then
every entire holomorphic curve: C — X tangent td/” necessarily satisfief;) (C) C Z.

In other words, for every global,-invariant differential equationP vanishing on an
ample divisor, every entire holomorphic curyemust satisfy the algebraic differential
equationP(j*f(t)) = 0. Furthermore, the same result also holds true for the bundle
EJCTY.

2.3. Existence of invariant jet differentials. Now, we recall some results obtained by
the first-named author in [7], concerning the existence w&niant jet differentials on
projective hypersurfaces which generalized to all dimamsh previous works by De-
mailly [4] and of the third-named author [17].

Denote byc,(F) the total Chern class of a vector bundie The two short exact
sequences (2) and (3) give, for each- 0, the following two formulae:

co(Vi) = co (T, /x, ) co(0x,(—1))
Ce (ﬂ-zvk—l ® OXk(l)) = Ce (TXk/XkA)’
so that by a plain substitution:

4) co(Vi) = co(0x, (—1)) co (M Vi1 @ Ox, (1))
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Letus callu; = ¢; (Ox;, (1)) andcl[j] = ¢;(V;). With these notations, (4) becomes:

!
k n—s n—s —s x [k—
) A =167 — () 1<
s=0
SinceX is the projectivized bundle of line df;_;, we also have the polynomial relations

[i—1]

(6) u; + ey - u

J
After all, the cohomology ring ofX}, is defined in terms of generators and relations as
the polynomial algebrd?®(X)[us, ..., ux] with the relations (6) in which, using induc-
tively (5), one may express in advance all tﬁ@ as certain polynomials with integral
coefficients in the variables,,...,u; andc;(V),...,¢(V). In particular, for the first
Chern class of/, a simple explicit formula is available:

4+t W;Cy__ll] cuj + W;ch_l} =0, 1<y<k.

k
@) M= e (V) + = 1) Y s
s=1

Also, it is classically known that the Chern classesX) of a smooth projective hy-
persurfaceX c P"*! are polynomials ind := deg X and the hyperplane clags :=
c1(Opn+1(1)), viz.for 1 < j < m

j
8) (X)) = ¢;(Tx) = (=171 Y (=) (") &/

1=0

Now, let X c P"*! be a smooth projective hypersurface of degteg X = d and
consider, for all what follows in the sequel, the absolutseda = Tx with jet order
k = n equal to the dimension. Given aay= (ay,...,a,) € Z", we define ¢f. [4, 6])
the following line bundlegd x, (a) on X,,:
Ox,(a) =7, 0x,(a1) ® 73,0x,(az) ® -+ ® Ox,, (an).

Using the algebraic version — first appeared in Trapani€lar{23] — of Demailly’s

holomorphic Morse inequalities, the first-named authorwst in [7] that, in order
to check thebignessof Ox, (1), it suffices to show thepositivity, for somea =

(ai,...,ay,) € N" lying arbitrarily in the cone defined by:

(9) ay 2 3ag,...,ap—2 2 3an-1 and a,—1 > 2a, > 1,
of the following intersection product:
FN _NFNL.q,

whereN = dim X,, = n?, and where the two bundlds := O, (a) ® 7,0 x (2|a]) and
G := 75,0x(2/a]) are both globally nef orX,, ([7], Proposition 2); hereQ x (1) is the
hyperplane bundle oveX and we abbreviatéa| := a1 + -- - + a,. In other words, we
expres® x, (a) as a “difference’F @ G—! between two nef line bundles ovaf,:

Ox,(a) = (Ox, (a) @ m,0x(2[a])) @ (75,0x(2la])) "

Thus in sum, we have to find somec Z" lying in the cone (9) for which the concerned
intersection product written in length:

(Ox, (a) @ 75,,0x (2[a]))" —

(10) 2 * n?—1 *
—n*(0x,(a) @ m5,0x(2[al))" - 75, 0x(2]al)
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is positive. This was done by the first-named author, and plicagpion of the mentioned
Morse inequalities yielded the following.

Theorem 2.3([7]). LetX c P"*! by a smooth complex hypersurface of degtee X =
d and fix any ample line bundlé — X. Then, for jet ordek = n equal to the dimension,
there exists a positive integdy, such that the two isomorphic spaces of sections:

HY (X, 0x, (m) @ ,A7") = H(X, Ep T ® A1) #0,
are nonzerg wheneverl > d,, provided thatm is large enough.

It is also proved in [6] that for any jet ordér < n smallerthan the dimension, no
nonzero sections, though, are availabt (X}, Ox, (m) ® wg’kA—l) = 0; in fact, this
vanishing property is used as a technical tool in the prodftaforem 2.3.

In our applications, it will be crucial to be able to contrala more precise way the
order of vanishing of these differential operators alorgydample divisor. Thus, we shall
need here a slightly different theorem, inspired from [23,, 18]. Recall at first that for
X a smooth projective hypersurface of degrem P"*!, the canonical bundle has the
following expression in terms of the hyperplane bundle:

Kx ~0x(d—n-—2),
whence it is ample as soon @&s> n + 3.

Theorem 2.4. Let X c P**! by a smooth complex hypersurface of degteg X = d.
Then, for all positive rational numbessmall enough, there exists a positive intedgr
such that the space of twisted jet differentials:

H® (X, 0x,,(m) ® 75, Kx*™) =~ HO (X, EpmTx @ K3™™) #0,

is nonzero, whenevet > d,, ; provided again thatn is large enough and thatm is an
integer.

Observe that all nonzero sectionss H° (X, By, T% ® K;(‘sm) then have vanishing
order at least equal tn(d — n — 2), when viewed as sections éf, ,,, 7.

Proof of Theorem 2.4For each weighth € N" satisfying (9), we first of all express
—dlal

Ox,(a) ® 75, K5 " as the following difference of two nef line bundles:
(0x, (2) @ 75,0x (2lal)) ® (m5,0x(2la)) @75, K3 7"

In order to apply the algebraic holomorphic Morse ineqiedito obtain the existence of
sections for high powers, we are thus led to compute theviollg intersection product:

n2
(Ox, (a) ® 75,,0x (2lal]))" —
dlal

— 12 (0x, (a) @ 5, Ox (2la))" "+ (m5,0x (2fal) @ 5, K3,

and to decide whether it is positive. After reducing it imtsrof the Chern classes 4f,
and then in terms of = deg X using (8), this intersection product becomes a polyno-
mial — difficult to compute explicitly, but effective aspeawill start in Section 4 — in
d of degree less than or equal to+ 1, having coefficients which are polynomials in
(a,d) of bidegree(n?,1), homogeneous ia or identically zero. Notice that faF = 0,
the intersection product identifies with (10); we claim th@re exists a weighd’ such
that (10) is positive. Thus by continuity, with the same cleodf weight, for allo > 0
small enough, the leading coefficient still remains positi8o the polynomial in question
again takes only positive values whér> d,,, for some (noneffectivey,,. Holomorphic
Morse inequalities then insure the existence of nonzeriosesc

(11)
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Coming back to our claim, the argument is as follow. First ibf the three inter-

section products: (10§)y, (a)"” and (Ox,(a) ® ngynox(2|a|))”2, once evaluated with
respect to the degree of the hypersurface, are all polynomials in the variatlevith
coefficients inZ[ay, . . ., a,] of degree at most + 1 and the coefficients of"*! of the
three expressions are the samke Proposition 3 in [7]). Next, by Proposition 2 in [7],
Ox, (a) @, 0x(2]a]) is nef if a satisfies (9); therefore the coefficientdft of its top
self-intersection must be non-negative. Thus, by LemmgZ]jnn order to find a weight
a’ in the cone defined by (9) as in the claim, it suffices to show tihia coefficient is
not an identically zero polynomial iti[as, .. ., a,]. SO, we have to prove that it contains
at least one non-zero monomial: but by Lemma 3 in [7], thefomeft of its monomial
all-al---ais (n?)!/(n!)" and we are donecf. also Subsection 4.4). O

2.4. Global generation of the tangent bundle to the variety of vetical jets. We now
briefly present the second ingredient, as said in the Inttiolu LetXX ¢ P! x PN
be the universal family of projective-dimensional hypersurfaces of degréén P+,
its parameter space is the projectivizatiBH (P"*!, 0(d))) = PNi, where N} =
("t9+1) — 1. We have two canonical projections:

X
2N
]P)nJrl ]:P)N;l.

Consider the relative tangent bundleC T with respect to the second projectith:=
ker( pr,)., and form the corresponding directed manifgid, V). It is clear thatV is
integrable and that any entire holomorphic curve flérto X tangent toV has its image
entirely contained in some fiber pr(s) = X, s € PNd,

Now, letp: J,V — X be the bundle ofi-jets of germs of holomorphic curves
tangent toV, the so-calledvertical jets and consider the subbundig®®V of regularn-
jetsof mapsf: (C,0) — X tangent tdV such thatf’(0) # 0.

Theorem 2.5([13]). The twisted tangent bundle to vertioaljets:
T, ® p*pri Opni1(n® + 2n) @ p*prs Opnp (1)

is generated over, °V by its global holomorphic sections. Moreover, one may choos
such global generating vector fields to be invariant withpes to the reparametrization
action ofG,, on J,, V.

This means that we have enough independent, global, im¢arector fields having
meromorphiccoefficients over/,,V in order to linearly generate the tangent spagey ;»
at every arbitrary fixed regular jgt € .J,>9V. The poles of these vector fields occur only
in the base variables &f, but not in the vertical jet variables of positive differiation or-
der. Most importantly the maximal pole order here i$ n? + 2n, hence it is compensated
by the first twisting(e) @ p*pri Opn+1(n® + 2n).

3. ALGEBRAIC DEGENERACY OF ENTIRE CURVES

Now, we are fully in position to establish tim@neffectiveversion of Theorem 1.1. The
proof (cf. the Introduction) incorporates two main ingredients: B éxistence, already
established by Theorem 2.4, of at leasenonzero global invariant jet differential van-
ishing on an ample divisor; 2) Theorem 2.5 just above to predsufficiently manyew
algebraically independenet differentials.
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Theorem 3.1.Let X c P"*! be a smooth projective hypersurface of arbitrary dimension
n > 2. Then there exists a positive integér such that wheneveteg X > d,, and X is
generic, there exists properalgebraic subvarietyy” ; X such that every nonconstant
entire holomorphic curvg': C — X has imagef(C) contained inY".

Proof. As above, consider the universal projective hypersurfaice! P P, py

of degreed in P**1. Observe thaf(; = pr; 1(s) is a smooth projective hypersurface of
P"+! for generics € PN and thatV = ker(pr,). restricted toX, coincides with the
tangent bundle t& . We infer therefore that:

H(Xy, B V* @ pr;Opnss (= 6m(d —n —2))| , ) ~ H*(Xs, EnmTx, @ K°™).

Thanks to Theorem 2.4, the latter space of sections is nhontarsmall rationall > 0,
for d > d,, ; and form large enough, independently of Fix any sy € PNi and pick a
nonzero jet differentiaP, € H" (X, EnmTy,, ®K;(‘5:””) In order to employ the vector
fields of Theorem 2.5, we must at first extefglas aholomorphic familyof nonzero jet
differentials. Thus, we invoke the following classical@xsion result.

Theorem 3.2([9], p. 288) Let7: Y — S be a flat holomorphic family of compact
complex spaces and lét — Y be a holomorphic vector bundle. Then there ex-
ists a proper subvarietyZ C S such that for eactsy € S\ Z, the restriction map
HO (771 (Uy,), L) — H (77 (s0),L],-1(s,)) is onto, for some Zariski-dense open set
Us, C S containingsg.

We remark that this theorem implies that the weighted degfabe jet differential
constructed above may be chosen to be independent of theshyfaee X ; of degreed.
Now, we apply this statement = pr,,t0Y = X, t0 S = PNi, to L = E,,,V* ®
pr;Opn+1 ( — dm(d — n — 2)) and we similarly denote by ¢ PVi the embarrassing
proper algebraic subvariety. The genericityXofassumed in the two theorems 1.1 and 3.1
will just consist in requiring thaty ¢ Z (noticepassimthat we do not have a constructive
access t&) and of course also, thatdoes not belong to the set for whiéh, is singular.

