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Introduction Learning from i.i.d. samples

How to define the learning goal for non i.i.d. observations
Outline

General Learning Goal

» X space of input samples
Y space of labels, usually Y C R.
» L: X x Y xR —[0,00) loss function.
» Already observed samples
Tpast - ((Xlayl)a R (XmYn)) E (X X Y)n

» Future, unknown samples (of unknown length m)

Truture = ((Xn+1a)/n+1)> S (Xn-l-ma)’n—i-m)) e(XxY)"

» Goal:
With the help of Tpast find a function f : X — R such that
1 n+m
7zL’Tfuture(f) = ; Z L(Xi’yi’ f(X’))
i=n+1
is small.

Ingo Steinwart Learning from Dependent Observations



Introduction Learning from i.i.d. samples

How to define the learning goal for non i.i.d. observations
Outline

Reformulation for i.i.d. Observations

» Classical Learning Theory Assumption:
Tpast and Tgyeyre are i.i.d. samples from an unknown
probability measure P on X x Y.

Ingo Steinwart Learning from Dependent Observations



Introduction Learning from i.i.d. samples

How to define the learning goal for non i.i.d. observations
Outline

Reformulation for i.i.d. Observations

» Classical Learning Theory Assumption:
Tpast and Tgyeyre are i.i.d. samples from an unknown
probability measure P on X x Y.

» Consequence:
For fixed f : X — R the law of large numbers (LLN) shows

lim RLvauture(f) = / L(Xa}’a f(X)) dP(X’y)
m—o0 XxY

Ingo Steinwart Learning from Dependent Observations



Introduction Learning from i.i.d. samples

How to define the learning goal for non i.i.d. observations
Outline

Reformulation for i.i.d. Observations

» Classical Learning Theory Assumption:
Tpast and Tgyeyre are i.i.d. samples from an unknown
probability measure P on X x Y.

» Consequence:
For fixed f : X — R the law of large numbers (LLN) shows

lim RLvauture(f) = / L(Xa}’a f(X)) dP(va)
m—o0 XxY

» Reformulated Goal:
With the help of Tpast find a function f : X — R such that

Ry p(f) = /XXY L(X,y, f(x)) dP(x,y)

is as small as possible.
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Traditional ERM Approach

» Penalized ERM algorithm:
» Fix a function class F of functions f : X — R.
» Fix a penalty function pen : (0,00) x F — [0, c0].
» Find
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» Statistical Learning Theory:
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» Penalized ERM algorithm:
» Fix a function class F of functions f : X — R.
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Introduction Learning from i.i.d. samples

How to define the learning goal for non i.i.d. observations
Outline

Traditional ERM Approach

» Penalized ERM algorithm:
» Fix a function class F of functions f : X — R.
» Fix a penalty function pen : (0,00) x F — [0, c0].
» Find
FroastA € argmln (pen()\ f)+Re Tpast(f))

» Statistical Learning Theory:
» Under certain assumptions on F and A, we have

lim R, p(fT past A ) RLP = Inf{RLp )|f X —>R}.

n—oo

» Examples include support vector machines, regularized
boosting, structural risk minimization,
> In many cases convergence rates are possible under additional

assumptions.
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Introduction Learning from i.i.d. samples

How to define the learning goal for non i.i.d. observations
Outline

The Link between Past and Future:

» Statistical learning theory (often) ensures
. _ *
nII_[T;o RL,P(prast,)\n) — NP
» The law of large numbers ensures
mllnoo RL:Tfuture(prast:)\n) = RL,P(prast:)\n)'
» Consequence:
» The distribution P and its risk R, p(.) serves us as a bridge
between past and future observations.

» Convergence rates are used to describe how well we can
generalize from the past to the future.

Ingo Steinwart Learning from Dependent Observations



Introduction o : o
Learning from i.i.d. samples

How to define the learning goal for non i.i.d. observations
Outline

Why not i.i.d.?

Often the samples are

» inherently temporal in nature (system diagnosis, market
prediction, ...)

Ingo Steinwart Learning from Dependent Observations



Introduction o : o
Learning from i.i.d. samples

How to define the learning goal for non i.i.d. observations
Outline

Why not i.i.d.?

Often the samples are

» inherently temporal in nature (system diagnosis, market
prediction, ...)

» collected from different sources

Ingo Steinwart Learning from Dependent Observations



Introduction o : o
Learning from i.i.d. samples
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Outline

Why not i.i.d.?

Often the samples are

» inherently temporal in nature (system diagnosis, market
prediction, ...)

» collected from different sources

In the worst case the samples are neither independently nor
identically distributed.
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Learning from i.i.d. samples

How to define the learning goal for non i.i.d. observations
Outline

General assumptions for the non i.i.d. case

» Basic assumption:
All samples are realizations from a stochastic process

Z = (Z)i>1,

where Z; : Q — X x Y and (2, 1) is a probability space.

» More formally:
There is an w € 2 sampled from p such that

7—past = (Zl(w)> R Z,,(W))
Teuture = (Zn+1(w)a cee Zn+m(w))

» Fundamental Question:
Can we generalize from past to future observations?
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Identically Distributed Processes

A simple example
» Assumption:
All Z; are identically distributed, i.e.

