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ABSTRACT. Let (73),czq be ii.d. random variables with heavy (polynomial)
tails. Given a € [0,1], we consider the Markov process defined by the jump
rates wz—y = Tz’(l’a)Ty“ between two neighbours z and y in Z¢. We give
the asymptotic behaviour of the principal eigenvalue of the generator of this
process, with Dirichlet boundary condition. The prominent feature is a phase
transition that occurs at some threshold depending on the dimension. Our
method relies mainly on results proved in the Appendix, which are of indepen-
dent interest. They consist of a Gaussian-like upper bound on the transition
kernel of any symmetric nearest-neighbour continuous-time random walk on
74, provided its jump rates are uniformly bounded from below, together with
an upper bound on the Green function when d > 3.

1. INTRODUCTION

For each site z € Z%, pick at random 7, > 0, so that (7,.),cz« are independent and
identically distributed random variables. We call 7 = (7;),¢cz¢ the environment,
and write its law P (and the corresponding expectation E). Fixing a € [0, 1] and an
environment 7, we define the Markov process (X;);>0 by the following jump rates :

w _ Tz’(lf’l)Tya if |z —yl| =1
=y 0 otherwise

The associated infinitesimal generator is :

Lfx)= Y wey(fly) - (@)

yillz—yll=1

The aim of this note is to investigate the behaviour of the principal eigenvalue of £
restricted to a large box. Define the box of size n by B, = {-n,...,n}% and £,
the operator L restricted to this box, with Dirichlet boundary conditions. That is
to say L,f = 1, Lf, defined for any function f : Z¢ — R that vanishes outside
the box. Let )\, be the smallest eigenvalue of —L£,,. We write A2 for the eigenvalue
obtained in the particular case when a = 0.

We are particularly interested in the study of heavy tailed laws for the environ-
ment. A natural assumption (see the remark just after Theorem 1.1) is that the
tail P[ryp > y] behaves like a power of y as y goes to infinity.

Assumption 1. There exists a > 0 such that :

(1.1) Fly) = Plry > y] ~ yia (y — +o0)

More precisely, we say that a function f varies regularly with index p at infinity,
and write f € RV, if for all K > 0, f(kz)/f(x) — Kk” as  — 400 (see [BGT] for a
monograph on regular variation).

Assumption 1°. There exists a > 0 such that F' € RV_,.

Assumption 1’ gives a precise sense to assumption 1, and is more general than just

assuming the equality (or equivalence) in equation (1.1). Note that, for 0 < a < 2,
1



2 JEAN-CHRISTOPHE MOURRAT

7o belongs to the domain of attraction of an a-stable law if and only if F € RV_,,
(see [Fel, Corollary XVIIL.5.2]). Assumption 1’ implies that for all € > 0 :

(1.2) F(y)y**e

+oo and F(y)y** ——0
y—4o0 Yy——+00
and as a consequence, E[Tg ] is finite for all 8 < «, infinite for all 8 > « (and may
be finite or infinite when § = «).
Assumption 2. We will always assume that 79 > 1, concentrating on “bad be-
haviours” at infinity.
We need to introduce the generalized inverse of 1/F, defined by :

h(z) = inf{y : 1/F(y) > x}
As I belongs to RV_,,, one can see that h € RV}, (see for instance [Res, Proposi-
tion 0.8 (v)]). Loosely speaking, h(y) =~ y*/®. We will recall later how h is related

to the asymptotic behaviour of maxima and sums of (7,.) (see Proposition 1.2), but
let us first state (and comment) our main results.

Theorem 1.1. (1) For almost every environment, we have :
1 .
(A, max 2,1—|—a) ifd=1

lim — =
n— oo d
In(n) max | 2, —) ifd> 2
Q@

(2) Ifd 22 and o > d/2 or if d = 1 and a > 1, then there exist k1,ka > 0
such that for almost every environment and n large enough :

k1 ko

o} <An < e}

(3) If « < 1 and d # 2, then for any € > 0, there exist n, M > 0 such that for
all n large enough :

Pp<a\p <M 21-—¢
where
| nh(n) fd=1
=1 () ifd > 3.
(4) Let an, = In(n)h(n?). If d = 2 and o < 1, then for any € > 0, there exist
1, M > 0 such that for all n large enough :

P <an ) < M]>1-¢
Pn<apAp, <ln(n)M]>1-—¢

Let us now give some heuristics about the behaviour of (X;). If a = 0, the
walk is in fact a time-change of the simple random walk : arriving at some site
x, it waits an exponential time of mean 7, before jumping to a neighbouring site
chosen uniformly. When a # 0, things get more complicated. Suppose that the
walk arrives at some deep trap, that is a site x where 7, is very large. Compared
with the a = 0 case, the walk will leave site x faster. On the other hand, once on
a neighbouring site, it will come back to x with very high probability. These two
competing effects can compensate remarkably in the limit, and indeed our main
results are independent of a (as they also are in [BC05]).

We propose to call (X;)i>0 a random walk among random traps. It seems to
us that for its relative simplicity, it should be considered one of the basic types of
random walks in random environments to study, just as is the random walk among
random conductances. Although one could have the feeling that theses two types
are basically the same, one attaching randomness to edges of the graph and the
other to sites, they exhibit very different behaviours. For instance, the reversible
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measure is not the uniform one in the case of random traps (it gives weight 7, to
site ). Also, if d > 2, the random walk in random conductances tends to avoid
visiting regions where conductance is very low (and where time spent to ‘get out’
may be high). On the other hand, when walking among random traps, say for
a = 0, the path is the same as for the simple random walk, and the walk is not
enclined to avoid regions from which it takes a long time to get out. See [Al81] for
a nice discussion about this issue.

This type of walk gained interest when J.P. Bouchaud [Bou92] proposed it as
a phenomenological model to explain aging of spin glasses, and as a consequence,
what we call ‘random walk among random traps’ is also known as Bouchaud’s
model. Later on, [RMBO00] introduced the full model as presented here (including
the a € [0, 1]), which allows them to get more diverse aging scalings.

When E[rg] is finite (in particular when « > 1), one can apply results of
[DFGW89] to prove that, under the averaged law, (X;) is diffusive and converges
to Brownian motion after rescaling.

In one dimension, for ¢ = 0 and a < 1, L.R.G. Fontes, M. Isopi and C.M. New-
man [FIN02] proved that almost surely the process was subdiffusive and obtained
convergence of the rescaled process to a singular diffusion, as well as aging. The
results have been extended to general a by G. Ben Arous and J. Cerny in [BC05].
Another (also subdiffusive) scaling limit was identified when d > 2, & < 1 and
a = 0in [BCO7]. We refer to [BC06] for a review on the subject. To our knowledge,
nothing was known in the case when a # 0 and d > 2.

This note comes as a partial answer to a question of [BC06], initially directed
only to the one-dimensional case :

“What is the behaviour of the edge of the spectrum for the generator of the
dynamics ? This might be close to, but easier than the same question solved for
Sinai’s random walk by [BF08].”

Note that our method is in fact rather independent from the one used in [BF08§],

and the main technical problems appear only when d > 2. Remark also that on the
complete graph and for a = 0, [BF05] got explicit formulas for the whole spectrum
and managed to link them with aging properties.
Remark. A natural choice of (7,,) from the statistical physics’ point of view is the
following : first choose independently for each site a random variable —F, with law
exponential of parameter 1, and define 7, to be exp(—SE,), where 3 represents
the inverse of the temperature. Then one can check that F' € RV_y,3, and the
irregularity that appears at 8 = 1 for d < 2 and at § = 2/d for larger d can be
regarded as a phase transition (the anomalous behaviour occurring for 3 large, that
is for small temperature, or in our context, small «).