We therefore obtain a holomorphic family of jet differefdia

P = {P|S € HO(XS’ En>mT;(s ®K)_(56m)}

parametrized by with P|;, = P, # 0 and vanishing od(;sg?; for our purposes, it will
suffice thats varies in some neighborhood &f.

Now, take anonconstanentire holomorphic curvg : C — X tangent toV. Since the
distribution'V has integral manifolds er(s) = X, f mapsC into someX;,, for some
so € PNa. Of course, we assume that ¢ Z and thatX,, is non-singular. Consider now
the zero-set locus

Ys, = {l‘ € Xso: Plsy(x) = 0},
whereP|,, # 0 vanishes as a section of the vector burﬂj@mT;‘(so ® K;(‘Z” ThenY,
Is aproper algebraic subvarietgf X,,. We then claim that

f(C) C Yy,

which will complete the proof of the theorem. (It will evenme out that we obtain
strong algebraic degeneracy of entire curyesC — X, inside aY ; X, defined by
Y; ={z € X: P|s(z) =0} and parametrized bynears.)

Reasoning by contradiction, suppose that there exjsts C with f(ty) € Ys,. Con-
sider then-jet map;™f: C — J,Vinduced byf. If j7f(C) would be entirely contained in

J,snay %€ 7 v\ J®9Y, then f would beconstant since singulan-jets satisfyf’(t) = 0.
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So necessarily”f(C) ¢ J,,VS"9, namelyf’ # 0. Then by shifting a bit, if necessary,
we can assume that we in addition hgéty) # 0, viz. j7f (tg) € Ji V.

Theorem 2.2 ensures thBl, (" f(t)) = 0. DenoteU := PNi \ Z.

We may now view the family? = { P|;} as being a holomorphic map

P: Jnv‘prgl(U) — p*pf{@]pn-&-l ( — 5m(d —n — 2)) |pr;1(U)

which is polynomial of weighted degree in the jet variables. Let” be any of the global
invariant holomorphic vector fields of,V with values inp*pri Opn+1(n? + 2n) that were
provided by Theorem 2.5. Then we observe that the Lie dére/dt,, P together with the
natural duality pairing

Opn+1(p) X Opn+1(—¢q) — Opn+1(p — q) (p.g>1)
provides a new holomorphic map (notice the shifti3y+ 2n):

LyP: Jnv‘prgl(U) — P priOpnt1 (— 6m(d — n — 2) +n* + 2n) ‘pr;l(U)’

again polynomial of weighted degree in the jet variables, thus a new parameterized
family of invariant jet differentials. In particular, thestrictionLy P|s, of Ly P to {s =
s} yields anonzeroglobal holomorphic section in

HO (XS(n En,mT;(SO & K)_(f(:n & OXSO (n2 + 2’)?,)) =
= H"(Xs, BpmTx,, © Ox, (—=0m(d —n —2) +n® + 2n)),
which is a global invariant jet differential oi;, vanishing on an ample divisor provided
that —6m(d — n — 2) + n? + 2n still remains negativetherefore, if we ensure such a

negativity 6eebelow), Theorem 2.2 shows thity P|,](j"f(t)) = 0. As a result, the
n-jet of f now satisfiegwo global algebraic differential equations:

Py, (§"f (1)) = [LvPls,] ("f (1)) = 0.

L

constructing
another jet
differential
LvP

Fig. 1: Producing from P a new jet differential Ly P having distinct zero locus inJ,,'V

Heuristically €f. the figure), if the fibet/,,Vy ) would be, say, 2-dimensional, and if
the intersection of Ps, = 0} with {Ly P[5, = 0}, viewed in the fibet/, V), would be
a pointdistinct from the originalj"f (¢¢), we would get the sought contradiction. Now we
realize this ideadf. [21, 15, 18]) by producing enough new jet differential doss whose
intersection becomesmpty

Indeed, witht, such thatf (to) € Ys, andj"f(to) € Ji 2V, and withTW;, V; denoting
some global meromorphic vector fields in

HO(J,V, Ty @ p*priOpnsa(n® + 2n) @ p*prsOpny (1)),

that are supplied by Theorem 2.5, we claim that the follovtwg evidently contradictory
conditions can be satisfied, and this will achieve the proof.



12 SIMONE DIVERIO, JOEL MERKER, AND ERWAN ROUSSEAU

(i) For everyp < m and for arbitrary such field$V;,..., W, the restriction
Ly, - LWlP\S0 yields a nonzero global holomorphic section in

H° (X, By Tk, © Ox,,(=0m(d —n—2)+ p(n® +2n)))

with the property thaf Ly, - - - Ly, P] (s0, 5f(t)) = 0.
(i) there exist somep < m and some invariant fieldd/,...,V, such that
[Lv, -+ Ly, P] (s0, j"f (o)) # 0.
The first condition(i) will automatically be ensured by Theorem 2.2 provided the re
sulting jet differential still vanishes on an ample divisag. provided that
—om(d —n —2)+pn®+2n) <0
is still negative. But sincg will be < m, it suffices that-6m(d—n—2)+m(n?+2n) < 0,
and then after erasing, that:
(12) d> " 4 g9

To get(i), we first fix a rationab > 0 so that Theorem 2.4 givesmnzergjet differential
foranyd > d,, s, we increase (if necessary) this lower bound by taking aatcofi(12),
we construct the holomorphic familg|s, and(i) holds.

To establisHii), we choose local coordinates:

(s,2,2,...,2™M) e CNd xC"x C" x --- x C"
on J,V near (so,j”f(to)), wherez € C™ provides some local coordinates ofy for
any fixeds nearsg, and Where(z’, . ,z(")) are the jet coordinates associated with
We also choose a local trivialization of the line bundl’(;}fm. Then our holomorphic
family of jet differentialsP|, € H° (X, E,mT%, © K;(fm) writes locally as a weighted
m-homogeneous jet-polynomial:

P= 3 guals ) () )

li1 |4+ +nlin|=m

whereiy, ... i, € N" and where they, ;. (s,z) are holomorphic neafso, f(to)).
Locally, the proper subvariety,, C X is represented as the common zero-locus:

}/50 = {Z € XSO: Qily---yin(‘SO?Z) = 07 v /i17' .. 7Zn}

By our assumption thatf(ty) ¢ Ys,, there existi{,...,i% € N" such that
4,0 (s0, f(to)) # 0. If we make the translational change of jet coordinates
7 =2 — f(t),...,2™ = 2z — f(")(4,), our jet-polynomial transfers to:

P= > T, (5,2) () (Z),
i1|+-+nlin|<m
(notice “<m”) with new coefficients;, ; (s, z) that depend linearly upon the old ones
and polynomially upor(f'(to), ..., f™(ty)). Again, there exisf(l), ...,iy € N" such

r'n

thatg.o -0 (so, f(t0)) # O, because otherwise the two jet—polynomiér$0 sty @nd
o U] geenslyy S0,
P|SO #(t,) Would be both identically zero.
Since;"f(ty) € Jn %V, by the property 2.5 of generation by global sections, we get
that for everyk with 1 < k < n and for everyi with 1 < ¢ < n, there exists an invariant
vector fieldV;* with
Fl o =0

(s0.3°f(t0) — 928 (50,7 f (1))

%
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where we have denoted the translated central jgt Iiyto) := (f(t0),0,...,0).

To achieve the proof ofii), we may suppose that for every integermwith p <
B+ i)+ -+ [in|, whencep < [i]+2 [is|+ - - +n [ie| = m, and for every invariant
vector fieldsiVy, ..., W), one ha§W; - -- W, P] (s, f(to)) = 0, since if any such an
expression is already: 0, (i) would be got gratuitously. Thanks to the global genera-
tion Theorem 2.5, this vanishing property then holds for eagtor fieldsiW; involving

all the possible differentiationg., 2, -2, ...,%. Then under this assumption, the

contribution of the remainder differentiations present/jh aftera/azg will

k)
- |<so,3”f<to)>
vanish at the poin(so,j f(to)) when performing any multi-derivation of length equal to

(@ |+ - - +[7, |, hence if we write in lengthi, = (7)1, .. .,,,) € N" all the multiindices

7777

[ zgn . V;??“:l ...... Vi(}n . V%?] (s0, jnf(to)) =
_|_o d 3 d_p
= [8558) “'8253) ...... 82_%) maz_‘_é) p} (807 f(to),O,...,O)

tn,n n,1 1,n 1,1
0 -0 | = 0
RLERER T qi?,...,%ﬁ (80, f(to)) # 0,

which is nonzero. Thu@i) holds and the proof of Theorem 3.1 is complete. Theorem 3.1
being not effective regarding the conditiod > d,,, the next two Sections 4 and 5 are
devoted to the proof of the effective main Theorem 1.1. O

4. EFFECTIVENESS OF THE DEGREE LOWER BOUND

It is known (cf. [19, 4, 25, 21, 16, 6, 14]) that reaching an explicit lower dwaegree
deg X > d,, both for Green-Griffiths algebraic degeneracy and for Kaisay hyperbol-
icity (in nonoptimal degree) still remained an open questioarbitrary dimensiom, due
to the existence asubstantial algebraic obstacle$n order to render somewhat explicit
the lower boundi,, of Theorem 3.1, one has to expand titepowered intersection prod-
uct (11) and then to reduce it as an explicit polynoniial;(d), as was foreseen in the
proof of Theorem 2.4. To this aim, one should descend Deyrsaiibwer step by step
each time using the two relations (5) and (6). As a matteraif fane must perform some
numerous, explicit eliminations and substitutions andghyg tame the exponential growth
of computations. At several places, we shall leave asidenapty of majorations in order
to reach the neat announced lower boand

4.1. Reduction of the basic intersection product.We remind from Theorem 2.4 that,
in order to produce a global invariant jet differential witbntrolled vanishing order on
hypersurfacesy whose degred > d,, would be bounded from below by an effectively
known functiond,, = d(n) of n, we should ensuri an effective wayhe positivity of the
intersection product:

n2
(0x, (a) ® 75, 0x (2la]))" —
2 * n2-1 * * dlal
- n*(0x,(a) ® 75,,0x(2/al)) - (75.,0x (2]a]) @ 75, K™),

for a certainn-tuple of integersa = a(n) € N belonging to the cone (9) (with = n)
which would depeneffectivelyuponn, and for a certain rational numbér= §(n) > 0
which would also depeneffectivelyuponn.
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As in [7], denoteu, = ¢;(Ox,(1)) for £ = 1,...,n, denotec, = ¢(Tx) for k =
1,...,n,andh = ¢ (Ox(l)). With these standard notations, the intersection prodect w
have to evaluate becomes:

TL2
(13) II := (a1u1 + -+ ayu, + 2|a|h) —

- n2(a1u1 + - 4 agu, + 2|a|h)nL1 - (2|alh — dlaler);

here and from now on, admitting a slight abuse of notatiorctviiill greatly facilitate the
reading of formal computationsye systematically omit every pull-back symbp).(e)
After elimination and reduction using the relations (5) &)dseebelow), our intersection
product gives in principle a polynomial (difficult to compuseethe end of the paper) of
degree< n+1 with respect tel = deg X, which is affine iny, and all of which coefficients
are homogeneous polynomialsarof degreen?. Thus, let us call it:
n+1 n+1
Pas(d) = Pa(d) + 6 Po(d Z Prad’ +0 Z Phad".

Now, suppose in advance that we have an effectlve contmniuym explicit inequalities,
of all the coefficients;, o € Z andp;,a € Z of both P, andP’,, and more precisely, that
we already know inequalities of the type:

IPral <Er (k=0,..,n), Prn+la = Grit, Pral SEL (k=0,..nn+1),

with theE;, € N, with G,,;1 € N'\ {0} and with theE) € N all depending upom only.
According to the proof of Theorem 2.4, a good choice of weightdeed make$,, ;1 a
positive; we will see below that, ,, , is then necessarily negative.

If we now setd := % % so thaté also depends posterioriexplicitly uponn, the
n+1

leadingd" ! -coefficient ofP, s becomes positive and bounded from below:

/ / 1 G,
pn-l—l,a + 5 pn+1,a = pn-l—l,a - 5 |pn+1,a| > Gn+1 -3 E’ =

l 1
E'ﬂ+1 5 Gn+1.