Kz, = pz; i,j>1
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Learning from i.i.d. samples

How to define the learning goal for non i.i.d. observations
Outline

Identically Distributed Processes

A simple example
» Assumption:
All Z; are identically distributed, i.e.

Kz, = Hz;, hj=1
» Question:
Does the risk
RL»#ZI (f)
can serve us as a bridge between past and future?
» Answer:
No, in general there is no LLN and hence we cannot
guarantee

n‘!inoo 7—\{L’Tfuture(fr) - RL’“Zl (f) ’
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Towards the general idea

» Question:
What distribution or risk can serve us as a bridge between
past and future?

» Observation:

If there is a distribution P on X x Y which can serve us as a
bridge then we need at least

» a “law of large numbers”, i.e.

lim RL,Tf (f) = RL,P(f).

m— oo uture
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Towards the general idea

» Question:
What distribution or risk can serve us as a bridge between
past and future?

» Observation:

If there is a distribution P on X x Y which can serve us as a
bridge then we need at least

» a “law of large numbers”, i.e.

lim RL,Tf (f) = RL,P(f).

m— oo uture

> a “new statistical learning theory” which ensures

lim Ry p(f =Ri]p.
N—00 va( Tpast)\n) L,P

> In this case R p(.) can be used to redefine the learning goal.
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Learning from i.i.d. samples

How to define the learning goal for non i.i.d. observations
Outline

Outline:

In the rest of this talk we will:
» Consider general LLNs.

» Use these LLN's to define distribution that can serve us as a
bridge between past and future observations.

» Define consistency.

» Establish “a sort of” consistency for general penalized ERM
methods.

» Recall a-mixing processes.

» Establish consistency of SVMs for a-mixing processes.
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» Z :=(Z;)i>1 is a stochastic process with Z; : Q@ — X x Y.
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Assumptions in this Part of the Talk:

In this part of the talk we always assume that:
> (Q, ) is a probability space.
» Z :=(Z;)i>1 is a stochastic process with Z; : Q@ — X x Y.
» All functions and sets are measurable.

Moreover, for a function g : X x Y — R we call the process
goZ:=(goZ)i>1 an image of Z.
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Laws of Large Numbers:

» Z satisfies weak law of large numbers for events (WLLNE):
for all B C X x Y there exists a cg € R such that

lim = Z lgoZ =cp in probability u. (1)

n—oo n
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Laws of Large Numbers:

» Z satisfies weak law of large numbers for events (WLLNE):
for all B C X x Y there exists a cg € R such that

lim = Z lgoZ =cg in probability . (1)

n—oo N

In other words: for all B C X x Y there exists a cg € R such
that for all € > 0 we have

nln;ou({weﬂ:‘ZIBoZ —cB( }):0.

Ingo Steinwart Learning from Dependent Observations



Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Laws of Large Numbers:

» Z satisfies weak law of large numbers for events (WLLNE):
for all B C X x Y there exists a cg € R such that

n—oo N 4

1 n
lim = Z lgoZ =cp in probability u. (1)
i=1

» Z satisfies strong law of large numbers for events (SLLNE):
(1) holds p-almost surely.
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Laws of Large Numbers:

» Z satisfies weak law of large numbers for events (WLLNE):
for all B C X x Y there exists a cg € R such that

lim =% 1goZ; = i bability p. (1
nLrgonZ B o cB in probability p. (1)
» Z satisfies strong law of large numbers for events (SLLNE):

(1) holds p-almost surely.

» Z is asymptotically mean stationary (AMS):
for all B C X x Y there exists a P(B) € R such that

P(B) = lim —ZE 107

n—oo n
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Properties Related to Laws of Large Numbers:

» If Z is AMS then P is a probability measure on X x Y.
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Properties Related to Laws of Large Numbers:

» If Z is AMS then P is a probability measure on X x Y.
Proof:

1 n
Pn::n.zl'uzl_, nZl
=

are probability measures.
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Properties Related to Laws of Large Numbers:

» If Z is AMS then P is a probability measure on X x Y.

Proof:
1 n
P, == - >1
niz;uz, n
are probability measures. AMS means
1 n
P(B) = lim = E,lgoZ = lim P,(B).
(B)= Jim 2 BulgoZi= lim Pr(E)
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Properties Related to Laws of Large Numbers:

» If Z is AMS then P is a probability measure on X x Y.