It may seem surprising that this new phase transition does not appear at the
same threshold than the diffusive/subdiffusive transition (that at least for a = 0
occurs when (= 1/0) = 1 in any dimension). The reason for this is the following :
although the principal eigenvalue will ‘feel’ the very deepest traps of the box (of
order n%/®), the process (when a = 0) will exit the box after visiting only some n?
sites, thus having seen only traps of order at most n?/®.

Before going on to show how Theorem 1.1 is a consequence of the results of the
following sections, we need to recall some facts about the asymptotic behaviour of
sums and maxima of (7).

Proposition 1.2. (1) For any e > 0 and almost every environment :

.~ (max(d,d/a)+e) Z Ty — 0 (n*) +OO)

rEB,
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(2) For any e > 0 and almost every environment :
p~(max(d,d/a)=e) Z Ty — 400 (n — +00)
zeB,

(3) There exists a random variable My, with values in (0,400) such that the
rescaled mazxima converge in law to My, :

1
W) e M (0 )
(4) If a < 1, then there exists a random variable Ss with values in (0, +00)
such that the rescaled partial sums converge in law to S :

1
T DS SRR
rEB,

Proof. For the first statement, it is a consequence of the law of large numbers if
a > 1, otherwise it is an application of [Pet, Theorem 6.9]. For the second one, it
comes again from the law of large numbers if & > 1. Otherwise, observe that the
sum is larger than the maximum of its terms, and

P [m%x e < Mnd/as:| — (1 _ F(Mnd/afs))(2n+1)d
reBy

Using the properties of F' (see (1.2)), we see that the latter is the general term of a

convergent series, and we can apply the Borel-Cantelli lemma. Now the convergence

of the rescaled maxima is given in [Fel, Section VIIL8] or [Res, Proposition 1.11].

For the convergence of the partial sums, see [Fel, Section XVIL5]. O

Apart from this introduction, the paper is divided into four sections and an
Appendix. In Section 2, we use the variational characterization to get bounds on
)\% and A, that are sharp when @ < 1 or d = 1. We had to work harder to find a
good lower bound when d > 2 and a > 1. We introduce in Section 3 a time change
of (X;) for which the uniform measure is reversible. For this new walk and when
d > 3, we can use results proved in the Appendix, giving upper bounds on the
Green function, to estimate the occupation time of B,, by the initial random walk
via a moments computation. For the two-dimensional case, the Green function
cannot be used but we can modify the former proof using directly the estimates on
the transition probabilities given in the Appendix. In Section 4, upper bounds for
An are computed.

Let us see how to deduce part (1) of Theorem 1.1 from the rest of the paper.
Part (2) of Theorem 2.3 gives an upper bound on the exponent of the principal
eigenvalue, that needs to be improved when d > 3 and a > 1. This is done by
Theorem 3.7. Now for the associated lower bounds on the exponent of the principal
eigenvalue, they come from Theorem 4.1 and part (2) of Proposition 1.2 if d =1 ;
from part (2) of Theorem 4.2 and Theorem 4.5 if d > 2.

Concerning part (2) of Theorem 1.1, if d = 1 and « > 1, the lower bound comes
from part (3) of Theorem 2.3. If d = 2 and « > 1, the lower bound is obtained
in Theorem 3.13. If d > 3 and « > d/2, the lower bound is given by part (2) of
Theorem 3.7. In any case, Theorem 4.5 gives the desired upper bound on \,.

Finally, for parts (3) and (4) of Theorem 1.1, part (1) of Theorem 2.3 gives
the desired result for A\) as well as a lower bound on \,. In dimension one, the
upper estimate on A, is given by Theorem 4.1 and part (4) of Proposition 1.2,
while if d > 2, it comes from part (1) of Theorem 4.2 together with part (3) of
Proposition 1.2.

We show in Section 5 that the distinguished path method (see e.g. [SC97, The-
orem 3.2.3]), that proved efficient in [FMO06, Section 3] for random walks among
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random conductances, is bound to give an extra 1 in the exponent when d > 2
(for the one-dimensional case, [Chen, Section 3.7] proves that the method is sharp).
The Appendix (Section 6) is independent from the rest of the paper and provides
Gaussian-like upper estimates on the transition probabilities of symmetric random
walks with transition rates bounded from below. The strategy relies on Nash in-
equalities and an argument that dates back to E.B. Davies [Dav87], adapted to our
context.

Acknowledgments. The author would like to thank his Ph.D. advisors, Pierre
Mathieu and Alejandro Ramirez, for many insightful discussions about this work as
well as detailed comments on earlier drafts, and Gérard Ben Arous for suggesting
this problem.

Notations. The operator L,, is self-adjoint for the scalar product (-,-) defined by :

(f,9) =Y f(x)g(x)7s

We write L?(B,,) for the set of functions that vanish outside B,, (equipped with
the former scalar product). For two points x,y € Z¢, we write 2 ~ y when they are
neighbours (that is, when ||z — y|| = 1). We define the Dirichlet form associated to
L:

E(fr9)=(=Lfg) = Y mirgg(@)(f(x) - f(y))

(taking the half-sum of the last two expressions), and &y the Dirichlet form obtained
when a = 0. We have :

(1.3) A= it ELD)
rers,) (. f)
f#0
Assumption 2 gives that £(f, f) = Eo(f, f), so it is clear that
(1.4) A = A)

We further need to define the boundary of B,,, as 0B, = B,1+1 \ B,. If K is some
set, |K| stands for its cardinal. We write PZ for the law of the process starting
from site « (and E7 for the corresponding expectation).

The real number C > 0 represents a generic constant that need not be the same
from an occurrence to another.

2. THE VARIATIONAL FORMULA

We will use here the variational characterization of \! :

. go(faf)
2.1 A0 — inf ——2
@1) " rermy ()
f#0
We define

Cp = inf {50(faf) | e LQ(Bn)af(O) = 1}
Noting that B, is a finite set, one can see by a compacity argument that the infimum
is reached for some function V,,. The behaviours of C,, and )\% are related in the
following way.
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Proposition 2.1. For any n and any environment, we have :
C2n

O o

ZzGBn Tx

Cn

A <A, < —2—
2n+1 X 2n ma'XBn T

Proof. Considering the homogeneity of the quotient in (2.1), we can restrict the
infimum to be taken over all f with ||f|lcc = 1. Let f be such a function, and zy €
B, such that |f(z¢)| = 1. Possibly changing f in —f, we can assume f(z9) = 1.
Noting that the function g = f(- + z¢) is in L?(Ba,) and satisfies g(0) = 1, we
have :

&(f, f) = &(g,9) = Con
On the other hand, as || f||« = 1, we have :

(f, f) < Z Tx
zeB,

and these lead to the first desired inequality.
The fact that AJ,,; < A, is clear from (2.1). Now let ;1 € B, be such that
maxp, T = Ty,, and consider the function h = V,,(- — x1) € L?(Ba,). We get :

50(h, h) = EO(Vna Vn) = Cn
But note that h(xz1) = 1, therefore :

(h,h) =2 7oy = max 7

and we get the second inequality. O

We now precise the asymptotic behaviour of C,,.