The largest real root of a polynomia),;; d"*! + a, d" + --- + ag having integer co-

efficients and positive leading coefficieaf,; > 1 may be checked to be less than
14 (ap +---+ag)/an1; instead of the finer bourimaxo<;<;, ( 251 ‘)1/”“_{ we use

|3n+l

this easier-to-write-down majoration because at the enfeation 4, this will make no
difference in reaching the bounikg X > 27" of Theorem 1.1. Applied to our situation:

Lemma 4.1. If one chooses := 1 E/”“ then the intersection produ@”Jrl (Pr,a +
6p§€73) d* has positive leading coeffiC|e|pt,l+La + 5pn+17a > 3 L G,41 and has other
coefficients enjoying the majorations:

Gn
<Ep+3 & +1 E/ (k=0,....,n),

‘pk at 0 pk: ,a
and therefore it takes only positive values for all degrees
a1+ (Bnt+ o+ B+ @2 {E, + - +E}) /4G = dl. O

Thus, thisd}Z will be effectively known in terms ofi whenEy, G, 1, E§€ will be so. In
order to have not only the existence of global invariant ¢ entials with controlled van-
ishing order, but also algebraic degeneracy, we have ats@ieécaccount of condition (12),
and this condition now reads:

d>1+n+2+2(n2+2n) ot = dz.

Grt1
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In conclusion, we would obtain theffectiveestimate of Theorem 1.1 provided we com-
pute the boundgy, G,,1, E}, in terms ofn and provided we establish that:

(14) 2" > max {d}, 2} =: d,.

4.2. Expanding the intersection product. By expanding then?- and the(n? — 1)-
powers, the intersection produdy in (13) writes as a certain sum, with coefficients being
polynomials inZ [al, e, O, 6] , of monomials in the present Chern classes that are of the
general form:

pladt - uin or hlepudt - udn,

wherel +i; + - +i, =n?orl+1+j, + -+ j, =n>

Lemma 4.2([4, 6]). After several elimination computations which take accairhe re-
lations(5) and(6), any such monomial reduces to a certain polynomi& [h, Clyenn, cn]
which is homogeneous of degree= dim X, if h is assigned the weight and eachc
receives the weight. Furthermore, after a last substitution by meang&fwhich uses
ht = fX h" = d = deg X, the polynomial in question becomes a plain polynomial in
Z[d] of degree< n + 1. O

We illustrate withhle!! un L ui» three fundamental processes of reduction that will
be intensively used. Recall that asyimonomialh!uf - - - uy’ = 5 ()7} ,(uf) - - uy!
denotes a differential form living(, and thatdim X, = n + ¢(n — 1). Such a form is of
bidegree(p, p) wherep = 1 + i1 + - - - + i,. We shall allow the (slight) abuse of language
to say thap itself is thedegreeof a (p, p)—form.

Atfirst, if i,, < n—2, thenl+i;+- - -+i,_1 > n*—n+2 = 1+dimc X,,_1, whence the
(sub)formhlui! - - . u'"~ ! which lives onX,,_; annihilates, as then do&&u! - - - u'"~ ! uir
too. We call this (stralghtforward) first kind of reductioropess:

“vanishing for degree-form reasons”

and we symbolically point out the annihilating subform bydarining it with a small
circle appendedyiz.

hluzl1 e u;":fou;" =0 when i, <n — 2.

This will greatly improve readability of elimination comgations below.

Secondly, in the case whefg = n — 1, using an appropriate version of the Fubini
theorem and taking account of the fact thigt_ ur~! = [;,_, u!~! =1, where all the
fibers ofm,—1., : X, — X,,—1 are~ P"~(C) ([4, 18, 6, 7]), we may simplify as follows
our monomial:

Rt -t = bl T = R

/
We shall call this second kind of reduction process:

“fiber-integration’.

The third process of course consists in substituting theréhations (5) and (6) as many
times as necessary. With= n and without anyr? (), they now read:

J

(15) Z Njj—k C;f 1]( 0)’ "
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wherel < j, ¢ < n, with the conventions([f] =1 andcg.o} = ¢;, where we set

n—k n—k n—=k)! n—=k)!
Ajj—k = (j—k:) - (j—k:—l) T Gk =) T G=k—Dln—j+D)
and also, with upper indices af denoting exponents:

(16) uy = _0[1671} u?_l - c[;*l] u?_2 . Cgill] g — cLe—l].

Estimating the coefficient ofd”**. Our first main task is to reach a lower bou@g, ; —

SE] 41 for the coefficient of" ! in IL;, and this cannot be straightforward, because there

arevery numerousnonomials in the expansion ofs. In a first reading, one might jump
directly to Subsection 4.4 just after Corollary 4.1. Heransnitial observation.

Lemma 4.3([7]). Assum@ +ij +---+i, =n?0orl+14j; +---+j, = n? Then as
soon a9 > 1, one has:
0 = coeff gnt1 [hluil1 ~ulr]and 0 = coeff i [hlclujil ceude].

Proof. Indeed, after reduction of eithe-monomial in terms of the Chern classgsof
the base, one obtains a sum with integer coefficients of tefrtige form:

hlci\lcé‘z e cﬁ"
with I + A\ + 2Xs + - -+ + nA, = n. But then if we replace the Chern classes by their
expressions (8) in terms @fand of the degree, we get:
coeffgni1 [hley e)? - - epn ] = coeff gni [(—1)M T FAn pr . ghitAetddn 4o ¢]
= coeff jut1 [(_1)>\1+~~~+>\n d - drMtrettAn |.O.t]
=0,
sincel + A1+ X4+ A KT+ A+ 2+ -+ 1\, =n. O
As aresult, a glance at (13) immediately shows that:
coeffyni[Ils] = coeffynss [(alul oot anun)” +dlaler (arur + -+ anug)” ‘1]
4.3. Reverse lexicographic ordering for theu-monomials. We order the collection of
all homogeneous monomialg' - - - ui» with i; +- - -+i,, = n? appearing in the expansion
2 . .
of (aju1 +---+ayu,)" above by declaring that the monomigt - - - ul» is smalle for
the reverse lexicographic orderinthan another monomial{' - - - u3;", again of course
with j; + - - + j, = n?, if:
in > Jn
orif i, = j, but i, 1 > jp_1

orif In = Jny -, 13 = J3 but i, > Jo.

Observe that,, = j,,...,7s = js impliesi; = j;. An equivalent language says that the
multiindices themselves are ordered in this way:

(ih .. 7in) <revlex (jly .. 7jn)

Proposition 4.1. The coefficient of "' in any monomia’ui1 - uf» which islargerthan
ul - - up is zero:

coeffgar [ull -+ uir] =0 forany  (i1,...,in) >reviex (Ns--- 7).
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Proof. Thus, assuméiq, ..., i,) >yevex (1, ..., n). Firstly, if i, = n, the claimed van-
ishing property is in all concerned subcases yieldediidy of the lemma just below.

Secondly, ifi, = n — 1, an integration on the fiber of,_, ,, : X,, — X,,_; replaces
u"~! by the constant-1, hence we are left Withllf . Z" | and(i) of the same lemma
then yields the conclusion. Thirdly and lastlyijf < n — 2, then the formu’f Z{‘_f
vanishes identically for degree-form reasons. Thus, gdhtite lemma, the proposition is
proved. O

Lemma 4.4. The coefficient ofi”*! in all the following four sorts of.-monomials is
equal to zero:
() uil i’f foranyk < n—1andanyii,...,ipwithiy+---+ip =n+k(n—1);
(i) (c)" 7k ’11 u}j foranyk < n — 1, and anyiq,...,i; withi, < n — 1 and
i1+ + i = kn;
(i) ulf e ufl uplyq - uy, foranyl <n, anyiy, ..., g withiy <n —1landi; +--- +
1 = In;
(v) crufl - ujtul --ul_ foranyl < n— 1, anyi < n -1, anyi,...,q with
i1+ +1 =In.
Proof. Property(i) is established in Section 3 of [7]. % holds.
Applying (15) written forj = 1, namelycm = c[1 U4 (n — 1) ug, we get:

a7) c[la:cl—i—(n—l)ul—i—"'—i—(n—l)w

To begin with, we start frongi) for k = n — 1,4, 1 = nandi; + -+ + i, 9 =
n+(n—1)(n—1) —i, 1 =n?—2n+ 1 arbitrary, namely:

0 = coeff gu+1 [uf - - uZn" Sup ]

Next, thanks to (16), we may replace in this equailty , by —c{" 2y =1 — =32
)
0 = coeff jnt1 [u uf{‘:j( - c%" Q}UZ 1— 0[2"72}162:% e 67[]}*210)]
= coeff gnia [uf! - - uZn":QQ (- c[1"72] ul”1)]  [degree-form reasons]  [use (17)]
= coeff jnt1 [uzll e u;"__; ( —cg—(Mn—Duy —--—(n— 1)un_20) uZ:ﬂ

= coeff gn+1 [ — cluil1 e u;" Sun” H [apply (i) again],

and we therefore géii) for K = n — 1 wheni,,_; = n — 1. Butin all the other remaining
cases when, 1 < n — 2, then by the assumption that the sum of the indigésequal to
(n—1)n:

i1+ Fin o= (n—1)n—(n—-2)=n?—2n+2=dimX,_,

and consequently, the degree of the forlmi1 . uf{‘:; is> 1+ dim X,,_», whence this
form vanishes identically. Thug) is proved completely fok = n — 1.
Next, consider(iii) for [ = n. If i, < n — 2, then by degree-form reasofs=

wlt -l Whencecoeffdn+1[ .lnlyin] = 0 gratuitously. So we assunig =
n — 1. Buttheni; + - -- +i,_1 = n?> — n + 1, hence(i) applies to give:
0 = coeff jnt1 [ulll e ulnn_ll] [reconstitute hidden integration of u” ']

— i1 in-1, n—1
= coeffgnr1 [uf' - up—lun 1,
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and therefore this provdsi) completely forl = n. But we also get at the same time the
property(iii) for i = n—1. Indeed, withi; +- - - +i,_1 = (n—1)n and withi,,_; < n—1,
we may reduce, using (16):

i1 in—1,n _ i1 in—1 [n—1] n—1 [n—1] n—2 [n—1]
Up e Uy Up = Uy - unfl[_cl Up — —C Uy — "7 Cy O]
. - IRt
= uzll u;nill [ — c[ln }uz 1] [degree-form reasons]  [use (17)]
_ il Z‘nfl
=uy-u, [—cl —(n—1w —---—(n—l)un_l]

Thanks to(i), after expansion, the puremonomials give no contribution t¢***, and
consequently:

, ; ; in—
coeff gnt [uf -+ =l ul] = coeff gusr [ — cuit -+, ] =0,

where the last equality holds true thanks to the prop@jtylready proved fok = n — 1.
Thus(iii) is completely proved fot = n and forl = n — 1.

Lastly, we just observe thdiv) for I = n — 1 coincides with(ii) for Kk = n — 1. In
summary, we have completed a first loop of proofs.

Consider now the second loop. We start fr@ijp for £ = n — 1 (already got) with
in—1 = n — 1 and withi,,_o = n, sothatiy +--- +4,_3 = (n — 1)TL — 9 —lp_1 =
n? — 3n + 1, and then we compute:

0 = coeffgni1 [crull - urSulpu” %f] [fiber-integration]
= coeff g+ [cruf! -+ u:sz( c[ln 3]un 5 cg"‘3]uZ:§ — = CLT“B]O)] [use (16)]
= coeffyni1 [C1U1 i UZf;( — C[ln_g])uZ:ﬂ [degree-form reasons]  [use (17)]
= coeffgnt1 [clul - u;”g( —ca—(n—-1u —-—(n— 1)un_3o)uz Jun” if]
= coeff jni1 [ — clclul . uif_‘g,fuﬁ:é@ﬂ [apply (ii) for k = n — 1 again]
= coeff g1 [ — creruft - - u:l":;uZ:é] [fiber-integration],

where we have relntroduceqj (artificially) in the fourth line, so as to appli) for
k = n—1(got). As aresult of the last obtained equation, we haveagHir) for k = n—2
wheni,,_» = n — 1, but since whern,_, < n — 2, the formclclu’i1 u;n:g vanishes
identically for degree reasons, we finally have fully essitgd(ii) for £ = n — 2.

