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Description of the stochastic and the adversarial settings

A slot machine with K arms indexed by {1,..., K} is available.

At each step of a repeated game, the forecaster pulls an arm
It € {1,...,K} and gets some bounded reward Y; (say, in [0, 1])
associated with it.

He only observes the reward Y; corresponding to the arm he chose;
he does not observe the reward he would have got had he chosen a
different arm.

Thus, at round t > 2, he can only base his decision on the past

observations Y7,..., Yi_1.

His aim is to maximize the sum of the obtained rewards (in

expectation or with high probability). @
HEC

.....
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Description of the stochastic and the adversarial settings

i-armed bandits

Stochastic setting:

To each arm k € {1,..., K} corresponds a probability distribution
vy over [0, 1].

The distributions v4, ..., vk do not change during the repeated
game.

The reward Y; obtained at round t by the choice of the arm /; is
drawn independently at random according to v,.

The sum of the rewards equals Y1 4+ ...+ Y, at round n.

In this case, most results concern the expectation of the sum of @

the rewards.
HEC
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Description of the stochastic and the adversarial settings

armed bandits

Stochastic setting (continued):

K distributions v1, ..., vk with respective expectations p1, ..., Uk
are given.

We denote by ;/* = . nrlme Wk the largest expectation.

geeey

At round t, the arm /; is chosen and a reward Y; ~ v}, is drawn
independently.

By the tower rule, E[Y;] = E[u,].

Maximizing the expectation of the sum of rewards is equivalent to

maximizing £
Efug + ...+ ]
and even, to minimizing the expectation of the regret @
HEC

.....

_ *
E[R,]  where  Rp=np*— (uy + ...+ )



Description of the stochastic and the adversarial settings . ] e
Multi-armed t

Stochastic se

Adversarial setting

Adversarial setting:

The rewards are chosen by an opponent player.

For each round t =1,2,.. .,

© the opponent chooses the rewards zy ¢, ..., zk + without
revealing them;
@ the forecaster chooses simultaneously a probability
distribution ps over {1,..., K} and draws an arm /; at
random according to pg;
© the forecaster gets the reward Y; = zj, +;
@ the forecaster only observes Y; while the opponent may
observe p; and /;. i

The goal is still to ensure that the sum of rewards z, 1 + ...+ 20 HEC
is large (with high probability).



Description of the stochastic and the adversarial settings

Multi-armed bandits

Stochastic s g
Adversarial setting

Adversarial setting (continued):

The regret is defined again as the difference between the
performance of the best arm and the one of the forecaster

Rn = k_r?a‘i(K{zk»l +...F Zk,n} - (le,l 4+ ...+ Z/n’n)

9eeey

The heuristic is that if the regret is small, the cumulative reward of
the forecaster should be large.
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Upper bounds on the regret
Extension: Short ath problems
Minimax order of magnitude of the regret

Randomized strategies for the adversarial setting

The key idea is to first estimate the unobserved rewards
Zl,t, e 7ZK,t-

The estimates are given, for all k, by
~ th,t
Zper = — =k
pt7t {t }
We denote by E; the conditional expectation at round t with
respect to the information available to the forecaster and the

opponent player at the beginning of round t.

(This fixes the values of p; and of the z +, only the choice of /;
according to p; involves randomness.)

a

1
HEC
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Upper bounds on the regret
ath problems
nitude of the regret

Randomized strategies for the adversarial setting

The key idea is to first estimate the unobserved rewards
Zl,t, e 7ZK,t-

The estimates are given, for all k, by

Zkt = 7%1
k, ly=k
t P { }

t7t

We denote by E; the conditional expectation at round t.

The estimates above are (conditionally) unbiased: since /; is
distributed as py,

. z z
E; [Zk,t] = 2kt E; [H{/tzk}} = 2t Pkt = Zk,t
Pkt Pkt 5
See Auer, Cesa-Bianchi, Freund, and Schapire '02. @
HEC
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Upper bounds on the regret
Extension: Short ath problems
Minimax order of magnitude of the regret

Randomized strategies for the adversarial setting

Actually, for technical reasons, we consider in a first time the
estimates
1-— th7t

/Z\k,t - ]. -
Pl t

L=k}

which are still conditionally unbiased.

Exponentially weighted average predictor (version 1)

With a parameter n > 0 to be tuned: p; is uniform and for t > 2,
exp (77 Yo 3k,s)

b

K —1x ra

Zj:l exp (7] 22:1 Zj,S) @

HEC

PARIS
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Upper bounds on the regret
Extension: Shortest path problems
Minimax order of magnitude of the regret

Randomized strategies for the adversarial setting

Theorem

Let n=+/(2InK)/n.