Proposition 2.2. Ifd =1, then :

2
" n+1
If d =2, then there exist k1, ko such that for all n :
k1 ko

In(n) = " " In(n)
If d > 3, then C,, converges to a strictly positive number.

Proof. We can regard By, ;1 as an electrical graph (see [LP, Chapter 2]), with each
edge representing a resistance of value 1. One can see that V,, is harmonic on every
point that is not 0 nor a point of dB,. Thus it coincides with the potential on
the electrical graph, with the constraints that V,,(0) = 1 and V, 55, = 0. The
number C,, is the effective conductance between 0 and 0B,,. In dimension 1, a
direct computation gives the result. If d = 2, then we can use [LP, Proposition
2.14]. In larger dimension, the simple random walk is transient, and therefore (see
[LP, Theorem 2.3]) C,, converges to a strictly positive number. O

From this, we can deduce the following.

Theorem 2.3. (1) If & < 1, then for any € > 0, there exist n, M > 0 such
that for all n large enough :
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(2) For almost every environment, we have :

1
max 2,1+—) ifd=1
«

limsup — n(n)

d
max | d, —) ifd > 2
o
(3) IfE[ro] is finite, then for almost every environment and all n large enough :
)\n 2 OQn
(2n + 1)4(E[r] + 1)
Proof. Note first that as given by equation (1.4), we have that A, > A). The first
part of the theorem is a consequence of Propositions 2.1, 2.2 and parts (3) and (4)

of Proposition 1.2. For the second part, use part (1) of Proposition 1.2 instead.
The last part is an application of the law of large numbers. ([

As far as lower bounds are concerned, parts (3) and (4) of Theorem 1.1 are now
obtained. However, part (1) of Theorem 1.1 is proved only for d < 2 or a < 1, and
part (2) only for d = 1. The following section provides the missing lower bounds.

3. EXIT TIMES AND TIME-CHANGED RANDOM WALK

This section aims at finding good lower bounds for A, when d > 2 and a > 1.
To do so, we will use the exit times T}, from B,, :

T,=inf{t >0: X, ¢ B,}
The principal eigenvalue and the exit time from B, are indeed related by the

following (general) result :

Proposition 3.1. For any environment 7, any n € N and t > 0, we have
su EZ [T,
e_tA"' < sup P;[Tn > t] < M
reB, t
Proof. Let 1), be the eigenfunction associated with the principal eigenvalue A, such
that sup vy, = 1.
E;[¢n(Xe) 1z, >n] = e A (x)
Choosing = € B,, such that 1, (z) = 1, we have :
PI[T, > t] > Ef[Yn(Xe)1(r,>n] = e
d

So our objective is to find a sharp upper bound for sup,c 5 E7[T].

We introduce an auxiliary random walk. Let (J;) be the jump instants of the
walk X, and define (J}) by Jj = 0 and J/,; — J/ = (Jiz1 — Ji)/7x,, - let X be the
random walk defined by :

X; =X, forisuchthat J, <t<J.,
The walk X is a time change of X. More precisely, if A(t) = fot Tx.ds, we have :
Xaw = X

The jump rate of the walk X from site z to a neighbour y is 777,;. The advantage
of considering X instead of X is that it has symmetric jump rates that are bounded
away from 0. In this context and as shown in the Appendix, one can get good upper
bounds on the transition probabilities (and Green function when d > 3) of X.

To give the ideas, consider the case when d > 3. Let G(-,-) be the Green
function associated to X (G(x,y) is the expected time spent on y by the walk
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starting from x). We can bound the expected time spent before exiting the box by
the total time spent in the box. We constructed X so that the time spent by X at
some site y is 7, times the time spent by X at this same site, so we have :

(3.1) Bl < Y Gy,
YEBn

We will see that the expectation of this sum behaves like n? (we assume a > 1),
and that the probability to be far from the expectation by n%® is of order n=9.
To estimate theses fluctuations, our method will be to compute moments after a
truncation and centring of the 7.

We need to introduce some definitions before stating the results proved in the
Appendix. If x and y are neighbours, let e be the edge between x and y and define

the weight of e by :
1

Qle) =
G

For a path ~y, we define its natural length by :

Ivlr = Z Q(e)

ecy

and for any x,y € Z%, the natural distance between x and y by :
(3.2) A (x,y) = inf {|v|,, v simple path from x to y}

Proposition 3.2. If d > 3, then there exists C3 such that for any environment

and any v,y € Z¢ :
~ Cs

G <
($7y> (1 +AT($;y))d_2
Proof. See part (3) of Theorem 6.1. O

3.1. The natural distance. The first thing we need to do to make the former
result effective is to compare A, with the Euclidian distance || - ||. To do so, we
will use the fact that the law of the environment P is a product measure, in a
percolation-like argument.

Theorem 3.3. (1) For any environment and any x € Z% :
AL(0,2) < 2]l
(2) There exist ¢, Mo,k > 0 such that :
P[A-(0,2) < c|lz]]] < Moe=2II=]

(3) Let A, be the event : Va & By, : A (0,z) = c||z||”. There exists My such
that for alln :
P[.An] 2 1 — Mleinn

Proof. We denote by || - ||; the graph distance on Z.

For any edge e, we have Q(e) < 1 so it is clear that A-(0,x) < ||z|/1, and part (1)
follows comparing || - || with || - ||.

Giving ourselves n € (0,1), we say that an edge is heavy if Q(e) > n. We write
A, for the event “the edge e is heavy”, and p = P[A.]. Note that A, is independent
of (A.) for all edges €’ that are not adjacent to the edge e (and there are 4d — 1
adjacent edges). Let v be a simple path. We bound from above the probability
that 4’s natural length is small using Markov inequality : for any & € N and any
A > 0, we have :

P[# heavy edges along v < k] =P lz 14, < k] < MR {e”‘zeew Lac

ecy
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Thanks to the former remark, we can extract from v a subset 7/ of edges such that
(Ae)eey are independent random variables and (4d — 1)|v/| > |v|. It comes :

(3.3) P lz 14, < k] < eM(pe™ + 1 — p)hl/td=1)

ecry

We can now evaluate the probability for A, (0,z) to be much smaller than ||z]|;.
Take ¢ > 0, it comes :

P[A-(0,2) <cllz|i] = P[Fy from 0 to z s.t. |y]r < ¢||lz|1]
< Y Pl <clzfl]
v:0—z

For a given (simple) path 7, note that |y|; < c||z|; implies that the number of
heavy edges along v is smaller than c||x||;/n. Bounding the number of paths of
length [ by (2d)! and using (3.3), it comes :

+oo
PIA(0,2) <clzfu] < ) @d)reh/m(pe= 41 — p)t/ =D
=l

Writing B(\, p) = 2d(pe=> 4+ 1 — p)'/(4?=1) we have that if B(\,p) < 1, then :

(eAC/nB()\,p))Ilrlll

P[A(0,2) <cllz|h] € —F— B(\,p)

and this inequality would give an exponential decay whenever e**/"B(\, p) is strictly
smaller than 1. Choosing 7 close enough to 0, we can make p as close to 1 as desired,
and taking also A large enough, we can ensure B(A,p) < 1. Then taking ¢ small
enough, the last required condition holds. The second part of the theorem is proved
using the equivalence between || - ||; and || - ||.