Next, we look aiii) forl = n—2. Theni;+---+i,_2 = (n—2)nwithi,,_o < n—1.
So we ask whether the following coefficient vanishes:

. i
coeff gn+1 [ulll R TR 22’(1,2 1 Uy, ] =

= coeff g [ull - u Sul_(er — (n—Dug — -+ — (n— Duy_q )]

= coeffgnir [ — crull - ulrZul_ ]

= coeffgn+1 [ — cruf -+ u;"__;( —c1—(n—=Duy — - — (n— Dup_o)up_y]
= coeff jni1 [clcluzf ui{fﬁuﬁj f]

-0, ‘

and in fact, this coefficient vanishes actually, thankéijdfor £ = n — 2 seen a moment
ago. This therefore provesi) for [ = n — 2 completely.

Finally, conside(iv) fori = n—2. Theni; +---+i,_2 = (n—2)n andi,,_o < n—1.
But coming back to the third line of the equations just abevegrei,, o < n — 1too, we
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have in fact already implicitly proved that:

— i1 in-2 n
0 = coeff gt [crutt - uyr—yupy 4],

and thisigiv) for [ = n—2. Thus, the second loop is completed, and the general irmycti
similar, is now intuitively clear. O

Corollary 4.1. The coefficient of"** in any monomiak; u]" - - - u/" ' ul with 1 + j, +
“oo+ jn_1 + jn = n? which is larger tharc; uf - - - u”_u?~ ! is zero:

n—1

Coeffdn+1 [C1UJ11 et ujln} =0,

n—1 “n
forany (ji,...;Jn—1,Jn) >revtex (0, ...,m,n —1).
Furthermore:
coeff gusr [uf -+ uli_upt| = coeff guri [(—1)"(c1)"] = +1.
coeff gn+1 [C1U7f T szﬂbzil] = coeff gn+1 [(_1)7171(01)”] =-1

Proof. The first claim is just a rephrasing of the propefty) of the lemma, after one
notices tha’v:lu{1 o uf{‘:f u%" vanishes identically for degree reasons whign< n — 2,
while the termu?~! = ulr disappears after fiber integration whgn = n — 1. The
identities stated just after now have obvious proofs. O

4.4. Minorating coeff jn+1 [H] Let us decompose the intersection prodLigtdefined
by (13) asII + oIT’, where:

’I’L2

2 —
II := (a1u1 4+ anu, + 2|a|h)n — th(alul + -t apu, + 2|a|h) ! 2|al,
7?,2—
I ;= n’cy (a1u1 B R Y T 2|a|h) ! |al.

The (ineffective) Lemma 4.2 insures that the reductiolah terms ofd = deg X is a

certain polynomial:
n+1

Pa(d) = Z pk,a dk7
k=0

having certain coefficientp;, , < Z[al, e ,an]. Moreover, Lemma 4.3 showed that
positive powers ofi do not contribute to the leading coefficient, whence:

Prt1,a = coeff gni1 [II] = coeff guri [(a1ug + -+ + anun)nQ]

TL2
= coeff gur1 [(arur + -+ + apun, +2alh)" .
By Proposition 2 in [7], the bundle:
Ox,(a) ® m,0x(2la])

is nef whenevern belongs to the cone defined by (9), therefore its top sedfraatction

must be non-negative. Thus, once this top self-intersedscevaluated in term of the
degreed of the hypersurface, its dominating coefficient must be negative, too. In
other words we must have:

pn-l—l,a > 0.
But from the corollary just above, we know that, » € Z[a] is not identically zero, for
it incorporates at least the nonzero (central) monomial:

2 2
noe n n n n . n-. n
coeff gnt1 [—n!---n! ay - -a, uy un] = graycca

n
n*
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Then, in order to capture a weighfor whichp,,1 . > 0, we at first observe that the cube
of N having edges of length? which consists of all integer&., . .. , a,,) satisfying the
inequalities:

1<a, <1+n% 3n2<a, 1 <B+Dn?  32+3)n2<an <32 +3+1)n?
o B 13 < ar <3+ 3+ 1)n?
is visibly contained in the cone in question:
ap =1, ap—1 = 2ap, ap—2 2 3an_1,...,a1 = 3as.

We now claim that there exists at least ontuple of integera* = (a7, ..., a}) belonging
to this cube with the property thaf, ;1 o+ iS nonzero, and hence:

Pn+1,a* > 1= Gn+17

so that we can také as the minorant introduced at the beginning. Indggd,; » is a
homogeneous polynomial of degregto which an elementary lemma applies.

Lemma 4.5. Letq = q(b1,...,b,) € Z[b1,...,b,] be a polynomial of degree > 1.
Theng can vanish at all points of a cube of integers having edgesmjth equal to its
degreec only when it is identically zero.

Proof. Expandq = Y25 _o bi" qu, (ba, ..., b,), recognize gc + 1) x (c + 1) Van der
Monde determinant, deduce that eagh(be, ..., b,) vanishes at all points of a similar
cube in a space of dimension- 1, and terminate by induction. O

4.5. Majorating the other coefficients coeff ; [H] Now, for such am* which is not
very precisely located in the cube, we nevertheless haveftaetive control, which is
useful below:

n
82,

* _3"—-1 .2

g == s
From now on, we shall simply deno# by a. At present, for any integér with 0 < £ <
n, let us denote b (n) any available boundseein advance Theorem 5.1) in termsrof
only for the maximal absolute value of the coefficientibfin all monomialsh!u}! - - - uin
with [ + iy + - - - +4,, = n?, namely:

max |CO€dek [hluil1 e uﬁ{l] ‘ < Dg(n).
i1+ +in=n2

Then for anyk with 0 < k£ < n, we now aim at estimating from above the coefficient of
d* in our intersection produd, using two new lemmas and starting from its expansion,
all terms of which we shall have to control:

‘coeffdk (1] ‘ <

< E 7”“’,72'1 p e (2|a|)la§1 c..gin . ‘coeffdk [hluzf e uﬁ{‘] +
i+ tin=n?
2 . . . P
+ S n? = 9lal(20al) aft - adr - |coeffu (AU -l |

I+t +in=n’-1

Lemma4.6.Letl, i1, ...,i, € Nsatisfyingl4+i,+---+i, = n?andletl, ji,...,j, €N
satisfyingl + j1 + - - - + j, = n? — 1. Then:

n? < (n+ 1)”2 and: n? u(”z_l)’, <(n+ 1)”2“.

il —inl TGl gl
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Furthermore, the number of summands}ﬁ‘;+i1+,,,+in:n2 and the number of summands
N34 4t j,—n2_1, Which are both plain binomial coefficients, enjoy the fafiag two
elementary majorations:

2 2
o)l gp2n—1 gpd: Rzl oo 2n-1

n2in! (n2—1D)!n! =

Proof. Indeed, any multinomial coefﬁcierﬁ% is less than or equal to the sum of all
multinomial coefficientg1 + 1 + - -- + 1)"* = (n + 1)"". At the same time, we deduce:
n2— —
n? i = n2(n 4+ )7 < (1)L
For the second claim, we as a preliminary have:

(24n=D! _ (024 1)--(n?4n=1) o (n24n?)-(n4n?) _ gl p2n—2 2n—2
T = T e S ) = tpr <207,

since2”~! < 2(n — 1)! for anyn > 1. Consequently, we deduce:

n?+n)! n?+n—1! (n%+n 2n—2 1 2m—1
Tt = (n2!(n71))! N Con?? (4 L) <an® Y
. . 2_ | 2 1\ 2
and similarly: ((22_11;’2!' < (:2!?—11))!' m2 L onn=2.p = 22l 0

Lemma 4.7. For anyl, iy, ...,i, € N satisfyingl + i, 4 - -- + i,, = n?, one has:
(2[a))a} - aly <03
Proof. Indeed, we majorate each by |a| and|a] = a1 + - - - + a,, by na;, and alsd by
n?, so that(2|a|)la’! - - - air < 27° (nal)n2 and we apply:; < 2-n?. a
Thanks to these two lemmas, we may perform majorations:
|coeff e [TT]| < 4n*" ' - (n+ 1™ 03" 37" Dy (n)+
+2n? 7L (n+ 1)L 0 37 Dy (n)
<602 (n+ )M 37" Di(n)  (k=0,.m).
Lemma 4.8. For any exponenk with 0 < k£ < n, one has:
|coeffys [TT]| < 6021 - (n+ 1)" - 0" 3" . Dy(n). O

To conclude these estimates, for any integee 0,1,...,n,n + 1, let us denote by
D}.(n) any available majorant for all the monomials appearinglin

max |coeffdk [clhlu{I e U%"] ‘ < D(n).
Ll i+ tjn=n?

Lemma 4.9. For any exponenk with0 < & < n + 1, one has:
|coeff g [IT']] < n? b (n + 1)”2+1 - p3n? gnt . D (n).

Proof. Indeed, one performs the similar majorations:

|coeff g [IT']| <

< Y wmlaj2lal)al -0l - [coeffur [erhlud - ul]

I+ +in=n?—1
n— n2 n2 n3
<2n® 7t (n4+ 1) T LR 37 Dl (n)
g n2n—1 . (n 4 1)n,2+1 .n3n2 3n3 . D%(n),

hence the bound we obtain is exactly the same, up to the factor O
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4.6. Final effective estimations. We can now explain how to achieve the proof of Theo-
rem 1.1. Atfirst, we shall realize in Section 5 that both canstoefficientsoeff ;0 [IT] =
coeff o [IT'] = 0 vanish, henc®y(n) = Dj(n) = 0 works. Most importantly, we shall
establish in Section 5 that one may choose:

Di(n) =+ = Dy(n) = Di(n) = = D},(n) = D}, (n) =n*" 2",

Takingn4”3 21" for granted, remind that with the above choice of weigh{now denoted
a), we ensure that:
coeff gn+1 [H] = Pnt+l,a = 1 =: Gpyr.
From the preceding two lemmas, we therefore deduce that:
|CO€dek (1] ‘ <6l (n+ 1)”2*'1 37 30 pintont — g H(n) (k=1--n)
|coeff g [II']| < n®" 71 (n+ 1) g3 gn® 4ot — H(n)  (k=1m ).
so that, coming back to the beginning of Section 4, we may stbBg = E{, = 0 (since
Do(n) = D(n) = 0) and also explicitly in terms of:
Ey=---=E,=6H(n)
Ef = = E), = Ejyy = H(n).
Coming back to the definition af., d? given at the end of Lemma 4.1 and just after, we
may now majorate:
dh <1+ (n6H(n) + 251) /3 = &,
2 <1+n+2+2n%+2n)Hn) = d2.
Notice thath% > J}l as soon as > 3. Finally, by comparing the growth of all terms in
H(n) asn — oo, one sees tha"" dominates and hence that the following inequality:

C’i’i —14n+2+2 (n2 + 2n) . n2n71 X (TL + 1)n2+1 . n3n2 3713 ) n4n32n4 < 2n5’

holds for all largen. However, any symbolic computer shows that/foe 2,3, 4, one in
fact hasi2 > 22°, d2 > 2%, d2 > 2", while &2 < 27" andd? < 2" for n. = 6,7,8,9 SO
thatcfi < 27° holds for anyn > 5 by an elementary inspection of the functian— c?%.
Fortunately, the three left cases= 2, n = 3 andn = 4 of Theorem 1.1 are covered,
firstly for the classical surface case= 2 by, say [5] in whichdeg X > 21 with 21 <« 22°,
and secondly fon = 3 andn = 4 by our second Theorem 1.2, becaade > 593 and
247 > 3203. So we conclude that if we take for granted: 1) that one may adikheDy (n)
and all theD}(n) equal ton?"”27" | a technical and crucial statement to which Section 5
below is entirely devoted; and 2) that Theorem 1.2 is got,fative statement to which
the two Sections 6 and 7 below are devoted, then the proofofmain Theorem 1.1 is
to be considered as complete, and finally, the neat uniforgnegeboundieg X > 27°
works in all dimensions > 2. O

5. ESTIMATIONS OF THE QUANTITIES Dy, (n) AND Dj (n)

To complete our program, it now remains only to capture sonagveffective upper
boundsDy(n), 0 < k < nandDj(n),0 <k <n+1.