Proof:
1 n
P, == - >1
niz;uz, n
are probability measures. AMS means
1 n
P(B) = lim = E,lgoZ = lim P,(B).
(B)= Jim 2 BulgoZi= lim Pr(E)

Vitali-Hahn-Saks then shows that P is probability measure.
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Properties Related to Laws of Large Numbers:

» If Z is AMS then P is a probability measure on X x Y.
P is called the asymptotical mean distribution of Z.
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Properties Related to Laws of Large Numbers:

» If Z is AMS then P is a probability measure on X x Y.
P is called the asymptotical mean distribution of Z.
» If Z satisfies WLLNE then it is AMS and we have

1 n
lim =Y 1g0Z = P(B) in probability 4.
i=1

n—oo N 4
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Properties Related to Laws of Large Numbers:

» If Z is AMS then P is a probability measure on X x Y.
P is called the asymptotical mean distribution of Z.
» If Z satisfies WLLNE then it is AMS and we have

1 n
lim =Y 1g0Z = P(B) in probability 4.
i=1

n—oo N 4

Proof (sketch): WLLNE means

1
lim — Z 1o Z; =cp in probability .
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Properties Related to Laws of Large Numbers:

» If Z is AMS then P is a probability measure on X x Y.
P is called the asymptotical mean distribution of Z.
» If Z satisfies WLLNE then it is AMS and we have

1 . n
nll_)ngo - ;13 oZi = P(B) in probability p.
=
Proof (sketch): WLLNE means
1 n
n||_>rrgo - Z 1o Z; =cp in probability .
i=1

Obviously, we have 1g o Z; € [0,1] and hence cg € [0, 1].
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Properties Related to Laws of Large Numbers:

» If Z is AMS then P is a probability measure on X x Y.
P is called the asymptotical mean distribution of Z.
» If Z satisfies WLLNE then it is AMS and we have

1 . n
nll_)ngo - ;13 oZi = P(B) in probability p.
=
Proof (sketch): WLLNE means
1 n
n||_>rrgo - Z 1o Z; =cp in probability .
i=1

Obviously, we have 1g o Z; € [0,1] and hence cg € [0, 1].
Therefore convergence also holds in Ly ().
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Properties Related to Laws of Large Numbers:

» If Z is AMS then P is a probability measure on X x Y.
P is called the asymptotical mean distribution of Z.
» If Z satisfies WLLNE then it is AMS and we have

1 n
lim =Y 1g0Z = P(B) in probability 4.
i=1

n—oo N 4=
Convergence also holds in L;(1), and hence we have

1 , 1 —
nIer;OH;EMIBOZ;_HIEEO/QIH;IBOZ; dp=E,|cal.
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Properties Related to Laws of Large Numbers:

» If Z is AMS then P is a probability measure on X x Y.
P is called the asymptotical mean distribution of Z.

» |f Z satisfies WLLNE then it is AMS and for all bounded
f: XxY — R we have

1
lim =Y " foZ =Epf in probability . (2)
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Properties Related to Laws of Large Numbers:

» If Z is AMS then P is a probability measure on X x Y.
P is called the asymptotical mean distribution of Z.

» |f Z satisfies WLLNE then it is AMS and for all bounded
f: XxY — R we have

1
lim =Y " foZ =Epf in probability . (2)

» Analogous results for SLLNE.
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Properties Related to Laws of Large Numbers:

» If Z is AMS then P is a probability measure on X x Y.
P is called the asymptotical mean distribution of Z.

» |f Z satisfies WLLNE then it is AMS and for all bounded
f: XxY — R we have

1
lim — foZ =Epf i ili . 2
Jim Z o p in probability u (2)

» Analogous results for SLLNE.

» Z satisfies weak law of large numbers (WLLN)
if (2) holds for all f € L;(P).
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Properties Related to Laws of Large Numbers:

» If Z is AMS then P is a probability measure on X x Y.
P is called the asymptotical mean distribution of Z.

» |f Z satisfies WLLNE then it is AMS and for all bounded
f: XxY — R we have

1
lim — foZ =Epf i ili . 2
Jim Z o p in probability u (2)

» Analogous results for SLLNE.

» Z satisfies weak law of large numbers (WLLN)
if (2) holds for all f € L;(P).

» Z satisfies strong law of large numbers (SLLN)
if convergence in (2) is almost sure for all f € L1(P).
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Uncorrelated and independent processes:

» “Classical” weak law of large numbers.
If all image processes 15 o Z are uncorrelated then:
Z satisfies WLLNE < Z is AMS.
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Uncorrelated and independent processes:

» “Classical” weak law of large numbers.
If all image processes 15 o Z are uncorrelated then:
Z satisfies WLLNE < Z is AMS.

» Classical strong law of large numbers.
Z i.i.d. = Z satisfies SLLN.
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Uncorrelated and independent processes:

» “Classical” weak law of large numbers.
If all image processes 15 o Z are uncorrelated then:
Z satisfies WLLNE < Z is AMS.

» Classical strong law of large numbers.
Z i.i.d. = Z satisfies SLLN.

» If all image processes 15 o Z are independent we have:
Z satisfies SLLNE & Z is AMS.
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Uncorrelated and independent processes:

» “Classical” weak law of large numbers.
If all image processes 15 o Z are uncorrelated then:
Z satisfies WLLNE < Z is AMS.

» Classical strong law of large numbers.
Z i.i.d. = Z satisfies SLLN.

» If all image processes 15 o Z are independent we have:
Z satisfies SLLNE & Z is AMS.

» Etemadi, 1981:
Z identically distributed and pairwise independent
= Z satisfies SLLN.