Now for the last part, note that :

LBl < Y Mye el < oo 3 agerlel
T€ZN By, €L

the last sum being finite, this proves the last part of the theorem. (I

3.2. In dimension three or more. In this part, we treat the case d > 3. As
announced before, we want now to control the fluctuations of the sum appearing in
the right-hand side of inequality (3.1), using a moment method. To do so, we need
to cut and centre the random variables (7).

We first pick o/ < a. Remember that E[r¢'] is finite (and as we will see, it is
the only property we need to make this part work).

We define the following truncation of 7, :

. /
1, if 7, < n¥e

(3.4) Tz = | 0 otherwise

(observe that with high probability, we have 7, = 7, ,, for every x € B,,), and let
?x,n = 7~—z,n - E[%z,n]

When d > 4, we can prove the following proposition, that roughly speaking
says that fluctuations of order n®/ @’ of the exit time from 0 occur with probability
smaller than n~¢. But when d = 3, our method no longer works for large o/, so we
restrict ourselves to o < 2. But as we will see in the proof of Theorem 3.7, this
restriction is of no consequence for our purpose.
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Proposition 3.4. We assume d > 4 or o < 2. For any 8 > d/d/, there exist
0,C > 0 such that for all n :

Tam C
|2 i <o
Proof. Let m be an integer. We have :
_ 2m
- (Z'; 0+ c|$c||>“>
- Z 1 — .. 1 —E[Tay 0 Taoammnl

(A +cllza)=2 (A +cllzaml)?

X1y T2m

(35) = Z Z Ce.... Z H (1+ ||y || Yei(d=2) BTyl

k=lei1+---+er=2m 917 Yk =1
e; =2 YiFY;

my ¥ HZ 1+c||x|| e TG

k=lei++er=2mi=1xz€B,

e; =2
=:II"
A
where, to get the second equality, we chose to decompose 1, ..., s, the following
way : let k be the cardinal of {1, ..., 29, }. Wehave {a1,...,2om} = {y1,-.., Y}
Then e; represents then number of occurences of y; in x4, . .., T2,. We then use the

fact that the random variables (T n),eze are independent to split the expectation
in product form. Note that as 7, , is a centred random variable, the cases when
e; = 1 for some i do not contribute to the sum, so it is enough to consider cases
when e; > 2 (and this implies k& < m). It is a nice combinatorics exercise to check
that Ce, . ¢, is the multinomial coefficient associated with (eq,...,e) divided by
k!, but the important fact is that this term does not depend on n.

Comparing with an integral, we can see that »_ p (1+ c||z]|)~¢(4=?) is boun-
ded by :

Cln(n) ifd>4ore >3

Cn in any case
On the other hand, [E[7’,]| is bounded when n goes to infinity if e; < o/, and
otherwise
(3.6) B[, < El[Fonul© 0] < (n/) = E[[Fou|*] < Cneet/*' =4

We first treat the case d > 4. We choose m as the smallest integer larger than (or
equal to) a’/2. All the TI, . are bounded by C'In(n)™ when n goes to infinity
except :

s€k

<C ln(n)Rde/a'fd

It comes, using Markov inequality, that there exists C' such that for all n :

|

which proves the desired result. We are left with the case when d = 3 and o’ < 2.
We choose m = 2 in (3.5) and get :

< C?’L_d 1n(n)mn2m(d/a/—ﬁ)

Y Al Ton

r€B,,

>n

< Cn?n'¥*' =6 and Iy < C’ln(n)nm/a/_3
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and it comes that :

P[ > 1+ llzl?

r€B,,
which ends the proof of the proposition. O

dz. 1 >nf| < Cn_?’ln(n)n4(3/a/_ﬁ)

The next step is to lift this estimate to the sum of G(0, )7y, ..

Proposition 3.5. We assume d > 4 or o < 2. There exists M such that for any
B> d/d, there exist §,C > 0 such that for all n :

c

P
= pdte

Z G0, )7 > Mn? +nf
reB,

Proof. We begin introducing the estimate given by Proposition 3.2 :

- T,
(3.7) > G0,2)Fn <Cs Y —
5= 5 (1+A,(0,x))
Using part (3) of Proposition 3.3, we choose C’ such that :
C

Now conditionally on Ac: in(n), the sum on the right in inequality (3.7) is bounded,

up to a constant, by :
Til) N
Z EX Z (L +c|z])a—2
rEBor In(n) reB,,

Note that for the first term, we have :
Z Tom < C’ln(n)dnd/o‘,
rEBo/ In(n)
Comparing with an integral, there exists M such that for all n :

Cs ~
— 2 <M
2 W < Mn

r€B,,

And we have :

Z G(Oa x)i—z,n > ]\ZIE[TO]W‘2 + nﬂa AC’ In(n)
x€eB,,

7 - ,
P|C E — %" > ME 2 B_ 1 d,d/a
5 2 [y cfagy? > MERI + 07 = Cln(n)tn

T ,
P|C =t 5 pf Cln(n)tn®
2 2 [ ofaas 7"~ Ol

and we apply Proposition 3.4. What happens on the complement of Ay, is
controlled by equation (3.8). O

We can now carry this result back to sup,cp E7[T}].

Proposition 3.6. We assume d > 4 or o/ < 2. There exists M’ such that for any
B> d/d, almost every environment and n large enough :

sup ET[T,] < n® 4+ M'n?
rEB,
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Proof. We first need to relate E7[T;,] with the estimates proved before (which con-
cern only EJ[T,]). Let T be the exit time from x + B,,. Since for any = € B, we
have B, C © + Ba,, it comes that almost surely T;, < 75, so E7[T},] < EZ[T5,],
the latter having same law as Ej[T%,] under P.

Let M’ > 0 and let ¢ be an integer. We consider :

SUP.cB E; [Tn] - SUP.cB E; [TZIn]
3.9 P —————— > 1| < P — = >1
(3.9) [:;5 nf + M'n? = ; 2J giu<p2j+1 nb + M'n?

We bound the general term of this series by

P [ sup ET[T52] > 290 + M’22j]

z€B,j+1

which we bound by Aj; + [Bys+1|A}, where :

(310) A] =P |:E|.’L' c B2j+2 STy > 2(j+2)d/a’:|

A; =P Z G(Oa z)%z,QJ*Z > 2jﬁ + M/22j

€842

We first estimate A;. Take o’ such that o/ < o < a. It comes from assumption 1’
(see (1.2)) that for all y large enough :

1"
[e3

Plro >yl <y~
One gets that for j large enough :

A <1 — (1 — 27jda”/o/)‘B2j+2‘
i

—1—exp (|ng+2|2*jda”/a’(1 + 0(1)))
which is the general term of a convergent series.

Now for A;, using Proposition 3.5, we see that choosing M’ = 16M, the term
| Byi+1|A]; is bounded by €277 for some § > 0. Therefore, the series in the right-
hand side of 3.9 converges (and tends to 0 when ¢ goes to infinity), which proves
the proposition. (I

We now have everything in hand to conclude !

Theorem 3.7. (1) If d/a > 2, then for almost every environment :
In(A, d
lim sup — n(n) < —
00 In(n) «a

(2) Ifd/a < 2, then there exists C' such that for almost every environment and
all n large enough :
C

A > —

n
Proof. If d > 4 or a < 2, it is a consequence of Proposition 3.6 together with
Proposition 3.1 (making o’ tend to «). Now if d = 3 and « > 2, then in particular
E[rZ] is finite, so we can choose o/ = 2, and as d/2 < 2, part (2) of the theorem
still holds. O
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3.3. The two-dimensional case. In two dimensions, the lower bound given by
part (3) of Theorem 2.3 is of the following form :
C

"7 In(n)n?