Theorem 5.1. Withn > 2, for anyl, iy, ...,i, € Nwithl +i; + --- + 4, = n? and any
L1, jn € NWith1 4+ 1+ j; + --- + j, = n?, one has:

0 = coeff [hluil1 e uﬁ{‘] = coeff 4o [clhlu{l .. u#]
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Moreover and above all, for evety=1,...,n+ 1, the following uniform effective upper
bound holds: | | o
|coeffdk [hlulll o uj{l” < nin’ont
|C0€ﬂrdk [Cl hlu{1 L ’LL%"] ‘ < n4n32n4

In other words, in the above notations, one may chddge:) = Dg(n) = 0 and
Di(n) = Dj(n) = nt*on' fork =1,... . n+ 1.

5.1. Jacobi-Trudy determinants. One key observation towards these estimations is that
the reduction process from one level to the lower level in Bigis tower involves Jacobi-
Trudy determinants in the Chern classes of the lower levguestion.

Definition 5.1. At any level/ with 0 < ¢ < n— 1 and foranyJ with0 < J < n+¥¢(n —
1) = dim X/, we define the correspondingicobi-Trudy determinant

g
l J4 4
I I
Cyj=| 0 1 A
0 0 0 -

where, again by convention, we set ax%} := 0 as soon ag > n + 1; by convention
also,C := 0 is set to zero whed > dim X, and whenJ < 0; lastly, we se€§ := 1.

Expanding the determinari; along its first line, and expanding again the obtained
block-determinants, one easily convinces oneself of thadtion formulae:

(18) etb=cdlef el ,+cel -

the last term in this expansion being either1)"~! [e] €4, whenJ > n or else
(—1)7-1 cff] Cf whenJ < n.

In the proof of Theorem 5.1, the study of the monomials - - v} will appeara poste-
riori to be exactly the same as the study of the monomfal§ - - - uir ande; hlul' - - - uiy.

Generally speaking, fixing with 1 < ¢ < n and exponentsy, ..., i, € N satisfying
i1+---+ig=n+L(n—1)=dim Xy, let us therefore study the reduction, in term of the
degreed of X, of the specific monomial?’ - - - u;'~} u. We write it asQ’ 'uf, where
Q4= it is a(K, K)-form living on X, with K +ip = n 4+ £(n — 1).

If iy < n — 2, thenQ’ ! vanishes form degree-form reasons.i/lf= n — 1, then a
fiber-integration giveﬂiglﬁf =it 1 =0 tel L
Lemma 5.1. For any ¢ with 1 < ¢ < n, given any(K, K)-form Qigl at level/ — 1 and
any integeri, with i, > n — 1 andi, + K = dim X/, the reduction oﬂﬁ;l ujf down to
level ¢ — 1 precisely reads:
—1] ) [F 1]

[
[2 o w n+1
1

“u e
g—n

C[le—u

it = (ot | ] _
0 0 1l

= (_1)”7”“ ! @f{ 1n+1
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Proof. Assume first that, = n and use (16) to get:

(=1, n _ =1 =1 n-1 -1 [t=1] | n—2 =1 [0—1
O uy = Qg ¢ "uy — Qo U — = cg }

J

0

01 -1
=—-Q C .
Reasoning by induction, assume now that the lemma holddlfgrwaith » < ¢, < i, for

somei; > n. Take an arbitrary L, L)-form Q"' on X,_; with L + i, + 1 = dim X,
multiply (16) by Q4 ™7™ to get:

O tuy = -t (c[f_l] e SR e P )
_ (_1)1+i/fn+1 Q[i_l (C[lffl] ef{—jyﬂﬂ o c[;*l] ef;}n + 6[3471] ef;jn—l .. )
= () el
thanks to (18), which gives the claimed reduction for theoergmti, + 1. O

Applying this lemma to the monomia:ﬁ1 .- uz’uzﬂjf we thus reduce it to
“? U?UZE = (—1)fennH uill o “Ze ele@+1fn+1 .
To obtain effective estimations, we will need to furtheruee such a Jacobi-Trudy de-

terminant@fulfnﬂ from level ¢ down to level/ — 1. A whole program begins. In the

application we have in mind, one should think i = (—1)%+ "1 4i" ... 4 and
thatJ = ipsq —n + 1.

Lemma 5.2. At an arbitrary level/ with 1 < ¢ < n — 1, consider the Jacobi-Trudy
determinanl@f} of an arbitrary sizeJ x J with 1 < J < dim X, and furthermore, Ieﬂf}(
be any(K, K)-form on X, whose degreéd( satisfiesK + J = dim Xy = n + {(n — 1).
Then the reduction d®4 € down to level — 1 relies upon the following formulae:

Qe Cl = Qe [CF" + COAT + CIAT + - + CY1AT],
in which, for anyk with 1 < k& < J, one has set:

Al = X18T) = Xo€ Ty + e (- D)FTIXGe

where theX-terms here gather all the terms afte[f*” in a convenient rewriting of15)
under the following form:

0 _ e

’—1 /—1 j
+ A1 Cg',l}ué +Aj2 65-72]’&% + A uz,

defy e
=X

with the convention th@(? =0foranyj >n+ 1.

Proof. Naturally, we should expand the Jacobi-Trudy determinaguiestion after insert-
ing in it the relation (15). This is based on linear algebrasiderations and we shall drop
QY in the computations.

More precisely, let us write down the determin&jtwe have to expand:

c[lz] c[;] e c!]g] X4+ c[léfl] c[;] c[f]
clf

L 4 L
o bodi ) oer 1
J . . . . -

SR : oo
0 0 - 0 0 -
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by emphasizing the induction drwhich represents its first column naturally as the sum
of two columns. As already devised, we expand it by lineagétting:

xt df .. e -1l A

l 4 J4 l

o 0 0[1} 0511 .\ 1 0[1] c!]}_
. : . :e : : . :Z

0 0 - o 0 -

and just afterwards immediately, we expand the first deteantialong its first column,
while at the same time, in the second column of the secondmdigignt, we again empha-
size the induction o#:

gy A
1 X{ + c[le_l} C[Qj] e cill
eb=xt-et 4| o o+1 AT ... A,
0 0 0 -

Next, we similarly expand by linearity the obtained deteramit, realizing again that its
second column is a sum of two columns:

Ak
1 X‘i C[Q? 0%11
eh=xt-ef +| 0 0 & .,
0o 0 0 -
I
o
+ 0 1 c[lg] c!f}_z ,
o 0 0 -

and evidently again, we must expand the first obtained d@tarhalong its second col-
umn, getting:

LD e e
4 [4 4] ]
e =xgehy x| T x0T
0 0 - 0 o0 ... N

c&eil} cg*” Xg + cgfl] cl[f] e c[f}

1 c[lffl] Xg + c[;*l] cg] . c[ﬁl

oo e

o 0o o041 A ..M op
0 0 0 0 cf
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and we are supposed to iterate once again the same two Fscess

Cf =X = X5-1-Cf ,+ X[ e e,
0 Ja

c PEEEEY
[¢—1] 1 J=3
+x5-| LA A
0 1 i
0 - ¢
[4] 4]
, | e e o Cs
— X514 2 S :
0 1 "
0 ¢
[4] 4]
, Jde1 e 1 Y A
LR T R . 5
! 0 c[lg]
cgefu c%fl] C% -1 Xfl + % -1 céf cg}
1 c[1 1 cg -1 Xg + cg -1 CL} 651—1
o 1 0 xgeden i
+ 0 0 1 Xei + c[lzfl] c[;] c([]z]_
o 0 0 o0+1 A,
0 0 0 0 0 |

At this point where things start to become clearer, we makeddhowing general obser-
vation. Consider the determinant that one obtains afteiita fimmber of steps:

-1 [(-1 -1 1 ¢ ¢
oA gy M e
L g Gy Xt g eyl
Z;l . —1 lé 4 :
LA e
1 X e c ey ’
0 0 0 01 11 0 i
_|_ cl CJ—]{:
0 0 0 0 0 clf

where the central-looking column is tlieth one, for somé: with 1 < k& < J. Write
this determinant as a sum of two determinants by lineariig, @pand the first obtained
determinant, let us call i\, along itsk-th column in which are present all thg's. We



EFFECTIVE ALGEBRAIC DEGENERACY 27

thus get that the first determinant is equal to:
1 ... =8

Cl—2
Api=(-D)FIXE-| 0 |eh,
0 1
C?—ﬂ %
[¢-1]
0 Cro_
+ (=1 X : e €
0 0 1
C[le—l] 6[21?—1] % *
1 c?iﬂ * e *
4—(—1)k+3X£,2' 0 0 1 .- Cg:f .eéik
(-1 £—1
Cg b C£—1]
+_._+(_1)k+kxli. : : -Gf}_k,
O e C[lgil]

while the second determinant is of the same kind as the ondanted with, except that
the X’s are now located in thék + 1)-th column. Thus after mild simplifications, what
we called the first determinant equals:

A= (PP L Bk (DX e el
F(=DFEXE e e X eI -G,
= ALCH_,.

In conclusion, the initial Jacobi-Trudy determinﬁﬁ,t we started with now equals:

0[16—1} o C([f—ll
Cr=Ar+ -+ At A |
0 C[lf—l]

where the last written determinant, equal(ftf;,v*1 and living at the(¢ — 1)-th level, is
the remainder determinant after diterms are removed by expansion. Summing the
A = AL G4, we obtain the formula announced in the lemma. O

As J varies, the formulae given by this lemma:
el =cCrt il +eiAl + -+ ef Al

are still imperfect, for their right-hand sides still invel Jacobi-Trudy determinants at the
level £. So necessarily, we must perform further reductions.

Lemma 5.3. For any J with 0 < J < dim X, and any/ with 1 < ¢ < n, one has:

J J
eezzeg_lj(z Z Ail...Aey)
j=0

v=1 ki+-+kp=j
Epyeensku>1

with the convention that foj = 0, the empty sum in parentheses equals
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Proof. First, forJ = 0, recall that by conventio(if) = Cf)*l = 1. Next, forJ = 1, we
start from the formula of the preceding lemma and we perfanmrevédent computation:

€ = €1 4 e5Af = e[ Ih(A) + €515 (A),

if, generally speaking, we denote for convenient abbrmsnat

J
(19) SHA) =D YT AL AL,

v=1 ky+-+ky=j
Fyyeoskp>1

with of courseXf(A) = 1. Thesex(A) satisfy useful induction formulae:

J
E?(A) = A? + Z Z A£1A£2 o .Aiy

v=2 kitko+-+kv=j

Ry, kg, ky 21
J
_ Al £ 0 J4 L 14 £
=AL+S (A1 > AL, AL A AL AL+
v=2 kg4 thy=j—1 kg, ky=j—2
ko, ky =1 Bo,eky =1

ko4 4ky=1
(20) AR
Jj—1 Jj—2
SAPALY Y ALALEASY Y ALALs
v=2 kot tkp=j—1 v=2 kot +ky=j-2
ko,.yky =1 ko, ky =1
2
l 0
+ .+ Aj—l E E Ak2
v=2 kog=1

ko>1

= ALSE(A) + AL S (A) + ASSE L (A) + -+ AL S(A).

Next, for J = 2, starting again from the known (imperfect) formula and gsivhat has
just been seen:

Ch = €5 + CGAS + CTA]
= 5"+ €y AL + [ SG(A) + €5 ST (A)]A]
= €5 'S5(A) + €1 [ZH(A)AT] + €5 [ET(A)A] + AY)
= CEINE(A) + eITIR{(A) + iRy (A).
Suppose now by induction that we have already proved that:

€ = €5 'SH(A) + €51 BH(A) + €5 1, B5(A) + -+ €IS (A),

forall J' with 0 < J’ < J, forsomeJ > 2. Then we apply the known general (imperfect)
formula with J replaced by/ + 1 in it, and afterwards, we use the induction hypothesis,
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which gives:
Chpr = €L + COALLy + CIAG + -+ €I AL + CIA]
= €S0 (A)+

[Gg 1E€(A)]A§+1+
+ [efTIS6(A) + eI R (A) | AG+

+ [CYTITG(A) + @B (A) + CTTEN5(A) + - + €785 (A)]AG+
+ [@FSG(A) + 5T SI(A) + C5ILEN(A) + -+ C1TIES L (A) + G5 S5 (A)] AL
A necessary and natural reorganization then gives:
e§+1 e§+11 [EO(A)] +
+ €5 [SHAL +

+ €5 [SHAAL + S5(A)AS]+
+CIL[Z5(AA] + ST(AAS + SH(A)AS] +
_|_ ................................................ _|_
+ CHT G (AAL + 25 (A)AS + 25 5 (A)AL + -+ + 5 (A)AfﬂJ
= €71 50(A) + €57 IS1(A) + G E5(A) + CHTLT5(A) + -+ €T RS (A),
where at the end, one applies the formulae (20) just seenceNmssimthat the number
of terms inX{(A) is equal to27~ ! for all j > 1. a

5.2. Upper reduction operator. The reduction process, after several elimination com-
putations involving (15) and (16) and at the end (8), tramsfoa general monomial of
the formhlui - - - ulr with I + i1 + - - - + i, = n? into a polynomialR (huf! - - - uir) of
degree< n + 1in d, where the symbolR” stands for ‘reductiofi.

