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Backgrounds (Model)

fAs a simple example, we consider the rounded data T
{Z1,T9, -, Ty} Which are from
(21,09, ant "5 N, 02). The parameters 1o and o2

are estimated by

-1 . A2 1 SN
,u:gzlaji and ¢ :n_lzl(aj@-—,u).
1= 1=

Let Rejec-Prob denote the rejection probability

p (Vi — ol
210 -

> tn1,0.975>

where t,,_1 0.975 IS the 97.5% quantile of t-distribution with J
Lthe degree of n — 1.

March 2006 — p. 3/:



Backgrounds (Table 1)

(po,o?)

(2.15,0.252)

(2.25,0.252)

(2.35,0.252)

n=10000

(4, VMSE)
(62,V/MSE)
Rejec-Prob

(2.076, 0.074)
(0.080, 0.017)

(2.157, 0.093)
(0.135, 0.073)

(2.274, 0.076)
(0.200, 0.137)

n=200

(i1, VMSE)
(6%2,VMSE)
Rejec-Prob

(2.076, 0.077)
(0.080, 0.024)

(2.157, 0.096)
(0.135, 0.075)

(2.274, 0.082)
(0.200, 0.138)

n=20

(i1, VMSE)
(6%2,VMSE)
Rejec-Prob

(2.076, 0.097)
(0.080, 0.057)

(2.158, 0.123)
(0.135, 0.093)

(2.274, 0.125)
(0.200, 0.145)

n=10

(i1, VMSE)
(62,VMSE)
Rejec-Prob

(2.076, 0.116)
(0.080, 0.079)
0.43

(2.158, 0.149)
(0.136, 0.111)
0.18

(2.274,0.161)
(0.200, 0.154)
0.20

-

March 2006 — p. 4/z



Backgrounds (Table 2)

(1o, 0?)

(2.85,0.252)

(2.75,0.252)

(2.65,0.252)

n=10000

(i1, VMSE)
(62,VMSE)
Rejec-Prob

(2.924, 0.074)
(0.080,0.017)

(2.843, 0.093)
(0.135, 0.073)

(2.726,0.076)
(0.200, 0.137)

n=200

(2, VMSE)
(62,VMSE)
Rejec-Prob

(2.924, 0.077)
(0.080, 0.024)

(2.843, 0.096)
(0.135, 0.075)

(2.726, 0.082)
(0.200, 0.138)

n=20

(4, VMSE)
(62,VMSE)
Rejec-Prob

(2.923, 0.096)
(0.080, 0.057)

(2.842, 0.123)
(0.136, 0.093)

(2.725, 0.125)
(0.200, 0.145)

n=10

(4, VMSE)
(6%2,VMSE)
Rejec-Prob

(2.923,0.116)
(0.079, 0.079)
0.43

(2.842, 0.148)
(0.136, 0.110)
0.17

(2.725, 0.160)
(0.200, 0.155)
0.20

-
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Backgrounds (Results)

. .

rom Tables 1 and 2, we can see

#® When the sample size n is larger than 20, the estimation
results is not improved. The estimates 4 and 62 are
Inconsistent.

® Asn — +oo, itis easily to reject

Hy:pn=pg v.s. Hy: not Hy.

® If up satisfies m < oy < m + 0.5 for any given integer m,
then i underestimates pg; if m + 0.5 < ug < m + 1, then

L overestimates . J
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Model and Problem
-

fWe mainly consider statistical inference of rounded data from
the following MA(p) and AR(p) models which are as follow

Xe=c+e+ Q161+ + Qper_y (1)

and
Xgpp=c+ o1 - Xy + -+ 0pXypi1 + €141 (2)

where ¢, v N(0,0%)fort=1,--- n, = (1, -, dp).

Without loss of generality, assume that only rounded data

~ —~—

X:(}E/h aXn)

can be observed from X = (X4,--- , X,,) which are
Lunobserable. J
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Model and Problem
-

Make statistical inference for unknown parameters (c, ¢, 0%)
based on the rounded data

=

~ ~—

X:(A/X\V/la aXn)

and the above MA(p) and AR(p) models. We can obtain

some properties of estimates (¢, ¢, 62) based on our
estimation procedure:

® consistency (¢, ¢,62) 5 (¢, ¢, 0?)