We will now show that, provided a > 1, the In(n) term appearing before is irrele-
vant, i.e. that in fact :
C

e

n

The technique we used in Section 3.2 of computing the Green function of X cannot
directly apply in this setting, so we will consider the expected time spent by X at
some site x € B, before exiting the box, say G, (0,z) if the walk is starting from

0, and study
> G0, 2)7, = Ej[T,]
rEB,

where

Tn = mf{t : Xt ¢ Bn} and én(za y) =E;

x

Tn,
1,0 dt
/0 {Xt=y} ]

The problem we face is the dependence between the random variables Gn(O, x) and

. When d > 3, it was enough to use the Gaussian-like upper bounds proved in
the Appendlx together with some “universal” control on the natural distance, but
now 7}, also comes into play. The following proposition gives a control on T,, that
holds uniformly over the environment 7.

Proposition 3.8. There exists C > 0 such that for almost any T and any x € By,

N

1
3

Remark. Numerical factors are chosen for practical purposes, but the result would
hold with 1/3 replaced by any strictly positive constant.

Proof. From Theorem 6.1 (or the comments following Proposition 6.2), we know
that there exists Csy such that for any z,y € Z2, any t > 0 and almost any 7 :

&)

(3.11) P7[X; =y < -

It then comes that

TV TV 1
Pz[X3C2\Bn\ € Bn] = Z Pm[X3C2|Bn| = y] < §
y€Bn

which gives the desired result. (|

Now conditionally on 7, < Cn? and using once again equation (3.11), we have :

. Cn? CQ
(3.12) Gn(0,2) < 1 +/ = <1+m(Cn’)
1

Such an inequality is good for x close to 0, but too weak in general, and we need to
use more refined estimates. If we assume that T,, < Cn? together with A,(0,z) >
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c|lz|| (note that A (0, z) < 2||z|| is always true, as given by part (1) of Theorem 3.3),
we get, using Theorem 6.1 :

G
Gn(0,2) </ Pj[X, = z]dt
0

dt

max(l,%) —3A,(0,x)/4 Cn? —3A,(0,x)?/64€%t
(3.13) <1 +/ o o T dt—i—/ Cae
1

1 t

Cn? —3c||z||?/64e%t
x , Coe
<140y ln+ ('87!) 6_3°HI”/4 +/ %dt =: gn(x)
1

where In (x) := max(0,In(z)). The great advantage of this estimate is that g, is
deterministic. We can now follow the same procedure as in Section 3.2 : we will
prove that the random variable Y gn(2)7, has mean of order n?, then control
its fluctuations, and then carry these results back to the exit times 7;,. We begin
with the statement concerning the mean, which is purely deterministic.

Proposition 3.9. There exists M such that for all n large enough :

(3.14) Z gn(z) < Mn?
zeB,

Proof. We recall the definition of g, :

.y L
12\ seywia - [CT Coe=3elel?/61e%
g”l(‘r) =1 + 02 1n+ <@ e Cllz”/ + 1 f

The “1” term gives an n? contribution in the sum (3.14). As In llzll') o=3cfjz]|/4
+ \ 8e

tends to 0 when [|z|| tends to infinity, its contribution in the sum is negligible. Now
for the last part, note that if x = (z1,22) € {1,...,n}?, then :

€T T2
2 2 2 2 2
e 3cllzl®/64e”t / / e 3c(u+v7)/64e"t 1, 1y
1171 Iz*l

We get :
Z 6735|\x|\2/6462t < 4dn+1+4 Z 6735|\x|\2/6462t
rEB, ze{l,...,n}?
< 4n+1+ 4/ / e~ 3e(w+v?) /647t gy, 4y,
o Jo
64me’t
< dnt 1426
3c

From this we deduce that :

Cn? —3c||z||?/64e%t . Are2C
3 / efdt < (dn+1)In(Cn2)+ 7;6 C e
1 C

zeB,
which proves the proposition. O
Now let o be such that 1 < o/ < « and o/ < 2. Remember that E[7$'] is

finite. Define the truncation 7 as in (3.4) (with d = 2), and the centred 75, =
Ten — E[Tzn]-

Proposition 3.10. For any 3 > 2/, there exists 6,C > 0 such that for alln :

Pl S u(@)Ten ¢

n2+o
rEB,

>nﬁ] <
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Proof. Note that g, (-) < C'ln(n). We proceed through the computation of moments
as in (3.5) to get, for any integer m :

2m m K
E ( Z gn(x)?z,n> < Cln(n)2m Z Z n?k H |E[?8jn]|
zE€By k=1lei+-+ex=2m i=1
e; =2
=:I1"
€1,--ep

Recall that (from equation (3.6) and the fact that o/ < 2)
[Elsa]| < On2ei/ =

We obtain, for any sequence ey, ..., e, such that e; +---+ e = 2m :
I,

Now we choose m large enough so that :

(i/—Qﬁ)m<—2
e

and apply Markov inequality. (I

We now lift this estimate to the sum > _p G (0,2)7;,,. We write B, for the

event T}, < Cn2.
Proposition 3.11. There exist M',5,C > 0 such that for all n :

C

P [
n2+6

> Gn(0,2)F0n > M'n? B, | <

xEB,

Proof. First, using part (3) of Proposition 3.3, we choose C’ such that :

C
(3.15) PlAc ] 21— —

n3
On the events Ac1n(,) and B, we get (see (3.12) and (3.13)) :

Z Gn(O,x)h,n < Cln(n) Z Tom + Z Gn(T) Tz n

zeB, TEBG! 1n(n) zeB,

The first term is bounded by C'In(n)3n%/®". We choose M’ = ME|[ry] + 1 with M
given by Proposition 3.9. It comes :

P Z C?n (0; x)i—z,n > M/nQa -AC’ In(n)» B,
x€EB,,

<P [Cln)*n® + 3 gu(@)7an > n?

rEB,

and we conclude using Proposition 3.10 (recalling that 2/a’ < 1). The probability
of non-occurrence of A1y, is controlled by equation (3.15). O

We then carry this result back to the exit times :

Proposition 3.12. There exists M" such that for almost every environment and
for n large enough, we have :

2
su}g) E] Tnl{T4n<4C'n2} < M'n
EASY > 2%
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Proof. Let Tff be the time spent by X before exiting « + B,,. We have :

E; [Tnl{ﬁngm‘n?}} SE; {Tgﬂl{T§n<4é"2}

the latter having same law under P as Ef [T5,15,,]. Let M’ > 0 and let ¢ be an
integer. We consider :

SUPgzepB,, E; [Tnl Tyn<4Cn2 }
(3.16) P |sup {71 )

. o2
n>2i M'"n

. sub,en, BY (T8, 5 came)]
< ZIP’ sup s >1

= 2§ <n<2i+!

