WEAK CONVERGENCE RESULTS
FOR INHOMOGENEOUS ROTATING FLUID EQUATIONS
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Abstract. We consider the equations governing incompressible, viscous fluids in three space dimen-
sions, rotating around an inhomogeneous vector B(x): this is a generalization of the usual rotating
fluid model (where B is constant). In the case when B has non degenerate critical points we prove the
weak convergence as the rotation rate tends to infinity, of Leray—type solutions towards a vector field
which satisfies a heat equation. The method of proof uses weak compactness arguments, which also
enable us to recover the usual 2D Navier-Stokes limit in the case when B is constant.

Résultats de convergence faible
pour des équations des fluides tournants non homogenes

Résumé. On considere les équations modélisant des fluides incompressibles et visqueux en trois
dimensions d’espace, en rotation rapide autour d’un vecteur non homogene B(z): on généralise ainsi le
modele habituel des fluides tournants (ot B est constant). Dans le cas ol B a des points critiques non
dégénérés, on démontre la convergence des solutions de Leray, quand la vitesse de rotation tend vers
Pinfini, vers un champ de vecteurs qui vérifie une équation de la chaleur. La méthode de démonstration
repose sur des arguments de compacité faible, qui nous permettent de retrouver également la limite
habituelle Navier-Stokes 2D quand B est constant.

1. INTRODUCTION

The aim of this article is to study the asymptotics of solutions of rotating fluid equations, in
the case when the rotation vector is not homogeneous. We consider a domain 2 = Qj, x Qg,
where ), denotes either the whole space R? or any periodic domain of R?, and similarly Q3
denotes R or T, where T denotes the one-dimensional torus. We are interested in the following
system:

1
Otu—i—u-Vu—Z/Au—l—gu/\B—l—Vp:O on Rt x Q,
(1.1) V-u=0 onR" xQ,
u|t:0:u0 on €

where B = beg is the adimensionalized rotation vector, and b is a smooth function defined
in ;. We shall suppose throughout this paper that b does not vanish; more assumptions on b
will be made as we go along. In the case when €2 is unbounded, we suppose that the vector
fields vanish at infinity.
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Before stating the result we shall prove here, let us recall some well-known facts in the constant
case (b = 1). The rotating fluid equations, with b constant and homogeneous, modelize the
movement of the atmosphere or the oceans at mid-latitudes (see for instance [11] or [18]). The
fluid is supposed to be incompressible (which corresponds to the hydrostatic approximation),
and its viscosity is v > 0. The vector field u is the velocity and the scalar p is the pressure,
both are unknown. Denoting by U and L the characteristic velocity and length scales of the
motion, and by f the local vertical component of the Earth rotation, the parameter €, known
as the Rossby number, is the ratio

U

= 2fL.

Taking the limit € — 0 means that the scale of motion of the fluid is much smaller than that
of the Earth. In the constant case, those equations have been studied by a number of authors.
We refer for instance to the works of A. Babin, A. Mahalov and B. Nicolaenko [2]-[4], P. Embid
and A. Majda [7], I. Gallagher [8], E. Grenier [12] for the periodic case, and J.-Y. Chemin,
B. Desjardins, I. Gallagher and E. Grenier [5] for the whole space case as well as [6] for the
case of horizontal plates with Dirichlet boundary conditions (for such boundary conditions we
refer also to the work of E. Grenier and N. Masmoudi [13] as well as N. Masmoudi [17]). We
also refer to the survey paper of R. Temam and M. Ziane [20], and the references therein. The
results in those papers concern both weak and strong solutions; in this article we shall only
be concerned with Leray—type weak solutions ([14]): we will see in Section 2 below that their
existence is an easy adaptation of the proof of Leray’s existence theorem [14]. In the constant
case, it is known that weak solutions converge towards the solution of the two—dimensional
Navier-Stokes equations. Such a result in the whole space case is due to Strichartz-type
estimates (which are obtained by writing the solution of the linearized problem in Fourier
space), whereas in the periodic case it follows from the study of the (discrete) spectrum of
the rotating fluid operator (following methods introduced by S. Schochet in [19]).