» Further generalizations (e.g. backward martingales) ...
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Laws of Large Numbers Fundamental Definitions and Simple Results
Examples

Other Processes satisfying an LLN:

» Birkhoff's theorem
Z stationary and ergodic = Z satisfies SLLN.
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Fundamental Definitions and Simple Results

Laws of Large Numbers
Examples

Other Processes satisfying an LLN:

» Birkhoff's theorem
Z stationary and ergodic = Z satisfies SLLN.

» Z homogeneous Markov chain, then:
Doeblin condition = SLLN
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Losses, Risks, and Consistency
Learning From Dependent Observations A general consistency result

Loss functions:

» L: X x Y xR —[0,00) is called loss function. We say that
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Learning From Dependent Observations A general consistency result

Loss functions:

» L: X x Y xR —[0,00) is called loss function. We say that
» continuous/convex if L(x,y,.) : R — [0,00) is so for all x,y.
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Loss functions:

» L: X x Y xR —[0,00) is called loss function. We say that

» continuous/convex if L(x,y,.) : R — [0,00) is so for all x,y.
> locally bounded if L|xxyxa is bounded for all bounded A C R.

Ingo Steinwart Learning from Dependent Observations



Losses, Risks, and Consistency
Learning From Dependent Observations A general consistency result

Loss functions:

» L: X x Y xR —[0,00) is called loss function. We say that

» continuous/convex if L(x,y,.) : R — [0,00) is so for all x,y.
> locally bounded if L|xxyxa is bounded for all bounded A C R.
» margin-based if Y = {—1,1} and L(x,y, t) = ¢(yt).
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Losses, Risks, and Consistency
Learning From Dependent Observations A general consistency result

Loss functions:

» L: X x Y xR —[0,00) is called loss function. We say that
continuous/convex if L(x,y,.) : R — [0,00) is so for all x, y.
locally bounded if L|xxyxa is bounded for all bounded A C R.
margin-based if Y = {—1,1} and L(x,y,t) = o(yt).
distance-based if Y =R and L(x,y,t) = ¢(y — t).

v vy VvYy
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Losses, Risks, and Consistency
Learning From Dependent Observations A general consistency result

Loss functions:

» L: X x Y xR —[0,00) is called loss function. We say that
continuous/convex if L(x,y,.) : R — [0,00) is so for all x, y.
locally bounded if L|xxyxa is bounded for all bounded A C R.
margin-based if Y = {—1,1} and L(x,y,t) = o(yt).
distance-based if Y =R and L(x,y,t) = ¢(y — t).

» Risk of a function f : X — R is

v vy VvYy

Rep(f) = / L(X,y, f(x)) dP(x,y).
XxY
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Learning From Dependent Observations A general consistency result

Loss functions:

» L: X x Y xR —[0,00) is called loss function. We say that

continuous/convex if L(x,y,.) : R — [0,00) is so for all x, y.
locally bounded if L|xxyxa is bounded for all bounded A C R.
margin-based if Y = {—1,1} and L(x,y,t) = o(yt).
distance-based if Y =R and L(x,y,t) = ¢(y — t).

» Risk of a function f : X — R is

Rep(f) = / L(X,y, f(x)) dP(x,y).
XxY

v vy VvYy

» Bayes Risk is

Lp=inf{R p(f)|f: X = R}.
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Losses, Risks, and Consistency
Learning From Dependent Observations A general consistency result

Consistency:

> Z = (X, Yj)i>1 satisfies WLLNE with asymptotic mean P
and L is locally bounded loss. Then for all bounded
f:X—=Randn >0

n
Rep(f) = lim — Z+1 L(X;, Y;, f(X;))  in probability .
I=ng
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Losses, Risks, and Consistency
Learning From Dependent Observations A general consistency result

Consistency:

> Z = (X}, Yj)i>1 satisfies WLLNE with asymptotic mean P
and L is locally bounded loss. Then for all bounded
f:X—=Rand ng>0

Rep(f) = lim P E L(X,-, Y;, f(X,-)) in probability u.
n—oon—ng .
i=ng+1

Ry.p(f) approximates future empirical error.
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Consistency:

> Z = (X}, Yj)i>1 satisfies WLLNE with asymptotic mean P
and L is locally bounded loss. Then for all bounded
f:X—=Rand ng>0

Rep(f) = lim P E L(X,-, Y;, f(X,-)) in probability u.
n—oon—ng .
i=ng+1

Ry.p(f) approximates future empirical error.
» Learning method £ constructs to every T € (X x Y)" an
fr:X—R.
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Losses, Risks, and Consistency
Learning From Dependent Observations A general consistency result

Consistency:

> Z = (X}, Yj)i>1 satisfies WLLNE with asymptotic mean P
and L is locally bounded loss. Then for all bounded
f:X—=Rand ng>0

Rep(f) = lim — E L(X,-, Y;, f(X,-)) in probability u.
n—oo n — nNg
i=no+1

Ry.p(f) approximates future empirical error.
» Learning method £ constructs to every T € (X x Y)" an
fr:X—R.
» Consistency
L is L-risk consistent for Z if
lim Ry p(fr,) =Rip  in probability .,

where T, := ((X1, Y1), ..., (Xn, Yn)) for n > 1.