We can bound the general term of this series by A; + |Baj+1|A} where :

A; =P [El:c € Boprs i 7y > 22<j+2>/a/}

A; =P Z Gite (0,2)T 2542 > M"2% Byjio
z€B,j+2
The first term, A;, is the general term of a convergent series (it is the same as in
(3.10)). By Proposition 3.11, we see that if we choose M"” = 16M’, then |By;+1|A]
is bounded by C277°. Therefore, the series in the left-hand side of 3.16 converges
(and tends to 0 when 4 tends to infinity), which proves the proposition. O

We can now conclude :

Theorem 3.13. Ifd =2 and o > 1, then there exists C' > 0 such that for almost
every environment and all n large enough :
C

A > —

n

Proof. Proposition 3.1 tells us that :

e~ < sup PI[T, > ]
z€By,

We decompose this the following way :
PZ[T, > t] < PL[T4, > 4Cn?| 4+ PI[T, > t, T4, < 4Cn?|

The first term is smaller than 1/3 as given by Proposition 3.8. As for the second
term, Proposition 3.12 shows that for almost every environment and all n large
enough :

. . SUp,ep, B Tnl{T <4Cn?} 1
", 2 2 " an=
Iseu]é)n PI[T, >3M"n* Ty, <4Cn°] < SN2 < 3

Combining the two leads to the fact that for almost every environment and all n
large enough :
2

—3M"n?x,
e m

w

which proves the desired result. O



PRINCIPAL EIGENVALUE FOR RANDOM WALK AMONG RANDOM TRAPS ON z¢ 17

4. UPPER BOUNDS

We now give upper bounds on \,,. Our method is clear from equation (1.3), that
we recall here :

: E(f.[)

Py f
ser?s.) (f 1)

F#0

Picking a function in L?(B,,) gives an upper bound, and the problem is to choose
the function well enough (i.e. looking more or less like the eigenfunction) to get a
sharp bound.

4.1. The one-dimensional case.

Theorem 4.1. We assume d = 1. There exists C' > 0 such that for almost every
environment and all n large enough :

C
A —=——
n ZmEBn/4 T

Proof. For a = 0, a “triangle function” that takes the value 0 on —(n + 1) and
(n+ 1), the value 1 on 0 and is piecewise linear would do well. But for general a,
this function is not appropriate, and we will construct instead a function that looks
like it, but is constant around deep traps.

Let M > 0 be such that P[ry > M] < 1/8. Because of the law of large numbers,

one gets :

1 a.s. 1
- Hke{-n—-1,...,0} : o > M} —— =

n—oo &

Almost surely, for n large enough, the two following conditions are satisfied :

(4.1) {ke{-n—1,...,0} : Tk>M}|<%

(4.2) Hke{0,....on+1} : 7, > M}| <

~13

Let us first construct the left part of our function : let [ : —N — R be such that
I(k) =0 for all k < —n, and for all k € {—n,...,0}:

0 ifrp_1>MorT,>M

i) =1k —1) = 1/n  otherwise
The function [ is made in such a way that for all k£ for which it makes sense :
5 M2a
(43) T 0+ 1) — 1(0)? < =

Moreover, when (4.1) is satisfied, there are at most half of the edges on which
the function is constant, so [(0) > 1/2. In this case, and as for any k& we have
I(k) —l(k—1) <1/n, it comes that I(k) > 1/4 when k > —n/4.

We define in the same way a right part » : N — R such that (k) = 0 for all
k >n, and for all k € {n,...,0} :

0 if 7, > M or 741 > M

r(k) —r(k+1) = ‘ 1/n  otherwise

The function r satisfies the same small variation property as in (4.3). Similarly,
when (4.2) is satisfied, we have that r(0) > 1/2 and r(k) > 1/4 for all k < n/4.

Now we connect the two parts [ and r preserving this small variation property.
Let m = min(1(0),7(0)). We define f : Z — R by

)=

min(l(z),m) ifz <0
min(r(z),m) otherwise
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We have therefore :
2M2a

E(f,f) <

On the other hand, for n large enough, (4.1) and (4.2) are satisfied, and in this case
m > 1/2 and f(k) > 1/4 for all k such that —n/4 < k < n/4. Thus:

Fhz X om

—n/4<k<n/4
and we finally obtain, for all n large enough :

EULS) _ 3

>\n< X
(faf) n ZzeBn/47—m

O

4.2. Large dimension, anomalous behaviour. The results proved in this part
are in fact valid in any dimension and for any « > 0, but they are sharp only in
the regime given in the title, that is for d > 2 and 2a < d.

Theorem 4.2. (1) For any e > 0, there exists M > 0 such that for all n large
enough :

n—1

P{)\nmaXTgM] >1—¢

(2) For any e > 0 and almost every environment :

nt/e=E), —— 0
n—oo

Proof. Let K be the set of first and second neighbours of 0, namely K = {x € Z9 :
1 < ||z|| €2}, and ¢ the number of edges from a point of {z : ||z|| = 1} to a point of
{z : ||z|| = 2}. Write M, = maxgz+x 7. If we choose the function that takes value
1 on site ¢ € B,,_1 and its neighbours, and 0 elsewhere, namely :

1 ifflz—2z| <1

flz) = 0 otherwise
then we see that for any z € B,,_1 :
Mz 2a
(4.4) )\n < 6(7)
Tx

Let z, € Bp—1 be such that 7,, = maxp, , 7. We have :

2a
)\’n, < C(an)
maxp, T

So we get :

P {)\n max T = M] <P [C(an)Qa > M}
n—1
Now recall that M, is the maximum over all neighbours and second neighbours of
Ty, so it should look like taking the maximum over all neighbours and second neigh-
bours of, say, 0. More precisely, conditionally on maxp, , 7 = 7, for some fixed
z, the law of (7 )¢ Bn_1\{z} i invariant under permutation. Therefore, provided
z € B,—2 \ K and conditionally on maxpg, , 7 = 7., the random variables M, and
My have the same law. Summing over all z € B,,_s \ K, we get that conditionally
on the event F, that z,, € B,_2 \ K, the random variables My and M, have the

same law. We obtain :
P [e(M,,)* = M| <P [e(Mo)** > M| +P[E¢)

The law of z,, being uniform in B,_;, we have that P [ES] goes to 0 when n goes
to infinity. First part of the theorem comes choosing M large enough.
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We now turn to the second assertion of the proposition. Defining :

= Tx
n =
M= max L)

we will show that for any € > 0 :

M,  as
N Ve
nd/a € n—oo

(4.5)

which will prove the result via equation (4.4). There exists k& > 0 such that
P[(M,)?** > k] < 1/2. Thus (note that M, and 7, are independent) :

T Plr, > ky]  F(ky)
P[W>y]> > o

Hence, for all K >0 :

2

and recalling that, as a consequence of assumption 1’ (see (1.2)), for all 8 < «,
F(y) < y~” for all y large enough, one can see that the term on the right-hand side
of the former equality is the general term of a convergent series, and thus apply the
Borel-Cantelli lemma. O

o F(kKnd/O‘_E) (2n—1)¢
P[M,, < n¥**K] < (1 — 7)

4.3. Regular behaviour. In what follows our assumption will be that E[r§] is
finite. In particular, all results will be valid under the condition that E[r] is finite
(or if a = 0).

We write (e;)1<i<a for the canonical base of R<.

Proposition 4.3. Let f : [-1,1]¢ — R be a continuous function. If E[r¢] is finite,
then for all i € {1 ,d} :

(4.6) Z e x/n)&Em]/ f(2)da

(—1,1]¢

Proof. If f is piecewise constant, then the limit (4 6) is proved by separating the
sum over B, into two parts B,, and B, so that (7077, .,)zep;, and (7975, )zeBr
are two families of independent random variables, and then applying the law of
large numbers. For a continuous f, one can approximate uniformly f by piecewise
constant functions from above and below, and the result follows. O

For all f : [-1,1]¢ — R and all integer n, we define the function f, : Z¢ — R by
fn(x) = f(z/n) if x € B, and f,(z) = 0 otherwise. Note that f,, € L?(B,,).

