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Abstract

It has been known since Lanford that the dynamics of a
hard-sphere gas is described in the low density limit by the
Boltzmann equation, at least for short times. The classical
strategy of proof fails for longer times, even close to equi-
librium. In this paper, we introduce a weak convergence
method coupled with a sampling argument to prove that
the covariance of the fluctuation field around equilibrium
is governed by the linearized Boltzmann equation glob-
ally in time (including in diffusive regimes). This method
is much more robust and simpler than the one devised in
Bodineau et al which was specific to the 2D case.
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1 | INTRODUCTION

The goal of this paper is to study the dynamical fluctuations of a hard sphere gas at equi-
librium in the low density limit. The equilibrium is described by a Gibbs measure, which
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is a product measure up to the spatial exclusion of the particles, and stationary under the
microscopic dynamics.

A major challenge in statistical physics is to understand the long time behavior of the corre-
lations even in an equilibrium regime. Our goal is to prove that the fluctuations are described in
the low density limit by the fluctuating Boltzmann equation on long kinetic times. The present
paper provides a first step of this program, by characterizing the evolution of the covariance of the
fluctuations on such time scales.

Time correlations are expected to evolve deterministically as dictated by the linearized Boltz-
mann equation. At the mathematical level, such a result can be regarded as a variant of the
rigorous validity of the nonlinear Boltzmann equation, which was first obtained for short times
in [22] (see also [9, 10, 13-15, 19, 25, 28]). In fact the same method as in [22], combined with a low
density expansion of the invariant measure, was applied in [30] to prove the validity of the lin-
earized Boltzmann equation. The result in [30] suffered however from the same time restriction
of the nonlinear case, in spite of the fact that the solution to the linearized Boltzmann equation is
globally well defined.

This limitation was finally overcome in [3], in the case of a two-dimensional gas of hard disks.
The method of [3] used, in particular, that the canonical partition function is uniformly bounded
in two space dimensions. For d > 3 the limit is however more singular, as the accessible volume
in phase space is exponentially small. The goal of the present paper is to present a much more
robust method, based on weak convergence and on a duality argument, which does not depend on
dimension. Our analysis is quantitative and the validity holds for arbitrarily large kinetic times,
even slowly diverging. Hence a hydrodynamical limit can be also obtained in the same way as
in [3], but we shall not repeat this discussion here.

The weak convergence method discussed in this paper allows actually to construct the limit of
higher order moments of the fluctuation field and show their asymptotic factorization according
to the Wick rule, providing a central limit theorem and thereby completing the program. This
result, which requires a nontrivial combination with the cumulant techniques developed in [5,
6], will be presented in a companion work [4].

1.1 | The hard-sphere model

The microscopic model consists of identical hard spheres of unit mass and of diameter «.

The motion of N such hard spheres (see Figure 1) is governed by a system of ordinary differential
equations, which are set in DV := (T x R%)N where T is the unit d-dimensional periodic box:
writing x; € T¢ for the position of the center of the particle labeled i and Vi € R for its velocity,
one has

dx: . av; | . . ;
Ly L= (1) — xE <i#j< .
T v, a 0 aslongas |x(t) x](t)l >¢ for1<i#j<N, (1.1)

with specular reflection at collisions:

’ 1
(V.E) ::v?——(v?—v?)-(x?—x?) <X?—X‘€.>
i i €2 i J i J 1 J

1
(vs.) =V 4 — <v? _v%> : (x€ —x€> <x€ —xs.)
J J 52 1 J 1 ] 1 j

if

x:(t) — xj(t) =c. 1.2)
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3854 BODINEAU ET AL.

FIGURE 1 Transportand collisions in a hard-sphere gas. The square box represents the d-dimensional
torus.

The sign of the scalar product (v; — V;.) S(xf — xj.) identifies post-collisional (+) and pre-
collisional (—) configurations. This flow does not cover all possible situations, as multiple
collisions are excluded. But one can show (see [1]) that for almost every admissible initial config-
uration (xl?o, Vfo)l <i<n there are neither multiple collisions, nor accumulations of collision times,
so that the dynamics is globally well defined.

We are not interested here in one specific realization of the dynamics, but rather in a statistical
description. This is achieved by introducing a measure at time 0, on the phase space we now spec-
ify. The collections of N positions and velocities are denoted respectively by X := (x1, ..., Xx)
in T and Vy :=(vy,...,vy) in RV, we set Zy := Xy, Vy) in (T¢ x RHYN, with Zy =
(z1, ..., 2Zy)- Our fundamental random variable is the time-zero configuration, consisting of the
initial positions and velocities of all the particles of the gas (zl.go)i = (xl?o, vigo)i in the phase space

DS, i={ZyeDN/Vi#]j, |x;—x;|>¢}.
The particle dynamics Z3, = (z{, ..., z},) solution of the hard-sphere flow (1.1)~(1.2) with random
initial data Zi?, evolves in DY, (and it is well defined with probability 1). Actually, to avoid spurious
correlations due to a given total number of particles, we shall consider a grand canonical state:
the total number of particles is itself a random variable, which we will denote by N'. The particle
configuration is therefore Z° . = (zi, . zj\f), distributed according to the equilibrium measure as
follows. The probability density of finding N particles in Zy is given by

1 1w

M5(Zy) = ZE NI Ipe, ENMON V), forN =0,1,2, ... 1.3)

with u. > 0 (typical number of particles) tuned as explained below,

N
M(v) := —— exp <_UT> MEN(Vy) := [[ M, (1.4)
P i=1

and the partition function given by

N
=1+ Z - / <H1|xi_xj|>5)<HM(vi)>dXN dVy . 1.5)
TdN xRAN i=1

N>1 i£]
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FIGURE 2 The collision cylinder of diameter ¢ has volume proportional to ¢%~! [v|r, where 7 is the time of
free flight.

In the following the probability of an event A with respect to the Gibbs measure (1.3) will be
denoted P.(A), and E, will be the expected value.

In the low density regime, the density (average total number) of particles is tuned by the param-
eter u, := ¢ ¢~V ensuring that the mean free path between collisions is of order one [16]. With
this choice of u,, (1.3)-(1.5) imply indeed that N (distributed according to a quasi-Poisson process)
satisfies

limE (N )e ! =1,

e—0

and the fraction of volume occupied by the spheres ~ E,(N')e? goes to zero. Furthermore, the
volume covered by a particle (with velocity of order 1) in a unit of time is O(¢?~!) (see Figure 2).
Hence the above scaling relation implies that the typical free flight time between collisions is of
order 1, as well as the mean free path.

If the particles are distributed according to the Gibbs measure (1.3)-(1.5), the limit € - 0
provides then an ideal gas with velocity distribution M.

1.2 | The linearized Boltzmann equation

Out of equilibrium, if the particles are initially identically distributed according to a smooth,
sufficiently decaying function f°, for example according to a grand canonical density

#N ®N

ﬁ 11, (Zn) 9" @y 1.6)
(generalizing (1.3)), then in the low density regime u, — oo, the average behavior is governed for
short times by the Boltzmann equation [22]

O.f +v-V,f :/ / (ft, x,wHf,x,v") — f(t,x,w)f(t,x,v))
Rd J sd-1
X((v-—w)  w), dwdw,
f0,x,v) = fO(x,v)
where the velocities (v, w’) are defined by the scattering law

/ !

vVisv—(v—w) ww, wizw+(v—w) ww. 1.7)
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3856 | BODINEAU ET AL.

At equilibrium, the convergence holds for all times since the Gibbs measure (1.3)-(1.5) is
invariant under the microscopic flow (1.1)-(1.2) and M is a stationary solution to the Boltzmann
equation. In particular, the empirical density defined by

1 N
77.'[5 = Z 6z?(t) (1.8)
Me i = !

concentrates on M: for any test functionh : D - Rand any 6 > 0, t € R,

P.(|7i(h) — E.(75(h))| > &) = 0. 1.9)

It is well-known that the Boltzmann equation dissipates entropy, contrary to the original particle
system (1.1)-(1.2) which is time reversible. Thus some information is lost in the low density regime,
and describing the fluctuations is a first way to capture part of this lost information. As in the
standard central limit theorem, we expect these fluctuations to be of order 1/ \/E . We therefore
define the fluctuation field ¢¢ by

¢E(h) 1= gz (i) — Eo(a(h)) (110)

for any test function h. This process ¢¢ has been studied for short times in [5, 6] and was proved
to solve a fluctuating equation. Here we focus on the time correlation

Cov(t, 8, h) = E.($5(0)S5(R)) - (1.11)

Before stating our main result, let us define the linearized Boltzmann operator
Lgi=—v-Vigt+ [ =~ Mw)w-w) o), [g@") + g(w") — g(v) — g(w)|dew dw
RdxSd-1

which is well-defined in the space L?,, denoting for 1 < p < oo

1

Ly, =42 : T'xRY > R, lglle == </ |g|pdedv>p <oop. (1.12)
T

dyRd

Theorem 1.1 (Linearized Boltzmann equation). Consider a system of hard spheres at equilibrium
in a d-dimensional periodic boxwith d > 3. Let g, and h be two functionsin L12\4' Then, in the low den-
sity regime . — oo, the covariance of the fluctuation field ({;);>o defined by (1.11) converges on R*
to [ Mg(t)hdxdv where g € Lt°°(L12V1) is the solution of the linearized Boltzmann equation

dg=1Lg, (113)

with g;—o = &o-

Remark 1.1. 1t is classical that there is a unique solution to the linearized Boltzmann equation,
which is bounded globally in time in wa (see e.g., Section 7 in [9]).

85UR0| SUOWILWIOD BA IR0 3|edijdde 8y} Aq paupnob aJe sapile O ‘2SN JOSa|n 1o} Ariq1T 8UIIUQ AB]IM UO (SUORIPUOD-PUR-SWRY W0 A8 1M ARe1q1[BUI|UO//:SA1L) SUONIPUOD Pue SWie | 8U} 89S *[£202/0T/Ge] Uo Akl auliuo Ao |im ezusides eewoy 1 AiseAIuN A 02122 edo/200T 0T/10p/L0D A3 1mAteiq 1 jpul|uo//Sdiy Woi pspeojunmod ‘2T ‘€202 ‘ZTE0L60T



LONG-TIME CORRELATIONS | 3857

The limit is stated for any fixed time ¢ > 0, however one can choose t € [0, 8] with 6 diverging
slowly with ¢, as o((log | loge|)!/*). As shown in Section 2, in the case of smooth data h,g, €
W1 (D) there holds for any 7 < 1 < 0

sup Covg(t,go,h)—/Mg(t)hdxdv
t€[0,6]

1
< Clihllwre lIgollw.eo <(93T)1/2 + (09)29/155> :

In particular, the hydrodynamical limits hold true leading to the acoustic equations and Stokes-
Fourier equations, as explained in [3]. Theorem 1.1 is a consequence of this estimate by a density
argument (see Section 2).

Remark 1.2. The same result as Theorem 1.1 was proved in dimension 2 in [3] with a different,
more technical and less robust strategy. The proof presented here could be adapted to the two-
dimensional case, at the price of slightly more intricate geometric estimates (see Appendix B),
but we choose not to deal with this case.

Remark 1.3. Previous work on the (more general) non-equilibrium setting (1.6) has led to con-
struct the Gaussian limiting fluctuation field for short times by using cumulant expansions [5, 6,
25, 26]. For further discussions on the fluctuation theory of the hard sphere gas we refer to these
references, as well as to [12, 27, 28]. By combining cumulant techniques and the weak conver-
gence method of the present paper, we can actually derive the fluctuating Boltzmann equation at
equilibrium for long times (see the companion paper [4]).

1.3 | Strategy and overview

Let us explain now our strategy in a very informal way, referring to Section 2 below for the techni-
cal details. Our goal is to construct the limit of Cov,(t, gy, h) as u, — co. We will therefore compute
expectations of observables of the following type:

JANCACHZACIE (1.14)

A classical way to proceed ([26, 30]) is to introduce the non-equilibrium measure obtained from

the invariant measure by perturbing it with the sum }’, go(zl?o)

N
Ee[[ D g0(22°) |rih) | =: EX (mi(h)).
i=1

To compute expectations of the empirical measure 7;(h) under this non-equilibrium measure,
one transports the non-equilibrium measure along the microscopic dynamics, and then takes its
one-dimensional projection G} (¢):

/ Gi(t, 2)h(z)dz = E2 (nf(h)) . (1.15)
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This leads to consider the whole family of finite-dimensional projections G,i(t) of the
transported measure, namely the so-called correlations functions defined by

/ G (t, Zh(Zy)dZ), = [EEO(ik Z hi (25 (1), ...,zgk(t))> ,  k=1,2,.. (1.16)

Me (i1 yeensikc)

for arbitrary test functions hy, where (i, ..., iy ) are k-tuples of particle labels. In fact, these func-
tions satisfy an infinite hierarchy of coupled linear equations, referred to as the BBGKY hierarchy;
see for example, [12] for the particular application to fluctuation fields.

The explicit, iterated (Duhamel) solution to this hierarchy is the basic formula in the proof
of Lanford [22], and in most of the mathematical literature on the low density regime. Its main
drawback is the above-mentioned time restriction, coming from too many terms in the iterated
formula. This is ultimately due to the fact that we are unable to take advantage of cancellations
between gain and loss terms, and this is true even in our equilibrium setting (as pointed out in
[30D.

In this paper, we propose to take advantage in a more systematic way of the invariance of the
Gibbs measure, in particular exploiting the symmetry between g, and h in formula (1.14). The
general idea is to use the Duhamel iteration of the BBGKY hierarchy, which correlates configura-
tions at time 0 with configurations at time ¢, only when the number of collisions is under control.
In other cases, we would like to identify locally a pathological behavior (typically a set B of tra-
jectories with an anomalously large number of collisions), and prove that the contribution of this
bad set B to the covariance is negligible. To do this we use a time decoupling (and the invariance
of the Gibbs measure), as in the following Cauchy-Schwarz estimate

|E.(¢5(80) CE(M) 1) | < B *EL () EL (€5 (20?) . 117)

In order to implement this intuition, we will actually proceed iteratively, by using the Duhamel
formula on elementary (small) time intervals. There are then two main ingredients:

(i) suitable stopping rules on collision processes. We will use a refined version of the sampling
procedure introduced in [2, 3] (and reminiscent of those explained in [11] in a quantum set-
ting). In essence, one checks trajectories locally in each time interval, and stops at ¢, € (0, t)
when a pathological behavior is found; see Section 2.4 for details.

(ii) a weak convergence argument relating the Duhamel expansion and some geometric repre-
sentation of the correlations. The issue here is to introduce geometric constraints on the
trajectories of finite subsets of particles, using as integration variables the configurations of
particles at time £, and characterizing locally the pathological sets. This representation,
which will be discussed in Section 2.3, is the key tool to rewrite remainder terms as an expec-
tation over symmetric sets of pathological trajectories, allowing an effective time decoupling
(see Equation (2.19) below).

The paper is organized as follows. In Section 2 we setup our strategy, introduce several error
terms and list the corresponding estimates. Section 3 contains a general bound in a L?>-norm (based
on a cluster expansion), which is then used in Sections 4, 5, 6 to control the principal part and the
error terms. The required geometric estimates on recollision sets are discussed in Appendix B,
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restricting this part for brevity to d > 3. Appendix A is devoted to the proof of some a priori
estimates on the moments of the fluctuation field.

2 | PROOF OF THEOREM 1.1. MAIN STEPS
2.1 | Reduction to smooth mean free data

Let us first prove that, without loss of generality, we can restrict our attention to functions gy, h
satisfying

/Mgodz = /Mhdz =0. 21
We start by noticing that there is a constant ¢, such that for all h € LIZW,
Ec(7i(h)) = / M@)h(z)dz . (2.2)

Indeed

(i) = = Z

/ MV, h(z,) dZ,

n>1( _1)'
p
/dle(vl)h(Zl)<£E Z Fe / dZ H 1|x1 x|>£M p(V ))
p>0 Dg 1<i<p
:CE/DM(v)h(z)dz

using the translation invariance. Expanding the exclusion condition [], <i<p 1)y, —x,|>¢ actually
leads to ¢, = 1 + O(¢) but this fact will not be used in the following.
Denoting by (-) the average with respect to the probability measure Mdvdx, and setting g : =
— (g), we get according to (2.2),

E.(75(80)) = E.(n5(h)) =

Now, shifting g, and & by their averages boils down to recording the fluctuation of the total number
of particles (in the grand canonical ensemble)

Cov,(t, g, h) = Cov,(t, 8, h) + <go>[Es(§E(1)§f(fl)) + <h>[Es(§E(1)§S(§o))
+ (h)(go)Ec (¢5(1)),

where we used the time independent field (1) = %(J\/ — E.(N)). Using the time invariance
He

of the Gibbs measure, the time evolution of Cov, is unchanged

8, Cov.(t, gy, h) = 8, Cov.(t, 8o, h)
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and the result follows from (1.13) and the fact that for all functions h; and h, in L12v1
/ M(Lh)h, dxdv = / M(Lhy)h, dxdv.