Then for all strategies of the opponent player with rewards picked
in [0,1], the exponentially weighted average predictor using the
estimates zj.; satisfies

max E[zhl +...+ zk,,,} — ]E[le,l +...+2z,0 <V2nKInK

k=1,...,K )
The proof is short and would take only two slides.
@
HEC
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Upper bounds on the regret
n: Shortest path problems
jer of magnitude of the regret

Randomized strategies for the adversarial setting

To get high-probability bounds, one needs to ensure, e.g., that all
arms are pulled sufficiently often by fixing a common lower bound
on the probabilities that they are played.

This is an instance of the exploration — exploitation trade-off.

Exponentially weighted average predictor (version 2: Exp3)

With parameters 1, v > 0 to be tuned: p; is uniform and for t > 2,

exp (N X1 %s)
_'_7

K
ZJ 1 eXP(UZS 1Zj S) K

Pk,t = (1 - ’Y)

This forecaster ensures that with probability at least 1 — § (for e
properly chosen 1 and ) and for all strategies of the opponent,

1
. nfaxK{zk,l + ...+ zkv,,} — (21171 + ...+ z/",,,) <gd n2/3 In 5 HEC

.....

geeey
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Upper bounds on the regret
Extension: Shortest path problems
Minimax order of magnitude of the regret

Randomized strategies for the adversarial setting

Issue: Average behavior fine but too large random deviations
By taking into account the mixing with the uniform distribution, one gets an
additional «yn term in the regret bound.

In addition, various quantities need to be dealt with concentration techniques, e.g., by
Bernstein's inequality for martingales,

n n n

~ ~ 1
E Zjr < g Zj,t + E Var: Zj¢ln = +
t=1 h t=1 t=1 4

where the conditional variances satisfy

2
- ~ 1-7z O
Var B <Ee[22] <21+ <“> Ee[lj—n] | < =
’ Pk,t Y !
Zi
since the remaining 1/py ¢ is of the order of 1/~. @

In total, a term ~n has to be balanced with a y/n/~ term, via the choice y ~ n=1/3, HEC
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Randomized strategies for the adversarial setting Upprpar demails om i (G

Extension: Shortest path problems
Minimax order of magnitude of the regret

Zly t

We use again the estimates z ; = [¢,—ky but bias them.

t,t

Exponentially weighted average predictor (version 3: Exp3.P)

With parameters 7, v, 8 > 0 to be tuned: p; is uniform and for
t>2,

t—1

exp sz 5+ B

pre=(1—7)— -

> exp ZZM

j=1

A
K

The bias terms are used to compensate the main deviation terms @

when applying Bernstein's inequality.
HEC
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Randomized strategies for the adversarial setting Upper bounf:ls em Wiz Vregretr e
Exte Sho ath problems
order of magnitude of the regret

Theor

For properly chosen parameters n, v, 8, and with probability at
least 1 — 0, the regret of the forecaster Exp3.P against any
strategy of the opponent is bounded by

K InK
k—rT,é.‘“)(,K{Zk’l—i_' . .—|—zk’,,} — (le,1+- . .—|—z,m,,) < 64/nKIn g—i—T

See Auer, Cesa-Bianchi, Freund, and Schapire '02
or Cesa-Bianchi and Lugosi '06
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Upper bounds on the

Randomized strategies for the adversarial setting B

Minimax order of magnitude of the regret

Shortest path:

A directed graph indicates the possible paths from A to B. The
paths share some edges and one only observes the time needed on
the edges composing the chosen path.

The regret can be made less than something of the order of
v nKIn K by the previous techniques, but since the number K of
paths can be exponential in the number E of edges,

— a direct implementation is impossible,

— the bound can be bad since it involves a v K factor.

Gyorgy, Linder, Lugosi, Ottucsak’ 08 deal with both issues and it
show an efficient forecaster (with polynomial complexity), whose e
regret bound scales essentially with v/n EIn E. @

.....
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Upper bounds on the regret

Randomized strategies for the adversarial setting EsemsionT, Glneriest i preltiEs

Minimax order of magnitude of the regret

Minimax orders of magnitude:

We consider here, for the sake of simplicity, the expected regret
E[Rn}, where we recall that

R, = k*nleK{Zk’l + ...+ Zk,n} — (Z/l’l + ...+ Zln,n)
We consider the following worst-case quantities,
sup E[R,,] < sup E[Rn] = sup E[R,,] < sup E[R,,]
z My ([o,1]%") Tt ’
where the suprema are taken
— over all stochastic settings Z,

over all joint distributions M, ([o, 1]K") over [0, 1]X", 2
over all individual sequences z ; of [0, 1]X7, @

over all possible strategies 7 of the opponent player picking HEC
rewards in [0, 1].
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Randomized strategies for the adversarial setting pper bouncs on

Mmlmax order of magnitude of the regret

An easy adaptation of the proofs leading to previous results shows
that Exp3.P satisfies

sup E[R,] < OvnKInK

T

where the supremum is taken over all possible strategies 7 of the
opponent player picking rewards in [0, 1].

