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Motivations

We would like to describe a population of individuals spread on
RR? (for instance). Each of them has a type, transmitted from
parents to offspring.

Local reproduction: Offspring are born in a neighbourhood of
their parents + finite neighbourhood size.

Correlated deaths: Each demographic event occurs in a given
area, and only the individuals present in this area
are affected and potentially killed.

Continuous space: Many models already exist, in which the
population is structured into discrete communities
(stepping stone model, voter or contact model).
Their formulations do not allow to pass to a model
with continuous space.
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Questions

@ How do the size and distribution of the population evolve ?
@ What are the spatial distribution and the frequency of
individuals of a given type within the population ?

@ What does the genealogy of a finite number of individuals
look like ?
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Let K be the type space, assumed to be compact. Let = be the
set of all measurable functions ¢ : R2 — M (K).

Interpretation : ®(x) is the distribution of the type of an
individual sampled at site x.
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Model

Let K be the type space, assumed to be compact. Let = be the
set of all measurable functions ¢ : R2 — M (K).

Interpretation : ®(x) is the distribution of the type of an
individual sampled at site x.
We fix

@ a o-finite measure p on Ry,

@ a collection {v,, r > 0} of probability measures on [0, 1].

Let N be a Poisson point process (PPP) on R, x R? x R with
intensity dt ® dz ® p(dr).
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Definition

The spatial A-Fleming-Viot process {®;, t > 0} is the Markov
process with values in =, evolving as follows. If (t,z,r) € I,
then a parameter u is chosen according to v,, a point x is
chosen uniformly at random in B(z, r) and a type k is sampled
according to ®;_(x). Foreach y € B(z,r),

®e(y) = (1 — u)®r_(y) + uéy,

and &(y') = o (y) ify' ¢ B(z,r).
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Hypotheses
In order to be able to define this process, we assume that:

) /0 h /O " Py (duyu(dr) < o

= A given “individual” is affected by a reproduction event
at a finite rate.

/ 1A |x]2 (/XW/ NZ )u(dr))dx< 50,

where L;(x) = Vol(B(0,r) N B(x,r)).
= The spatial motion of an ancestral lineage is a Lévy
process.




Model

Existence

Theorem 1.1

Under these assumptions, the spatial A-Fleming-Viot process
exists and is unique in law. Furthermore, it is Feller.

The proof is a modification of a result of Evans. [Coalescing
Markov labelled partitions and a continuous sites genetics
model with infinitely many types, 1997]

Idea : If we sample nindividuals in the population at time 0 and
trace back their histories, we obtain a system of n coalescing
(dependent) Lévy processes. We then use a functional duality
relation to define ¢ from these systems.
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Notation

For each L € N, let T(L) C R? be the torus of length L. We fix
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Notation

For each L € N, let T(L) C R? be the torus of length L. We fix

@ ac (0,1].
@ An increasing sequence (p.)en With values in (0, o] and
such that p; — .
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Notation

For each L € N, let T(L) C R? be the torus of length L. We fix

@ ac (0,1].
@ An increasing sequence (p.)en With values in (0, o] and
such that p; — .

@ Two o-finite measures us and ug on [0, 00), such that there
exist R, Rg < oo bounding their supports.
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Notation

For each L € N, let T(L) C R? be the torus of length L. We fix

@ ac (0,1].

@ An increasing sequence (p.)en With values in (0, o] and
such that p; — .

@ Two o-finite measures us and ug on [0, 00), such that there
exist R, Rg < oo bounding their supports.

@ Two collections {v2,r > 0} and {2, r > 0} of probability
measures on [0, 1].
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Evolution for a fixed L

Two types of events:

Small events given by a PPP 17 on R x T(L) x R with
intensity dt ® dx ® us. If (¢, x,r) € N, the centre of
the event is x, its radius is r and the fraction of
individuals replaced is chosen according to v;.
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Evolution for a fixed L

Two types of events:
Small events given by a PPP 17 on R x T(L) x R with

Big events

intensity dt ® dx ® us. If (¢, x,r) € N, the centre of
the event is x, its radius is r and the fraction of
individuals replaced is chosen according to v;.
given by a PPP M8 on R x L=°T(L) x R with
intensity p; ' dt ® dx ® ug, indep. of NS, If

(t,x,r) € I'ILB, the centre of the event is L%x, its
radius is L%r and the fraction of individuals
replaced is chosen according to /2.
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Evolution for a fixed L

Two types of events:

Small events given by a PPP 17 on R x T(L) x R with
intensity dt ® dx ® us. If (¢, x,r) € N, the centre of
the event is x, its radius is r and the fraction of
individuals replaced is chosen according to v;.