Losses, Risks, and Consistency
Learning From Dependent Observations A general consistency result

Consistency of penalized ERM algorithms |

» Penalized ERM algorithm:

Ingo Steinwart Learning from Dependent Observations



Losses, Risks, and Consistency
Learning From Dependent Observations A general consistency result

Consistency of penalized ERM algorithms |

» Penalized ERM algorithm:
— Fix a function class F of functions f : X — R.

Ingo Steinwart Learning from Dependent Observations



Losses, Risks, and Consistency
Learning From Dependent Observations A general consistency result

Consistency of penalized ERM algorithms |

» Penalized ERM algorithm:
— Fix a function class F of functions f : X — R.
— Fix a penalty function pen : (0,00) x F — [0, 0].

Ingo Steinwart Learning from Dependent Observations



Losses, Risks, and Consistency
Learning From Dependent Observations A general consistency result

Consistency of penalized ERM algorithms |

» Penalized ERM algorithm:

FTpastA € argpei]rj_ (pen()\, )+ RLTpast(f))
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Consistency of penalized ERM algorithms |

» Penalized ERM algorithm:

FTpastA € argpei]rj_ (pen()\, )+ RLTpast(f))

Assumptions:
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Consistency of penalized ERM algorithms |

» Penalized ERM algorithm:

FTpastA € arg’rrréijrj_ (pen()\, )+ RLTpast(f))

Assumptions:
» X compact metric space, Y C R bounded.
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Consistency of penalized ERM algorithms |

» Penalized ERM algorithm:

FTpastA € arg’rrréijrj_ (pen()\, )+ RLTpast(f))

Assumptions:

» X compact metric space, Y C R bounded.
» L locally Lipschitz continuous and locally bounded loss.
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Learning From Dependent Observations A general consistency result

Consistency of penalized ERM algorithms |

» Penalized ERM algorithm:

FTpastA € arg’rrréijrj_ (pen()\, )+ RLTpast(f))

Assumptions:

» X compact metric space, Y C R bounded.
» L locally Lipschitz continuous and locally bounded loss.
> limy_open(A, ) =0 and pen(),0) =0.

pen(.,f) : (0,00) — [0, c0) increasing for all f € F.
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Learning From Dependent Observations A general consistency result

Consistency of penalized ERM algorithms |

» Penalized ERM algorithm:

FTpastA € arg’rrréijrj_ (pen()\, )+ RLTpast(f))

Assumptions:

» X compact metric space, Y C R bounded.
» L locally Lipschitz continuous and locally bounded loss.
> limy_open(A, ) =0 and pen(),0) =0.
pen(.,f) : (0,00) — [0, c0) increasing for all f € F.
» Ri1.(0) <1 for all distributions Q@ on X x Y.
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Losses, Risks, and Consistency
Learning From Dependent Observations A general consistency result

Consistency of penalized ERM algorithms |

» Penalized ERM algorithm:

FToastA € arg;nei]r]_ (pen()\, )+ RLvaast(f))

Assumptions:

» X compact metric space, Y C R bounded.

L locally Lipschitz continuous and locally bounded loss.
limy_open(A, f) = 0 and pen(A,0) = 0.

pen(.,f) : (0,00) — [0, c0) increasing for all f € F.

R1,¢(0) <1 for all distributions Q@ on X x Y.

Fx:={f € F:pen(\ ) <1} is pre-compact subset in C(X).
Complexity assumption

v

v

\4

v
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Losses, Risks, and Consistency
Learning From Dependent Observations A general consistency result

Consistency of penalized ERM algorithms |

» Penalized ERM algorithm:

FTpastA € arg?weijﬂ_ (pen()\, )+ RLvaast(f))

Assumptions:

» X compact metric space, Y C R bounded.
L locally Lipschitz continuous and locally bounded loss.
> limy_open(A, ) =0 and pen(),0) =0.
pen(.,f) : (0,00) — [0, c0) increasing for all f € F.
» Ri,0(0) <1 for all distributions Q@ on X x Y.
» Fy:={f € F:pen(\ ) <1} is pre-compact subset in C(X).
> inffe]: R[ﬂp(f) = RI,P'
Approximation assumption

v
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Consistency of penalized ERM algorithms Il

» Consistency of Penalized ERM algorithm:
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Consistency of penalized ERM algorithms Il

» Consistency of Penalized ERM algorithm:
» Let £ be the penalized ERM algorithm described above.
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Consistency of penalized ERM algorithms Il

» Consistency of Penalized ERM algorithm:

» Let £ be the penalized ERM algorithm described above.
» Z = (X, Yi)i>1 stochastic process that satisfies WLLNE.
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Consistency of penalized ERM algorithms Il

» Consistency of Penalized ERM algorithm:

» Let £ be the penalized ERM algorithm described above.
» Z = (X, Yi)i>1 stochastic process that satisfies WLLNE.

Then there exists a positive null sequence (7,) such that for
all nullsequences (\,) with A\, > v, the penalized ERM with
regularization sequence (\,) is L-risk consistent for Z.
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Consistency of penalized ERM algorithms Il

» Consistency of Penalized ERM algorithm:

» Let £ be the penalized ERM algorithm described above.
» Z = (X, Yi)i>1 stochastic process that satisfies WLLNE.