Auer, Cesa-Bianchi, Freund, and Schapire '02 also proved that

sup E[R,] > > 0VnK

where the supremum is taken over the set Z of all stochastic
settings (i.e., product distributions over [0, 1] parameterized by &
distributions v1, ..., vk over [0, 1]).

The question is to close the gap and determine if /where the v/In KHEC
is needed. 7
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Randomized strategies for the adversarial setting ppe Hnes ©

Mmlmax order of magnitude of the regret

A recent advance is given by Audibert and Bubeck '09.

They exhibit a policy such that

sup  E[R,] =sup E[R,] <OVnK

Ma ([o,1]%7) Zkot

This policy is obtained by a careful generalization of Exp3.P
resorting to general reweightings (other than exponential ones).

This shows that for stochastic settings, individual sequences, and
joint distributions, the minimax orders of magnitude in n and K

are v nK.

They however leave the gap open for the case o
sup E[R,] @
" HEC

.....

where the supremum is taken over all strategies of the opponent.
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Deterministic strategies for the stochastic setting Extension: Continuum of arms

© Deterministic strategies for the stochastic setting
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Finite number of arms

Deterministic strategies for the stochastic setting Extension: Continuum of arms

Stochastic setting, reminder:

K distributions v4, ..., vk with respective expectations ui, ..., ik
are given.

We denote by ;" = max i the largest expectation.

geeey

At round t, the arm /; is chosen and a reward Y: ~ v, is drawn
independently.

We aim at minimizing the expectation of the regret

E[R»] where Ro=np* — (pn + ...+ ) iz

@

1
HEC
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number of arms

Deterministic strategies for the stochastic setting Extension: Continuum of arms

A deterministic strategy:

We denote by

1 R 1
Te(n) =) Ty and  Jikn = () YoV
t=1 t:li=k

the number of times a given arm k was played up to round n and
the average reward it obtained at these rounds.

Upper confidence bound [UCB1] forecaster
Atrounds t=1,...,K, play It = t.

At rounds t > K + 1, play

I € argmax fiy -1 +
k=1,...K

.....

v
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Finite number of arms

Deterministic strategies for the stochastic setting Extension: Continuum of arms

A deterministic strategy, continued:

Theorem
For all stochastic environments, the regret of UCBI is bounded, in
a distribution-dependent sense, as

E[R,] < |8 Z - | Inn+5K .
Ppp <p*

Comments and remarks
— Upper confidence bounds are constructed using
Hoeffding—type inequalities
— We have another instance of the exploration—exploitation
trade-off (use of the empirical averages versus additional
confidence terms that only depend on the number of times a HEC
given arm was pulled)
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number of arms

Deterministic strategies for the stochastic setting Extension: Continuum of arms

A deterministic strategy, continued:

Lai and Robbins '85 showed that any “good” forecaster is bound
to suffer a regret larger than C In n, where C is a
distribution-dependent constant (whose value they discuss more
precisely).

A simple adaptation of the proof of the distribution-dependent
bound for UCB1 leads to a distribution-free bound, which is
optimal up to a V/In n factor in view of the previous results.

The regret of UCBI is bounded, in a distribution-free sense against
all stochastic environments supported by [0, 1], as

2
sup E[ ] OvnKinn . @
tEC

.....
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Finite number of arms

Deterministic strategies for the stochastic setting Extension: Continuum of arms

Continuum of arms:

In somewhat more complicated stochastic scenarios, there are
uncountably many arms x indexed by some topological space X.

To each arm x corresponds a distribution v, with expectation .

A minimal requirement is that x € X — uy is continuous, but
depending on the context, stronger regularity assumptions are
made.

The goal is still to have a o(n) bound on the regret.