It will be also useful in the following to work with functions g, and h with additional smooth-
ness (namely assuming g, Lipschitz in space, and both functions to be in L* and not only lew).
For this we notice that we can introduce sequences of smooth, mean free functions (g;)a>o
and (h%),so approximating g, and A in L12v1 as a — 0. By the Cauchy-Schwarz inequality there
holds for all mean free functions h; and h, in L12\4

COVE(t, hl’ hz) = IEg (gé(hl)gtg(hZ))

1 1
2 2

<E(¢5(h)?) 2 E($E(hy)?) 2,

which is bounded uniformly (for small €) by virtue of the a priori estimate (see [28] or Remark 3.3
below)

1
Vhel;, E[(Lh)?)?< Cllhllz . C>o0. (2.3)
In particular
| Cov,(t, 8o, h) — Covg(t,gg,h“)| — 0, a—0,

uniformly in e. In the following, we therefore assume that g, and h are mean free and
smooth.

2.2 | The Duhamel iteration

For any test function h : D — R, let us compute

N N
1
Ee (838065 () = Z-E| | 2 80(() | 2, h(Z()
€ i=1 i=1
Thanks to the exchangeability of the particles, this can be written

E(83(e0X0) = [ Gitt.2) @) dz 24)
where G is the one-particle correlation function

1

p' ‘/DP d22 le+p WF1:+p(t,Z1+p) s

(o8

1
Gi(t,zl) = E
IL{E p=0
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LONG-TIME CORRELATIONS 3861

and Wf\,(t) is defined as follows. At time zero we set

N N
1.0 N N
mwzgv (Zy) := ZF NI 1D;](ZN)M® %% Z; go(zi)» (2.5)
i=
and W7, (t) solves the Liouville equation
WS +Vy-Vx Wi, =0 on D5, (2.6)

with specular reflection (1.2) on the boundary |x; — x;| = e. We actually extend W3, by zero
outside D,.
As a consequence, to prove Theorem 1.1 we need to prove that G:(t) converges for all times
to Mg(t), where g solves the linearized Boltzmann equation (1.13) with initial datum g,.
Similarly for any test function h,, : D" — R, one defines the n-particle correlation function

1

- 1
Gi(t,Z,) := — Z - / AZpi1 - A2y Wiy (6 Zip) 2.7)
HMe p=0 b: DP

so that
1 N
Bl ;go(z;?(O)) <(En)hn(z§1(t),...,zfn(t))> = / Gi(t, Z,) hy(Z,) dZ,, .

Here and below we use the shortened notation for n-tuples
(i1eesin)  i1seenrin €{1,00, N}
ik, j#k

Remark 2.1. From the explicit structure of the Gibbs measure, the following uniform bound is
derived in [30] (see also Lemma 6.1 below)

|G1(0,Z,)| < C"M®"(V,)lIgolo

for some constant C > 0independent of . However, one is unable to propagate this initial estimate
in time improving the rough a priori bound

|GR(t, Z,)| < peCTME (V)lIgollco-

For this reason, the theorem of Lanford cannot be applied iteratively to reach arbitrary times in
this close-to-equilibrium setting; see [30] for details.

Using the Liouville equation (for fixed ¢), we obtain that the one-particle correlation function
Gi(t, x1,v,) satisfies

3,GS +v; - V,, GE = CE G5 (2.8)
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where the collision operator comes from the boundary terms in Green’s formula (using the
reflection condition to rewrite the gain part in terms of pre-collisional velocities):

(C€ GE)(XL vp) - / G;(xl, U{, X1 + €, Ué)((vz —U1) - w), dwdv,
(2.9)
- / G;(xl’ U1, X1 + g, Uz)((vz - Ul) . CO)_ dCUdU2 ,

with as in (1.7)

U,

=0 - - we, V=040 —0) 0.

Similarly, we have the following evolution equation for the n-particle correlation function:

0,Gy+ V- Vx, G =C5, G, on Df, (2.10)
with specular boundary reflection as in (2.6). This is the well-known BBGKY hierarchy (see [8]),
which is the elementary brick in the proof of Lanford’s theorem for short times. As C{ , above,
C; 41 describes collisions between one “fresh” particle (labeled n + 1) and one given particle i €
{1,...,n}. Asin (2.9), this term is decomposed into two parts according to the hemisphere +(v,,; —

vl-)-co>0:

€ €
C'nn+1Gn+1 : chn+1 n+1

with
(C;in+1 Gy 1) (Zn) /G§1+1 (Zr<1>’xt’ v}, X; + €0, 0,1 ) (W1 = 1) - @), dwduyy,
= [ 6@+ 20,00 ) s = ) ) deo s
where (vlf . +1) is recovered from (v;,v,41) through the scattering laws (1.7), and with the
notation

(l>
Z (Z17" ,Zl'_l,ZH_l,...,Zn).

Note that performing the change of variables w — —w in the pre-collisional term gives rise to

(Cn ni1Co ) Zy) 1= / (G +1(Zn X U, X + €, V) ) = Go L (Zy, X — €, Up41))
X ((Upg1 — V) - @), dwdv,,, .

Since the equation on Gj, involves G;, _, obtaining the convergence of G| requires understand-
ing the behavior of the whole family (Gy,),»1. A natural first step consists in obtaining uniform
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bounds. Denote by S;, the group associated with free transport in D, (with specular reflection on
the boundary). Iterating Duhamel’s formula

t
G;(t):sg(t)G;0+/ Sp(t —0)Cy, G (0D dty
0

we can express formally the solution G; (¢) of the hierarchy (2.10) as a sum of operators acting on
the initial data:

Gi(t) = D QG (2.11)

m>0

where we have defined fort > 0

i Im-1
i,n+m(t)Gn+m : / / / Sn(t = tl)Cn n+1 n+1(t1 t2)Cn+1 n+2

St ()G, by . dty

(2.12)

and Q;, ,(t)Gy? = Si(1)Gy.

Let us sketch how an a priori L* bound can be derived from the series expansion (2.11). We
say that a belongs to the set of (ordered, signed) collision trees Aim if a = (a;, $i)1<i<m With
labels a; € {1,...,n + i — 1} describing which particle collides with particle n + i, and with signs
s; € {—, +} specifying the collision hemispheres. Each elementary integral appearing in the oper-
ator Q. ,,,,, thus corresponds to a collision tree in .Aim with m branching points, involving a
simplex in time (¢; > ¢, > ... > t,,,). If we replace, for simplicity, the cross-section factors by a
bounded function (cutting off high energies), we immediately get that the integrals are bounded,

for each fixed collision tree a € Aj,,, by

(o™
IGmnllco——1 — < lgoll=Cg™™

()
m!

(see Remark 2.1). Since |Aim| =2"(m + n —1)!/(n — 1)!, summing over all trees gives rise to a
bound C™"*"t™||g,||;. The series expansion is therefore uniformly absolutely convergent only
for short times. In the presence of the true cross-section factor, the result remains valid (with a
slightly different value of the convergence radius), though the proof requires some extra care [21,
22].

2.3 | Pseudo-trajectories and symmetric expectations

In Lanford’s strategy described above, the number of collisions m is not under control a priori
and this is the reason for the short time of validity of the result in [30]. To extend the convergence
for long times, it is therefore crucial to control the number of collisions. The idea is to introduce a
sampling, apply Lanford’s strategy on elementary time intervals, and discard terms corresponding
locally to too many collisions. For this, we shall use a geometric interpretation of the expansion
(2.11)-(2.12), which we introduce next (see e.g., [6]).
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2.3.1 | Pseudo-trajectories

For all parameters (¢;, ;, Uy4;)i=1..m With £; > £;,; and all collision trees a € Aim, one constructs
pseudo-trajectories on [0, t]

Y = (2 (@i, 1, b, 01, Uizt m)

iterativelyoni = 1,2, ..., m as follows (denoting by Z7 _ ,(7) the coordinates of the pseudo-particles
at time 7 < ¢;, and setting ¢, = t):

* starting from Z,, at time ¢,

* transporting all existing particles backward on (¢;,¢;_1) (on D% ;| with specular reflection on
the boundary),

* adding a new particle labeled n + i at time ;, at position x; (f;) + &s;w; and with velocity v,

* applying the scattering rule (1.7) if 5; > 0.

We discard non admissible parameters for which this procedure is ill-defined; in particular we
exclude values of w; corresponding to an overlap of particles (two spheres at distance strictly
smaller than ¢) as well as those such that w; - (v,4; — véi(tlf)) < 0. In the following we denote
by G,(a, Z,) the set of admissible parameters.

Definition 2.2. We call creation the addition of a new particle n + i at time ¢; (with scattering or
without).

We call recollision a collision between pre-existing particles corresponding to a configuration
in 0D¢ ., for some time in (¢;,£;_;). In particular, a recollision does not involve a fresh (just
created) particle in the backward pseudo-trajectory.

With these notations, one gets the following geometric representation of the correlation
function G%:

G;:L(ta Zy) = Z Z / ddedeVn+1,n+m
Gn(a.Zy)

m20 ge AT,
m

9 (Hsi«vnﬂ- _ D) -wi>+)c;°+m (. O).
i=1

where (Tm’ Qm’ Vn+1,n+m) ‘= (ti’ @, vn+i)1Si§m'
In the following we concentrate on the case n = 1 since as explained above, it is the key to
studying the covariance of the fluctuation field: our goal is indeed to study

/ dz,Gi(t, z)h(zy) = ) 1,

m20

where

Iyi= Y / dzlh(zl)( ;Hm(t)c:igm)(zl).

m>0
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Since we would like to control the collision process independently of the structure of the initial
data, it is useful to define a “dual” operator Q1 ()

[ dz@)(Q51n 06, )0 = [ dZ1n(Q5n ORED)GR, G @13)

By this procedure, pathological behaviors may be identified directly at the level of the test func-
tion 1 “L+m(DA(z1). This corresponds to changing integration variables, in such a way that the
standard Duhamel iterated formula on the left hand side assumes a more practical (and more
symmetric) geometric representation, in terms of trajectories evolving forward in time.

2.3.2 | The duality argument in the absence of recollisions

Let us assume momentarily that there is no recollision in the pseudo-dynamics. Denoting
by Q1 14m the restriction of Q‘il +m (O pseudo-trajectories without recollision, and recalling the
series expansion (2.11), we therefore focus in this paragraph on

=) 15 = / dz;h(z)QY,,,, (DG,
m>0

m>0

Let us fix the integer m > 0. Expanding the collision operators leads to

=2 / dz, h(z,)dT ,,dQ dv2m+1<1'[sl v = 05, (1) - ;) )

aGA—

0
x Gi+m( 1+m(0))
where P, is the subset of D x ([0, t] x S9~! x R4)™ such that for z1, (t;,@;, U1 4i)1<i<m in Py, the
associate pseudo-trajectory is well-defined and satisfies the requirements that as time goes from ¢
to 0, there are exactly m creations according to the collision tree a, and no recollision. Recall that
a tree a encodes both the labels of the colliding particles (namely 1 + i and qa;) and the signs s;
prescribing at each creation if there is scattering or not.

Givenatreea € Alim, consider the change of variables, of range R ,:
(0) € R,. (2.14)

(21, (ti, @3, V14 1<i<m) € Pa — Z5,,,

Definition 2.3. We call forward flow the reconstruction of the dynamics on [0, t] starting from
the configuration Z7,  (0).

In the forward dynamics, two particles are said to encounter if they find themselves at distance
¢ leading to a creation or a recollision in the corresponding backward pseudo-dynamics.

In the case without recollision, if we start from some Z;,,, € R, at time 0, we can reconstruct
the forward dynamics on [0, t] by removing at each encounter the particle with highest index, and
possibly scattering the other colliding particle according to the sequence (s,,_;,1);- The collision
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parameters (t;, w;, U14;)1<i<m are thus uniquely defined. This proves that the change of variables
(2.14) is injective. Note that the knowledge of the sequence (a;) is not useful in this construction.
From the encounter condition

x; () = xg, (6) = X, (i) — x5, (b)) + (6 — L) (7, (81 ) — 0, (8 ) = esia;
we deduce that

1
dx;1dvy = /7((01+i - Uéi(tf)) 'wi)+dfidwidvi+1-
€

Thus the Jacobian of the change of variable (2.14) can be computed recursively

1

m
P ((Ul+i - Ufzi(t;r)) : wi)
€ =1

J +

1

Denoting by z (¢, Z;.,,) the configuration of particle 1 at time ¢ starting from Z, . ,, € R, attime0,
one can therefore write

m

I?n: Z :u;n/ le+mGi(_)'_m(Zl+m)h(zi(t’Zl+m))Hsi-
R

+ i=1
aeALm a

Note that the restriction to R, implies that Z;,,, is configured in such a way that the encounters
will take place in a prescribed order (first 1 + m with a,,, then m with a,,,_1, etc.). This is related to
the symmetry breaking in the iterated Duhamel formula. Usually this symmetry breaking is not
an issue since we work with L*® estimates on correlation functions, and therefore L! bounds on
test functions. But here we intend to work with different estimates (see (1.17)), and it is important
to keep the symmetry as much as possible. Using the exchangeability of the initial distribution,
we therefore symmetrize over the labels of particles and set

M N
‘1’9,,+1(Zm+1) = (m-la-l)! z Z h<Z§(1)(t,ZJ)>1{ZUeRa}Hsi (2.15)

€S, 11 aEA;_r,m i=1
where &,,,,; denotes the permutations of {1, ..., m + 1}, and
Zs = (Z5(1)s -+ > Zo(m+1)) -
Remark 2.4. Note that the change of variables
(0,21, (8 @03 V141 <icm ) — 25, (0)
is almost injective: it suffices to prescribe two sequences of m signs to fix the label of the particle
to be removed at each encounter, and the possible scattering, to reconstruct the pseudo-dynamics.

We therefore expect the different terms of the sum with respect to permutations o in (2.15) to have
essentially disjoint supports, and therefore the L? norm of the symmetrized function CD?n 1 @ms1)
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to be smaller by a factor 1/(m + 1)! than the original function

m
Me 2 h(Z5(t, Z14m)) Yz, eR 0 H 5.

+ i=1
aeALm

By definition, CI)?n +1 encodes m independent constraints of size ¢/, (the size of the cylinder
spanned by each particle between two collisions) corresponding to the creations in the pseudo-
dynamics on [0, t], so we expect

/ | O +1(Zm+1)|M®(m+1)(Vm+l)dZm+l < Al @yC(CO™
for some C > 0. In order to estimate
12’1 = /dZm+1Gf,?+1(zm+l)q)?n+1(zm+l) ) (2.16)

the key idea is now to use the Cauchy-Schwarz inequality to decouple the initial fluctuation from
the dynamics on [0, ¢]: indeed, setting

1
0
0, = Ef I R @17)

€ (i15im1)
and introducing the centered variable

1

0 . 0

(Dm+1 <Zi\/‘> T Mm+1 Z (Dm+1 <zi':1 v Zz?m_,_l > (q)m+1) (2.18)
€

(i1 5ewm1)

we have

ol 1
2 E. q)m+1< iv) Zg()(zf) = 2 Es(#zz ‘i)(r)nﬂ gé(80)>

m>0 i=1 m>0

(2.19)
1/2

((§0 0))2 v Z[E (“5 m+1) ) ’

m>0

and I° differs from the above quantity by a small error coming from the subtraction of the average
(which will be shown to be negligible).

One important step in this paper will be the estimate of the last expectation in (2.19). It
requires to expand the square and to control the cross products using the clustering structure
of CDm +1(Zm+1)‘1’m +1(Zm +1)- This will be achieved in Proposition 3.1.