3

In this paper we are interested in the case when the rotation operator is not homoegenous.
This is physically motivated by the fact that the vertical component of the rotation depends
in fact on the latitude, hence larger geographical zones can be considered with such a model.
Moreover new physical phenomena appear when the variation of the rotation is taken into
account, namely the presence of Rossby waves (see [9] for a presentation of the various waves
present in geophysical flows). Our goal here is not to describe those waves precisely, but
rather to show that their presence does not disturb the mean flow. One would like to follow
the same methods as in the constant case, described above, but the problem is that it does
not seem a good idea to take the Fourier transform of the Coriolis operator

Lu¥ punB), V-u=0,
when B is not homogeneous (here P denotes the projector onto divergence free vector fields);
moreover the study of the spectrum of L is not an easy matter. So our strategy to study
this problem is first to try and recover the well-known results of the constant case without
using any information on the spectrum of L (other than the determination of its kernel), and
without using the Fourier transform. This will be achieved in Section 3. Then the study of
the variable case will be an adaptation of the constant case, in Section 4.

Before stating the results we shall prove in this paper, let us comment on the difficulties
compared with the constant case: as stated above, it is easy to construct a bounded family
of weak solutions to our problem, whether b is constant or not. Hence one can construct a
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weak limit point u, and the question we want to address is to find the equation satisfied by .
Of course the problem consists in taking the limit in the non linear part of the equation. As
noted above, we do not wish to study the spectrum of the operator L since that seems to
be a difficult issue. So we cannot apply the usual, constant b methods, as to our knowledge
they all involve spectral properties of L. The idea therefore is to turn to what is known as
“weak compactness methods”, in the spirit of P.-L. Lions and N. Masmoudi [15]-[16] (for the
incompressible limit). We shall recall briefly below what those methods are, and then we shall
state the main results of this paper.

1.1. Weak compactness methods. Let us explain what weak compactness methods are all
about. The idea is as follows: as usual the trouble to find the limit of the equation comes
from the bilinear terms. They can be separated into three categories:

e products involving only elements of the kernel of the penalization L, which can be
shown to be compact;

e products of elements of the kernel against elements of (KerL)=, for which one can take
the limit since elements of (KerL)® converge weakly to zero;

e products involving only elements of (KerL)L, which are the problem.

The idea now is to prove that in the last situation, the limit is in fact zero for algebraic
reasons: in previous works on rotating fluids, that result was proved essentially by writing the
product of two elements of (KerL)* by projection onto eigenvectors of L. In the periodic case,
a “miracle” in the formulation yielded the result (see [2]-[4] or [8]), whereas in the whole space
case, Strichartz estimates did the job (and the convergence was strong), see [5]. In this paper
we will show that the result has in fact not much to do with spectral properties of L, but is
due to simple algebraic properties. Let us recall the result in the case of the incompressible
limit, where such properties were first used (see [15]).

Proposition 1.1. [15] Let (p.), (uc), (6:) be bounded families of L?([0,T], H*(2)) such that
pe—p, Us—u, B0.—0ase—0.
Assume that

edipe + V- u. =0,
edyue + V(pe + 0:) = ese,

2
€0:0, + gv- ue = es,
where s. and s. are bounded in L*([0,T], H %(Q)) for some s > 0. Then
PV (ue ® uc) — PV- (u®u) and V- (ub:) — V- (ub)

in the sense of distributions, where P is the Leray projector onto divergence free vector fields.