Then there exists a positive null sequence (7,) such that for
all nullsequences (A,) with A, > =, the penalized ERM with
regularization sequence (\,) is L-risk consistent for Z. l.e.

lim Ry p(fr,, An) = Rip in probability p,

n—oo

where T, := ((X1, Y1), ..., (Xs, Ys)) for n > 1.
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Learning From Dependent Observations A general consistency result

Idea of the Proof |

Preparations:
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Idea of the Proof |

Preparations:
> fT,)\n e F n
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Idea of the Proof |

Preparations:
> fT,)\n e F-,
> For R p = flnff pen(A, f) + Ry p(f) we have
b b e

lim R} = .
A TeLPA LP
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Idea of the Proof |

Preparations:
> fT,)\n e F-,
> For R p = flnff pen(A, f) + Ry p(f) we have
b b e

lim R} = .
A TeLPA LP

» There exists a finite e-net G of F).
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Idea of the Proof |

Preparations:
> fT,)\n e F-,
> For R p = fmff pen(A, f) + Ry p(f) we have
b b e

*

lim R} = .
A TeLPA LP

» There exists a finite e-net G of F).
» Standard e-argument shows

sup |R.,7,(f) — Rep(f)| < 2+ sup |Ri1,(8) — Rep(g)|
fEF g€
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Learning From Dependent Observations A general consistency result

Idea of the Proof |

Preparations:
> fT,)\n e F-,
> For R p = fmff pen(A, f) + Ry p(f) we have
b b e

*

lim R} = .
A TeLPA LP

» There exists a finite e-net G of F).
» Standard e-argument shows

sup |R.,7,(f) — Rep(f)| < 2+ sup |Ri1,(8) — Rep(g)|
fEF g€

» WLLNE and union bound gives
lim sup |R.7,(8) — Rep(g)] =0 in probability p.

=00 geg,
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Idea of the Proof Il

» Putting everything together by standard argument shows:
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Idea of the Proof Il

» Putting everything together by standard argument shows:
for all e > 0 and v > 0 we have

lim ,u<{w e iip’RL’P(an(w)’)\) — Rip)\’ > E}) =0
El

n—oo

Ingo Steinwart Learning from Dependent Observations
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Idea of the Proof Il

» Putting everything together by standard argument shows:
for all e > 0 and v > 0 we have
lim u({w e SUp’RLyp(an(w))\) — Rip)\’ > 5}) =0
AZ>y

n—oo0
» Now the assertion follows from a Selection Lemma:
Let F: (0,00) x N — [0,00) be a function with
limp—o0 F(y,n) =0 for all ¥ > 0. Then there exists a
sequence (v,) C (0,1] with
lim v, =0

n—oo
and
lim F(yp,n)=0.
n—oo
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Consistency of penalized ERM algorithms Il

» Consistency of Penalized ERM algorithm:
Then there exists a positive null sequence (7,) such that for
all nullsequences (\,) with A\, > ~, the penalized ERM with
regularization sequence (\,) is L-risk consistent for Z.
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Consistency of penalized ERM algorithms Il

» Consistency of Penalized ERM algorithm:
Then there exists a positive null sequence (7,) such that for
all nullsequences (\,) with A\, > ~, the penalized ERM with
regularization sequence (\,) is L-risk consistent for Z.

» Nobel, 1999:
There exists no learning method that is least square or
classification consistent for all stationary ergodic processes.
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Consistency of penalized ERM algorithms Il

» Consistency of Penalized ERM algorithm:
Then there exists a positive null sequence (7,) such that for
all nullsequences (\,) with A\, > ~, the penalized ERM with
regularization sequence (\,) is L-risk consistent for Z.

» Nobel, 1999:
There exists no learning method that is least square or
classification consistent for all stationary ergodic processes.

» Consequences
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Consistency of penalized ERM algorithms Il

» Consistency of Penalized ERM algorithm:
Then there exists a positive null sequence (7,) such that for
all nullsequences (\,) with A\, > ~, the penalized ERM with
regularization sequence (\,) is L-risk consistent for Z.
» Nobel, 1999:
There exists no learning method that is least square or
classification consistent for all stationary ergodic processes.
» Consequences

» There exists no universal sequence ().
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Consistency of penalized ERM algorithms Il

» Consistency of Penalized ERM algorithm:
Then there exists a positive null sequence (7,) such that for
all nullsequences (\,) with A\, > ~, the penalized ERM with
regularization sequence (\,) is L-risk consistent for Z.

» Nobel, 1999:
There exists no learning method that is least square or
classification consistent for all stationary ergodic processes.