Big events given by a PPP I'If on R x L7*T(L) x Ry with
intensity p; ' dt ® dx ® ug, indep. of NS, If
(t,x,r) € I'ILB, the centre of the event is L%x, its
radius is L“r and the fraction of individuals
replaced is chosen according to /2.

We assume that the previous conditions on us, uug, v§ and 8
are fulfilled, and AL denotes the system of coalescing Lévy
processes that describes the genealogy of n individuals.
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Question

We define foreach n > 2
L
— n
r(Ln) = {5} € (L) | 412 oo Vi,
ral,n) = {{(31,Xa1),...,(ak,xak)}markedpart.of{1,...,n}

St {Xay. . Xa )} € T(L, k)}.

What does the genealogy of nindividuals, sampled at time
t =0 atsites {xy,...,xn} € [(L,n), look like as L — oo ?
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Convergence of A : o < 1

Theorem 2.1

Suppose o < 1. Let n € Nand let A, € T 4(L, n) have exactly n
blocks for every L. Then,

Lp, ({bU(A (wit), t > 0}) = Lp,, (K) as L — oo,

where bl(A) is the unmarked partition induced by A, K is
Kingman’s coalescent and

(1= LPlogL ¢ Lza

27ra§L2& oL %
_ (1—a)L?log L o 2o 2> log L
wp = Sn(o24bol) fL - = b € [0, 00) and o~ %0
[?log L o (L4 pL
oo’ if (W)LEN bounded or gLl 0.



Genealogies on a large torus

Kingman'’s coalescent

Definition

Kingman’s coalescent K is the Markov process with values in
the set of partitions of N such that its restriction to the partitions
of {1,...,n} is also a Markov process, evolving in the following
manner: each pair of blocks merges at rate 1, independently of
each other, until the process reaches the absorbing state

{1,...,n}.
In other words, the transition rates of X on the set of all
partitions of {1,..., n} are given by: for every = # 7/,

1 ifn' Com
N )
glr =) = { 0 otherwise.
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Convergence of A : o =1

Theorem 2.2

Suppose ¢ = cL. Letne N, let x1, ..., X, € T(1) be distinct and let (A;);>
be as previously.
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Convergence of AL : o = 1

Theorem 2.2

Suppose ¢ = cL. Letne N, let x1, ..., X, € T(1) be distinct and let (A;);>
be as previously.

i IfprL=2 — b e [0, 00),

£ ({40010 = 1,057
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Convergence of AL : o = 1

Theorem 2.2
Suppose ¢, = cL. Letn € N, let xy, ..., X, € T(1) be distinct and let (A.).>1
be as previously.

i — e s

£ ({40010 = 1,057

2
i If prL=% — oo and 3558 — € [0, 00),

Lz, ({bI(A (pe1), t > 0}) = Le,, (N*).
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Convergence of AL : o = 1

Theorem 2.2
Suppose ¢, = cL. Letn € N, let xy, ..., X, € T(1) be distinct and let (A.).>1
be as previously.

i If puL™ — b [0, 00),

£ ({40010 = 1,057

2
i If pLL_2 — 00 and 2L7;‘|7059PLL N ,8 c [0700),

Lz, ({bI(A (pe1), t > 0}) = Le,, (N*).

P i 2
iii Otherwise, if we set w, = L2 |ogzL’

TOg

Lr,, ({bI(A"(wi)), t > 0}) = Ly, (K).
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Limiting processes

Definition
Let b > 0,c¢ > 0. AP is the Markov process with values in
the set of marked partitions (the labels belonging to T(1))
defined by:
@ Between two large events, the block labels perform
independent Brownian motions with speed ba2 on T(1).
@ Blocks jump and merge owing to the big events only
(whose intensity is dt ® dx ® ug(dr) on
R x T(1/¢) x [0,v2/2]).
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Limiting processes

Definition

Let 3 > 0, ¢ > 0. A%C is a coalescent with multiple mergers on
the partitions of N, i.e. a Markov process such that its
restriction to the partitions of {1,..., n} is also Markovian, and
whose transition rates are associated to a finite measure A on
[0, 1] through the relations:

q(r — ') = /01 vE=2(1 — v)M kA (dv)

if 7 has m blocks and 7’ ck 7 (k > 2).