Early references: Agrawal '95, Kleinberg '04 o

Hierarchical algorithms based on UCB1: Kocsis and Szepesvari '06;@
Gelly, Wang, Munos, Teytaud’' 06; Coquelin and Munos '07; ¢
Bubeck, Munos, Stoltz, Szepesvari '09 HEC
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Stochastic setting, m
A different ex 0 on trade-off

Reward of a recommendation instead of a cumulative reward

@ Reward of a recommendation instead of a cumulative reward %
@ Stochastic setting, modified goal @
o A different exploration—exploitation trade-off HEC
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Stochastic setti dified goal

A different exploration—exploitation trade-off
Reward of a recommendation instead of a cumulative reward

New goal:

Before, we were interested in getting large cumulative rewards
Y1+ ...+ Y, and had to perform exploration and exploitation at
the same time.

Which are the links with the identification of a good arm? (On
purpose | did not write the best arm.)

The quality of an arm j is given, say, by A; = pu* — p;, the
difference between the expectations of the rewards it yields and the e

izl

ones generated by the best arm. @
HEC



Stochastic setti dified goal

A different exploration—exploitation trade-off

Reward of a recommendation instead of a cumulative reward

New repeated game:

Parameters: K probability distributions for the rewards of the
arms, v, ..., VK, With expectations 1, ..., g

For each round t =1,2,...,

@ the forecaster chooses I; € {1,..., K} according to some
probability distribution p¢;

@ the environment draws the reward Y; for this action,
independently from vy,;

@ the forecaster outputs a recommendation J; € {1,..., K},

possibly at random according to some distribution q; £

@ if the environment sends a stopping signal, then the game @

takes an end; otherwise, the next round starts.
HEC
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Stochasti
A different e

Reward of a recommendation instead of a cumulative reward

New assessment of the quality of a strategy:

The simple regret at round n is defined as
rn = /‘I’* - :LLJn = AJn

and we will mostly be interested in E[r,,].

Note that this criterion is smoother than the probability of finding
the best arm,

IP’{J,, € argmax ,uk}
k=1,...K

and that the links with the expectation of the cumulative regret

E[Rn}:n,u*—E{u/l—i-...—i-MIn} @

.....

are not that obvious at first sight.
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Stochastic setting, modified goal

A different exploration—exploitation trade-off
Reward of a recommendation instead of a cumulative reward

Simple strategies:

Note first that a strategy in this setting is given by a pair of two
sub-strategies,
— an allocation strategy that determines the p; and thus the
pulled arms I;;
— a recommendation strategy that determines the q; and thus
the recommended arms J;.

Here are two simple recommendation strategies,

— the empirical distribution of plays chooses

1 n
qn:n;(slt;

&
— the most played arm is given by @
n
Jn € argmax Ti(n) = argmax Z Lir—ky HEC
k=1,..,.K k=1...K 1
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Stochastic setting, modified

A different exploration—exploitation trade-off

Reward of a recommendation instead of a cumulative reward

A small cumulative regret entails a small simple regret:

Lemma

For all allocations strategies with cumulative regret denoted by R,
the simple regret r, of the recommendation strategy based on
them is bounded by,

P E[R,]

— for the empirical distributions of plays, Elr] < —
E[Rn]
— for the most played arm, E[rm] < K —

It is however difficult to say something universal about the i
recommendation formed by the arm with the current best average @

reward. HEC
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Stochastic setting, modified goal

A different exploration—exploitation trade-off
Reward of a recommendation instead of a cumulative reward

However, too small a cumulative regret entails a large simple regret:

Theorem (Bubeck, Munos, Stoltz '’

For any pair of allocation and recommendation strategies and any
function € : {1,2,...} — R such that

for all (Bernoulli) distributions v, ..., vk on the rewards, there
exists a constant C > 0 with E[R,| < Ce(n),

the following holds true:

for all sets of K > 3 distinct Bernoulli distributions on the
rewards, with parameters different from 1, there exists a
constant D > 0 and an ordering v1, ..., vk of the considered
distributions such that

e

E[fn} 2 % min{Ak A > 0} e—De(n)

Gilles Stoltz Stochastic and adversarial multi-armed bandit problems



Stochastic setting,

on trade-off
Reward of a recommendation instead of a cumulative reward

Comments and consequences:

For instance, when using UBC1 as an allocation strategy,

£(n) = In n and the rate of decrease of the simple regrets towards 0
is at fastest polynomial, no matter how clever is the
recommendation strategy.

On the other hand, it can be shown that with a uniform allocation
strategy (pull all arms sequentially), the rate is exponential, as
suggested by the theorem (since R, is linear in n).

However, simulation studies showed that these results had
essentially an asymptotic meaning (when n is large).

In Bubeck, Munos, Stoltz '09, we provide bounds when using
UCB1 as an allocation strategy in the case of moderate values
of n. They are better than the ones that can be proved for the  rc
uniform allocation. "
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