At this stage, the weak convergence method does not seem to be much better than the Lanford’s
method, since we expect an estimate of the form

15| < ccoym,
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which diverges as m — oo despite the fact that it does not even take into account pseudo-dynamics
involving recollisions, for which the change of variables (2.14) is not injective.

However, since the duality argument “decouples” the dynamics and the initial distribution,
it will be easier to introduce additional constraints on the dynamics. Typically we will require
that

* the total number m of collisions remains under control (much smaller than | loge|);
 the number of recollisions per particle is bounded, in order to control the defect of injectivity
in (2.14).

Hence our strategy is to apply the above explained argument at a suitably defined stopping time,
as introduced in the following section.

2.4 | Sampling

As in [3], we introduce a pruning procedure to control the number of terms in the expansion
(2.11) as well as the occurrence of recollisions. We shall rely on the geometric interpretation of
this expansion: to have a convergent series expansion on a long time (0, 6) with 6 > 1, we shall
stop the (backward) iteration whenever one of the two following conditions is fulfilled:

* super-exponential branching: on the time interval (6 — k7,0 — (k — 1)7), with 7 < 1 to be
tuned, the number n; of created particles is larger than 2k.

¢ recollision: on (6 — (k — 1)t —r§,6 — (k — 1)t — (r — 1)d) with § < 7 to be tuned, there is at
least one recollision.

Note that this sampling is more involved than in [3] since we essentially stop the iteration as
soon as there is one recollision in the pseudo-dynamics: this will be used to apply the duality
argument. Note also that both conditions (controlled growth and absence of recollision) have to
be dealt with simultaneously: it is indeed hopeless to control the number of recollisions if the
number of collisions can be much larger than | loge]|.

The principal part of the expansion will correspond to all pseudo-trajectories for which the
number of created particles on each time step (6 — k7,0 — (k — 1)7), for 1 < k < 6/, is smaller
than 2K, and for which there is no recollision. Recalling that an?n +m denotes the restriction
of Q;, ., to pseudo-trajectories without recollision, and setting K :=0/7and Ny =1+ - + ny,
we thus define the main part of the expansion as

GO = Y QY (. QF |y (DGR, - (2.20)
(n<2F)e<x

In order to prove that G — Gi’mam is small, we will use the duality argument discussed in
Section 2.3.2, which requires an a priori control on the number of recollisions allowed in
the dynamics.

This means that we do not work with arbitrary realizations of the hard-sphere dynamics: we
rather condition the measure to avoid atypical configurations, defined as follows. Given an inte-
ger y € N, we call microscopic cluster of size y a set G of y particle configurations in T¢ x R? such
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that (z,z") € ¢ x Gif and only if there are z; = z, z,, ..., z, = z’ in G such that
IX; — Xip1] <34/7VS, VI<i<t -1,

where V € R is related to an energy truncation. To fix ideas, we choose from now on

1

£<<‘L'<<1<<6<<(10g|10g5|)1/4 and y=4d, V=|logel, S=¢ . (2.21)

Definition 2.5. Given y € N, we define the set va as the set of initial configurations Zj\? S D;,
such that for any integer 1 < k < /7 and any integer r € [0,7/d], the configuration at time 6 —
(k — 1)t — ré satisfies

VI<j<N, |y|<V,
and any microscopic cluster of particles is of size at most y.

Thus the main contribution to the Duhamel expansion will be given by the restriction to
configurations in Yj\/. For this reason, we introduce the tilted measures

we =ws ly: (2.22)
and the corresponding correlation functions (éf;)nzl defined as in (2.7).

Remark 2.6. For the measure supported on Y, it is easy to see that on the time interval (6 — (k —
1)1t —7r6,0 — (k — 1)t — (r — 1)9), two particles from different clusters will not be able to recollide.
Indeed the total energy of each microscopic cluster is at most yV2/2 so that the variation of the
relative distance between two particles from different clusters is at most 2\/)_/ V6, which prevents
any collision.

Now recall that K =68/7 and Ny =1+ --- + n, (where ny is the number of created parti-
cles on the interval (6 — kt,0 — (k — 1)7) in the backward dynamics), and let us set R :=7/8.
Defining

rec ._ NE _ QEO
n,n+m * 7 Xn,n+m n,n+m

the restriction of Q;, .,

the following decomposition of éi :

to pseudo-trajectories which have at least one recollision, we can write

5{(9) _ Gi,main(e) _ Gi’CIHSt(Q) " Gi,exp(e) + Gi,rec(e) (2.23)
with
Gi,clust(e) = Z Qi(,)N] (T) Q;?K—lsNK (T) (GIE\?K - FGVIE\?K) .
(ke <2F)<k
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The term
K
Gi’exp(e) .= z 2 Z Qi(,)M (T)"'QIE\(’)kq,Nk(T)G]E"k(e — ko)
k=1 (n;<2))jc_y nx>2%

is the error encoding super-exponential trees. The term G;"““(6) encodes the occurrence of a rec-

ollision. We denote by n,*° > 0 the number of particles added on the time step (6 — (k — 1) —
ré,6 — (k — 1)t — (r — 1)) (on which by definition there is a recollision), and by ng =y — niec
the number of particles added on the time step (6 — (k — 1)t — (r — 1)8,6 — (k — 1)7) (on which
by definition there is no recollision). We then define

K R
Gi,rec(e) - Z Z Z Z Z Qi(,)N] () ... Q?\(])k_z,Nkﬂ(T)

k=1 (njszj)jgk—l r=1n;>0 ng_'_nlr(ec:nk

0Q%° ,((r —1)8)Q™e (8)G5, (6 — (k= 1)r —r).

Nk—lst—1+nk Nk_1+n2,Nk_1+n2+n£ec

2.5 | Analysis of the remainder terms

Recall that our aim is to compute the integral in (2.4). By definition,
E-(¢5(e0sm) = / Gy (O)h(z) dz
_ / GES(9)h(z) dz + E, (1% gg(go)gg(h)) (2.24)

+ / Gy (O)h(z) dz + / G (@)h(z) dz .

The first two remainder terms consist essentially in measuring the cost of the constraint on Yj\f.
They are easily shown to be small thanks to the invariant measure: the following proposition is
proved in Section 6.1.

Proposition 2.7 (Cost of the conditioning). With the previous choices (2.21) of parameters, the
conditioning is negligible in the sense that

[P’€<CY5\/> <0l (2.25)
In particular,

‘/dz1Gi’CIUSt(9,Z1)h(Z1) SC”h”Lm(ID)”gO”L°°([D)(C6)29/T(65)1/2,

(2.26)
|[EE(ICY;/§S(gO)§§(h))| < C”h”L‘X’(ID)”gO”L]ZW(eEd)IM-
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Furthermore, there holds

E.(¢5G0ye, ) < Cligollz, @2, @)

It remains to study G; " (6) and G;"*“(6). For these two terms we use the a priori L? control on
fluctuations, and thus rework the duality argument of Paragraph 2.3.2. The following proposition
is proved in Section 4 thanks to the quasi-orthogonality estimates of Section 3 and the clustering
estimates of Section 4, the extra smallness coming from the assumption that the tree becomes
superexponential on a short time interval of size 7.

Proposition 2.8 (Superexponential trees). If 6, T are chosen such that

lim 63r =0, (2.28)

M= 00

then

| 465,20tz < Cllhlo ol 6.

The possibility of recollisions makes the analysis of G more intricate: it is however possible

to revisit the arguments of Section 4, to gain smallness thanks to the presence of a recollision on
a time interval of size §. The following proposition is proved in Section 5.

Proposition 2.9 (Recollisions). Under the previous scaling conditions,

1
‘ / d2,G;"*(8, 2))h(z)| < CllAlloo)lIgoll 2 (CO)* e

To conclude the proof of the main theorem, it remains to study the convergence of the principal
part.

Proposition 2.10 (Principal part). Under the previous scaling assumptions, there holds

‘ / GI™™(8,2) h(z) dz — / M(v) g(6,z) h(z)dz

0/t 6/t
< Cllll o) Igollzm(o) (/2(COP"" +07) + Cllll oyl Vollmy (O ¢
where g is the solution of the linearized Boltzmann equation (1.13) with initial datum g,,.

The proof of this proposition is the content of Section 6.2.

Collecting this together with the decomposition (2.24) and the previous propositions, Theo-
rem 1.1 is proved, provided that the scaling assumptions are compatible. The convergence holds
globally in time, that is, for any finite 6 and even for very slowly diverging 8 = o((log | loge|)'/*).
Choosing for instance

T = (6%log|loge|)~1/2, (2.29)
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3872 | BODINEAU ET AL.

we check that

0

lim ——— =0 and lim 63t =0, (2.30)
u—0 7 log | loge| pe—> 00
so that (2.28) is satisfied and all remainders converge to O. O

3 | QUASI-ORTHOGONALITY ESTIMATES

To control the remainders associated with super exponential branching GE’eXp (6) and recollisions
G"(6), we shall follow the strategy presented in Section 2.3.2 using a duahty argument. More
prec:1se1y, in order to use the L? estimate (2.3) on the initial fluctuation field ¢ 6(80), we need to
establish L? estimates on the associate test functions Dy, , see (2.17)-(2.19). We prove here a general
statement which will be applied to the superexponential case in Section 4, and to the case of
recollisions in Section 5.
In the following we denote fori < j

Zi,j = (Zi,ZH_l,... ,Zj).

Proposition 3.1. Let @y be a symmetric function of N variables satisfying

sup /lq)N(ZN)lM®N(VN)dXN—1dVN <CNp, (3.1)

xNGTd

sup / |PN(ZN)PN(Ze, Zi 1 1an—e)IMEEN=O (VN ) dXon_p_1dVon_¢ (3.2)

XoN—¢ eTd

N M -
<C N? ,Og, t=1,..,N,
forsomeC, py, py > 0. Define the mean E.(®y ) and the centered variable &y asin (2.17)-(2.18). Then
there is a constant C > 0 such that

|E.(@n)] < CNpy (33)

and
N
E.(uc9%) Z pr +0(CNpZe). (3.4)

Remark 3.2. Properties (3.1) and (3.2) will come from the fact that the @y, are sums of elementary

functions of size ,uiv"_l in L*°, supported on dynamical clusters. These clusters can be represented
by minimally connected graphs with Ny, vertices, where each edge has a cost in L! of the order
of O(6/u,). In order to compute the L' norm of tensor products, we will then extract minimally
connected graphs from the union of two such trees, which provides independent variables of inte-
gration. Additional smallness (encoded in the constants p, p,) will come from the conditions that
there are recollisions, or that many creations of particles are localized in a small time interval (see
Sections 4 and 5).
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Proof. We start by computing the expectation

[EE((DN) = $E5< Z (I)N<Zli,... ,Z§N>>

(i150iN)

(3.5)

=z z;)/dZN+p ol Ips,, (ZN+p)M®(N+p)(VN+p)q>N(ZN).
p=

This expression will be estimated by expanding the exclusion condition on Zy,, = (Zy,Z,)
using classical cluster techniques. We will consider Zy as a block represented by one vertex, and
(Zi1<i<p s p separate vertices. We denote by d(y, y*) the minimum relative distance (in position)
between elements y, y* € {Zy, Zi, ... Z,}. We then have

1D1€V+p(ZN+P) = lDi](ZN) I Iﬁ ) 1d(y,y*)>g
VY*EZN 21, 2p}
y#y*

=1x(Zy) Y 1, (o) 92y Zos)

where o, is a (possibly empty) part of {1, ..., p}, oy is its complement, and where the cumulants ¢
are defined as follows

oZn.Z) = Y ] lagyo<o): (3.6)

GECy40) (v,y*)EE(G)

denoting by C, the set of connected graphs with n vertices, and by E(G) the set of edges of such a
graph G. By exchangeability of the background particles, we therefore obtain

1
E.(0y) = Z€< - / M1y (2, )dzp0>
DPo=>0

X 2 H / MENPIQ(Zy, Z, Nps (ZN)PN(ZN)dZndZ,, (3.7)

P1
M _ _
= Z = / M‘X><N+Pl>cp(zN,Zpl)1D§V(ZN)<1>N(ZN)dzNalZp1
p120 ’

where in the last step we used the definition of the grand canonical partition function Z¢.

A powerful tool to sum cluster expansions of exclusion processes is the tree inequality due
to Penrose ([23], see also [20]) estimating sums over connected graphs in terms of sums over
minimally connected graphs. It states that the cumulants defined by (3.6) satisfy

|§0(ZNaZp1)| < Z H ld(y,y*)ss ’ (3-8)

T€T14+p, (.y*)EE(T)

where 71, is the set of minimally connected graphs with 1 + p; vertices.

The product of indicator functions in (3.8) is a sequence of p; constraints, confining the space
coordinates to balls of size ¢ centered at the positions X, X;, ... X, . We rewrite it as a constraint on
the positions xy, Xy, ... X, (recalling that Xy is considered as a block, meaning that the relative
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positions inside it are fixed). Integrating the indicator function with respect to X, provides a
factor CP1N%1¢4P1 where d; is the degree of the vertex X in T. Then, using (3.1) to integrate with
respect to Xy_;, Vy provides a factor CN p,,.

It is classical (see for instance [6, Lemma 2.4.1] for a proof) that the number of minimally
connected graphs with specified vertex degrees d, ..., d; 4, is given by

1+py

(pr =Y [ @ - (3.9)
i=1

Therefore, combining (3.7) and (3.8), we conclude that there exists C’ > 0 such that
N r.d N4
@0l <CNpo Y\ [(Cep)P Y ——— |, (310)
p120 dy,ndp 4121 H (d - !

from which (3.3) follows by taking ¢ small enough and using the fact that using the series
expansion of the exponential

1 1
2 Z(dl 1)'Z(d2—1)!" 2

p+1 —1)
dppestlp; 4121 H ! D! d>1 dp 4121 (dp1+1 D!

= NeNePr,
In order to establish (3.4), we note that
E (1 ) = ——E. K > on(Z. z§N>)2] — (@)’ (3.1)
u .
and first expand the square

. <Z @N(z;,...,ng)>

(i15ensin)

£ £ £ £
Z (DN<zl.1,...,zl.N> z @N<zig,...,zi,>

. 3 . . N
(i1 eemin) (@] i)

There are two configurations of (different) particles labeled by (i, ..., i) and (i;, s i;\]), with a
certain number ¢ of particles in common, ¢ = 0,1, ..., N. Using the symmetry of the function ®y,
we can choose i; = 11, i = l Lip = z as the common indices and we find that

[EE< 3 <I>N<zf1,...,zl?N))2 =§’5(1;])2f'

(i15eenin)

£ € € € £ €
X E, Z dDN(zil,...,ziN><I>N<zl.l,...,zit,,ziAYH,...,ziZNi() s

(i keqt,..2n—¢}

(3.12)
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Cluster expansion of the exclusion

in the invariant measure

X4

Dynamical constraints encoded
in Oy (Zy) and Oy (ZY)

FIGURE 3 Cluster expansion of the exclusion when Zy and Zj, are disjoint. The red graph is a minimally
connected graph on Xy (blue graph), X}, (green graph) each seen as one vertex and o = {1, 2, 3,4, 5}. This graph
encodes 6 constraints, independent from the dynamical constraints encoded in ®5(Zy) and ®y(Zy,); these
dynamical constraints on Xy and X, are represented by two (minimally connected) graphs with N vertices,
which corresponds more or less to the situations treated in Sections 4 and 5 (see Remark 3.2).

where the combinatorial factor (]Z )2 comes from all possible choices for sets A and A’ in {1, ... N},
with |A| = |A’| = ¢, corresponding to the positions of the common indices in both N-uplets. The
factor ¢! is due to all possible bijections between A and A’, corresponding to the permutations of
the repeated indices.

Next we treat separately the cases £ = 0and ¢ # 0.