Proof. This result has to be compared with the so-called “compensated compactness” the-
orems, in the sense that the convergences of some quadratic quantities in p.,u., 0. are es-
tablished under the assumption that some combinations of the derivatives of these functions
converge strongly in time to 0. The proof consists in checking that the acoustic oscillations do
not bring any contribution to the limiting terms. We introduce the following decompositions:

360, — 2p.

ue = Pu. 4+ Vi, and 6.= 3

Te,
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so that
305 - 2p€ . 1.1 —s
Pu. and ———— are bounded in W**([0,T], H *(Q)), and
2 2
€0V, + Vr, =e(ld — P)s — 0, e0ym. + gAsz = 368/6 — 0 in LY([0,T], H*(Q)).

2
We shall note in the following S. def (Id — P)s. and S. def 5 The incompressibility and

Boussinesq relations

!/
e

Vou=0, Vip+6)=0
allow to identify the limits

:%;J — 0'in L2((0,T] x Q),

Vipe =0, 7w — 0in w— L*([0,T] x Q),

Pu., — u,

from which we deduce that, in the sense of distributions
Ue @ Uz — Ve @ Vo — u @ u,
O-u. — w-Vip. — Ou.

The key argument is therefore the following formal computation (which can be made rigorous
by introducing regularizations with respect to the space variable x)

PY.(Vih ® Vi) = %pvweﬁ + P(AY.V.)

3
= 5P(—(‘?t(sﬂavwa) — V7. + meSe + 8’ Vih,)

_ gp(—at(mgwg) + 7S, + 25 Vh),
V. (7 Ve) = mc A + V) .V,

= gwg(ES'g —edyme) + Vb - (eSe — €0, Ve )

3 3
= SmeeS' + Vi - 25. - Zgatmﬁ - %at\wgﬁ

which shows that the contribution of the acoustic oscillations is negligible. U

Inspired by the previous computation, we shall in this article try to use a similar method
in the case of rotating fluids: we refer to the proofs of Propositions 3.4 and 4.3 for precise
computations.

1.2. Main results. Since we consider incompressible flows, we introduce the following sub-
spaces of L2(Q) and H'(f2)

HQ) ={uecL?Q)/V-u=0}, V(Q) ={ucH(Q)/Vu=0}

Finally V/(Q) will denote the dual space of V. We will omit the mention of the space Q in
the notation, whenever no confusion is possible. We will also use the following notation for
the inhomogeneous Sobolev spaces

H*(Q) = {ueD(Q)/Id— A)*"?ue L*(Q)}.
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We will also use the homogeneous couterpart
H(Q) = {u e D'(Q)/ (-A)*"?u e L*(Q)}.

It will appear clearly in the following that the horizontal variables play a special role in
this problem. Consequently we shall use the following notation: if x is a point in €, then
we shall note its cartesian coordinates by (x1,x2,23), and the horizontal part of x will be

denoted zp def (r1,22) € Q. Similarly we will denote the horizontal part of any vector

field f by f},, the horizontal gradient by V, def (01, 02) and its orthogonal by Vi = (9y, —0),

and the horizontal divergence and Laplacian respectively by divy, f def O1f1 + Oofo =V - fr

and Ay, def 0} + 03.

Finally as usual, C' will denote a constant which can change from line to line, and Vp will
denote the gradient of a function which can also change from line to line.

Now we are ready to state the main theorems of this paper. The first result, rather standard,
shows that there are weak solutions to the system (1.1).

Theorem 1. Let u° be any vector field in H. Then for all ¢ > 0, Equation (1.1) has at
least one weak solution u. € L (R, H) N L2(R*, H'). Moreover, for all t > 0, the following
energy estimate holds:

t
(1.2) lue(®)]2 + 20 /O Ve () |22t < a2

The aim of the paper is to describe the limit of u. as € goes to zero. We will first concentrate
on the constant case.

Theorem 2. Suppose that B = beg where b is constant and homogeneous.