Here, g(m — 7') is given by (V; = Vol(Br1)(0, r)))

(9 1
c? /O /0 (Vert) (1 — Virtt) ™ 0 B(cu)uB(ar) + 6 Szy.
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Gathering time of 2 lineages

Let (¢4) L>1 be a sequence of Lévy processes such that for each
L, ¢* evolves on T(L) and ¢-(1) has a covariance matrix of the
form o21d. We assume that

@ there exists o2 > 0 such that 0? — o2 as L — oc;

@ Eo[|¢t(1)|*] is bounded independently of L.
T(R,¢) = entrance time of ¢ into B(0, R).

Lemma 2.3

log d;
log L

If (d).>1 satisfies d; > 1 for every L and — v €[0,1),

then

N2
17)L'°9Lt]_et _o.

]P)XL |:T(dLa€L) > ( —

lim sup sup
L=0o t>0 x.er(L,1)
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The case a < 1 : 2 lineages

Let us denote the spatial motions of the lineages before they
merge by ¢t and &5, and define XL(t) = ¢k(t) — ¢&(t), t > 0.
X" has the same law as £-(2t) until the first time T; at which it
enters B(0,2RgL").

We apply the preceding lemma to
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The case a < 1 : 2 lineages

Let us denote the spatial motions of the lineages before they
merge by ¢t and &5, and define XL(t) = ¢k(t) — ¢&(t), t > 0.
X"t has the same law as £5(2t) until the first time T, at which it
enters B(0,2RgL").
We apply the preceding lemma to

o (H(t) =L~ Xt(ppt) if p < L2

(1 —a)prL?log L
27’[’0‘%L2O‘

:>TLO<
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The case a < 1 : 2 lineages

Let us denote the spatial motions of the lineages before they
merge by ¢t and &5, and define XL(t) = ¢k(t) — ¢&(t), t > 0.
X"t has the same law as £5(2t) until the first time T, at which it
enters B(0,2RgL").
We apply the preceding lemma to

o (H(t) =L~ Xt(ppt) if p < L2

(1 —a)prL?log L
27’[’0‘%L2O‘

:>TLO<

o (L(t) = L= XE(L2t) if p; L2 — b € [0, 00).

(1 —a)L?log L

=T x ~—F—.
L 2m (0% + bo2)
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a < 1: coalescence time of two lineages
f; = coalescence time of the two lineages.
Proposition 2.4

Let f(L) — oo. Then,
i If pp < L?logL and p; < L2*log f(L),

lim sup Pa, [tt > f(L)pL] =0,

L—oo

where the supremum is taken over all
A = {({1},X1L), ({2},x2L)} such that [xt — x}| < 2RgL®.

lim sup Py [t > f(L)] =

L—oco /

where this time the sup. is taken over all A} such that
Ixk — x£| < 2Rs.
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Conclusion when p; < L?*log L

@ The last two results give the right time scale to consider.
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Conclusion when p; < L?*log L

@ The last two results give the right time scale to consider.

@ We then show that, when two lineages merge, the others
are at distance O(L) of each other.
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Conclusion when p; < L?*log L

@ The last two results give the right time scale to consider.

@ We then show that, when two lineages merge, the others
are at distance O(L) of each other.

@ By symmetry, each pair of lineages has the same
probability of being the first one to meet and merge.
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Conclusion when p; < L?*log L

@ The last two results give the right time scale to consider.

@ We then show that, when two lineages merge, the others
are at distance O(L) of each other.

@ By symmetry, each pair of lineages has the same
probability of being the first one to meet and merge.

We conclude that mergers can only be binary, on the time scale
w; and that in the limit space plays no role, hence Kingman’s
coalescent as a limit.
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a < 1, remaining cases

If there were only small events, we would have when L is large
T/ = T(2Rs, X!) o L2log L.

The mean time two lineages spend at distance at most 2RgL“
of each other before T] is of order L2*log L: if p, > [2*log L,
the two lineages are never affected by the same large event,
and we can make the approximation that their motions are
independent before time 7.