Step 1. The case when all indices are different ¢ = 0. Let us compute

1
£ £ £ 3
NI E, E CIDN(zil,...,ziN><I>N<ziN+1,...,zi2N>

Me (i1,2N)
(3.13)

P
u u
= Z—EE Z / deN+pp—E!1D;N+p (Zon 4 p) MNPV o NYON(ZN)PN (ZN4108) -
p=0

We can proceed as in the proof of (3.3) by expanding the exclusion condition on Zy,, =
Zn,Z 1,\1 Z ) (see the red part in Figure 3) and considering Zy and Z 1’\, as blocks represented each
by one vertex. We then have

0

_ ’ - P
1D§N+p(Z2N+P) =1pg (Zn)1pg (Z)) 2 IDTam(ZUo) gD<ZN’ZN’ZUC)

+ Y 9@, Zo)p(Zy, Zo)

! —5€
oUo —UO

ono’ =@

where o, o, ¢’ are (possibly empty) parts of {1, ..., p}, and where we use (3.6) and

P(ZN, 2y Zo) 1= Z H (—Lagym<e) -

GECayio) (¥,y*)EE(G)
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3876 | BODINEAU ET AL.

By exchangeability of the background particles, we therefore obtain (as in (3.7))

ZE >0p, / MEEN P e (Zy, Zyy, Zp)Pn(ZN)ON(2))dZndZydZ,
b=

p1+1

=y e o / MECN+PIQ(Zy, Z), Zp M (Zn)Lps, (Z),)

P120 (3.14)

X ON(ZN)ON(Z))dZydZ)dZ

2
+#E< o / MEN+PIO(Zy, Z pl)lp;,(ZN)éN(ZN)dZNdZm)-
>0

The last term is equal to u(E.(®y))? by (3.7), therefore it cancels out in the computation of (3.11).
The second line in (3.14) is treated as before. By the tree inequality

|¢’(ZN’ Zp,)| < z H Ly, y*)<e

TE€T4p, (0.y*)EE(T)

we reduce to p; + 1 constraints confining the space coordinates to balls of size € centered at the
positions X, X]’V, X1 Xp, , Which we can rewrite as a constraint on the positions x, xl’v, Xp, e Xp,
(recalling that Xy and X 1/\1 are considered as blocks, meaning that the relative positions inside
each one of these blocks are fixed). Integrating the indicator function with respect to the variables
Xp,s XNs xl’v provides a factor N91+92g4(P1+1) where d; and d, are the degrees of the vertices X
and X}, in T. Then, using (3.1) to integrate with respect to Xy_;, X} _,,Vy, V), provides a factor
(CNpy)?. We conclude that the second line in (3.14) is bounded by

(cho)22 (Creu)™ ™ Z

P2
p120 dy,edp; 4221 H ! (dl - 1)'

Nd1+d2 _
= 0(CNpge) (3.15)

and it follows that

& £
N1 ( Z qDN( i ? 1N>©N(Zi1v+1""’zizzv>>
Me (i

..... iHN)

(3.16)
= pe(EL(@N))” + O(CNp3) .

Step 2. The case when some indices are repeated. For ¢ € [1, N] given, we consider

1
) & € E ) '
NI E, E CI>N<zl.1,...,ziN><I>N(zi1,...,zif,ziNH,...,ziZNif)

Me (i kef1,..2N—¢}
/ ot (Zan+p—-MECNFP=OV oy L)
p>0

X ON(ZN)PN(ZN) AZon 4 p—r

denoting Zy = (Z¢, Z¢an) Zy = (Zes Znaon—¢) and Z, = Zon_¢ 41 oN—¢4p-
This expression is of the same form as (3.5), but @5 (Zy) is now replaced by &5 (Z, N)(IDN(ZI’V)
which is a function of 2N — ¢ particle variables. It can be therefore estimated in exactly the same
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Cluster expansion of the exclusion

~| in the invariant measure

0 s
\ N\
/o \
[ \ \
\ / | 4 o \ X
Xy \\\ yd - / ’s‘ v
T3 7\ .

\
Dynamical constraints encoded
in @y (Zy) and @y (Z)y), when
Zy and Zj; have { = 2 common vertices

FIGURE 4 Cluster expansion of the exclusion when Zy and Z}, have ¢ common elements. The constraints
imposed by ®y(Zy) and ®y(Z,,) are no longer independent, and the 2(N — 1) dynamical constraints will be
replaced by 2N — ¢ — 1 “independent” dynamical constraints (by extracting from the blue and green graphs a
minimally connected graph). In this case X,y_, is considered as one vertex for the exclusion expansion.

way, by considering Z,y_, as one block since the dynamical constraints will provide a cluster
structure on Z,y_,. Note that taking ¢ = 0 in this computation does not reduce to the case treated
in Step 1, since Xy and X' 1/\1 were considered there as two vertices, meaning that one additional
clustering constraint came from the exclusion (one more red edge in Figure 3 than in Figure 4).
The role of the cluster estimate (3.1) is now played by (3.2) and this leads to (see (3.10))

1 £ & £ € & €
=N —E, . Z t1>N<zl.l, ...,ziN>d>N(zl.1, ""Zi,;’ziN+1’ ...,ziZN_€>
Me (K kef1,..2N—¢}
(3.17)
2N — )4 .
CN Pe Z C/Ed’u )P Z # < CprN—f .
p]+1
P1>0 Ay 4121 IT.., (@ -1!

Combining (3.11), (3.12), (3.16) and (3.17) we conclude that
N N 2
~ _ 2
Ee(p:2) < p(E(@n))" +0(CNpZe) + Y ( f) 16N o, N~ — p (Eo(®y)) (3.18)
£=0

and, remarking that £! < N?, this leads to (3.4) by enlarging the constant C. [l
Remark 3.3. For N = 1and ®, = h € L; , one has E.(u.®}) = E.({*(h)?). A simple corollary of
the above proof leads then to (2.3).

4 | CLUSTERING ESTIMATES

In this section we prove Proposition 2.8. We consider

/ G () h(z)dz

Y [ dzh@ Q-0 ,x, (G5, @ - ko),

( j<2/ )J<k 1 N2 22k
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corresponding to pseudo-trajectories satisfying the following constraints:

(i) there are n; particles added on the time intervals (6 — jz,0 — (j — 1)7) for j <k,
(i) there is no recollision on (£g0p, 6).

Each term of the sum will be estimated by using Proposition 3.1. Introducing the nota-
tion tgop 1= 0 — k7, we set

I = [ M@0 @@, (5, ()i (41)

where 1 < k < K is fixed, as well as the set n; = (1), << of integers. Given a collision tree a €
AI-L N—1> We will use, as explained in (2.14), the injectivity of the change of variables

(Zl,([i, Wi, vl+i)1§iSNk—1) —> ZZEVk(O) S Ra,nk, (42)

where the configurations in R, ,,, are obtained by pseudo-trajectories satisfying (i)(ii) when the
addition of new particles is prescribed by the collision tree a.
We can thus write

Ink = /qDNk(ZNk)GIE\Ik(tStOP’ZNk)dZNk ’

with
Ni—1 Ny—1
LM
A D IED) AEACEAY . | 43)
O‘G@Nk aeAI_:Nk—l i=1

Using same the notation as (2.18), we set
by (Z5) 1= cpN<z§1, - ng) _E(0y), (4.4)
€

so that I, becomes

In, = E("? &, (25, (taop) ) €380 1y, ) + e Ecl @y )Ec(Si R0y, ) (49)

where the indicator function on Yj\/ stands for the restriction on the microscopic cluster sizes

and on the velocities (recall Definition 2.5). Applying the Cauchy-Schwarz inequality, as in (2.19),
leads to the following upper bound

o\ 1/2
|Ink | < [Ea ((gé(go))z)l/z [Ez < HMe <(i)Nk (ZIE\]k(tstop)) > >
(4.6)

1/2
+:u£/

[Ez(cI)Nk)[E‘E({S(gO)IYj‘/)’

which can be estimated by Proposition 3.1. To do this, we are going to check, in Lemmas 4.1 and
4.2 stated below, that @y, satisfies the assumptions (3.1) and (3.2) of Proposition 3.1. The last term
involving the expectation will be negligible thanks to estimate (2.27) of Proposition 2.7.
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Lemma 4.1. There exists C > 0 such that

sup / |q)Nk(ZNk)|M®Nk(VNk)dXNk—ldVNk < CNe|| Al ook 4.7)

xNk eTd

Lemma 4.2. There exists C > 0 such that, forany ¢ = 1,...,Ny,

sup / ‘(I)Nk(ZNk)(DNk(ZfaZNk+1,2Nk—€) MECN=O(WV ) dXon, —p—1dVoN, ¢
XoNy —¢ erd (4.8)
< CNk’uEf—lNI:f ”h“im(D) eZNk—f—l—nank .

Assuming those lemmas are true, let us complete the estimate of I, . Applying the
quasi-orthogonality estimates of Proposition 3.1 to @y, , we obtain the bounds

E(@n,) < CNe ||| oo y@Ne1 71

and

2 Ni
[EE(ME<&>Nk(z§Vk(szp)> ) < ||h||iw(D)<2 CNeg2Ne——1-mj o +892(Nk1—1).[2nk).
=1

Asnoted in Remark 2.4, thanks to the symmetrization and the quasi-orthogonality of the supports
in (4.3), we gain a factor N !.

Starting from (4.6), and using (2.3) to control E.((¢ f)(go))z)l/ 2 and (2.27) of Proposition 2.7 to
control E.(¢ S(go)le\/_ ), we finally get

1/2

N
|Ink| < CNk||g0||L]2w||h||Lm(D) (Z Q2N —t—1—ny i 4 Ee2(Nk—1—1)T2nk>
£=1

1 (4.9
4+ o175 o #;/ZEd/z
Sllgoll%IlhIILoo(uz))(Ce)Nk-lJ“”k/2 /2
sincee kT <k1<0.

To complete Proposition 2.8, we will show that the contribution of the superexponential trees
is negligible. For superexponential trees, then Nj._; < 2% < n,.. This leads to

| < IRl llgoll 2, (CONk-1F1/2 /2 < ||| o) lIgollz2, (CRILES (4.10)
The parameters 6, 7 satisfy (2.28) so we can sum over (n;) ;< and the series is controlled by

K
‘ / dz,G; (8, 2)h(z))| < Ihllem)lgoll 2, Y, 24 (CO** " (4.11)
k=1

The proof of Proposition 2.8 is complete. ]
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stop

FIGURE 5 In the figure on the left, an example of a pseudo-trajectory with N, = 5. The associate graph T
is depicted on the right. For instance there holds G, = {(2, 5)(3,4)} and (g3, ¢3) = (2,3).

Before proving Lemmas 4.1 and 4.2, let us introduce some notation. For any positive integer N,
we shall denote as previously by Ty the set of trees (minimally connected graphs) with N vertices.
We further denote by 7, 1\7 the set of ordered trees. A tree T € 7, is represented by an ordered
sequence of edges (q;, §i)1<i<N—1-

Proof of Lemma 4.1. For each configuration Zy, , there exist at most 4Nk=1 different (o, a) such
that Z, € R, - Indeed at each encounter between two particles in the forward flow, the particle
which disappears has to be chosen, as well as a possible scattering. To fix these discrepancies,
we introduce two sets of signs §; and s; which determine respectively which particle should be
removed (say 5; = + if the particle with largest index remains, 5; = — if it disappears) and whether
there is scattering (s; = +) or not (s; = —). Note that the signs (s;);<;<n, —1 are encoded in the tree
a while (5;)1<j<n, -1 are known if o is given. If we prescribe the set Sy, _; 1= (s}, 5))1<i<n, -1, then
the mapping

(a,0,21,(t;, w;, Ul+i)1siSNk—1) —> Zg (Lstop)

restricted to pseudo-trajectories compatible with Sy, _;, is injective. Recalling (4.3) for the
definition of @y, , this leads to

Ni—1
HMe
[@x (Zn)] < Wl 7 20 Lz ersy 3o (4.12)

SNy -1

where RSNk—l is the set of configurations such that the forward flow compatible with Sy, _; exists,
and with the constraints respecting the sampling (we drop the dependence of the sets on ny, not
to overburden notation).

We are now going to evaluate the cost of the constraint Zy, € RSNk—l for a given Sy, _;. For
this it is convenient to record the encounters in the forward dynamics in an ordered tree T =
(Gi> Gi)1<i<n,—1: the first encounter, in the forward flow starting at configuration Zy, at time 0,
is between particles g, and g, at time 7, € (fsp,0), and the last encounter is between gy, _;
and gy, at time 7y, _; € (Ty,—2,6). An example is depicted in Figure 5. Notice that compared
with the definition of (backward) pseudo-trajectories, since we follow the trajectories forward in
time we choose an increasing order in the collision times (namely 7; = ¢y, _;). This leads to

Ni—1
HMe
N! Z Z I{ZNkERT<~SNk—1}’ (4.13)

SNy -1 T<eTI\fk

| @, @) < 1Bl co)
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where RT<,SN,(_1 is the set of configurations such that the forward flow compatible with the cou-
ple (T, Sy, —1) exists, and with the constraints respecting the sampling. Actually note that for a
fixed Sy, 1, the above sum over ordered trees corresponds to a partition, meaning that for any
given Zy, , at most one term is non zero.

Given such an admissible tree T let us define the relative positions at time £,

X 1= xg, — Xg,-
Given the relative positions (£;),; and the velocities Vy;, , we fix a forward flow with encounters at
timest, < --- < 7;_; < 6. By construction, g; and g; belong to two forward pseudo-trajectories that
have not interacted yet. In other words, g; and g; do not belong to the same connected component
in the graph G;_; := (g, §j<j<i-1-

Inside each connected component, relative positions are fixed by the previous constraints, and
one degree of freedom remains. Therefore we are going to vary X; so that an encounter at time
7; € (7;_1, 6) occurs between g; and g; (moving rigidly the corresponding connected components).
This encounter condition defines a set Br_ (X, ..., Xi—1, Vi, )- O

Definition 4.3. We say that the sets (Br_;);<n, -1 are sequentially independent if for all i the set
Br_,; is defined by constraints depending only on %y, ..., %;_, Vi, -

The particles g; and §; move in straight lines, therefore the measure of this set can be estimated
by

C
Br_al < 4 03 = o ) / s
€
and there holds

3 1Bl < — (VZ +Nk)Nk / 1.sc d7;. (4.14)

qidi
Hence by Fubini’s theorem

Ni—1

/dXNk—l H 1BT<,i < /dxll,gT l/dxz /dek 116T<Nk 1
eT‘ i=1 eT<
Ni—1 N,—1 6 6
c 2 A
< (E) (VNk+Nk) N} / dry--- / doy, 11y, (4.15)

Lstop TNk —2

where 1, is the constraint on times respecting the sampling in (4.1). Retaining only the infor-
mation that ny times are in the interval (fgqp, Lsiop + 7) and the other Nj_; — 1 times are in
(tsiop + 7,0), we get by integrating over these ordered times an upper bound of the form

Tk eNk,l—l 2Nk_1

— < 7% Nk-1—1 4.16
! (N = D! T (N = 1! (416)

85UR0| SUOWILWIOD BA IR0 3|edijdde 8y} Aq paupnob aJe sapile O ‘2SN JOSa|n 1o} Ariq1T 8UIIUQ AB]IM UO (SUORIPUOD-PUR-SWRY W0 A8 1M ARe1q1[BUI|UO//:SA1L) SUONIPUOD Pue SWie | 8U} 89S *[£202/0T/Ge] Uo Akl auliuo Ao |im ezusides eewoy 1 AiseAIuN A 02122 edo/200T 0T/10p/L0D A3 1mAteiq 1 jpul|uo//Sdiy Woi pspeojunmod ‘2T ‘€202 ‘ZTE0L60T



3882 | BODINEAU ET AL.

Up to a factor CNk, the factorial (N}, — 1)! compensates the factor NIICV" in (4.15). Furthermore, for
any K, N and dimension D > 0

sup {exp <—1|V|2> (VI* + K)N} < CNeK NN, (417)
VeRD 8

After integrating the velocities with respect to the measure M®Nk, we deduce from the pre-
vious inequality that the term (szvk + NNk leads to another factor of order NkN" which is
compensated, up to a factor CNk, by the Ny ! in (4.12). Combining all these estimates, we deduce
that [ dXy, _1dVy, | P, IM®Nk can be bounded from above uniformly with respect to the one
remaining parameter which takes into account the translation invariance of the system: for clarity,
we have decided arbitrarily that the remaining degree of freedom is indexed by the variable xy;, .
This completes the proof of Lemma 4.1.