Proposition 4.4. Let f:[—1,1]? — R be a twice continuously differentiable func-
tion that takes value 0 on the boundary of [—1,1]¢. If E[r§] is finite, then :
2

n a.s. a12 2
—(2n)d5(fn, fn) —— E[rg] /{_Lm |V f(z)|3ds

Recall the following equality :

=3 ¥ o 2 (1 (%)‘f(xz)f

i=1 x€B,

As we assumed f to be twice continuously differentiable, it comes that for all € > 0
and n large enough :

e (1(2) 1 (552)) - S8 G
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and note that if € B,, and « + ¢; ¢ B, then f(x/n) = f((x +¢;)/n) = 0, so
this case does not contribute to the sum. The result follows using the previous
proposition.

Theorem 4.5. If E[7{] is finite, then there exists C' such that almost surely, for
all n large enough :
C n?
An <

< —S———
2
n ZIEBT},/Q Tz

Proof. Taking f(x) = Hle sin (“29”) in Proposition 4.4, we get that for almost
every environment :

E(fn: fn)

On the other hand, if x € B,, /5, then f(x) > 2-4/2 thus :
(forf) =274 > 7,

z€B,, /2

a (ony!
4 n?

E[i]*  (n— +00)

therefore the proposition holds for any C' > 23%/2-2dn2E[7¢]?. O

5. THE DISTINGUISHED PATH METHOD

We present here a more direct method to get a lower bound on A,, (close to the one
presented e.g. in [SC97, Theorem 3.2.3], but adapted to treat the case of Dirichlet
boundary condition), and show that it does not provide a sharp estimate when
d > 2. Note that in dimension one, [Chen, Section 3.7] proves that this technique
is always sharp, and one can verify that it gives indeed the expected lower bound.
This method also proved efficient in larger dimension in [FMO06, Section 3] in the
context of random walks among random conductances.

For all z € B,,, we give ourselves a path 7, (z) from some point of dB,, to x (that
apart from the starting point, visits only points in B,,). Let v,(z) = (z°,...,z!).
For an edge e, we note e € v, () if e = (2%, z°*!) for some i, and in this case, we
write df(e) = f(z't) — f(z'), and Q(e) = 7%7%,,. Let E, be the set of edges
that go from a point of B,, to a point of B,, U 9dB,,. We give ourselves a weight
function W, : E,, — (0, +00). We define the W,,-length of a path v as :

ecy
Note that, as we assumed that 7 > 1, we have that Q(e) > 1 (and there is equality
when a = 0). Using Cauchy-Schwarz inequality, we get :
2

f@? = | D df(e)
e€vn ()
1
<Y wrmar D AEPWalen(e)
cemmin Vn(€)Q0e) 2=
< (m(@) Do df(e)’Wa(e)Q(e)
e€yn ()
S f@Prm <0 (wm@) D> df(e)*Wa(e)Q(e)
zEB, rEB, e€Eyn ()

< Z df(e)QQ(e)Wn(e) Z Ln (Y (2)) T2

ecE, x:e€yn(x)
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Note that
E(f, 1) =Y df(e)*Ale)
eckE,
So letting
My =maxWa(e) Y In(y(@)m

eck
" x:e€yn(x)

we obtain the following lower bound on A, (similar to [SC97, Theorem 3.2.3]) :
1
)\n = N
M,
Let us see that, however W,, and v, (x) are chosen, it cannot lead to a sharp bound
ifd>2and a <d. Letz € B,/ be such that 7, is maximal. The site z is such

d/a

that 7, ~ n** and |y, (z)| = n/2. Now choose e € v,(z) so that W,,(e) is maximal.

We have :

Wn(e) 1+d/a
M’n 2 /EZ( : Wn(el) Tz 2 |777/(z)|7-z Z n +d/
€ YnlZ

where we would have hoped to find npmax(2.d/e),

appropriate exponent if o < d.

Still, note that if one chooses W,, constant equal to 1, and the shortest paths
for (vn(z))zen, , one can show using results of [BK65] that M., is indeed of order
pmax(2,1+d/0) which gives an alternative proof of a lower bound for the principal
eigenvalue when « > d.

So this method cannot give the

6. APPENDIX

In this section, we prove upper estimates on the transition kernel and Green
function of any symmetric nearest-neighbour continuous-time random walk on Z¢,
provided its jump rates are uniformly bounded from below. For any pair of neigh-
bours z ~ y in Z¢, we give ourselves w,, and consider the Markov process (Z;)¢>0
with jump rate between z and y given by w;,. We assume theses jump rates to be
symmetric (wgy = wy,) and bounded from below by 1 (wzy, > 1). The generator of
this process is given by :

Lf(x) = way(f(y) - f(2)

We write p:(x, z) for the probability for Z; to be at site z starting from «, and g(-, -)
for the associated Green function.
We define the natural length of a path v = (zo,...,z;) by :

l

|7|w = Z (Wziflﬂﬁi)il/Q

i=1
and the natural distance between any two points z,y € Z% by :
(6.1) Ay (z,y) = inf {|y|w, 7 simple path from z to y}

Of course, the restriction on simple paths can be omitted without change, it is just
a matter of convenience for part 3.1. We will prove the following Gaussian-like
upper bounds on the transition kernel and Green function of (Z;) :

Theorem 6.1. There exists Cy such that for any x,y € Z¢ and any t > 0 :
(1) If 8de?t = Ay(x,y), then :

Cy (_SAw(w,y)Q)

pele ) < a7 P\ T e
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(2) If 8de*t < Ay (w,y), then :

Cy 1 Ay (z,y)
< 22 _Z W)
pi(wy) < gz exp [ 12w(,y) (ln ( N 1
Cs 3
< 7aja P [—ZAw(xay)]

(3) If d > 3, then there ewists C3 such that for any x,y € 79 :

C3
L4+ Ay(w,y))4=?
We will use Nash inequalities to prove this result, adapting a strategy due to
E.B. Davies [Dav87] generalized by E.A. Carlen, S. Kusuoka and D.W. Stroock

[CKSS8T7].
Remarks.

g(r,y) < (

(1) One could be surprised to see the failure of the Gaussian upper bound to
hold for all ¢ > 0. Indeed, such an inequality is proved for all ¢ > 0 in
[Dav, Theorem 3.2.7] in a continuous-space context. The difference comes
from the exponential part that appears in (6.3), which is not there in the
continuous case. But it is not a technical artefact. Indeed, as t goes to 0,
pi(z,y) behaves like a polynomial in ¢ in our discrete-space context, so the
Gaussian upper bound cannot hold for small times.

(2) One should not be mislead to believe that something special happens when
8de?t = A, (w,y). We wrote the results this way because we found it more
convenient, but they do not aim at being optimal (and the willing reader
can improve them by a more detailed analysis). Also, note that Cy,C3 can
be made explicit, and depend only on the dimension.

(3) The previous results no longer hold (even qualitatively) without the as-
sumption that the jump rates are bounded away from 0. We refer to [FMO06]
or [BBHKO7] for evidence of the anomalous behaviour of the return prob-
abilities in this case.

(4) The case of discrete-time random walks has been treated in [HS93] (or
equivalently in Theorem 14.12 of the monograph [Woe]).