We conclude in the same manner as before, but coalescence is
now due to small events with a probability tending to 1.
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The case oo = 1

i The sequence of generators corresponding to the renormalised
genealogical processes converges uniformly to the generator of
JZloo,b,C.
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The case oo = 1

The sequence of generators corresponding to the renormalised
genealogical processes converges uniformly to the generator of
Aoo,b,cl

We show that, at the first time when the lineages are hit by a big
event (cond. on no pairs having met at distance less than 2R;
before), their locations are asymptotically i.i.d. and uniformly
distributed on the torus:

lim sup
L—oo r(L,n)

Pa,[(ch- . €h)(ef-) € T](LD)] -
i=1
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The case oo = 1

The sequence of generators corresponding to the renormalised
genealogical processes converges uniformly to the generator of
Aoo,b,cl

We show that, at the first time when the lineages are hit by a big
event (cond. on no pairs having met at distance less than 2R;
before), their locations are asymptotically i.i.d. and uniformly
distributed on the torus:

lim sup
L—oo r(L,n)

Pa,[(ch- . €h)(ef-) € T](LD)] -
i=1

Thus, either two lineages are gathered at distance 2Rs and merge
instantaneously before a first big event hits any lineage

(Kingman-type coalescence at rate 2ngm ~ (3), or a big event

L2]
occurs and affects the lineages independently of each other with
probability uVg,.
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Model with recombination

We want to model genealogies at two loci of the same
chromosome when recombination is acting.
Question : how correlated are these genealogies ?
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Model with recombination

We want to model genealogies at two loci of the same
chromosome when recombination is acting.
Question : how correlated are these genealogies ?

We work again on T(L) ¢ R2. We fix
@ ac (0,1].
@ asequence (p.).en such that L=2%p;, — C € [0, o0).
® Rs, Rg < o0, us, ug € (0,1) (fixed radii and proportions).
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Model with recombination

We want to model genealogies at two loci of the same
chromosome when recombination is acting.
Question : how correlated are these genealogies ?

We work again on T(L) c R?. We fix
@ ac (0,1].
@ asequence (p.).en such that L=2%p;, — C € [0, o0).
® Rs, Rg < o0, us, ug € (0,1) (fixed radii and proportions).
@ g, \g two distributions on N s.t. As({1}) < 1.
@ a nonincreasing sequence (r;)en With values in (0, 1].
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Model with recombination

We want to model genealogies at two loci of the same
chromosome when recombination is acting.
Question : how correlated are these genealogies ?

We work again on T(L) c R?. We fix
@ ac (0,1].
@ asequence (p.).en such that L=2%p;, — C € [0, o0).
® Rs, Rg < o0, us, ug € (0,1) (fixed radii and proportions).
@ g, \g two distributions on N s.t. As({1}) < 1.
@ a nonincreasing sequence (r;)en With values in (0, 1].

Standard notation: (a, b) for the types of an individual at both
loci.



Adding recombination

Evolution

Again, two kinds of events:

Small events given by a PPP 7 on R x T(L) with intensity
dt ® dx. Events are of radius Rs. During an event,
we choose k ~ \s and sample k types uniformly in
the area hit. If k = 1, change in B(x, Rs) at time t
is as before. If k > 1, at each site of the affected
area a fraction 1 — ug of the population is not
affected, us(1 — r.) adopts the 2 types of one of
the parents, ugr; inherits its 2 types from two
distinct parents (recombination).
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Evolution

Again, two kinds of events:

Small events given by a PPP 7 on R x T(L) with intensity

Big events

dt ® dx. Events are of radius Rs. During an event,
we choose k ~ \s and sample k types uniformly in
the area hit. If k = 1, change in B(x, Rs) at time t
is as before. If k > 1, at each site of the affected
area a fraction 1 — ug of the population is not
affected, us(1 — r.) adopts the 2 types of one of
the parents, ugr; inherits its 2 types from two
distinct parents (recombination).

given by a PPP M8 on R x L=*T(L) with intensity
p, ' dt @ dx, indep. of M$. Event takes place in
B(L*x, L*Rg), and we choose the number of
parents according to Ag. No recombination.
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More notation

Fix 8 € [0, 1]. We sample two individuals at distance O(L?) on
T(L), types denoted by (A, B) and (a, b).

4, = coalescence time of the lineages ancestral to A and a
(first locus),

75, = coalescence time of the lineages ancestral to B and b
(second locus),

L _ L L
T —TAa/\TBb.

We are interested in the correlation between 75, and 75,.
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One locus, again

If we concentrate on the first locus, extensions of the previous
results (3 = 1) give

Proposition 3.1
Suppose (5 € («, 1]. Then,
i Forallte[s,1],

lim P[r% p2(t-ay) = b=
LLOO [74a > pL ) t—a
i Forallt> 0,
. 1—« _ B—a _
L 2(1-a) — T et
Lllm P74, > 52 pLL log L. t =4 ¢

Similar to Cox & Griffeath 1986 or Zahle, Cox and Durrett 2005.