Proof of Lemma 4.2. The proof is similar to the one of the previous lemma, however, we have to
analyze now the dynamical constraints associated with two configurations Zy, = (Z¢, Z¢ 41 n,)
and Zzlvk = (Z¢,Zn, 412N, —¢) sharing ¢ particles. The parameters Sy, _; = (s;, 5)1<i<n,—1 and
S\, =(s],5)1<i<n,—1 coding the encounters are fixed for each configuration. By analogy with
formula (4.12), we get

q)Nk(ZNk)QNk(Zf’ZNk+1,2Nk—f)|

2

Nip—1
, (K (4.18)
< IIhlle(D)<N—k!> SZ l{szeRst_l}1{Z;Vkensbkil}-
k=1

We consider the forward flows of each set of particles Zy, and ZI’V starting at time fg,. Both
dynamics evolve independently and each one of them should have exactly N, — 1 encounters to be
compatible with an ordered tree as the ones used in the proof of Lemma 4.1. As the configurations
Zy, and Z]’Vk share ¢ particles in common, strong correlations are imposed in order to produce a
total of 2(N), — 1) encounters. For our purpose, it is enough to relax these constraints and to record
only 2N, — ¢ — 1 (sequentially independent) “clustering encounters” which will be indexed by an
ordered graph T”, with 2N — ¢ — 1 edges, as well as relative positions (Xi)1<i<on, —¢—1 At time fgp.

The ordered graph T”/ is constructed as follows. As in the proof of Lemma 4.1, we denote by T
the ordered tree corresponding to the forward flow of Zy, , and by (7)1 <i<n, -1 and (£))1<i<n, -1
the corresponding encounter times and relative positions. The first Ny, — 1 edges (g;, §i)1<i<n, -1
of the graph T”/ are the edges of the ordered tree T, so that T is fully embedded in T’ (this
prescribes the constraints on the particles Zy;, ). The last Ny — ¢ edges in T'! will record the addi-
tional constraints on the remaining particles Zy, 1 »n, —¢ Which are involved in the dynamics of
ZI’\,k (see Figure 6).

The edges (g;; §i)n, <i<on, —¢ are added as follows, keeping only the clustering encounters in the
forward dynamics of Z! x that is, the encounters associated with edges which are not creating
cycles in the graph:

* the first clustering encounter is the first encounter in the forward flow of Z]’Vk involving
at least one particle with label in [Ny + 1,2N; — ¢]. We denote by (qy,,qn,) the labels of
the colliding particles and by 7, the corresponding time. We also define the ordered graph
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1,

stop

SO®.

2

7
T<

FIGURE 6 In the figure on the left, an example of two pseudo-trajectories sharing £ = 3 particles with
N, = 5. The graph T associated with the left pseudo-trajectory starting from Zs is depicted by the bended grey
edges ordered according to the encounter times. The complete tree T’ is built starting from T, to which two
additional straight edges (numbered 5 and 6) have been added to connect 4’ and 5'.

Gn, = (gj,djh<j<n,- Note that on Figure 6, the graph Gs is made of two components
{1,2,3,4,5}and {4, 5'}.

* for Ny +1 <i <2Nj —¢ — 1, the i-th clustering encounter is the first encounter (after r;_;) in
the forward flow of Z I’Vk involving two particles which are not in the same connected component
of the graph G;_;. By construction at least one of these particles belongs to Zy, 41 on, —¢- We
denote by (g;, g;) the labels of the colliding particles and by ; the corresponding time. We also
define the ordered graph G; = (g, q;)1<j<i-

By this procedure, we end up with a tree T”/ : = (g;, di)1<i<oN, —¢—1 With no cycles (nor multiple
edges). We define as above the relative positions %; := xg, — X4,

Note that the sequence of times (7;)i<;j<on,—¢—1 is only partially ordered. Indeed the times
7y < --- < Ty, 1 associated with Zy, are ordered, and the same applies to the times 7, < -+ <
Ton, —¢—1 associated with the clustering encounters in Z I,\]k but they are not mutually ordered. Nev-
ertheless, this is not a problem since the only important point is that the sets (BTZ’i)lsl'Ssz_g_l,
defined as in the proof of Lemma 4.1, only depend on %y, ..., X;_1, Von, —¢. When i > Ny, this is
less obvious than in the previous case since in the construction of T’/ some encounters (those
in the forward flow of Z{Vk leading to cycles) have been left out, so one needs to check that the
corresponding trajectories before time 7; can be reconstructed knowing only Xy, ..., £;_1, Vo, —¢-

By construction, for i > Ny, the two particles (g;, §;) which encounter at time 7; belong to two
different connected components C;_;(q;) and C;_,(g;) of the dynamical graph G;_;. The trajectory
of g; in the pseudo-trajectory of Z ]’\,k up to time 7; depends only

* on the relative positions (% j)(stqj)ECi—l(qi) at tgop
* and on any root of C;_;(g;), for instance the position x,, of g; at tp.

85UR0| SUOWILWIOD BA IR0 3|edijdde 8y} Aq paupnob aJe sapile O ‘2SN JOSa|n 1o} Ariq1T 8UIIUQ AB]IM UO (SUORIPUOD-PUR-SWRY W0 A8 1M ARe1q1[BUI|UO//:SA1L) SUONIPUOD Pue SWie | 8U} 89S *[£202/0T/Ge] Uo Akl auliuo Ao |im ezusides eewoy 1 AiseAIuN A 02122 edo/200T 0T/10p/L0D A3 1mAteiq 1 jpul|uo//Sdiy Woi pspeojunmod ‘2T ‘€202 ‘ZTE0L60T



3884 | BODINEAU ET AL.

The same holds for the trajectory of §;. We can therefore write the colliding condition by mov-
ing rigidly the two connected components C;_;(g;) and C;_;(g;), which provides as previously a
condition on X;.

From this point, we can proceed exactly as in the previous lemma and the sets By satisfy the
same estimates as before:

2Np—t—1
/dXZNk—f—l H lBTui
TH i=1 <’
2N—t-1 Ni—1 Ny—¢
C K= k _
< </7> (V3 +N) NPT (02 e Ne) N (4.19)
€
]
/ dTl / dTNk 11nk X/ dTNk / dTZNk—f—l .
Lstop Istop T2Ny—t-2

Notice that the first N, — 1 ordered time integrals correspond to the constraints in the tree T, and
N 1)| 7% @Nk-171 a5 in (4.16). The sampling in (4.1) is omitted for
k—

the remaining times which are simply constrained to satisfy the ordering conditions 7, <--- <
T2Nk_f_1 < 9, so that

are estimated from above by

0 0 0 0
/ dTl'“/ dTNk—llnk X/ dTNk“‘/ dTZNk—f—l
Lstop TN -2 Lstop ToNy—t-2
Ni—1 Ny—t N,
< 2 K .L.nk eNk—l_l X 6 k < C k Ny 62Nk—€—1—nk .
Y Ne—0) = (Ne = OIN = D!
Plugging this estimate in (4.19), we deduce that
2Ny —
/dXsz -1 H 1/3
T
<(& ZNk_f_lf"k girom (v 4 N ) (Vi +N YNt
- Ue Ny k Ny k k

We conclude as in the proof of Lemma 4.1 by integrating with respect to velocities V,y, ¢, and

by using the prefactor (N !)~2 from (4.18) to compensate, up to a factor CNk, the divergence NiN"
coming from (4.17). Lemma 4.2 is proved. 1

5 | THE COST OF NON-CLUSTERING CONSTRAINTS

In this section we prove Proposition 2.9 showing that, compared to the previous section, the
presence of a recollision produces extra smallness as u, goes to infinity. Let us recall the
setup: the term G:"*°(8) encodes pseudo-trajectories with no recollision and sub-exponential
growth in the f1rst k — 1 time intervals of length r; and the first recollision in the smaller time
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interval (¢stop, Lsiop + 6) With fgop 1= 6 — (k — 1)T — ré. Recall that

K
Gi,rec(e) = 2 2 Z Z Z QlNl(T) QNk 2:Nj— 1(T)

k=1(nj§2j)j = lnk>0n0+nrec—nk (51)

Q¥ (=D

G t
Nk—lka—l"' 71+ Nk 1+n +n rcc( ) (stop)

corresponds to pseudo-trajectories such that
(i) the number of new particles added respectively on the three time intervals (6 —jr,0—( —
D7), (0 — (k=17 = (r = 1)3,0 — (k — 1)1) and (£stops Lstop + ) are nj < 2/, n and n*,

(ii) there is no recollision on the interval (¢, + ,0) and there is at least one on (tstop, stop T 6)-

Furthermore because of the conditioning, we also know that at ¢, each velocity |v;| (1 < i < Ny)
is less than V, and the configuration has no microscopic cluster of more than y particles.

We setny := ((”lj)lsjsk—la”g’ n"e, r) and
15, 1= [ HEeiy, .-
(5.2)
€0 _ rec ~e
QNk Nt +n0((r 1)5)QNk_1+n2,Nk_l+ng+n}r{eC(S)GNk(tsmp),

The idea is therefore to combine the argument of the previous section, with a geometric estimate
on the strong constraint characterizing the recollision event, which will bring a small factor in ¢.
As above we shall use a duality argument in order to write an expression of the type

I;elsl:k = /¢ﬁZ(ZNk)§i]k(tSt0p’ZNk)dZNk .

Recall however that recollisions have been defined for pseudo-trajectories, which by construction
(see Section 2.3) correspond to following the flow of (pseudo)-particles backwards in time. On the
other hand the duality argument requires studying the flow forward in time, and this produces
two difficulties. First, defining this forward flow uniquely is not possible if the number of recol-
lisions for each particle is not known, so a new parameter needs to be introduced to track this
number. Second, we shall need to understand the effect on the forward flow of the presence of a
recollision in the (backward) pseudo-trajectories: it will be responsible for the presence of a cycle
in the (forward) trees we shall construct.

Let us start by writing I in dual form. The presence of recollisions requires introducing
additional parameters to recover the injectivity of the change of variables (2.14). On the time inter-
val (£510p + 6, 0), the situation is the same as in the previous section since there are no recollisions
by definition. On (£sp, Lsiop + 6) however, the construction of the forward dynamics starting from
a configuration Zy, is more intricate since there is at least one recollision. The important fact is
that the number of recollisions is under control. We have seen that particles from different micro-
scopic clusters cannot collide on (£op, Lsiop + &) (see Remark 2.6). Therefore, each particle may
interact at most with y — 1 particles on this small interval. Furthermore, there cannot be any rec-
ollision due to periodicity as V§ < 1. Since the total number of collisions for a system of y hard
spheres in the whole space is finite (see Theorem 1.3 in [7] or [18]) say at most [, each particle in

a pseudo-trajectory cannot have more than K, = Z};zz K¢ recollisions during the short amount
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tstop + 0
:‘ﬁJl:O
HQZQ
,‘{3:3
/‘M:Q
f{5:2
tst()p”” SRR SRR S H(;:l

FIGURE 7 Example of pseudo-trajectory with recollisions in the time interval ({4, Lgop + 6)- The
associated forward flow is determined thanks to the recollision indices at time £, listed on the right.

of time &. This crude upper bound on the number of recollisions takes into account the fact that
the number of particles in a cluster may vary due the creation of new particles. We then associate
with each particle i an index ; (less than K,) which is zero at time 6 and increased by one each
time the particle undergoes a recollision in the backward pseudo-dynamics. We denote by Ky,
the set of recollision indices (x;);<;<n, at time .

Given a collision tree a € A;—"Nk_l, this new set of parameters enables us to recover the lost
injectivity, by applying the following rule to reconstruct the forward dynamics (see Figure 7). At
each encounter between two particles,

+ if the two particles have a positive index, then it corresponds to a recollision in the backward
pseudo-dynamics, and the recollision index of each particle has to be decreased by one in the
forward flow,

+ if one of the particles has zero index, then it corresponds to a creation in the backward pseudo-
dynamics. In the forward flow, a particle must disappear: its label, and the possible scattering
of the other colliding particle are prescribed by the collision tree a.

Note that the disappearing particle should have zero index, else the trajectory is not admissible.

Finally let us define, for each a and each Ky, in{0, ..., ICy}N k. the set R;?;k ang of configurations

compatible with pseudo-trajectories satisfying (i)(ii) and such that

(iii) the addition of new particles is prescribed by the collision tree a and recollisions between
particles are compatible with Ky, .

Then the change of variables, as in (2.14),
(Zl, (i, w;, U1+i)1§i§Nk—1) —_ (Z;-\]k (tstop): KNk)

of range

{(ZNk’ Ky,) € DIEVk X 10, ... ’]C)’}Nk s INg € Ri(ezf/k,a,nk}

is injective (of course not surjective).
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So we can now write
I’I:elgk = / q)ﬁ;j(ZNk )G;:\]k (tstopa ZNk )dZNk

where

Ni—1 Ni—1

He
@) = oo 2h(Zf,(l)(e))l{zgeRg;k’a,nk} 1‘! S - (5.3)

SN aeAfer Kny

Note that as in (2.15), we have enforced the symmetry of the particles which was lost in the
Duhamel formulation (see Remark 2.4). Proceeding as in (4.4), we define @fg}f by subtracting the
mean and rewrite I as an expectation

1/2 1/2
1%, = B! 0555 (25 (taop) ) €580 Ty, ) + pe” Ec (@550 )Ec 5001y, ).
Following (4.6), a Cauchy-Schwarz inequality implies

1/2

ARG R AL
+ [EE<CD§\?,S)[EE<§(E)(gO)1Yj\/>-

As in (4.9), this can be estimated by Proposition 3.1 and using (2.27), once we check that dJreC
satisfies the assumptions (3.1) and (3.2) of Proposition 3.1. This is the purpose of the following two
lemmas.

Lemma 5.1. There exists C > 0 such that ford > 3,

sup / |d>rec(ZNk)|M®Nk(VNk)dXNk 1AV,

(5.4)
rec 0_1
< cNk||h||Lm(D)5m‘”‘( i )1'("" ), (V6)X+4 gNi-1=1g| loge] .
Lemma 5.2. There exists C > 0 such that, forany ¢ = 1,..., N and ford > 3,
sup /|©rec(ZNk (Drec(zf’ZNk-}—l 2Ny — f)l
XN, ¢ €TY
_ 5.5
X MEN=OW 0 ) dX o, —¢—1dVon,—¢ (5:5)
CNkluf lN t ”h” Smax(l,nfc) T(”2_1)+ (\/Q)Zd+4 62Nk—f—l—nk5| 10g£| .

Le(D)
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Assuming these lemmas are true, let us conclude the proof of Proposition 2.9. Thanks to
Proposition 3.1 and using (2.27), there holds with the scaling choices from (2.21)

Tl < CYellRllLs ) lIoll 2,

1/2

1 Nk 1 recy 1
e 10g€|<2 92Nk_f_l_nk> (VB)d+263 B 30Dy
t=1

+ €| log €| (V@)2d+4gNie1 gmax(Lme) 1 ~1), (/,tggd)l/Z] .
Using the choices (2.21) on the parameters we get

1 1 recy Lo 0_
11555, | < 2 loge 1AllLoo)ligol 2 (CONE-1m/2(VE)H262 MM (%D (5.6)
Finally we are in position to sum over all parameters (recall (5.1) and (5.2)). We find after sum-
mation over nlg and n*, then r < 7/8 (which corresponds to the cutting of each interval of size 7
into R = /4 pieces) and finally (n;) ;< and k,

K

T 11
< 5(\/@)2‘“4(2 2k2>(ce)2Kazsz | logel lll o) lgollz2
k=1

'/ dz, G (O)h(z;)

K
< (COP"eV/5 |Ihll o) lgoll2, »

1
asd=¢ by (2.21). This ends the proof of Proposition 2.9. O

Proof of Lemma. 5.1 We shall follow the method of the previous section, by introducing the set of
signs Sy, —1 = (8;> Si)1<i<n, -1, With (s;, §;) characterizing the i-th creation (namely whether there
is scattering or not, and which particle remains). Then if Sy, _;, Ky, are prescribed, the mapping

(a,0, Zla(ti’wi’vl+i)1SiSNk—1) — (Zé(tstop)) (5.7)

is injective and we infer that

Ni—1
U
|q>1r§,f(ZNk)|S||h||Lw(D)IEV—k! Z Lizy, erie -

KNy SN -1
k
Ky, SNy -1 K

We have defined Rigc S
N SN -1

with Ky, , Sy, —1 exists, and with the constraints and conditionings listed in (i)(ii) and (iii), p 34-35.