Let u® be any vector field in H, and let u. be any weak solution of (1.1) in the sense of
Theorem 1. Then u. converges weakly in L (R* x Q) to a limit u which if Q3 = R is zero,

and if Q3 = T is the solution of the two dimensional Navier—Stokes equations

(NS2D) oru — vApu + up - Viu = (=Vpp,0),  divpup = 0,

u|t:0:/ u’(zp, 3) d333—/ (up(x),0) da.
T QhXT

Remark 1.2. This theorem is by no means a novelty, it is even rather less precise than other
such results one can find in the literature ([2]-[4], [5], [8], [12]). As we will see in Section 3, the
interest of this result lies in its proof, which contrary to the references above, does not depend
on the boundary conditions (which can be the whole space or periodic, in each direction).

Now let us state the new result of this paper, concerning the case when b is not homogeneous.
We will suppose that B = beg where b = b(z,) is a smooth function, with non degenerate
critical points in the following sense: denoting by p(X) the Lebesgue measure of any set X
we suppose that

(13) lim o ({z € @ / [VB(x)| < 8}) =0.
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Theorem 3. Suppose that B = bes where b = b(xy,) is a smooth function, with non degenerate
critical points in sense of (1.3).

Let u® be any vector field in H, and let u. be any weak solution of (1.1) in the sense of
Theorem 1. Then u. converges weakly in L? (R x Q) to a limit u which if Q3 = R is zero,

and if Q3 = T is defined as follows: u belongs to NKer(L) and its third component ug €
L>®(R*; L?) N L?(R*; H') satisfies the transport-diffusion equation

Orus — VApus + up - Vpaus =0, Ozuz =0, U3|t=0 = / ug(:rh, 33‘3) dx3 in Rt x Q,
T

while the horizontal component uj, € C(RT; V/(Q,)) N L2 (RT;V(Qy,)) satisfies the following

loc

property: for any vector field ® € V() NKer(L) and for any time t > 0,

t
(1.4) (un(t)|Pn) 20, + V/o (Vaun(t)|Vi®n) 20, dt' = (uj|®h)r2(q,)-

Remark 1.3. Formally Equation (1.4) can be written as a heat equation on Ker(L), as
writing II the orthogonal projector in L? onto Ker(L) the equation formally reads

atuh - VHAh’u,h = 0.

That result is surprising as all non linear terms have disappeared in the limiting process. This
can be understood as some sort of turbulent behaviour, where all scales are mixed due to the
variation of b. Technically the result is due to the fact that the kernel of L is very small as
soon as b is not a constant, which induces a lot of rigidity in the limit equation.

The structure of the paper is as follows. In the next section, we present the operator L
and study its main properties (proof of Theorem 1, study of the kernel of L). The following
section is devoted to the proof of Theorem 2. Although the result is not new, we present an
alternative proof which holds regardless of the domain (with no boundary). This serves as a
warm—up to the final section, in which the general variable case is presented, with the proof
of Theorem 3.

Remark 1.4. A more physical problem is the case when the direction of B is not fixed, in
other words when B is a three component vector, depending on all three variables. Then
geometrical problems appear, simply to determine the kernel of L ; this will be dealt with in
a forecoming paper.

2. STUDY OF THE SINGULAR PERTURBATION

2.1. Energy estimate. In this section we shall prove Theorem 1 stated in the introduction.

Proof. The structure of Equation (1.1) governing the rotating fluids is very similar to the
one of the usual Navier-Stokes equation, since the singular perturbation is just a linear skew-
symmetric operator. Therefore weak solutions “ a la Leray ” can be constructed by the
approximation scheme of Friedrichs : approximate solutions are obtained by a standard trun-
cation J,, of high frequencies. In order to obtain uniform bounds on these approximate solu-
tions, we have just to check that the energy inequality is still satisfied. Computing formally
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the L? scalar product of (1.1) by u leads to

%%”UH%Q =— /(%(uVﬂuQ —vu-Au+ éu-u/\ B+ wVp)dm.

Integrating by parts (without boundary) and using the incompressibility constraint, we get
1d
2dt

which holds for any smooth solution of (1.1).