# asymptotic normality

o -
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Our Estimation Procedure

o .

Define k subsets of the rounded data as follows:

~ ~

(1) X]_ o o o Xp—|—1 A)/Zk_i_l o o o A)/Zk+p+1 o o o X(m—l)k—l—l o o o X(m—l)k—l—p—|-1,

~ ~

(2) Xa+ Xppo Xisz - Xapaz* Ximo btz X (motyospr2:

~ ~ ~

(k) Xp - Xpsp Xow - Xowgp o KXok -+ - Xyl

where m = |(n — p)/k|. Let

P EP(X;—05<X; <X;+05,j=1,--- ,p+1).

o -
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Our Estimation Procedure

. .

hree steps:
o Step (1). Note that

~ ~ —~

(5(/1 T Xp+1)(5(/2p+2 T 5(/3p+2) T (X(m—l)(p+1)+1 T Xm(p—I—l))

form a sample of m iid. p + 1-dimensional random
vectors. Denote by n; the frequency of i in this
sub-sample. Then based on this sub-sample, the MLE
of parameters can be obtained by

maximizing »  n; log p;.

Denote the MLE by (¢;, 5%, @1%

o -
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Our Estimation Procedure

o .

o Step (2). Similarly, by the j-th subset of the sample, we

can construct an MLE (¢;,0 ,A§,¢j), j=2-- . p+1.
o Step (3). Take the averages of the MLE’s as our
estimators of parameters, i.e.

p+1 p+1 p+1 -
Z & Z sz . O@'

o~ ;N ~2 =1
=) T T Tk

o -
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Two Important Lemmas

=

fLemma 1. If Xy, Xo, -+, X, Is a sample of an AR(1) model
with autoregressive coefficient ¢ (|¢| < 1) and normally
distributed innovations, then

g(x1,%x2) — g(x1)g(x2)| < Kg(x1)g(x2)|8|" (3)

exp{ (1—¢?)|o|" ((%2 — )2+ (4, — M)Q)}

202(1 + ¢2F)

(1 T ‘xiQ T :LL‘Q T ’x’i?, T M‘Q)a

where g(x1,x2), g(x1) and g(x2) are the joint densities of
(Xiw Xiy+1y =y Xigy Xigy Xig+1, "+ X’i4)= (Xiw Xiy+1
-, X, and (X, X411, -+, X;,), respectively. Also,
k =iy —i1. Here K is an absolute constant depending on & J
and ¢ only.
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Two Important Lemmas (Continue)

. .

urthermore, for ¢ > 2,

1

/—1
g(xi,xe) = [ o)l < K ) [l* g, x0)
t=1 t=1

oxp{ L M (o = 0 4 o =)}

202(1 + ¢?*)

' [1 T |f152t — M’2 T ’$2t+1 — MP]

where Xy = (I’wt 1 .CIZZ'%), /Ct = i2t+1 — i2t:
ge(X1, -+ ,Xe) = g(x1, -+ ,X)g(X¢e41) - - - 9(x¢) @and K is the
same as in (3).
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Two Important Lemmas (Continue)

fLemma 2. Suppose the assumptions of Lemma 1 hold with
|¢| < 1. Assume that f is a k-dimensional measurable
function such that Ef(X;) = 0 and Ef(X;)f(X;)! = v, exists.
If V =10+ 72+, ] exists and is positive definite, then,
with Z; = f(X;),

=

%(21_1_...4_2@ i>]\7(0,V)

where Vi = Ef(Xl)f(X1_|_j)T — ”YZ

G

o -
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Consistency and Asymptotic Normality

o .

» Theorem 1. The estimates (¢, ¢, 52) obtained by

proposed estimation procedure based on X1, --- , X,
are consistent.