Now let us fix Ky, ,Sy, -1, and evaluate the cost of the constraint that Zy, € Ri{e;k’stil.
For this we start by splitting the sum according to ordered trees T = (g;, §;)1<i<n,—1 €ncoding
the “clustering encounters” as in the previous section: the first encounter in the forward flow
is necessarily clustering, say between particles g; and g, at time 7; € (f0p, Lstop + 6)- Cluster-
ing encounters are then defined recursively: the i-th clustering encounter is the first encounter
after time 7;_; involving two particles which are not in the same connected component of the
collision graph G;_; = (g, q;)j<i—1- We then denote by (g;, g;) the colliding particles and by 7;
the corresponding colliding time. The last clustering encounter is between gy, _; and gy, _; at

as the set of configurations such that the forward flow compatible
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FIGURE 8 In the pseudo-trajectory (with N), = 6) represented on the left figure, a recollision occurs
between 5,6 in the time interval [£p, tsiop + 1. Therefore the graph encoding all encounters is not minimal, and
it has at least one cycle (or multiple edge). The time ordering of the clustering and non- clustering encounters is
represented by the circled numbers and the edges are added dynamically following the forward dynamics, that is,
starting from £,,,. As a consequence, the recollision between 5,6 in the backward pseudo-dynamics becomes the
first clustering encounter in the forward dynamics and the non-clustering encounter is identified with the dashed
edge (1,6) occurring close to time 6.

time 7y, _; € (T, —2,0). By construction (recall (i) and (ii) above) we know that there are at least
max(1, n;*) clustering encounters in the interval (£5op, Lstop + 0), and at least n;* + ng clustering
encounters in the interval (£op, £5top + 7)- This leads to

Ni—1

He
@ @)l < llhlneso) = > ) Ly, R s ) (5.8)
Ky SNy -1 T<eT;k
where RrTefKN Sy is the set of configurations such that the forward flow compatible
PN TN

with T, Ky, , Sy, -1 exists, and again with the above constraints and conditioning.

Notice that, since the pseudo-trajectories involve recollisions, the clustering encounters of the
forward dynamics do not coincide in general with the creations in the backward dynamics (see
Figure 8). Furthermore, the construction of T is such to exclude cycles, so that the graph is min-
imally connected. On the other hand the graph encoding all encounters has more than (N, — 1)
edges, which means that there will be at least one non-clustering encounter in the forward
dynamics (see Figure 8): it will be taken into account to gain some smallness.

To begin, we proceed exactly as in the proof of Lemma 4.1. Given an admissible tree T, the
relative positions (£,);; and the velocities Vy, , we can vary £; so that an encounter at time 7; €
(i—1,6) occurs between g; and g; and thus define the set Br_;(%y, ..., X;_1, V, ) of measure

C

1Bral < o-lvg, = vy, 18 (5.9)

and fori > 1

¢ € +
1Br_al < - 1vg, (72,) = GL)| [ Lo dri, (510)
€

recalling the sampling (i)-(ii). The point now is to use the fact that the existence of a non-clustering
encounter (which would produce a first cycle in the graph encoding all encounters) strengthens

one of these conditions. Given an ordered tree T, the occurrence of a cycle is thus parametrized
by an edge (¢,¢) and an index c¢ such that 7.y € [z, 7c1]- Then, proceeding as in (4.15)
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we see that
Ni—1
Y [ dtyitge [T 1
T<eTj\fk i=1
(5.11)

< Z Z Z /dkllb’ul/dfcz‘“/dJACNk—llBT«Nk,llcycledefinedby(q,q),c-

T<eTj\fk q,9 c<Nj

As shown in Appendix B, the cycle imposes strong geometric constraints on the history of these
particles, which produce the estimate

Ni—-1

Z /M®Nk(VNk)dVNk/dXNk—llcycle H IBTQi
T<eTN<k i=1
(5.12)
c Ni-1 Lstop+S 6
< <—> (VOYHNZCNeNTE N / dry - / dty, 1€l loge| 1y,
Me Lstop TN-2

recalling that 1,, is the constraint on times respecting the sampling in formula (5.1), with possi-
bly 3 time integrals missing due to the iterated use of Propositions B.2 and B.3. Integrating over
the simplex in time, we finally obtain (5.4). Lemma 5.1 is proved. O

Proof of Lemma 5.2. The proof combines arguments from the proofs of Lemmas 4.2 and 5.1. Our
starting point is the estimate

Np—1
U
|<D]r\?’f(ZNk)|SIIhIILm(D)IEV—k! Z Lzy, erge 3 (5.13)

KN SN -1
k>N
Ky SN -1

Let us fix two families (Ky, , Sy, 1) and (K]’Vk, Sg\,k_l) and consider a configuration Z,y, _¢ such

that Zy, € Rggka _and Z]’Vk = (Z¢,Zny 412N, —¢) € ng’s&kil

We consider the forward flows of each set of particles Zy, and Z]’V starting at time fg,. Both
dynamics evolve independently and each one of them should have at least one non-clustering
encounter. As in the proof of Lemma 5.1 we denote by T the ordered tree corresponding to the
clustering encounters of Zy;, , and by (7;)1<j<n, -1 and (£;)1<i<n, -1 the corresponding times and
relative positions. Recall that the non-clustering encounter on the dynamics of Zy, strengthens
one of the clustering constraint.

Starting from this ordered minimally connected tree T. with N vertices, we construct an
ordered minimally connected tree with 2N} — ¢ vertices by the same procedure as in the proof of
Lemma 4.2. The edges (g;, §i)n, <i<on, —¢ are added by keeping only the “clustering encounters”

in the forward dynamics of Z ]’Vk:

SNy -

* the first clustering encounter is the first encounter in the forward flow of Zzlvk involving at
least one particle with label in [Ny + 1,2N; — ¢]. We denote by (qy,,qy,) the labels of the
colliding particles and by 7y, the corresponding time. We also define the ordered graph Gy, =

(), 4j1<j<ny
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* for Ny +1 <i < 2N — ¢ — 1, the i-th clustering encounter is the first encounter (after 7;_;) in
the forward flow of Z ]/Vk involving two particles which are not in the same connected compo-
nent of the graph G;_;. We denote by (g;, ;) the labels of the colliding particles and by t; the
corresponding time. We also define the ordered graph G; = (g, §j)1<j<i-

By this procedure we end up with a tree T/ := (g;, dih<i<on,—¢—1 With no cycles (nor multiple

edges). We define as above the relative positions %; := xg, — x4,
L] rec 4 rec
Necessary conditions to have Zy, € RKNk,Squ and ZNk € RKfv s can be expressed
k kK~

recursively in terms of the collision sets (BTZ’i)lsissz_ﬁ_l:
* the sets BTZJ only depend on %y, ..., %j_1, Van, ¢ forany i < 2N — ¢ — 1 (see Lemma 4.2),
* one set of (BTZ,i)lsist—l has some extra smallness due to the existence of a non-clustering

encounter in the dynamics of Zy, (see Lemma 5.1).

We therefore end up with the estimate

2N—t—1
Z /dXszfvffldVZNk7€M®(2Nk_f) H 1z,
T i=1 <
< (5.14)
2N —t -1
S (g) (\/e)d+15max(1,nzec) T(”2—1)+ 62Nk—f—1—l’lk El 10g€|(Nk)2Nk_f.
€

Summing over all possible (Ky,,Sy,—1) and (K} k,Sg\,k_l), we obtain the expected estimate.
Lemma 5.2 is proved. Ol

6 | CONCLUSION OF THE PROOF: CONVERGENCE RESULTS
6.1 | The cost of the conditioning

This section is devoted to the proof of Proposition 2.7.

To prove (2.25), we evaluate the occurrence of a microscopic cluster of size larger than y under
the equilibrium measure. This can be estimated by considering the event that y + 1 particles are
located in a ball of diameter 3y3/2 V8.

P.(there is a cluster larger than y at time 0)

+1
< [Es Z l{il,...,iHl are in a cluster} < C,ng (7/3/2 \/5)

(il )"'!i}/+1)

dy

In the set CYj\/ a cluster should appear (at least) at one of the 8/9 time steps. In a similar way, the
occurrence of a large velocity is given by

P.(there is a velocity larger than V at time 0)

_ 1
< [Es<2 1{1'1 hasavelocitylargerthan\/}) < Cl\/ld 2#5 exXp <_§|\/|2> >

i

which is much smaller with our choice V = | loge]|.
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Thus we get by a union bound
IP5<CYjv> < C ovdr ! 5dr-1, (6.1)

Finally (2.25) follows from the choice of parameters (2.21).
Let us now note that the measure restricted to Yj\/ can be decomposed as

Ee (3 e0y:, ) = E(¢5(80) — Ee(¢5leteys, ) = —Ec(¢5(e)Leys, ),

where we used that E.({;(go)) = 0. Applying the Cauchy-Schwarz inequality, we get by (2.3), (6.1)
and the choice of parameters (2.21) that

1/2
E (g5, )| < E:(5@0?) P (0Y5,) < Clgollz, (6. (6.2)

This completes (2.27).
Next we use the Holder inequality to get

1/2 1/4

E (Lev, Si@500 )| < p (s, ) B (gae0?) B g 00)

Recall that h is in L*. Combining (6.1) with the bounds in Proposition A.1 on the moments of the
fluctuation field, we get

E (Levs S5(E0XEM) | < C Wtllolollz, (66

We turn now to proving the estimate on / dzlGi’CIUSt(G, 21)h(z;). Proceeding as in (4.4)-(4.5),
we get

/ 42,66, 2)h(z21) = Y Ee (i by (Z5,0)) £3(80) 1oy, )
ng
+ Z u? E. (@n, )E (§S(go)1eij) )

where @y, is conditioned on the sampling n; with sub-exponential trees and no recollisions in
(0,6). Applying the Holder inequality to bound the first term and (6.2) leads to

‘ / dz, G5 (8, 2 )h(z,)

< PE<CY;>1/4 [Es(s“f)(go)“)l/4 ) E (ug (éNK (ZEN(O)))2>

ny

+Cligollz, (6%)”” Y i Ec(@, ).

ng

1/2
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Since g, belongs to L*, the moments of the fluctuation field can be bounded by Proposition A.1.
Thus the previous term is estimated as in (4.9) and we find thanks to (6.1)

‘/dzlGi’CIuSt(e,Zﬂh(Zl) < COEDYHIgoll o @ l1hll Lo (o) Z (CONk

(ne <2<k
1/2
+ CO2goll 2, Ilomps 25 (COP*

< C |l o) lIgoll Loy (0)/2 2K (O .

Using the scaling K = 8/, this concludes the proof of Proposition 2.7.

6.2 | Convergence of the principal part

In this section, we prove Proposition 2.10. This is based on classical arguments relying on L®
estimates. We shall refer to the literature for details.

To begin, the limit initial data is identified thanks to the following classical lemma: we refer
to [13, 24, 30]. We set

GN(Zy) 1= M®"(V,) Y go(z), n>1. (6.3)
i=1

Lemma 6.1. There exists a positive constant C such that, forany n € N,
(G2 = G8) @ (X)| < "MV, elgoloo

when ¢ is small enough.

Next we define formally a limit hierarchy, and identify its solution with the solution of the
linearized Boltzmann equation (1.13). To do so we introduce Boltzmann pseudo-trajectories ¥ ,,
on (0, 0), constructed as follows. For all z,, all parameters (;, w;, Uy4i)i=1,.m With £; > £;,; and all
collision trees a € Afm (denoting by Z,,,,1(7) the coordinates of the particles at time 7 < ¢,,,)

* start from z; at time ¢ and, by iterationoni =1, 2,...,m,

« transport all existing particles backward on (t;,¢;_;) (on D?),

* add a new particle labeled i + 1 at time ¢;, at position x, (¢;) and with velocity v; ;,
* apply the scattering rule (1.7) if s; > 0.

We then set

Gi(©) 1= ) Qumn(©)GS,,,, n>1 (6.4)

m>0
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where Q ,,,+1 is the Boltzmann hierarchy operator

Ql,m+1(9)G?n+1 = Z /ddedeV2,1+m

+
aEAl’m

X <H $i (V141 — g, (£1)) - wi)+>G9n+1(Zm+1(0))-
i=1

Similarly we define

Ga(6) 1= ) Quusm(©)G, 5

m=0

where

Qn,n+m(e)G2+m = Z /ddedeVn+1,n+m

aeAim

X (H Si((vn+i - Uai(t;_)) : wi)+>Gfl(.)q.m(Zn+m(O)) .

i=1

The following result is due to [30] (see also Section 1.1.3 in [3]). It identifies G; to the solution
Mg(6) of the linearized Boltzmann equation (1.13) with data g,. We recall (see for instance [16,
17]) that there is a unique solution Mg to (1.13) as soon as g is bounded, which remains bounded
for all positive times.

Lemma 6.2. The solution G,(0) of (6.4) with initial data (6.3) is equal to the solution Mg(6)
of the linearized Boltzmann equation (1.13) with data g,. Furthermore, the n-particle correlation
function G, (¢, Z,) is given by the following explicit expression for any n > 1

VE20,  Gut,Z,) :=M®"(V,) ) g(t,z)) . (6.5)
i=1

To prove Proposition 2.10, it now remains to prove that

lim Gi’mam(e,z) h(z)dz = /Gl(e,z) h(z)dz, Vo e RY.

e—0
Following the decomposition (2.23) of G{(6), we write G(0) as

G1(8) = G™™(6) + G,""(6),
where the main part is given by

GINE) i= Y Qi (D) Quy i (DGY,

(me<2K)ye<k
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and the superexponential part by

K
G;P(®) : Z YD Q@ Qe N (DG (6 — k).

k=1 52-7)1'5](,1 ne>2k

This remainder term is controlled as in [2, 3] using the explicit form (6.5) of the correlation func-
tions Gy, . Since the solution g(¢) of the linearized Boltzmann equation (1.13) remains in L for
all positive times, the correlation functions Gy, are also in L at any time. Therefore

|/ 6006, 2z dz| < Clgoloo Ml 3, 2 (cor)”
k>1

< CllgolleollAll oo (67 -

Recalling the principal part

Gi,main(e) — Z Q‘Ll:(,)Nl (T) QIE\?K,I,NK (T) G]E\?K s

(e <2K)e<x
we notice that the differences in this formula with respect to G{nain(e) are due to:

(1) the initial data Gf\?K Vs, G]%K;

(2) the fact that pseudo-trajectories W{ ~are constrained to the set of parameters avoiding
recollisions, and also to the set G, (a, Z;);

(3) the fact that (at creations) particles in lPi ,, collide at distance ¢ while in ‘Pi , they collide at
distance 0.

These errors are controlled as in [22]. First, we borrow an argument from [25] and define ‘PE

an auxiliary pseudo-trajectory defined exactly as ¥, ,,,, with the only difference that particle i +
1 is created at position x,,(f;) + es;w; (this is sometimes called the Boltzmann-Enskog pseudo-
trajectory). Correspondingly, we can define Q1 ma1 €xactly as Qq 41, with Wy ,, replaced by le m
By definition, le . and ¥, have identical velocities and the positions cannot differ more than

me. In particular at time zero we have that the Euclidean norm of the difference |Zf]k 0) - Z]?]k (0)]
is bounded by

3

125 ()= Z§ (Ol <N e. (6.6)

Next, we can simplify the integral in G}’ M3l by removing the constraint in point 2) above. Let O

be the complement of the set of parameters in 2). Clearly the pseudo-particles in lI‘E can overlap
(they can reach distance strictly smaller than ). However in absence of rec0111s1ons and overlaps,
the auxiliary pseudo-trajectory coincides with the BBGKY pseudo-trajectory lI’1 n =¥, Wecan

. The contribution of ¢

to Q1 Lem is bounded by a quantltatlve version of Lanford’s argument: following [25], one can
show that there is a constant o € (0, 1) (which can actually be chosen arbitrarily close to 1) such

therefore replace ¥ by W}, in the geometric representation for G} main
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that

> / dzdT,dQpudV s 14m K(2) G, (ZE, (0))
(o3

m
[ [ si((v1si = vE D) - @1) | < Wl lgolleom)e*(CO)™ .

i=1

Using this after Lemma 6.1, and controlling the error (6.6) thanks to the Lipschitz norm of g,
we conclude that

‘ / (6™ - G ®) ) h(z) dz

N,
< Wl (8ol + € Vool ) Y, (€O ™

nkSZk
k<K

which leads to Proposition 2.10 since o may be chosen arbitrarily close to 1. O
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APPENDIX A: LP A PRIORI ESTIMATES
For the sake of completeness, we state below some estimates on the moments of the fluctuation
field under the equilibrium measure. These bounds follow from a standard cluster expansion
approach (see e.g., [29]).