Adding recombination

Two loci

Theorem 3.2
Suppose 3 € («, 1] and

log (1 4 ‘292
lim sup —g( o)

< — Q.
MSUP—SlogL =@

Then,
i Forallte|[g,1],

; L 2(t—a (B - 04)2
Jim Plr > pu 2] = r—
i Forall t >0,
1- _(B-a)?
(1—a)
I|m P o log L. t = 72
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Two loci (2)
Theorem 3.3
Suppose 3 € (a, 1] and there exists v € (5, 1) s.t.

log (1 + 292L)

pL

s 2logL R

i Then, for all t € [3,],

L[mooP[TL > pLLz(tia)] = B —
i forallte (v,1],
I|m IP[TL > pLLZ(Ifoc):I — (/8 — Oé)(’y — a)z .
L— oo

(v —a)(t —a)?’
iii forallt > 0,

- Lt 1-a oi-q _(B=a)(y—a)
Lan;oP T 2mo? pik log L. 1] = (v—a)(1 —a)?
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Conclusion

@ Recall good rescaling of the lineages: multiply time by p;,
scale down space by L®. Explains the formulation of the
timescale of coalescence.

@ Time the genealogies need to decorrelate is of the order of
pu(1+ %80,

rpL

e If the lineages start at distance > L*(1 + '3&“)”2 no
chance that they coalesce before decorrelation occurs and

so genealogies are eventually independent.

@ Otherwise, first period of complete correlation (no
recombination occurs) and phase transition at timescale on
which decorrelation occurs. Then, genealogies become
independent.
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Effective recombination time

After recombination, lineages remain very close and so can
coalesce again, and so on.

Question : How much time do 2 lineages starting in the same
individual need to look as if they were evolving independently ?

St .= first time the lineages are hit by a large event while not in
the same individual (effective recombination time).



Adding recombination

Effective recombination time

After recombination, lineages remain very close and so can
coalesce again, and so on.

Question : How much time do 2 lineages starting in the same
individual need to look as if they were evolving independently ?

St .= first time the lineages are hit by a large event while not in
the same individual (effective recombination time).

Proposition 3.4

There exist 61,02 > 0 s.t. for all # > 6> and every non vanishing
(¢1)Len, We have for L large enough

Po [SL > pLoL (1 + 9|Og(gprL)>] < g %o,
rpL



Adding recombination

Separation time

T(LR )= = first time the lineages separate at distance > 3RgL*.

Corollary 3.5

There exists 63 > 0 s.t. if ¢, — oo and 6 > 6,, for L large
enough we have

0lo _
T > 1+ 2200 < o

Then, if X4 is the rescaled separation of A and B:

Proposition 3.6

”h(TL)LeN is s.t. (log L)% (1 +9824) < T; < LlégL for every L,
then

lim IPO[|XAB (To)| ¢ [ L,\/ﬁlogLH =0.



Model Genealogies on a large torus Adding recombination Perspectives

Proof of the theorems

Under Condition (1):

@ The separation time is less than p.L%#~), and so no chance that any
pair A, aor B, b coalesce by this time.

@ Thus, at p, L2A~) the situation is “symmetric” and all lineages are at
distance O(L?).

@ From previous work, we know the first gathering or coalescence time of
any pair of lineages and each pair has the same chance to be involved
in that event. THUS: the first pair may not be one of those we are
interested in.

@ Last argument: comparison with a system of 4 independent lineages
and coalescence time replaced by gathering time at distance less than
2RgL".

Under Condition (2):
@ First period with no recombination at all.

@ Then phase transition on timescale of separation, followed by
decorrelation since then Condition (1) holds.
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Next questions

Forwards-in-time evolution, K = {0, 1}. Cox, Durrett et
Perkins (2000) showed that the voter model with time and
space suitably rescaled converges to super-Brownian motion.

@ If the areas where reproduction events take place have
bounded radii, the same renormalization of ¢ should also
converge to SBM.

@ If the distribution of the event radii has a heavy tail, can we
find a renormalization of ® which converges ?

(work in progress with N. Berestycki and A. Etheridge)
Towards a more complicated model : incorporate selection

(work in progress with A. Etheridge and F. Yu), mutation, add a
spatial motion of the individuals, ...
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