From now on, complete explicit algebraic computations moll be conducted anymore,
and instead, to tame their complexityequalitieswill be dealt with.

For our majoration purposes, we now introduce an impormtiger reduction operator
R which by definition, at each computational step of the redagbrocess, while going
down in the Demailly’s tower, always replaces any mcomugp $—" by a sign “+".

Accordingly, for any two monomialslu?' - - - ui» andh!v’! - - u'y, we shall say that:
RJr(hluill“ ) <1R+(h,l, leuZ;‘),
and write more briefly:
Z‘/

. . r g

if the corresponding two (upper) reduced polynomial ;Lé pr. - d* and ZZ*& P - dk
have all their coefficients satisfying:

(0<)pr <pj, foreveryk=0,1,...,n+1.
Then obviously the absolute values of the coefficients oféldection are smaller than the
(nonnegative) coefficients of the upper reduction:

|coeff g [Rlui! - uin ]| < coeff g [RT (Rluft -+ -uir)] .

n n

To obtain the desired bound™’2"" we need to handle the Jacobi-Trudy determinants
seen above. The following lemma will be useful.
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Lemmab5.4. For any A, Ag, ..., A\, Withn = Ay +2Xy + - - - + n\,, one has:
A1 (20 A2 0\ n 0
At (€9) - (ED) <x+ €.

Proof. Aninspection of the determinafif, shows that one may view all the pure monomi-
alsc)?, (GQ)M, . ((‘32)“ as diagonal subblocks of the corresponding sizes lyinglénsi
€Y. Since the operatdR* expands the determinants and replaces all the minus signs by
plus signs, it is then clear that there are more terms in gte-fiand side than there are in
the left-hand side, which completes the proof. O

The same arguments yield determinantal inequalities atesey.

Lemma 5.5. For any two.Ji, Jo with 0 < Ji, Jo < dim X, satisfying in addition/; +
Jo < dim Xy, and for anyj; with 0 < j; < n satisfying in additionj; + Jo < dim Xy,
one has the two majorations:

R (e - €5, - €h,) < RF (U - €5,40,)  and R (- o] €5,) < RF (e - €40,).

J1

whereﬂﬁ( is any (K, K)-form living onX, completing talim X, the degree, namely with
K + J1 + Jo and withK + j; + Jo both equal talim X,.

If J1+Js<O0orif Jy +Js > dim Xy, and ifj; + Jo < 0 orif j; + Jo > dim Xy, the
two sides vanish in both inequalities, which hence hold auithrestriction.

Lemma 5.6. These coefficients; ;_;, = (j_%j('fl)ij)! — (j—k—(?)?(]:z)ij+1)! appearing

in (15) satisfy the uniform majoration:

P‘j,j*k‘ < 2" = A
expressed in terms of the dimensioonly.

Proof. Indeed, the absolute value of the differengg_;, = /\;.J_k — /\;‘/,j—k' of two non-

negative integers is less than the largest one, and we n&jany appearing binomial
coefficient iz OF srpar—m; With n’ < nandn” < n plainly by 2", O

(n'—i

In the subsequent majorations, while applying the uppeopratipn operatofR™, we
shall also replace any incominyg ;_;. by this majorant\ = 2". As a result, we define
a generalized upper majoration operat@rf" which both replaces any minus sign by a
plus sign and any; ;. by A = 2".

Also, when executing inequalities, we shall sometimes natevithe left differential
form Qﬁ( which completes talim X, the total degree of the considered forms, for one
knows well now that forms to be reduced always have degreal éguhe dimension of
the level on which they sit, unless they vanish identicadlydegree-form reasons.

Lemmab5.7.Forall k =1,2,...,n,0ne has thé%j majorations:
‘ o— — k
Ak Sgt (G jue + CTbuf + - + ).

Proof. Starting from the evident majoration of thef that were defined at the end of
Lemma5.2:

X; Swt )‘(Cg‘z:l]uf+c£‘g:2l]u§+"'+uz)7
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we may perform majorations of an arbitraky also defined there:
A = XETT = X5C T, + X5C Ty — o+ (1) TIXEET
Sgt [Mug]€17h + [A (c[ffl]w +uf)]Cih + [A (c[;*l]w + c[lzfl]uﬁ +uj)|Ci i+

oot AT e T )] e

= )\(W [Gi:ll + c[f‘”eﬁ;g + céz_l]eiié NI Cgf_—l]eg—l} i
+ug | ey i tet-t +C[f__2”€€*1]+
P +
+ul e5]).

Now, we use the majoration of an arbitrary product of a Jadobdy determinant by a
Chern class that was provided in advance by Lemma 5.5 torobtai
AL <ge Aluelk €3] + [k — 1) €h] + o uf[ef])
Sap RACThue + € U7 + oo+ ),
as was to be proved. O

We now have to majorate conveniently thepolynomialsEf(A) defined by (19) in
terms of Jacobi-Trudy determinants living at the inferievdl ¢ — 1, and in terms ofy,,
too. For this purpose, let us define what will play the role obavenient majorant:

Of 1= € uc-+ €4+ € N
and let us keep in mind that the lemma just proved providedtbrationsA}, <93§
kX ©f. To majorate products af;’s, we majorate products @ ’s.

Lemmab5.8. For any kq, ko, ..., k, with ky, ko, ..., k, > 1 whose sunk; + ko + -+ - +
k, = j equalsj, one has the majoration:

PN ¢ ¢
O1 Ok -+ Ok, St Kk -k Oy,
Proof. In greater length, the considered product writes:
(Co e+ -+ ) (€ yue + ) o (G g+ up),
and the total number of terms, after expansion, is hencelgleak ks - - - k,. Using the

already known inequalit;@f};1 : Gfgl <ot Gﬁi 7,» We may majorate as follows any
. . ) A
monomial appearing after expansion:
(—1l—1 -1, k" -1 K"
ek; ek; "'@k; Uy <9z§ ek;+---+k; Uy
wherek} + k& + -+ kI, + k" = k1 + ko + - - - + k, = j of course, which completes the
proof. O

At last, we can state and prove the main useful majoratiopgsition which will enable
us to achieve the proof of Theorem 5¢i, the program launched just before Lemma 5.2.

Proposition 5.1. Atany level with1 < ¢ < n—1, consider the Jacobi-Trudy determinant
Y of an arbitrary sizeJ x J with 1 < J < dim X, and furthermore, lef2%; be any
(K, K)-form on X, the degreek” of which satisfied{ + J = dim Xy = n + {(n — 1).
Then the upper reductioR®} () of Q% €5 in which any incoming\; ;_ is replaced by
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A = 2" > |\; ;x| enjoys the following majoration in the right-hand side ofieth
notably, all the appearing Jacobi-Trudy determinants kéevell — 1:

A€l gy 27 T2 2 Qf [ 4 @ e+ T
Proof. Recall that

J

J J
0 § l 0 § -1 2 § 0 l
j=1 =0 V=1 Kyt =g
Toeees v=

Using the last two lemmas, we deduce that for any.. ., k, > 1 with k1 + --- + k, the
sum of whichk; + - - - + k,, equalsj, we have the majoration:

AL AL Sge kieeoky N e .ok Lemma 5.7]
2
<IR;\*‘ (kl e ]Cy) A @ilJr,,,JrkV [Lemma 5.8]
25 vi O

Since there aré’—! < 27 terms in the sun”Ef,:1 S ki+t+ko=i, We receive the useful

. . Fgyeoky>1
majoration:

j
SHOED DEED DR

v=1 ki++kv=j
kpyeeky>1

<gr 25N 65

In conclusion, starting from Lemma 5.3 and using Lemma 5é&pvay lastly perform the
following (not optimal) majoration:

ch =i+ i Bi(A) +€5LT5(A) + - + €T NN(A) + - + CFTIES(A)
e € T 2N [ug] 4+ €h22 N € g+ )
+o @ L IV [ -+ )]
+ o2 TN e g+ ]
gy 2'1°A! [ + e hue] + 222 N2 [ Luy + €5 ]
o+ 2N [ g 4 -+ L]
o 20 TN [ 4 ]
<gp J- 2/ g2\ [ef}*l +e e - e ) T u‘j],
where the introduction of supplementary terms in the brisckiens at producing a uniform
right-hand side. O

5.3. Proof of Theorem 5.1. The vanishing of the’-coefficient comes from the fact that
after reduction to the ground levél= 0, one gets a sum of homogeneous monomials of
the formhlc} )2 - - - e)r with [ + A\ 4 2\ + - -- + n)\, = n, and then after expressing
eachey, in terms ofd through (8), one always has the povir= d of h in factor.

Notice that the integer of the Proposition 5.1 will always be less than or equal to
dim X,,_1 = n? — n 4+ 1. To simplify the computations and to receive at the end as
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simple majorants as possible, we shall apply the followilegnentary majoration, using
J<n?—n+1:
J- 2] . JQJ i 2nJ —_ 2(n+1)J X J2J+1

< 2n3+1 (n2 —n4+ 1)2n2—2n+3

<o (n2)2n2
because (n2 —n+ 1)27° 203 < 9 (n2)2n* 2043 < (n2)20* for anyn > 2 (an assump-
tion of Theorem 5.1). Let us temporarily denote this bound by

N .= 2m° pin®,
As expected, we can now perform a uniform upper majoratioancérbitrary monomial
uft -+ - uln with iq + - - - + i, = n? down to levell = 0 as follows:

i1 Gn—1_ iy __ i1 in—1pn—1
Up = Uy g Uy = Uy Uy, G g

i1 in—2 in—1[pn—2 n—2
Skt N-uit - Sur ) [C 41 TG U

n—1 In—"N iy —m T
NI 6?72UZL71TL + uz{fl"Jrl} [Proposition 5.1]
i1 in—2 [on—2 in—1
ggg;r N - Up - Uy_o [einfnJrlun—l + - 'o

n—2 n—1 Tp—1+in—n+1
+ € i —ont2 U’n—lf et U,y ]

<gt N- wit eyl [Cr 2 s F O Ul
4+ 4 u::;'__ll—,—i"_n"'l}
Spe Nou 3007 o + €L e O
+ o+ 63;21 Hn,gnJrQ] [Lemma 5.1]
S®Y Nn?-ui - u;"__f Z;QIHH,Q,HQ [Lemma 5.5]
<y (N n2)2 cult 3 O i anas finduction]
Sxi (N n2)3 St U;n—_z ez;tﬂ,n,zﬂ“,ﬁi“—4n+4 [induction].

In the third line, we exhibit the general case whigye, can be< n — 1, we underline the
terms vanishing for degree-form reasons and we point oufibkee-integration ofuzj;

wheni,,_; > n—1, the underlined terms are absent. In the sixth line, we ratgglainly
by n? the number of terms inside the brackets. (Recall that hereobyention again,
€4 = 0if either J < 0 or J > dim X/, so that some of the writte@; might well vanish,

depending oriq, ... ,i,.) A now clear induction down to levél= 1 therefore yields:
i i — in 2 n—2 i 1
U’le U U’n—lluil gﬁj\r (N n ) ) U’le eig+~~+in—(n—1)n+n—1
2\n—2 0
gﬁi (Nn ) N - [(32”71%1_;_...0_,_

4 e%u?fl NI u%nfl]

/

gﬂ%j\r (N n2)n_1 Gg

It only remains to majorat@”. This last reduction using only (8) without any ;_, let
us denote bﬁ%j the upper reduction operator restricted to lefel 0.