Recall that the functional spaces Lf,[ was introduced in (1.12).

Proposition A.1. Let h be a function in LZIC/I. For € small enough, the moments of the fluctuation
field are bounded:

E((¢m)")

<Cplhllf,,  1<p<co, (A1)
M

where the positive constant C,, depends only on p.

Proof. The proofis based on the same algebraic manipulations used in Section 3 to estimate mean
and variance of test functions; we repeat them here for moments of arbitrary order of {§. After
expanding the product of fluctuation fields in (A.1), we organize the sums by grouping particles
with common indices. Then we proceed to compute the expectations under the Gibbs measure, by
using a cluster expansion of the exclusion condition. This leads to the exact decomposition (A.5)
below, which implies (A.1) thanks to the tree inequality.
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Since the time is always zero in this proof, let us drop the indices 0 from now on. By definition
of {¢ and 7° and abbreviating |o| = s,|0’| = 5/, |4;| = ¢ etc., we have that

E(¢m)) = ¥ BN E(EEw))

oua’ ={1,...,p}
ono’ =@

t
2 — ! .
=i Y P E )’ [EE<2 > thf(z;)>,
ouc’={1,...,p} AEP; (i1 i) J=1
ono’ =

where P, indicates the set of partitions of o. In the second line we have arranged the s sums
over particles encoded in (7°(h))’ according to the repeated indices: there are ¢ € [1, s] differ-
ent particles and the partition 4 = {4, ..., 4.} specifies how many test functions are assigned to
each particle.

In terms of the correlation functions (G;’eq)kzl of the equilibrium measure (1.3), whose
definition (1.16) we recall:

/G,i’eq(Zk)hk(Zk)de = Es(% 2z hk(z?l(t)"“’sz(t))>’

Me (iy,...it)

the previous formula reads

s 3
e > D <— / th(Z)Gj’eq(2)> / dz, [ n'i(2;)G5%20)
oUo’={1,...p} AEP, Jj=1
ono’ =@

!

DYDY (—1)S’uzs+f( / dsh(zmi’eq(@) (a2)

ous”={1,...p} 1€P; o’'Ca”
ona’! =

C+s—s

¢
X / dZSH_SI ng h®(SN_S’)(ZSN_SI) ® hfj (Zﬁ’) Gs,eq (ZE ’ ZS”—S’)

j=1

denoting by P} the set of partitions of o without singletons. The equality comes from the renaming
of variables

o Ul 4yl =1} = 0"
s+ #HA 4l =1} > 5
AN =132
€ —#A 5 il =1} — ¢

In (A.2), we adopt the convention of using the symbol Z for variables which correspond to a single
test function h, and z for variables which correspond to a power of test functions h’J.
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‘We use now the cluster expansion of the correlation functions, see for example, Equation (8.1.18)
in [6]:

:
6@ = 3 [1a(Z),

PEPq,.. iy i=1

(A3)

p
, M
gz =M (v,) ) o
p>0

/M®P(I7p)(p(zl,...,zr,Zp)de , r>1
where the cumulant ¢, defined similarly to (3.6), is supported on connected graphs on r + p
points. Note that at leading order correlation functions are tensor products of gi’eq = Gi’eq.

We recall that the tree inequality (3.8) implies the estimate

p
g;,eq(zr) SM@r(Vr)Z Z %/dzp M®p(Vp) H Ly(y y*)<e » (A4)

p20TET, ) (».y*)EE(T)

denoting by d(y,y*) the minimum relative distance (in position) between elements y,y*
in{z,..,z,,2,.. Zp}. This bound will be useful below.

Inserting the expansion (A.3) inside (A.2), we will show that the terms with singletons dis-
appear. First we notice that, for each partition p, the last line in (A.2) factorizes into r = |p|
independent integrals:

Ee(@n)")

=y Yy Y (—1>S’u;”f< / d2h<z>gi’eq<2)>

ouo”’={1,...p} A€Py o' Ca” PEP)yo/N\o!)
ana’! =g

,
<1 / a2 dZy h®(2,) @ 1i(20) & (20.2,2)
l=1 L L 1 L 1 L

1
/1j€pl.

where r; = |o;| =1} + 17, r] =|p}|, 7 = |p}| with p] = p;n A and p} = (p])° (the complement
of pi1 in p;). For ri1 =0, rl.2 = 1 the last line reduces to a singleton factor [ h gi’eq. This suggests to
rename again the summation variables as follows:

! R 2 _ sin,
o} U{,o,-,rl. =0, r; =1} - o8
{1,..,p}\ o%"8 — o* ,
{oisr} >00rr;>1} - p*
with cardinalities s*"8, s*, r* respectively. In this way, o, and p* determine a nested partition
of o*: we first choose o C o* and 1 € P;; and secondly we take a partition p* of 1 U (¢* \ o).

This partition is characterized by the fact that o} contains at least two indices in {1, ..., p}. We will
indicate by 4 ©* p* the sum over such nested partitions (the * reminding us of the constraint
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excluding singletons). By Fubini we get that

E(¢ ")

w3 3T T e (femene)

o*uoSing={1,...p} OCO* 2AePk g/ Cgsing
J>:<rwsing=w Aok p*

X_H/ 02,22, 7 (2,2) @ (20 ) 85 Z0.2,2)

i=1 Ajeprt !

AN YD YD) <—1>S’u;“+f</ d”@gi’eq@))

o*ueSing={1,..., p} AEP % o) CoSing
A o

ssing

sSing

o*nosing=g
s f Eeq *
[l a2 @ () ()

where in the second equality we eliminated the sum over o by removing the constraint on 1. Now
the sum over o’ C 0" can be performed first. Since ZU, casing(_l)S/ = 8 4sing 3, We conclude that

E(¢m)f )= Y / iz, @ n'i(2,)€(2,) (A
A€Py, ., }p/IL»* Aj€p;

where the sums run over nested partitions of {1, ..., p} with p; containing at least two indices in

{1,..,p}
Observe that (A.5) is factorized in r integrals, each of which can be bounded by Hélder’s
inequality:

St fj/z/ljfj
/erl ®h€ ; gi,eq( ri) < H </dZ,i || =4 J(Zri)|gi;eq|(zri)>
Aj€p; Aj€p;

Moreover by (A.4) and Fubini,

€ ti
[ aze == ) 16502, < [ da 0™ (2,) M)

xy ’;f/dzr_ldz MR (v, V) [ Loy

(r.y*)EE(T)

and the last line of the previous formula is estimated exactly as in Section 3 by r;1C"ig?"i=1) for
some C > 0, uniformly in z, for ¢ small enough. On the other hand, the term in the first line
produces a factor

IIhIILAz/j < Cplille
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for some pure constant C;J depending only on p (and not on the partition). From this we deduce
that

Yieo b
‘/dzr,— ® hfj(zrl-)gi;eq(zri) Sri!CriEd(ri_l)(Cll)”h”Lil) Aj€Epi }‘

Aj€p;
Hence
/ p d
p —-p/2 o
[EE((G(g)) ) <u’ <C1’3||h||L§4> Y ricneien.

2€Pq . p} i=1
piAs*Fp

Bounding roughly #f gdlt-r) < ,uf He e < ,uf / 2, we arrive to the estimate (A.1). m

APPENDIX B: GEOMETRIC ESTIMATES
In this section, we complete the proof of Lemmas 5.1 and 5.2 and show how the presence of a cycle
due to a non-clustering encounter leads to an additional constraint, producing extra smallness and
leading to (5.12) and (5.14).
We first give some technical definitions to identify this additional constraint, then state the
geometric estimates and finally deduce (5.12) from (5.11) (the argument is the same for (5.14)).
We recall that in deriving (5.11) an ordered tree T has been constructed, following the forward
dynamics. The definitions that follow relate to some particular edges in the tree. In a forward
trajectory, encounters are of two types: with annihilation of a particle (corresponding to a creation
in the backward pseudo-trajectory) or without (corresponding to a recollision in the backward
pseudo-trajectory). Moreover in the first case, the surviving particle can be deflected or not. By
deflection we mean here that the particle undergoes a non-zero variation of velocity.

Definition B.1. We call parent p of a group of particles (g ), at time 7 the p-th edge with the
largest p such that one of the particles (qy ) is deflected at 7, < 7. If such a parent does not exist,
then we set 7, 1= fop-

We define the connector k of two particles (g, §) the index of the first edge realizing a connected
path between g and q.

The tutor j of two particles (g, g) at time 7 is the largest j with 7; < 7 such that j is either the
parent at time 7 or the connector of (g, §).

Recall that the construction of the admissible tree T in the proof of Lemma 5.1 is such to
exclude cycles, so that the graph T. is minimally connected, whereas the graph encoding all
encounters has more than N, — 1 edges. Consider the first encounter in the forward dynamics
creating a cycle (or multiple edge) in the graph encoding all encounters. Let (g, §) be the edge
realizing the cycle and 7.y the corresponding time. The cycle will impose a constraint on the
tutor j of (g, §) at 7.y, and integrating on the relative position %, as in the proof of Lemma 4.1 will
produce the required additional smallness. The following proposition quantifies this smallness,
which is different depending on whether the tutor is the parent or not.

Proposition B.2. Assume that d > 3. Let q and q be the labels of the two particles involved in the
first cycle, at time Ty, and let j (resp p, k) be the tutor (resp. parent, connector) of (q, q) at time Ty,
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. . .. e, . o . - - +
as defined in Definition B.1. Then, denoting by Wg, Wy, Wy, Wg; the velocities of q,q, q j»qjatt -1
one has if the tutor is a parent p

N C
/ 1Cycle with tutor j = p IBT_(J dxj < F(We)d
€

\/El log €|1q¢qj \/EI IOg El 1q¢q1' \/@ (Bl)
X - )
|wq—wq—j| |wq—wqj| HMe
where q; is the label of the colliding particle, and if the tutor is a connector k but not a parent
1 . . 1 dx; < £ Vo)d+1
Cycle with tutor j =k > p *Br_ ; Xj = u ( )
€
(B.2)

€l(g.q)#(q;.q)

sin (wq — Wy, Wy, — wqj>

X 2 lsin(wq—wq,g‘)gg + (\/e)d min| 1,
¢

where the sum runs over ¢ € Z% \ {0} contained in the ball of radius V6.

The above proposition uses the tutor to gain some smallness from the strong geometric con-
straint. However, the estimates in (B.1)-(B.2) lead to singularities in the relative velocities. Those
singularities have to be integrated out either by using available parents (if any) or by using the
Gaussian measure of the velocity distribution at time ,,. The following proposition summarizes
the different possibilities.

Proposition B.3.

() Letq # q be two particles of velocities wy, wg with parent €. Let { € 79\ {0}. Then one has that

Ve| loge| C
— + 1 1 X, < — Ve|l 1, 1 . B.
/ <|wq — wq_,-| + 51n(wq—wqj,§)§£ Br_.¢ dxf = gl 0g£|(5 ¢=1t o f;él) ( 3)

(i) Letq,q,q;,q; be particles with velocities wq, wg, Wq;» W, and parent € (say deflecting q), such
that (q,q;) and (g, q;) belong to different connected components of the dynamical graph.

€y qi+(q;.03

o C
1p,_,d%; < E\/El loge|(81p—) +6144)

/min 1,
sin (w

oty = 0y ) (B.4)
1 6\/l(q,qj) encounter at 7y 6\/lq:qj ]'Lj#qj-
X + b
lug + g, — (wg; +wg)l g — wgl

denoting by u the pre-collisional velocities.
(iii) Let q,q,q;,q; be particles with velocities wy, wq, Wy, » Wy such that (q),(q;) and (g, g;) belong
to different connected components of the dynamical graph. Let € be the first parent of q,q, q;, g
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deflecting only one particle of the group.

Ve|loge| C
1 dx, < — Vegll 61y, +61 . B.5
/qu+wqj—(wqj+wq)l Br. B8 < o Vel logel (lemr + 1) (B)

(iv) Forq# q,¢ € Z%\ {0}

Ve|loge| Ve| loge|
/M(wq)M(wqj)M(wq)M(wqj)< lwg —wgl  wg +wy, —wg —wyg, |
J J
€l(q.q)#(a;.q)) (B.6)

Flin(w,—wg.O)<e T min| 1, dwqdwq_idwqdwa_

Sin (wq - qu, wqj - quj

< CVe|loge|.

Notice that if the parent lies in the time interval (fsop, Lsiop + &), then the estimates are
strengthened by a factor 6.

Propositions B.2 and B.3 are proved below. We now explain how to apply these local propo-
sitions iteratively, by using the time ordering prescribed by the dynamical graph, so that the
singularities are progressively reduced leading finally to an upper bound of order ¢|loge|. We
recall Inequality (5.11):

Ni—1

Z /dXNk_llcycle H 15,
i=1

T.€T, f‘fk

< Z Z Z /dfcllBul/dfcz‘“/dfCNk—llBT«Nk,llcycledefinedby(q,q),c-

T<eTN<k q.9 c<Nj

Now we integrate the constraints iteratively with the additional integrals of Propositions B.2 and
B.3 which act on local parameters thanks to the time ordering. More precisely we proceed as
follows.

* We bound the inner integrals one by one up to the step j given by the tutor of the cycle. At this
step, we apply Proposition B.2.

* We continue by estimating the integrals at steps j — 1, j — 2, ... up to the step ¢ (if any) defined
as the parent in Proposition B.3, items (i) or (ii) (depending on the term to be treated in (B.1)-
(B.2)). At step ¢, we apply (B.3) or (B.4) respectively. Notice that we are left with singularities
involving the groups of particles in the right hand side of (B.4).

* We continue by estimating the integrals at steps ¢ — 1, ¢ — 2, ... until we possibly find a parent
of the latter group of particles, as defined in Proposition B.3, items (i) or (iii) (respectively for
the third and the second term in (B.4)). We then apply (B.3) or (B.5) respectively.

* We continue by estimating the integrals up to step 1. If we have not found enough parents, we
may be left with singularities as in the right-hand side of (B.1)-(B.2) or (B.4). By integrating
the velocities with respect to the measure M®Nk, such singularities are dealt with by (B.6) and
(4.17).

This proves (5.12).
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Now let us prove Propositions B.2 and B.3. The cycle at time 7 is triggered by a tutor j involv-
ing an edge (g;, g;)- Notice that the tutor can involve the particles (g, g) themselves. Below, we
are going to distinguish the different cases in the definition of tutor (either j = por j = k > p) as
well as a series of subcases to integrate the singularities.

Proof of Proposition B.2. Case 1a: j = p is the parent of q, g.

This is the case of a direct, periodic cycle, in which the last deflection of g, § in the forward
dynamics before 7.y involves both particles g and g at time 7; (in this case ¢ = g; and g = g;). In
addition to the condition %; € Br_ ; which encodes the encounter (recall that £; : = Xq; — Xg; =
X4 — Xg), we obtain the following condition for a cycle

ewj + (vg = vg)(Teye — Tj) = €y + ¢ With ¢ € Z9\ {0}, weye € ST1,
and vy — Vg = wy — wg — 2wy — wy) - W; ;
where, by definition, Ug» Vg are the velocities at time T;T, Wy, Wy are the velocities at time T].+_1,
and w; is the impact parameter at the encounter. We deduce from the first relation that v, — v,
has to be in a small cone K, of opening ¢, which implies by the second relation that w; has to be in
a small cone S; of opening ¢. Note that the additional parameter { € Z4 \ {0} takes into account
the periodic structure of the domain T¢. Since the velocities are bounded by V, it will be enough
to consider the parameter ¢ in the box [-V6, VO]¢.
Using the local change of variables %; — (ew T j), it follows that

o d—1
/ Leyclewith j = pr(0.0) = (a4 LBy A% < CE910 / L, es, ((Wg — wg) - ;) , da;
¢

< ceX@-Dy)™!

since there are at most (8V)¢ possibilities for the ¢’s.