» Consequences

» There exists no universal sequence ().
> In order to find “universal” sequences for classes of processes
we need suitable concentration inequalities.
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Mixing Coefficients

» A and B be two o-algebras on Q.
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Consistency for a-mixing processes

Mixing Coefficients

» A and B be two o-algebras on Q.
» 1 be a probability measure on o(A U B).
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a-mixing processes
Support Vector Machines

. L. Main Result
Consistency for a-mixing processes

Mixing Coefficients

» A and B be two o-algebras on Q.
» 1 be a probability measure on o(A U B).
» a-mixing coefficient

a(A, B, i) == sup |u(AN B) — u(A)u(B)|
Bk
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a-mixing processes
Support Vector Machines

. L. Main Result
Consistency for a-mixing processes

Mixing Coefficients

» A and B be two o-algebras on Q.
> 1 be a probability measure on (AU B).
» a-mixing coefficient
a(A, B.j) == sup (A B) — u(A)u(B)|
AcA
BeB
» (-mixing coefficient

B(A, B, 1) := E, sup|u(B) — E,(B|A)|
BeB
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a-mixing processes
Support Vector Machines

. L. Main Result
Consistency for a-mixing processes

Mixing Coefficients

» A and B be two o-algebras on Q.
> 1 be a probability measure on (AU B).
» a-mixing coefficient
o(A, B, ) = sup| (AN B) = u(A)u(B)|
AcA
BeB
» (-mixing coefficient
B(A, B, i) :==Ey EU%‘U(B) - Eu(B|A)|
€

> p-mixing coefficient

o(A, B, j1) == /;% WAN BL(_AA)L(A)”(B)
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a-mixing processes
Support Vector Machines

. L. Main Result
Consistency for a-mixing processes

Mixing Coefficients

» A and B be two o-algebras on Q.
» 1 be a probability measure on o(A U B).
» a-mixing coefficient

o( A, B, 1) = sup |u(AN B) — u(A)u(B)|
AcA
BeB
» (-mixing coefficient

B(A, B, 1) := By, sup|u(B) — E,(B|A)|
BeB
» p-mixing coefficient
AN B) — w(A)u(B)
o(A, B, ) == sup
( ) AcA 1(A)
BeB
> 2a(A, B, p) < B(A, B, 1) < p(A, B, 1)




a-mixing processes
Support Vector Machines

. L. Main Result
Consistency for a-mixing processes

Mixing Coefficients for processes

» Z stochastic process
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a-mixing processes
Support Vector Machines

. L. Main Result
Consistency for a-mixing processes

Mixing Coefficients for processes

» Z stochastic process

» £ one of the above mixing coefficients.
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a-mixing processes
Support Vector Machines

. L. Main Result
Consistency for a-mixing processes

Mixing Coefficients for processes

» Z stochastic process
» £ one of the above mixing coefficients.
» &-bi-mixing coefficient of Z:

5(34% ia.i) = f(U(Zi)va(Zj)nu) ) i,j =1
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Consistency for a-mixing processes

Mixing Coefficients for processes

» Z stochastic process
» £ one of the above mixing coefficients.
» &-bi-mixing coefficient of Z:

€(27M7 ia.i) = f(U(Zi)va(Zj%M)? i,j =1
» £-mixing coefficient of Z:
&(Z, p,n) = S_gli’f(U(Zi)aU(Zi-f—n)aM): n>1
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a-mixing processes
Support Vector Machines

. L. Main Result
Consistency for a-mixing processes

Mixing Coefficients for processes

» Z stochastic process
» £ one of the above mixing coefficients.
» &-bi-mixing coefficient of Z:

€(27M7 ia.i) = f(U(Zi)va(Zj%M)? i,j =1
» £-mixing coefficient of Z:
&(Z, p,n) = S_gli’f(U(Zi)aU(Zi-f—n)aM): n>1

» classical £-mixing coefficient of Z:

5(27/’L7 n) = Sg?é(U(ZL s 7Zi)7 U(Zi+n7 Zi-l—l—i—m e )7/1/) ) n Z 1.
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Remarks on Mixing Coefficients for processes

» If Z stationary, homogenous Markov chain then

§(Z,p,n) =¢&(Z,1,n)
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Remarks on Mixing Coefficients for processes

» If Z stationary, homogenous Markov chain then

§(Z,p,n) =¢&(Z,1,n)

» For Markov chains we often have exponential decay.
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. L. Main Result
Consistency for a-mixing processes

Remarks on Mixing Coefficients for processes

» If Z stationary, homogenous Markov chain then

§(Z,p,n) =¢&(Z,1,n)

» For Markov chains we often have exponential decay.

» For many other types of processes mixing properties are
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Remarks on Mixing Coefficients for processes

» If Z stationary, homogenous Markov chain then

f(Zvﬂv n) = E(Zvﬂ7 n)
» For Markov chains we often have exponential decay.

» For many other types of processes mixing properties are
known. Examples include ARMA, GARCH, ...

» There exist stationary processes with an arbitrarily slow decay
of mixing coefficients.