Lemma 5.9. Then x n Jacobi-Trudy determinartj enjoys the majoration:

€ <qp 2T nlnt [ 4 d" 4 4 d).
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Proof. The number of monomials in the universak n determinanuaf\ is< n!(andis
< n! when some:/ are zero). Hence:
A1 A2 An

O < . n! max cles? e,
noSRg A1+2X2+4nA,=n L2 "

The general binomial coefficierft’} *) which appears in (8) is less than or equattd?,
so that: o
Cj <R§ ont2 pi [dj 4+ +d+ 1].
We majorate as follows the products of these basic polynisrmai:
[+t d+ 1] [d? 4+t d 1] <gr ie[d T+ d 1],
and we therefore deduce a majorant for the general homogsmEgree: monomial in
the ground Chern classes:

6?1032 e <3z; (2n+2)A1+A2+---+An 1M9XA2 A pAIH2da s
S[atFRRe A g 1]
<CR;F (2n+2)”n)\1+)\2+---+)\n hr [dn 44 d+ 1]
which completes the proof. O

Applying this lemma to the last obtained inequality:

uill . ui" <:R1’ (NnZ)nfl 2n2+2n nln™. [dn+1 + dn 4ot 1]’

n

we then obtain the announced bour®’ 27" as follows:

|coeff 4 [ulll el | < (2"3 ntn’ n2)n_1 22

B
4,32 3_ 4.2 _

<2n n°+n +2nn4n 4n“+2n 2nnnn

<

pin’on®
By an inspection of the final inequalities which enabled usléscend from the top of
Demailly’s tower to its ground level, one easily convincesself that the monomials
hluil - - uin andeyhlul® - - -l satisfy exactly the same upper bound reduction:
1,1 in 2\n—=1 50
By - <gy (Nn*)" 7€) and

n
N R

since the forms! andc; ! do intervene only at the very end of the process. This com-
pletes the proof of Theorem 5.1. At the same time, the prooft@orem 1.1 can be
considered as complete, as soon as we take for granted TindoPe as was already ex-
plained at the end of Section 4. O

6. EFFECTIVE BOUNDS IN DIMENSIONS2, 3AND 4
THROUGH THE INVARIANT THEORY APPROACH

The goal of this section is to obtain the effective bodag X* > 3203 of Theorem 1.2
in dimensionn = 4 which insures strong algebraic degeneracy of entire cungde a
generic projective four-foldl* C P°. As was said in the Introduction, our reasonings will
be based on a complete knowledge ([14]) of the full alg@%)0 E47mT)*(47x0 of germs

of invariant4-jet differentials at a point, € X*, which, unfortunately, is still unavailable
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at present times for jets of ordér> n in the higher dimensions = 5,6,7,... (remind
that by Theorem 1.1 in [17] and by Theorem 1 in [B]?(X", Ej,,»,T%») = 0 whenever

k < n — 1). The so obtained boundkg X* > 3203 happens to be sharper than the one
deg X* > 6527 that one would obtain using the intersection product (1by.d@mplete-
ness and in parallel, we also recall what happens in the |dimeension2 ([4, 5]) and3
([16, 17]).

6.1. Algebras of bi-invariant k-jet differentials. Let (z4,...,z,) be local coordinates
centered at some point € X and letf = (fi,..., fn): (C,0) — (X, zo) be a germ of
holomorphic curve. For each fixédh jet level (| < [ < k) overzg, the constant matrices

v = (1)1 SJS" in GL,(C) act in a natural way on the jet coordinates f{", ..., f.")
simply by:

) ._ J ()
v - f() = (Zjvi fi )1<i<n'

In order to know what is the precise decompositiorGef (£}, ,,, 7% ) as a direct sum of
Schur bundled (‘1) T%, the classical representation theory@k.,(C) tells us that

one should look at jet polynomial@(f’, f”,..., f*)) that are not only invariant under
reparametrization in the sense of Definition 2.1, but algariant under the action of the
full unipotent subrougJ,,(C) ¢ GL,(C) consisting of matrices witth on the diagonal,

0 above the diagonal, and arbitrary complex number below thgodal; background
information may be found in [4, 16, 17, 14]. Accordingly, amay define the algebra of
bi-invariantk-jet polynomials in dimension:

VE = (€D BT,
m =0
This algebra does not depend on the base poimt X . We shall employ the abbreviations
Agf‘,)i;(ﬁ) = fi(f)fi(f) - fi(;‘)fi(lﬁ) for 2 x 2 determinants, and similarl&ﬁﬁ)i;(fz’(” for the
analogous3 x 3 determinants. The upper indices of all the appearing 16variantsf],
A3, A5, A7, DS, D8, N1O w10 a8 E0 12 QW RY, U, V19 and X2 below just
denote their weighted degree.

)Un((C)'

Theorem 6.1. The following three algebraic descriptions hold.
e [4] Indimensiore, one hasUE3 = C|f{, A%], whereA? := A/l/; = f1fy—f5rf
is the two-dimensional Wronskian.
e [16] In dimensior3, one has:
UE3 = C[f{, A%, A®, D],

1 rn L . .
whereA® := Ay, fi—3 Ay, f{ and whereD® := A} ;5 is the three-dimensional
Wronskian.

e [14] In dimensiond, one has:

UEi :C[f{, A3, A5, A7, D6, D8, NIO’ WlO’ MS, EIO, L12,
QY R®, UY, v, XQI]/a certain ideal ofi1 relations

where:

7 Iy / / i / / /A / 7 1 " el
A=Ay, i A0 Lh—104A0, fifi + 1547, fif1,
1o oo

8 ;
D :A1,2,3 f{—3A1,2,3 f{/,

i " el

10 / / 1o / /" /Al / " 1o
N7 =Ar,5 fifi =387 f[ifi 447,75 fifi +3487575 fifi
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oo

whereW'® = Ay, is the four-dimensional Wronskian and where the eight
remaining bi-invariants defined by:

EABAS 3AT @ A5 6 3 8 _ATDPE 37710
M® = SBATCL3A% B0 SSASDYSNDS  pi2 SATDOSSAIN'C
171 1 1
Q14 = ATDP-104°N10 R15 ._ DEDS_12 DON1O 1T . 4DSE043AIRIS
«— f/ 9 o f/ 9 [ f/ )
1 1 1
19 ._ 8NOEIO4ASRYS 21 ._ 4DBQM—5ATR'Y
happen all to bérue polynomialsn C[f{, ..., f," |, and where an explicit Grob-

ner basis, with respect to the pure lexicographic term-orfle < A3 < ... <
X2 for the ideal of relations that they share, is provided il 8f[14].

For instance, the first three relations among the 41 writishhefore the theorem of 811
in [14] are:

(=

0=—5A°A5 +3A3AT — f]f]ME,
2

0=-2A°D% + A°D® — Lf{ B,

02 —ATDS 4+ 5A3N0 — f1112,

Although the complexity of the algebra of bi-invariantsreases dramatically as soon as
n > 4, one finds in [14] a complete algorithm which generates aihtariants together
with all the relations that they share, this in arbitrary dimsionn > 1 and for arbitrary
jetorderk > 1.

6.2. Schur bundle decompositions.In dimension 3, there are no relations between the
four basic bi-invariantsf], A3, A°> and D® and we hence clearly have:

* Us(C a C
(BonTin o) " = Spanc{ (1) (A% (A7) (DO
a,b,¢,d €N, a+3b+5c+6d:m}.

Then to any such general monomig] )¢(A?)*(A%)¢(D®)? having weighted degree =
a + 3b+ 5¢ + 6d, the representation theory 6fL.,,(C) tells us that there corresponds the

Schur bundle:
a+b+2c+d, b+c+d, d)p*
F( c c )T

just because the diagonalx 3 matricest = diag(t¢1, ¢, t3) act as:t - fi(k) =1 fi(k),
whence:

t-fi=tif], t-AP=t1ta A3t A5 =ttty A°,  t- DS =tityt3 DO,
so that indeed the three exponents ofthie:

. (f{)a(Ag)b(AS)c(Dﬁ)d _ t(11+b+20+d thchrd tg (f{)a(AS)b(AS)C(D(’))d

indicate the three corresponding integerﬁ“ihl>A2A3)Tj‘(. The same elementary process
enables one, in dimensions 2 and 4, to immediately deduoe thie preceding statement
the following important decomposition theorem for the g@édundleGr®E}, ,,, T% . as-
sociated taf, ,,, Ty, wWhich is valuable without assuming thatis projective.

Theorem 6.2. Let X be a compact complex manifold andtete N.
e [4] If dim X = 2 then

Gr* BTk = @ TthOTy,
a+3b=m
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e [16] If dim X = 3 then

Gr® Eg,mT)*( _ @ F(a+b+2c+d, b+c+d, d)T;(.
a+3b+5c+6d=m
e [14]If dim X = 4 then

Cr® By Tk = S

(asb,c,de, frg,hyi,5,k,L,m/ ,n)ENTA\ (O U---Udyq)
04+3a+5b+7c+6d+8e+10f+8g+10h+12i+14j+15k+171+19m/ +21n+10p =m

o4+a+2b4+3c+d+2e+3f+29+2h+3i+45+3k+3l+4m' +5n+p

at+bt+ct+d+e+ f+29+2h+2i+2j+2k+3l+3m" +3n+p

d+e+f+h+i+j+2k+20+2m +2n+p

p

where the 41 subsefs;, i = 1,2,...,41, of N'* 5 (a,b,...,1,m’, n) are explic-
itly defined in 812 of14].

6.3. Euler-Poincaré characteristic of Schur bundles.With X = X" c P"*! projec-
tive as before and with; = ¢;(Tx) for j = 1,...,n being the Chern classes @i
as in (8), a general asymptotic formula for the Euler-Paidazharacteristic of a Schur
bundle is given in 813 of [14]seealso Theorem 4 in [2]), and fat = 4, this formula
expands as:

*
1%,

11 1 1
4 2 2
(€1,02,L3,04) 261_36162+C2+20103_C4 by by U3 Uy
(X T %) oI 112 7l e 22 g|"
q G4 4
(21)
11 1 1 11 1 1
0%62_63_6163"‘04 b by b3 Ay —Clc3+C% b by b3 Uy N
0! 1! 3! 6! GG 0 oL 4alsl |4 i
A 668 6
11 1 1 0 b b 0
C1C3 — C4 E% f% K% &21 Cyq f% Eg E% &21 9
aass |4 4 4 A | Tmasal|d 4 4 4| ol
666 6 A 4o gl

Of course, similar expanded — though shorter — formulaeteds in dimensions 2
and 3,cf. again 813 of [14].

6.4. Riemann-Roch computations. Recalling that the:-th powerh™ = d of the hyper-
plane class: = cl(OPn+1(1)) equalsdeg X, the formulae (8) entail that any monomial
132 - - - ¢\ whose weighted homogeneous degkger 2); + - - - + n\,, equalsn is a
polynomial inZ[d], as are:‘ll, clea, caca, c1c3 andey above whem = 4. Basic additivity,
e.g.in dimension 3:

X(Xa E37mT)*() _ X(Xa GroE&mT;}) _ Z X(X7 F(a-l—b-i—?c-{—d7 b+-c+d, d)T)*()
a+3b+5c+6d=m

enables one to deduce, by plain numerical summation andswitie electronic assistance,

the following three Euler-Poincaré characteristics, delpgy uponm andd only. We

notice that the summation of the three attached remaindegsof O(|¢|”) in dimension

4, only contributes up to a lower power of, e.g.up to anO (m!?) in dimension 4.
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Theorem 6.3. Let X C P"*! be a smooth hypersurface of degree

o [4] Forn =2:
m4
X(X, By Tx) = oo d (4d* — 68d + 154) + O(m?).
e [16] Forn = 3:
9
kY _ om0 3 _ 2 _
X(X, B3 pnTx) = 7618 % 106 ¢ (389d” — 20739d” + 185559d — 358873)

+ O(m®).
o [14] Forn = 4:

m16

= - d
1313317832303894333210335641600000000000000
. (5004851 1135797034256235 d* —

— 6170606622505955255988786 d° —
— 928886901354141153880624704 d+

+ 141170475250247662147363941 d2+
+ 16249089550610392839760411 14)
+ O (m15) .