Case 1b: j = p is the parentof ¢ = g; and g # §;.

In this case (see Figure Bl), a third particle is involved in the process, as g is deflected by an
encounter with g; # g at time 7; (which implies necessarily that j > 2). By definition of the cycle,
the connector k of (g, q) is such that 7} < 7. Then by definition of the tutor, one has j > k so
that at time ‘rj+_1
* either g and q are already in the same connected component;
* or g; and g are already in the same connected component.

The encounter at 7; is encoded by the condition £; = x, — Xg; € Br_,j» and we can strengthen
this condition thanks to the cycle. The new condition will be written as a new constraint
between fcj = Xg, = Xg; = Xg = Xg;» T and w I which is different in both cases but can be
estimated in the same way.

Case 1b.a) - If g and g are already in the same connected component, then we write that in
addition to the condition X j=Xg—Xg; € Br_j,

(xq(fj—l) - xq(fj—l)> + (wq - wq)(fj - 7-'j—l) + (vq - wq)(fcyc - Tj) = EWeye T ¢, B7)
B.7
with ¢ ez¢ and Vg = wy — (wg — wqj) W w;
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A
Tcyc
Tj
q > 7 K -
G 4 q

FIGURE B1 Two simple situations corresponding to Case 1b. The non- clustering encounter between (q, q)
is triggered by a previous deflection between g = g; and ¢; which is not equal to g. The parameter %; has to be be
tuned so that the encounter between g, §; leads as well to the recollision. The corresponding graphs with a cycle
are depicted below.

where we recall that Vg is the velocity at time T}' and Wg, Wy, and wg = vy are the velocities of
g, g; and g at time T;F_l (and therefore at time 7:]7). Since q and § are already in the same con-

nected component, their relative distance at r;r_l and the velocities are fixed by %, ... £;_; and the
velocities at t,,. Condition (B.7) therefore expresses a new constraint between %;,7; and w;.

Case 1b.b) - If g and g; are already in the same connected component, then their relative dis-
tance at TJJT_I and the velocities are fixed by %y, ... £;_; and the velocities at t,,. Then, in addition
to the condition X; = x, — Xg; € Br_,j which encodes the encounter at 7, we obtain

(xqj(‘fj—l) = xg(tj—1)) + (wqj —wg)(Tj —7j1) + (Vg — W) (Teye — 7))
= €Wey — Ewj +§, (B.8)
with ¢ez? and quwq—(wq—wqj)-cojwj

with the same notations as in (B.7) for the pre-collisional and post-collisional velocities.
The first equations in (B.7)(B.8) restate
Tcyc - Tj

1
5t (wcyc_ijCase 1bb) T &, + &jwrel) > &cyc L= c (B.9)
cyc

Uq - wq =
where
* for (B.7) the relative velocity is wy := wy — wy and
. 1 .
& 1= E(xq(fj—l) - xq(fj—l) - {) =1 0X] + Ty Wrel
1
SxLJ_wrel and 5'[] = E(Tj—‘[j_l'i"[*).

In this case there is no term w s
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0 < O < C (2)"*

FIGURE B2 Intersection of a cylinder and a sphere. The maximal solid angle is obtained in the case when
the cylinder is tangent to the sphere. It is always less than C,; min(1, (/R)“~1/2).

+ for (B.8) the relative velocity is wye := Wg; — Wy
. 1 .
ox 1= E(x‘jj(rj_l) = x4(tj_1) — §’> =8| + T Wy
1
éxllwrel and 51'] .= E(Tj—‘['j_l'i"['*).
Note that, by definition

CcVveé
> |welrj| < -

olQ

|WrerTs| < [6x] <

The recollision will be easier to achieve if dx is small, however this cannot happen (for a large
amount of time) if the relative velocity w, is large enough, as the particles will drift far apart when
7; changes. In the following, we will integrate over the time 7; recalling that d%; = Ed_l((wq -
wqj) ;) dw;dr;.

Subcase (i): Suppose that |w 57 ;| > 4. We get from (B.9) that

(Uq - wq)&cyc = Weye—®@jlcase 10.b) T &, + wrel&j .
Thus the triangular inequality implies

1
w1t < vy — wy
25Tcyc| rel Jl | q ql’

from which we deduce

1 < AV
&cyc - |wre157j| .

By (B.9), vy — wy belongs to a cylinder R of main axis éx; + wyer; and of width 4V /|w, .

Then, v, has to be both in the sphere of diameter [wy, wqj] (by the second equation in (B.7)) and
in the cylinder wg + R (by (B.9)). This imposes a strong constraint on the deflection angle w; in
(B.7)(B.8), which has to belong to a union of at most two spherical caps. The maximal solid angle
is obtained in the case when the cylinder is tangent to the sphere (see Figure B2). It is always less
than C; min(1, (/R)@~1/2) denoting by 7 the width of the cylinder, and by R = % lw
radius of the sphere.

g — wq_i| the

85UR0| SUOWILWIOD BA IR0 3|edijdde 8y} Aq paupnob aJe sapile O ‘2SN JOSa|n 1o} Ariq1T 8UIIUQ AB]IM UO (SUORIPUOD-PUR-SWRY W0 A8 1M ARe1q1[BUI|UO//:SA1L) SUONIPUOD Pue SWie | 8U} 89S *[£202/0T/Ge] Uo Akl auliuo Ao |im ezusides eewoy 1 AiseAIuN A 02122 edo/200T 0T/10p/L0D A3 1mAteiq 1 jpul|uo//Sdiy Woi pspeojunmod ‘2T ‘€202 ‘ZTE0L60T



LONG-TIME CORRELATIONS 3907

q 4 q; q

FIGURE B3 Two simple situations corresponding to Case 2. In the picture on the left, only three particles
are involved and g; is annihilated in the encounter with q at time 7; (j > 2). The picture on the right depicts
another possible situation, where 4 particles are involved as g, g are both different from gq;,g; (j > 3).

FIGURE B4 Graphs associated to the pseudo-trajectories in Figure B3. Non-clustering encounters are
represented by dashed lines.

Thus w; has to belong to a union of spherical caps S¢, of solid angle less than

(d-1)/2
vV
1, s, dw; <C .
/%654 ! <|&jwre1||wq—wqj|>

Note that we can always replace the power (d — 1)/2 by 1 since we know that the left-hand side is
bounded by |S?~!|. Therefore

/leesg((wq — wq—j) cwj)ydw;dr; < C\//min(( >,1)d‘rj.

|Tjwre1|

Subcase (ii): if |wydrj| <4, we have a strong constraint on & ; and we do not need any
additional constraint on w;.
Thus, it follows that

€| loge|V
|wre1|

/ ljparentoquithq;éqleTbde%j < %(\/e)d ’
which concludes the proof of (B.1).

Case 2a: j = k > p is the connector of (¢, §) # (g;, q;) but not its parent.

The situation when g (or g) is deflected at time 7; has already been dealt within Case 1. We will
therefore assume that g and g are not deflected at time 7; (see Figures B3-B4 for situations when
this can happen).
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In this case, the velocities v; = w, and v; = wy are constant on [T;.r_l, Teye]- Moreover by defini-
tion of the tutor, we know that g and g; (resp. g and q;) belong to the same connected component
of the graph T. at time TJ.“_l. As the corresponding connected components move rigidly with
respect to £;, we notice that the relative distances x,(7;_;) — Xg; (tj—1) and x4(7j_1) — Xg; (Tj—1)
are independent of X;. The dynamical constraints state

xq(Tj—l) - xq(fj—l) + (Tcyc - Tj—l)(wq - wq‘) =EWeyc T gcyc
(B.10)
xqj(rj_l) - xqj(rj_l) + (7 — Tj_l)(wqj - wqj) =cw;+{;.

Writing
xg(Tjo0) = Xg(j1) = &5+ (%4(T10) = %, (111 ) + (g, (50) = %4(55) )

it follows that £ 3 has to be in the intersection R of two cylinders of axis Wy — Wy and Wq; — Wg;»
and width . The volume of this intersection is at most

1 €
R| £ —min(V6, —— B.11
IR| < - min(V9, =) (B.11)

where Q is the angle between w, — w; and Wq; — Wg;- This proves (B.2).

Case 2b: j = k > p is the connector of (¢, ) = (g, ¢;) but not its parent.

Since g and g are not deflected at 7, we obtain a contradiction: one of the particles has to be
annihilated and they cannot encounter again. However, in the companion paper [4], when looking
at higher moments of the fluctuation field, we will have to consider overlaps, that is, encoun-
ters where the two particles survive without being deflected. For the sake of completeness, we
therefore deal also with this case. From (B.10) we deduce that

xg(Tj1) = Xg(Tj-1) + (Teye — Tj1)(Wg — Wg) = € Weye + Seye
Xq(Tj-1) = Xq(Tj-1) + (7j = 7j-1)(Wg — wg) = £w; +
so that
(T) = Tey)(wg — wg) = (§j — Seye) + O(e) .

In other words, the sinus between w, — wg and {; — ¢y has to be less than ¢, which proves (B.2).
This concludes the proof of Proposition B.2. [

Proof of Proposition B.3. Integration of the first singularity, proof of (B.3).

Let us start by dealing with the singularity 1/|w, — wg|, which we want to integrate by using
the parent variables. Denoting by u,, u; the velocities at time 7, we distinguish again between
two subcases.

Subcase (i): g = g and g = g, then [wy, — wg| = |uy — u4| and there holds

c |(ug —ug) - we|
T M |uq _uql

IBT<,€
|wq - wa

c
Xe dwedt, < ;(51g:1 + 61g¢1).
€

Subcase (ii): ¢ = q, and § # g,, then g is not deflected at 7,. We therefore have

Wy = ug — (ug —ug,) - wp vy
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and
1
_ B 1
(ug —ug,) - wel|dwedty .
|wq_wq| / |u th,)'a)ga)f|| q qe |

Denoting a := uy —ug, and b : = uy — uy, we therefore have to study the integral

1
/—lb @ el |a - w|dw.

The denominator in the integrand vanishes at

q—

wy :=—, if (b-a)=|b|?.

Consider an infinitesimal variation 7 around w,. Since w € S%~1, 5 is orthogonal to w. The first
increment of the denominator at w, is

|(a-n)wy + (a-wo)n| > |(a-we)n| > |blnl.

We therefore find that

la-o] _._Ibl
b—(a-wal = nllbl

Locally the measure dw looks like |5|9~2dn, from which we deduce that

1
/m'ﬂ'&)'da) SC\/

since d > 3. Integrating with respect to 7, (and for £ = 1 considering the constraint that 7; €
[£5t0ps Estop + S1) leads to (B.3) in this case.
The term with small sine in (B.3) is bounded by

CV6e

€

1
“ / Liin(w,~wy.)<e 1B, [Ug, — Ug, ldwedTy < (61,21 +61,4) ,

which concludes the proof (B.3). O

Integration of the second singularity, proof of (B.4)-(B.5).
‘We want to integrate the singularity

1 ‘ lwq_walw%_w%‘l
sinQ| |(wg — wg) A (wg, — wg,)l ’

(B.12)

by using the parent variable of (g, g, q;, §;)- Without loss of generality, we can assume that particle
q has a deflection at the encounter ¢. This singularity is very degenerate as the denominator is
equal to 0 as soon as the vectors are aligned. Thus the integration with respect to the first parent
may not be enough to control fully the divergence. Nevertheless, the integration will lead to a
less singular function of the type v — 1/|v| which can then be integrated by using an additional
parent as in (B.3) (already proved) or (B.5) (proved below).
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w

FIGURE B5 The geometry leading to the degeneracy at o, = & of the singular integral (B.13) is depicted.

Subcase (i): Suppose first that g # q; and that g; is not deflected at time 7,. The encounter at
time 7, involves particle g = g, and a new particle g,. Denoting by o, the deflection parameter

of the encounter at time 7,, and by Ug,, Ug, the velocities at time T, , We must have

1 1
Wq, = E(u% +uf1{f) * §|u% _u%|of'

In (B.12), the velocities Wg; — Wy, and wy are frozen at time 7,. By definition, given a vector w :=

. wq . —wq : .
wg and a unit vector e := ———=, the integral

wqj —ijj

/min 1 elivg, — vl 1 dx
" |(wg, —w) Ael Pree™t

=1 /min 1 elig, — ] 1 |u Uz, |doedr
Nz TGy, —w) el )P Hae TR RO

(B.13)

has a singularity when (w;, — w) A e = 0. Singularities are isolated as soon as u,, —ug, # 0, and
are in general of order 1, but they become degenerate when the line w + Re is tangent to the sphere
of diameter [ug,,uq,] at wy, (see Figure BS).

Consider now an infinitesimal variation 7 around a singular value o, = &. Since o, € S¢71, 9
is orthogonal to &. At leading order one has

|wqf - wl

sin Q ~

Therefore, if d > 3 (and even though e is in the plane orthogonal to &),

CVe|loge|

€

1 [ . €
L [ min (1, m) 15, lug, —ug,|doydr, < (8141 +61421), (B.14)

Me
which gives (B.4) in the case g # g; and g; is not deflected.
Subcase (ii): Suppose then that g # g; (as on the right picture in Figure B3) and that g and g;
encounter at time 7,. In this case, the velocities w, and Wy change simultaneously in (B.12). In
order to decouple them, we rewrite the denominator by adding w, — w; and use the upper bound
|wqj — wqj| <V
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1 |wq_wq||wqj'_w<7j|

sinQ |(wg — wg) A (wg + Wg;, — Wq, — wg)|

< \Y |wq_wq|
= lwg + wg, — (wg, + wy)l [(wy —wy) Ael’

wq+wqj —Lqu —Wg

where the vector e = is unchanged by the encounter between g,q; as the

qu+wqj —(wqj+wq)|
momentum is conserved. With the previous notation to describe the encounter at time 7., the
particles are indexed by q, = g, g, = q;, the pre-collisional velocities by u,,,u;, and the post-
collisional velocities by wg, = wy and wy, = wg;. In particular the momentum conservation reads
Wq + Wg; = Ug, +Ug,.

lwg—wg| lwg, —wql

Thus the term = can be integrated as in (B.14)
l(wg—wgAel  [(wg, —wgrel

CVée|loge| OV(61,-y +614y)
He lug, +ug, — (wqj +wy)l’

1 . €
E/mm <1’sin_Q> 13T<,€|uqf —ug,|doedt, <

which leads to (B.4) in this case.

Subcase (iii): Suppose now that g = q; and g # g; (left picture in Figure B3). If the parent acts
on g, then one has to integrate over the variable w, = Wy; which appears twice now. To decou-
ple the different occurrences of w,, we proceed as in the previous step and add wg — w, in the
denominator. Then

1 lwg — wyllwg — wg;

SINQ T |(wy — wg) A (wy — wg, )|

lwg — wg|V \Vi lwg — w]

< < )
|(wq—wq)/\(wq—wqj)| lwg —wg,| [(wg —w) Acel

Wgs—Wg .
q—qjl. We stress the fact that, by construction, the particle g, colliding with q is dif-
LUq—Lqu
ferent from the previous particles. Thus we can repeat the above steps but we will be left with a

singularity 1/|wg — wg, |

with e =

CVo6e|loge| V
HMe |wq—wqj| )

1 . €
E/mln <1,SII’I_Q> lBT<,{‘|uQ6’ —Uqfldagdfg <

This concludes the proof of (B.4).

Proof of (B.5): We discuss now the singularity arising from the previous subcase (ii). This is a
singularity of the form 1/|w, + Wg; — (wqj + wg)| and respecting the assumptions of item (iii) in
Proposition B.3. If the parent ¢ of the group (g, §;, g, q) exists and acts on a single particle, then
we proceed as in the proof of (B.3), subcase (ii). If instead the first parent of the group (q, 4;, §;, )
involves simultaneously g; and g # g;, then the momentum Wg; + Wgq is constant and the parent
cannot be used: one then looks for the next available parent (if any) deflecting only one particle,
and proceeds always integrating the singularity as in (B.3). This leads to (B.5).

The case of no parent is dealt with by (B.6), which is straightforward. This concludes the proof
of Proposition B.3.
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