
Interpolating between Optimal Transport and MMD with Sinkhorn divergences
De-biasing the Sinkhorn loop to prevent the measures’ supports from shrinking.
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1 Optimal Transport + Entropy

If α, β are Radon probability measures on a com-
pact feature space X endowed with a Lipschitz
cost function C : (x, y) 7→ C(x, y) (e.g. 1

p‖x − y‖p),
Entropy-regularized OT (Sch32) is defined through:

OTε(α, β) = Transport Cost + ε · Entropy
= min

06π�α⊗β
〈π, C〉 + ε KL(π, α⊗ β) s.t. π1 = α, πᵀ1 = β

= max
f,g:X→R

〈α, f〉 +〈β, g〉 s.t. maxε
α⊗β

[ f ⊕ g − C ] 6 0

This approximation of the linear OT program can
be solved efficiently using the iterative IPFP-
SoftAssign-Sinkhorn algorithm (Wil69; KY94; PC17),
i.e. coordinate ascent on the dual pair (f, g).

2 Removing the entropic bias

When ε > 0, fuzzy transport plans induce shrinking artifacts (CR03):

Minimize OTε(α, β)
with respect to α

−→

=⇒ Use the unbiased Sinkhorn divergence (RTC17; GPC18; SZRM18):

Sε(α, β) = OTε(α, β)− 1
2OTε(α, α)− 1

2OTε(β, β),

OT(α, β)︸ ︷︷ ︸
Wasserstein

ε→ 0←−−−− Sε(α, β)︸ ︷︷ ︸
Easy to compute

ε→+∞−−−−−−→ MMD−C(α, β)︸ ︷︷ ︸
Kernel MMD

3 Our contributions

Theorem: If e−C(x,y)/ε is a positive definite kernel,

Sε(β, β) = 0 6 Sε(α, β)
Sε(α, β) = 0 ⇐⇒ α = β

Sε(αn, β) → 0 ⇐⇒ αn ⇀ β

Lossβ : α 7→ Sε(α, β) is convex.

In practice: Our PyTorch+KeOps implementation
has a linear memory footprint and outperforms
the standard Sinkhorn loop by two orders of mag-
nitude. It is freely available on pip and at

www.kernel-operations.io/geomloss

4 Geometric Loss functions for measure-fitting applications: GMM-loglikelihood vs. Kernel MMDs vs. Sinkhorn divergences

Wasserstein gradient flow: α = 1
N
∑N

i=1 δxi
, β = 1

M
∑M

j=1 δyj
, minimize Loss(α, β) through gradient descent on the xi’s. Toy model for generative networks and shape registration, without regularizing prior.
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GMM-loglikelihoods ≈ Chamfer distance ≈ Soft-Hausdorff:

If k is a Gaussian kernel of deviation σ, ML-Loss(α, β) = 2σ2〈α− β , log(k ? α)− log(k ? β) 〉
and generalizes the Chamfer distance 〈 α− β , dist( · , supp(β)) − dist( · , supp(α)) 〉
with a SoftMin estimation of the distances to the measures’ supports:

dist2( x, supp(β) ) ' − 2σ2 log
∫

y
exp(−‖x− y‖2 / 2σ2) dβ(y)
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Kernel MMDs ≈ generalized Sobolev norms ≈ Electrostatic energies:

If k is a positive, translation-invariant kernel:

2MMDk(α, β) = sup
f
〈α− β , f 〉 s.t. ‖f‖2

k =
∫

ω∈Rd

1
k̂(ω)
|f̂ (ω)|2 dω 6 1

=
N∑

i=1

N∑
j=1

αiαj k(xi, xj) − 2
N∑

i=1

M∑
j=1

αiβj k(xi, yj) +
M∑

i=1

M∑
j=1

βiβj k(yi, yj)

= Generalization of the Electrostatic Energy(+α,−β) to potentials k(x, y) 6= 1
‖x− y‖

.

=⇒ Screening artifacts, as in Coulombian physics: dampening of the attractive force
generated by the yj’s through the set α of positive charges.En
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1 Optimal Transport ≈ Linear Assignment ≈ SoftAssign:

Sinkhorn divergences are positive and definite generalizations of the Earth-Mover’s distance:
Wasserstein1(α, β) = supf 〈α− β , f 〉 s.t. f is 1-Lipschitz.

They perfectly retrieve global translations and small deformations in the feature space.

5 The multiscale Sinkhorn algorithm

Baseline IPFP-
Sinkhorn loop

x10−−−−−−−→
speedup

ε-scaling heuristic
(KY94)

x10−−−−−−−→
speedup

Coarse-to-fine decomposition
+ Kernel truncation (Sch16)

it = 1,
√

ε = 1.00 it = 4,
√
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√

ε = .031 it = 8,
√

ε = .01

6 Scaling up to millions of samples on the GPU

KeOps library: Kernel Operations on the GPU, with autodiff, without memory overflows.
Provides efficient, online map-reduce CUDA routines through a simple PyTorch interface:
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Gaussian dot product in 3D, on Google Colab

PyTorch
PyTorch+KeOps
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pip install pykeops pip install geomloss
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