X(X, EymT%)

6.5. The strategy of controlling the even cohomology dimensionsRemember from
Theorem 2.2 that the first step towards the algebraic degeyer entire curveg: C —
X consists in proving the existence of nonzero global sestioff° (X, Ej, ,, T% @ A™'),
for some ample line bundlé — X, e.g.A = Ox (1), and whenA does not depend an,
the asymptotic conomologies, as— oo, of the two bundle€y, ,,, 5 andEy, ,, T5 @ At
coincide. So a quite natural strategy, followed by the tmafned author in [17], consists
to rewrite the characteristic, say in dimension foyr:= h° — h' + h%? — h* under the
form:

RO =y + Rt — b2+ h® —nt

> X _ h2 o h4,

and to control asymptotically the dimensioh%fm of all the even cohomology groups
H*(X, EpmT% ® A~1) by some vanishing theorem or by some appropriate inecesliti
which would then show that thes&%m grow less rapidly than the characteristig ,,, as
m tends toso. In dimensions 2 and 4, the controls of the top even cohonyalogensions

h? andh* are obtained thanks to a vanishing theorem due to Demailighnwdeneralized
a theorem of Bogomolov.

Theorem 6.4([4]). Let X be a projective algebraic manifold of dimensien> 2 and
let . be a holomorphic line bundle oveX. Assume tha#x is big and nef and let
= (p1,..., ) € Z" be a weight withu; > --- > u,. If either L is pseudo-effective
and|u| = p1 + -+ + p, > 0, or Lis big and|u| > 0, then

HO(X, T Ty @ L*) = 0.
Recall that if some; is negative, we may use the identity:
F(’“""’“”)T}} _ F(MH"""‘"H)T;{ ® K)_(l.
For instance in dimension 4, we observe that the above vagisheorem implies that
(X, BTy ® A7) =0,
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for all m sufficiently large; indeed, Serre duality and a division kgm@sor power of< x
gives:

h4(X, F(AI’AQ’)\s’)\4)T;( ® A*l) — hO (X, 1’1()\1,)\2,)\3,)\4)TX ® A ® KX)
— hO (X, Iw()\1—l/,)\2—1/,)\3—1/,>\4—1/)TX ® KXI—V ® O(A))

But K x”~'® A~ is big for v large enough and then the above theorem applies to provide
the vanishing oh* as soon as:
|A| —4v >0,
which is satisfied forn large enough since one easily convinces oneselfi Mat % in
the dimension 4 case of Theorem 6.2.

However, it has been discovered by the third-named authdrtfiat already in di-
mension threef? (X, Es,,,T%) # 0 does not vanish in general. Fortunately, a suitable
majoration holds.

Theorem 6.5([17]). Let X be a smooth hypersurface of degrei@ P*. Then for|\| large
enough:
B2 (X, p(/\l,Az,Az)T;()

3(A1 + A2+ A3)?
2
In dimensiord the same proof provides the new estimate:

< d(d+ 13) (A1 = A2) (A1 — A3) (A2 — A3) + O(|AP).

Theorem 6.6. Let X be a smooth hypersurface of degiéen P5. Then for|\| large
enough, we have:

h2 ()(7 P(Al,kg,kg,)q)T)*()
1
< 55 00 = 22)0 = 2a) 0 = M)z = Aa) 0z = A)hs — M)

. ()\1 + Ao+ A3 + )\4)2 [5)\2)\1(12 + 132X A1d 4 132 1 A\3d + 5)\2)\3(12

+ 132X \4d + 5)\2d2/\4 + 132\ \4d + 5/\3)\4d2 + 5)\1/\3d2

+ 1322304 + 132X0A3d + 1308X2\1 + 64813 + 64873

+ 7203d + 648\F + 7227d + 1308\ Ay + 5A1d* Mg + 1308020

+ 130823 + 6487 + T2A3d + 1308\ A3 + 72A7d + 1308A3)4]

+O(JA]%).
Proof. We follow [17] pp. 335-36, summarizing the main argumentstli@ convenience
of the reader. The proof is essentially, again, an apptinatif holomorphic Morse in-
equalities and the reader will notice strong similaritieighwthe arguments presented in
section 2.

LetY := FI(T%) be the flag manifold of’y, and letr: FI(T%) — X the natural
projection. Let\ = (A1, A2, A3, \4) be a weight and.* the line bundle ort” associated
to [T such thaC*T% = 7. (L*). By a theorem of Bott, these bundles have the same
cohomology €f. [17] p. 327) and therefore we are reduced to control the cathagy of
a line bundle. To this aim, we write:

L= (L e 0xB ) @ (FoxBIA)) = Fe e,

with F:= LA @ 1% O0x (3|\]) andG := 7O x (3|\|). We observe that* @ 7*Ox (3 |)\|)
is positive becausgsy @ Ox(2) is semi-positive ([17]).
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Recall also ([17]) that we can writy = (L°)~! @ 7* K% wheres = (7,5,3,1), so:
Fe Ky' =L @1 0x(3|\) @ n* Ky,

Then we still have the positivity” ® K;l > 0 for |A| large enough, because similarly as
above, the line bundle:
LA @1 0x (2|A + o)
is semi-positive as soon a§| > 5(d — 6) + 32.
Now, we take a smooth irreducible divisby in the linear serie&| of the formn* (E1)
for some divisor inX. OnY’, we have the exact sequence:

0— Oy (F®G') — Oy(F) — Op,(F) — 0,
and therefore in the associated long exact cohomology segque
0=H(Y,0y(F)) — H'(Dy,0p,(F)) — H(Y,0¢(F® G ™)
— H'"™ (Y, 0y (F)) =0,

both the first and last terms vanish for any 0 by an application of the Kodaira vanishing
theorem. We at once deduce:

K (D1, Op,(F)) = KTH(Y, 0y (F ® G1)).

Next, we take a second divisd@l, € |G| intersecting properly); and of the formr™*(Es)
too. Using the adjunction formula and applying a similatnieson to D3 := D; N Dy
(word by word, the arguments are exactly the same as in [p7/3®—-336, so we do not
repeat the complete proof), we obtain:

R (Y, 0y (FRG™)) = h' (D1, 0p, (F)) < h°(Ds, Op,(F®G?)) = x (D3, Op, (F®G?)).

Letting 53 := FE; N Es, one then shows ([17], p. 336) that the latter Euler-Poicar
characteristic equals the following linear combinatiorcloéracteristicen the baseX:

X(Ds3, Op,(F ® G?)) = x (B3, TMA222) 75 0@ Op, (9]A]))
=x(X, T*T% @ 0x(9|A])) — 2x(X, T*T% @ Ox(6A])) + x (X, T T% ® Ox(3|A])).

So theh? we want to majorate is less than or equal to this last line. tBem by apply-
ing a general complete combinatorial formula due to Briakm@ heorem 4 in [2]) for
the characteristio (X, T*T% ® Ox(t)) of any twisted Schur bundle ovet, we may
terminate the proof either by hand or with the help of a comput O

From such controls of higher cohomology groups, we dedueexistence of global
algebraic differential equations canalizing all entirédnoorphic maps: to obtain minora-
tions of k¥ > y — h?, it suffices indeed as already explained to perform summsitiac-
cording to the representations of Theorem 6.2, of the asytnouler characteristics (21),
subtracting at the same time the majorantdjust obtained. At first, we recall here what
is known in dimensiong and3. The twisting(e) ® A~! by the negative of a fixed ample
line bundleA — X is erased in the asymptotics.

Theorem 6.7. Let X C P"*! be a smooth hypersurface of deg@and let A be any
ample line bundle ovek.

o [4] Forn = 2:

4
WO(X, ByT @ A7) > —

2 33.
> 25 d (4d* — 68d + 154) + O(m”);
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e [17] For n = 3:

m9

0 * -1 3 2
X, B3, T A >— .4 (194 -1
h ( , iz milxy & ) 108240000000 d ( 945 d 03695d

— 7075491 d — 105837083) + O(m®).
In particular, if d > 15 (resp. d > 97) then By, T% ® A~! (resp. B3, T% @ A™1)

admits non trivial sections farn large, and every entire curvg: C — X must satisfy the
corresponding algebraic differential equations.

In dimensiond4, we may therefore present the following new result.

Theorem 6.8. Let X be a smooth hypersurface of degreim P° and letA be any ample
line bundle overX. Then:
RO(X,EypT% @ A7h)

m16

> .
~ 1313317832303894333210335641600000000000000 d
: [—-867659678949860838548185438614

— 93488069360760785094059379216 d
— 1369327265177339103292331439 d*
— 6170606622505955255988786 d°
+ 50048511135797034256235 d*|
+0(m").
In particular, if d > 259 then Ey,,,T% @ A~! admits non trivial sections fom large,

and every entire curvg: C — X must satisfy the corresponding algebraic differential
equations.

6.6. Algebraic degeneracy. Similarly as in Theorem 2.4 but say in dimension 4 to fix
ideas (for the dimension 3ee[18], pp. 381-383), one tensors the invariant jet bundle
EjmT% by A~1:= K °™, one uses the standard formula:

I\()\1,)\2,>\3,>\4)T)*( ® K)_(ém — F()xl—5m,>\2—5m,)\3—5m,)\4—5m)T)*(

in order to reapply the Schur bundle decomposition of TheoBe2, one redoes all the
computations of Theorem 6.6 and of Theorem 6.8, and one ydhssiway a new mino-
rant:

WX, BymTk © K™™) = a(d, §) - m*S + O (m'),
for a certain complicated polynomial(d, ) € Q|d, §] which we find now superfluous
to write down explicitly, and which of course regives for= 0 the minorant of Theo-
rem 6.8. Remind now that according to Theorem 2.5, in dintengi the maximal pole
order of a meromorphic frame on the space of vertiegts of the universal hypersurface
parametrizing all degreé hypersurfaces aP’ is equal to4® + 2 - 4 = 24. Then follow-
ing line by line the arguments of the proof of Theorem 3.1, rideo to be able to apply
sufficiently many meromorphic derivatiorsy, - - - Ly, with p < m to a given nonzero
jet differential so as to deduce — reasoning again by coitiad as in Section 3 —
algebraic degeneracy of entire curves, one has to insuaed ts % + 6, as is required
by (12) for the general dimensiom, and simultaneously also: thatd,d) > 0 for all
d > d4 larger than a certain effective, € N. But quite similarly as in the dimension 3
case, these two constraints happen tadmpatible and thanks to effective computations
executed independently on two digital computers by therse@md by the third named
author using different codes, one verifies in dimenslaimat d, = 3203 works (with
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§ = 3197, and this is how, after so many rational calculations, caiagthe new effective
Iower bounddegX > 3203 of Theorem 1.2. O

7. EFFECTIVE ALGEBRAIC DEGENERACY IN DIMENSIONSS AND 6

Finally, for dimensionss and 6, we simply carry out the same strategy as in the
general case, but with a choice of weight different frarh introduced in Subsec-
tion 4.4. Our choice specific for these two dimensions @are- (54,18,6,2,1) and

= (162,54,18,6,2,1), that is to say: the minimal choice in order to have relative
nefness of the weighted (anti)tautological line bun@le, (a), n = 5,6 (cf. [4, 6]); also,
we choose = Z —2% ands = 2 —t28 The bound is then obtained thanks to computer cal-
culations withGP/PARI, (cf. [6] for the code). The same method, in dimension 4 (resp. 3),
would have producedeg X > 6527 (resp.> 1019), less sharp thadeg X > 3203
(resp.> 593).

In dimensionn. = 5, here are the corresponding two polynomidjgd) andP (d) the
length of which confirms the incompressible complexity @ thduction process:

Ps4,18,6,2,1 (d) = 82970555252684668951323 755447424 d®—
— 69092357692382960198316008279615424 d° —
— 37591957313184629697218108831955927744 d* —
— 2161144497516080476955607837671278699584 d° —

— 20767931723173741117548555837243163806144 d* —
— 23736461779038166246115958304551871056384 d.

(22)

and:
Phiis.e.21(d) = —81064936492382180549906181650347200 d°—

— 25619265529443874657362851013713227200 d°—
— 1138360224016877254137407566642735778400 d* —
— 2649407942988198539201176162753240634400 d°+

+ 70399558265933283202949942118101580280800 d°+
+ 90355953106499854530169310985578945008800 d.

(23)

We believe that the sequence of weights= (2 -3"72,...,6,2,1) instead ofa* should
work in any dimension, and that it should provide betterctiie estimates in all dimen-
sions, though we suspect the bound should remain expohentizonclude, we collect
our three effective estimates in a comparative table

dim X Theorem 1.2 Theorem 1.1

3 593 23
4 3203 o4
5 35355 25°
6 172925 26°
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