» If we have
n i—1

nILrEO%ZZa(Z,u,i,j)zo

i=1 j=1
then Z satisfies WLLNE < Z is AMS.
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Support Vector Machines:

» Support vector machines (SVMs) solve the problem

n

_ 1
arg min )\||f||f.,+; L(xi,yi, F(xi)) (3)
1

=

where
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_ 1
arg min )\||f||f.,+; L(xi,yi, F(xi)) (3)
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=

where
» His a RKHS,
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Support Vector Machines:

» Support vector machines (SVMs) solve the problem
1 n
i FIE+ =) L(xiyi f(x)
o iy A7+ D Ll () 3)

where

» His a RKHS,
» T = (1), (Xn¥n)) € (X X Y)"is a training set,
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Support Vector Machines:

» Support vector machines (SVMs) solve the problem

. 1y
arg min N - Z L(xi,yi, £(xi)) (3)
i=1

where
» His a RKHS,
» T = (1), (Xn¥n)) € (X X Y)"is a training set,
» A > 0is a free regularization parameter,
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Support Vector Machines:

» Support vector machines (SVMs) solve the problem

1 n
arg min Iflly + n 2 (xi,yi, F(x3)) (3)
where

» His a RKHS,

» T = (1), (Xn¥n)) € (X X Y)"is a training set,
» A > 0is a free regularization parameter,
» L is a loss function.

» For simplicity we only consider:
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Support Vector Machines:

» Support vector machines (SVMs) solve the problem

. ¢
arg min )\||f||f.,+; L(xi,yi, F(xi)) (3)
1

=

where

H is a RKHS,

» T = (1), (Xn¥n)) € (X X Y)"is a training set,
» A > 0is a free regularization parameter,

» L is a loss function.

v

» For simplicity we only consider:
» H RKHS of Gaussian kernel over RY.
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Support Vector Machines:

» Support vector machines (SVMs) solve the problem

. 1y
arg min N - Z L(xi,yi, £(xi)) (3)
i=1

where

H is a RKHS,

» T = (1), (Xn¥n)) € (X X Y)"is a training set,
» A > 0is a free regularization parameter,

» L is a loss function.

v

» For simplicity we only consider:
» H RKHS of Gaussian kernel over R9.
» L hinge loss, i.e. Y ={-1,1} and L(x,y,t) = max{0,1 — yt}.
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Consistency for Mixing Coefficients for processes

Main Theorem (simplified)
Assume that there are constants C > 0 and « € (0, 1] with

1< o
EZEﬂfoZ;—EPf < C|fllun

i=1

n i—1

%ZZ@(Z,u,i,j) < Cn@

i=1 j=1
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Consistency for Mixing Coefficients for processes

Main Theorem (simplified)
Assume that there are constants C > 0 and « € (0, 1] with

1< o
EZEﬂfoZ;—EPf < C|fllun

i=1

n i—1

%ZZ@(Z,u,i,j) < Cn@

i=1 j=1

Then the SVM with regularization () is classification consistent
if Ay — 0 and A\2n® — co.
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|dea of the proof |

» Stability:
For all A > 0 there exists a function hy : X x Y — [-1,1]
such that for all T we have

1
lfpx — fralln < XHEPh)\q) — E7h\®|| 4,

where ¢ : X — H is canonical feature map.
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|dea of the proof |

» Stability:
For all A > 0 there exists a function hy : X x Y — [-1,1]
such that for all T we have

1
lfpx — fralln < XHEPh)\q) — E7h\®|| 4,

where ¢ : X — H is canonical feature map.
» Markov inequality:

u({w €Q: [Er,)m® —Ep,hy®| > a,,})

1

< gﬁﬂwNEm@m¢—Emmmﬁ
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Idea of the proof Il

» Write
gn,i := (hx,®) o (Xi, Vi) — Eu(hy,®) o (X, Y))
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Idea of the proof Il

» Write
8n,i == (h\,®) o (Xj, Yi) = Eu(hy,®) o (Xi, Y7)
» Hilbert space norm:
EW’VNHETn w)h ¢ — EPnh q)H%-I

n
= _ZZ||gan2 +2n~ QZZE gann,j

i=1 j=1

n i—1
207 2072 " " Bou(gnis 8n))

i=1 j=1

IA
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Idea of the proof Il

» Write
8n,i == (h\,®) o (Xj, Yi) = Eu(hy,®) o (Xi, Y7)
» Hilbert space norm:
EW’VNHETn w)h ¢ — EPnh q)H%-I

n
= _ZZ||gan2 +2n~ QZZE gann,j

i=1 j=1
n i—1
-1 -2
< 207142072 " "Eu(gni gnj)
i=1 j=1
» Grothendieck inequality unsures:
Eu<gn,i>gnJ> <c- O‘(Znua I?J)
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» (The few) previous results require stronger conditions in terms
of classical mixing conditions.
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» Polynomial mixing condition can be weakened.

» Reasonable rates are possible by employing stronger
concentration inequalities.

Ingo Steinwart Learning from Dependent Observations



a-mixing processes
Support Vector Machines

. L Main Result
Consistency for a-mixing processes

Remarks

» (The few) previous results require stronger conditions in terms
of classical mixing conditions.

» Polynomial mixing condition can be weakened.

» Reasonable rates are possible by employing stronger
concentration inequalities.

» A similar result holds for other loss functions and bounded
noise.
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Remarks

>

(The few) previous results require stronger conditions in terms
of classical mixing conditions.

v

Polynomial mixing condition can be weakened.

v

Reasonable rates are possible by employing stronger
concentration inequalities.

A similar result holds for other loss functions and bounded
noise.

v

v

A similar result holds for distance-based losses of growth-type
p € [1,2] if p-th moment of noise is finite.
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