® Theorem 2. Under some conditions, then the AMLE

(¢, ,52) are asymptotically multivariate normally
distributed, that is,

c—c
Z d-¢ | ~NO IO VLI )
L W

where I(0) and V,, are given in the proof.

o -
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Simulation Setup

- .

imulation Setup:

# Simulation Model: AR(1) model
Xt = 0X—1+ €

where (e, -+ ,€p) N N(0,02).
® Rounded data are as follow Xq,--- . X,,.

# Parameter configuration, parameter estimates and their
MSEs are listed in Table 3.

» The Q-Q plots of ¢ based on different parameter are B

L given.
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Simulation Results

f Table 3. Simulation Results (o2 = 1.0) T

n(m) H(MSE) 52(MSE)

¢=0.3 500(5)  0.300(0.0026) 0.999(0.0012)
500(10)  0.298(0.0028) 0.9892(0.0015)
500(5)  0.499(0.0018) 0.990(0.0012)
500(20) 0.464(0.0027) 1.002(0.0015)

¢ =0.5 1000(10) 0.492(0.0010) 0.991(0.0008)
1005(15) 0.493(0.0009) 0.991(0.0009)
1000(20) 0.488(0.0012) 0.995(0.0007)
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Simulation Results

Table 3. (Continue) T

=05 2000(20) 0.493(0.0005) 0.993(0.0003)
10000(20) 0.499(0.0001) 0.998(0.00005)

1000(5)  0.738(0.0007) 0.988(0.0008

¢ =0.75 1000(20) 0.717(0.0017) 0.998(0.0008

2000(5 0.744(0.0003) 0.990(0.0005

)

( )
( ) )
1000(10)  0.732(0.0009) 0.987(0.0009)
( ( ) ( )
1000(40)  0.670(0.0072) 1.018(0.0014)
( ( ) ( )
( ) ( )
( ( )

)
6=09 1000(5)  0.842(0.0064) 0.972(0.0038
1000(10)  0.804(0.013)  0.989(0.0045

-
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Q-Q plots

up-left: (0.3,500,5);

-

down-left: (0.5,500,5);
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Q-Q plots 5 — 8 for (¢, n, m)

-

-0.5)

sqgrt(n/m)(estimate

-0.6
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sqgrt(n/m)(estimate-

02 04
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Quantiles of Standard Normal

Quantiles of Standard Normal
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-

u

B

Q-Q plots 9 — 12 for (¢, n, m)

p-left: (0.5,1005, 15);
down-left: (0.75, 1000, 10);

0.5)

sqgrt(n/m)(estimate-

0.2

-0.2

-0.6

-1.0 -0.6 -0.2 0.2

o]
o

I'I\)'

o 4

N
o}
(o)
o
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=

up-right:(0.75, 1000, 5)
down-right:(0.75, 1000, 20)
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Q-Q plots 13 — 16 for (¢, n, m)

-

up-left: (0.75, 1000, 40);

down-left: (0.9,1000, 5);

-0.75)

)(estimate

-0.6 -0.4 -0.2 0.0

sqrt(n/m

-0.9)

sqgrt(n/m)(estimate

up-right:(0.75, 2000, 5)
down-right:(0.9, 1000, 10)

-0.75)

sqgrt(n/m)(estimate

te-0.9)

sqgrt(n/m)(estima

Quantiles of Standard Normal

-1.0 -0.5 0.0 0.5

Quantiles of Standard Normal

Quantiles of Standard Normal

=

-
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An Example

o .

# Origin of Data: 226 chemical temperature readings per
minute take values at most to one digit after decimal
point from Table Series C from the book Time Series
Analysis (Forecasting and Control) (Box et al. 1994, Third
Edition, P544).

Data: (551, e 755226)-

# This book (P189) suggests that the data satisfy the
following AR(1)model

VIt =0 T—1+ €

where 17 denotes the first difference notation, that is,
VTt = T — Tp—1.

o -
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An Example (Continue)

fF{

esults of Example:

» Estimate of ¢ from this book: ¢ = 0.8.
» Estimate of ¢ from our estimation procedure: ¢ = 0.716.

» Difference of ¢ and ¢: 0.084.

® Reason for the difference: whether to use conventional
methods to directly analyze the rounded data or not.

o -
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Thank you!
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