Due to the symmetry of the transition rates, it is clear that the uniform measure
is reversible, and £ self-adjoint. In this Appendix, we understand scalar products
and LP norms to be taken with respect to the uniform measure.

We write (P;)¢>0 for the semi-group associated to Z, and || P;||p—4 for the norm
of P, as an operator from LP to L%. We define the Dirichlet forms €&, & :

o) =5 3 wnlf) — F@) o) - o)

m,yEZd
r~Yy

z,y€z?
r~Yy

Proposition 6.2. There exists C; > 0 such that the following Nash inequality
holds for all f :

£ < cvelt, HIFI

Proof. Applying [Woe, Proposition 14.1] together with [Woe, Corollary 4.12], it is
clear that the inequality holds with &g instead of €. As &y(f, f) < €(f, f), we get
the announced result. (|
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At this step, we can derive, following [Nash58] (or Theorem 2.1 of [CKS87]),
that there exists C' such that for all t > 0 :

C
suppe(2,y) = || Belli-oo < 357
z,y

But this is not a sharp bound when x and y are far one from the other. Davies’s
idea [Dav87] is the following : let 1) : Z? — R be some function, let s € R, and
consider the following semi-group :

Qsif = eV Py(e f)

The aim is to find an upper bound for

Qs 1100 = sup e ™) py (, y)es )
T,y
From now on, we assume the following on ¢ :
(6.2) Vr,y o~y = wey((y) —¥(z))? <1
and define
(6.3) I(s) = ds*(1 +el*h)?/4

Proposition 6.3 ([CKS87]). There exists Co > 0 such that for any z,y € Z* and
anyt >0 :

(6.4) Pu(ry) < o exp (B1(3)1/2 — s(06(y) ()

Proof. We follow closely [CKS87, Section 3]. In our context, we can define directly
I'(-,-) of [CKS87, Theorem 3.7] as :

= 2> en () — F@)oly) — o(x)

y~T
and we can verify the Leibnitz rule :
€(fg.h) = Y f@)(g,h)(x) + Y g(@)T(f.h)(x)
zeZ? zeZ?

together with the Cauchy-Schwarz inequality
IT(f,9)l <T(f, )/°T(g,9)"/

Now a direct computation gives :
(6.5) €(e S"’J‘2p_1 ‘“"f) —e(f7h )
= Z szy fsw )f2p 1( ) _ efsw(y)f(y>f2p71(x)] [esw(z) _ esw(y)]

INy

which is the equivalent of [CKS87, (3.12)-(3.13)]. From this, one can follow the
computations of the proof of [CKS87, Theorem 3.9] to get inequalities [CKS87,
(3.10)-(3.11)] with I'(s¢)? replaced by I(s), as we have :

D(s¢)? = max([le” YT (™, &™)l [|e*¥T(e ™", e™*") || o) < I(s)
Indeed :
2 VE( ) () = % 3wy (1 — e W)= ()y2

Yy~

Note that |1 —e"|/(1 4+ e*) < |u|/2, which implies that
11— eSWW=Y@| L s|lp(y) — ()] (1 + e3P W=Dy /9



24 JEAN-CHRISTOPHE MOURRAT

As wgy > 1, property (6.2) implies that for « ~ y, we have |¢(y) —¢(z)| < 1. Using
again property (6.2), it comes that, for all x € Z% :

e 2V @DV V) (2) < ds?(1 4 el*)?2/4 = I(5s)

and the same inequality holds with ¢ replaced by —. (note that there is a typo-
graphical error in the last inequality of the proof of [CKS87, Theorem 3.9], where
one should read 2p§ instead of 221, Also, one should read that [CKS87, (3.11)]
is valid for all p € [2,+00) 1nstead of [1,+00). To prove second part of [CKS87,
(3.17)], one can write y? —a? as p [ t?~*dt and apply Cauchy-Schwarz inequality).

Now we can use the Nash inequality we obtained in Proposition 6.2, and apply
[CKS87, Theorem 3.25] (choosing p = 1/2), which proves the proposition. O

We define a distance between x and y by :
(6.6) Au(,y) = sup{u(y) — (x) |  satisfies (6.2)}

We postpone the proof that this distance is indeed the natural distance introduced
in equation (6.1) to the next proposition, but let us first prove Theorem 6.1.

Proof of Theorem 6.1. Let x,y € Z%. We choose ¥(-) = A, (z,-). Seeing (6.4), the
point is to choose s in order to have 3I(s)t/2—s((y)—¢(x)) = 31(s)t/2—sAu(z,y)
minimal, to get the sharpest possible bound.

To simplify a little, we first remark that 31(s)/2 < 2ds?e?lsl.

If 0 < s < 1, then 3I(s)/2 < 2de?s®. 1If 8de*t > A,(z,y), then choosing

Au(z,y)
8de2t

s = < 1, we have :

2
3I(S)t/2 - SAUJ (567 y) § 2d€252t — SAW (ZL', y) = f%
€

and part (1) of the theorem comes.
If s > 1, then s? = exp(21n(s)) < exp(2(s — 1)) and it comes that 31(s)/2 <

2de~2e**. If 8de?t < Ay (z,y), then s = 11n (Aggﬁzjt)) is larger than 1 and part

(2) comes.

What is left is to see how to derive part (3) from the previous estimates, assuming
that d > 3. We will show first that g(z,y) = O(A,(z,9)?7%) as A, (z,y)2~ % goes
to infinity, and then that it is uniformly bounded. We have :

St o
gay) - (/ +/ >pt<sc,y> dt
0 Ay (z,y)
8de?
= h+1
where
3A,(z,y)? 1=d/2 - poo —d C
I, <Oy [ 222\ 9) /2 exp(—1/u) du = —————
2 Cz< 39de? /0 U exp(—1/u) du Ay (z,y)d2

and, if A, (x,y) > 2d :

4

( 82 )1d/2 /O u=exp (—W(IH(W) —1)) du

4

1-d/2 e
3 (Au(z,y) d —d/2_—d/2(n(1/u)—1)
( Sde— = ) exp (_Z (74 —3 /0 U e du
z,9)*"%)

We now show that g(-,-) is bounded.
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Proposition 6.4. If d > 3, then there exists C such that for any x,y € Z¢
g(z,y) <C
Proof. Note that for any function f :

Thus we can apply [Woe, lemma 2.24] to get that

g(:C, :C) < go(SC, :C)
where g is the Green function of the simple random walk. (one needs to be careful
that the generators of the random walks are not invertible operators, but see the
proof of [Woe, Theorem 2.25] to work things out). To conclude, note that go(x, )
does not depend on z, and g(z,-) is maximal on x. O

Part (3) of the theorem now follows. O

Finally, we check that the distances introduced in (6.1) and (6.6) are indeed the
same.

Proposition 6.5. The distance defined in equation (6.6) is the natural distance :
A, (z,y) = inf {|v|w, v simple path from x to y}

Proof. Let Al (x,y) be the infimum given above. Let ¢ be a function that satisfies
(6.2). Then for all 21, x5 neighbours, we have :

U(@) — Y(@1) < (Warey)

so for any simple path v that goes from z to y, summing the former inequality
along the path, it comes that :

P(y) — () < Jylo

and A, (z,y) < Al (z,y). On the other hand, for z fixed, choose ¥(y) = Al (z,y).
Then v satisfies (6.2), so A, (z,y) = A/ (x,y). O
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