2 2
[ullze = —v[[VullZe,

The energy inequality for weak solutions is obtained by taking limits in the approximation
scheme. ]

In particular, the energy estimate provides uniform bounds in L>°(Rt,H) N L2(R*, H') on
any family (u).~o of weak solutions of (1.1) provided that the initial data u" belongs to H.

Corollary 2.1. Let u° be any vector field in H. For all € > 0, denote by u. a weak solution
of (1.1). Then there exists u € L>°(R*,H) N L*(R*, H'), such that, up to extraction of a
subsequence,

u. — u weakly in L, (RT; L*(Q)) as ¢ — 0.

loc

2.2. Study of the kernel. We are interested in describing the asymptotic behaviour of (u.),
i.e. in characterizing its limit points. Of course, the equations satisfied by such a limit point u
depend strongly on the structure of the singular perturbation

(2.1) L:ueH— P(uAB)€eH

where P denotes the Leray projection from L2?(Q) onto its subspace H of divergence-free
vector fields. In particular, we will prove that u belongs to the kernel Ker(L) of L, which is
characterized in the following proposition.

Proposition 2.2. Define the linear operator L by (2.1). If w € H belongs to Ker(L) then u
is in L?(Qy) and satisfies the following properties:

dth up = 0,
Up - Vhb = 0,

/ up N B dxp, = 0.
Qp
Remark 2.3. In the case when Q3 = R, Proposition 2.2 shows that the kernel of L is reduced

to zero. Indeed there are no vector fields other than 0 which are in L*(Q, x R) and which do
not depend on the vertical variable.

Remark 2.4. The fact that divy, up, = 0 does not necessarily mean that uj can be written
as up = Vﬁgo for some function ¢ because the horizontal mean of uy, is not preserved by the
equation.

Proof. If u belongs to Ker(L) then we have
P(un B) =0,

/uh/\Bdac:O.
Q

so in particular
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Moreover in the sense of distributions,
rot (u A B) =0,
which can be rewritten
(V-B)u+ (B-V)u — (u-V)B — (V- u)B = 0.
As V-B=V-u=0 and B = beg, we get
(2.2) bOsu — (u-V)bes = 0.

In particular, d3u; = 03ug = 0 from which we deduce that
(2.3) Uy, Uz € L2(Qh).

Note that in the case where (23 = R, the invariance with respect to xz3 and the fact that u
belongs to L?(Q2) imply that u; = us = 0 (and therefore u3 = 0 by the divergence free
condition).

Differentiating the incompressibility constraint with respect to x5 leads then to

02uz = —0%uy — O33uy = 0
in the sense of distributions. The function d3us depends only on x7 and 3, and satis-
fies /agugd:rg = 0. So d3uz = 0 and

(2.4) usg € L2(Qh), O1uy + Oous = 0.
Finally we have proved that divy up = 0, as well as the fact that by (2.2)
Uup - Vhb =0
and
/ up N B dxp, = 0.
Qpn
The proposition is proved. U

Before applying this result to the characterization of the weak limit u, let us just specify it in
two important cases. If Vb = 0 almost everywhere, u € H belongs to Ker(L) if and only if

u = Vi + aes,

for some Vi, € L%(Q,) and a € L?(Qy,). If Vb # 0 almost everywhere, then the condition
arising on u is much more restrictive : if u € H belongs to Ker(L) then it can be written

Up - Vlb n
for some a € L%(Qy,), with the additionnal condition that

. up - V4o | up - Vb |
leh <WV b) =0 and /bwv bdx = 0.

From this characterization of Ker(L), we deduce some constraints on the weak limit w.
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Corollary 2.5. Let u® be any vector field in H. Denote by (u.).>o a family of weak solutions
of (1.1), and by u any of its limit points. Then

we LPRY; L2 () N L2(RY; H' ()
and satisfies the following properties: for almost allt € R,

dth up = 0,
Up - Vhb = 0,

/ up N B dxp, = 0.
Qp

Remark 2.6. Due to Remark 2.3, if {03 = R then necessarily all weak limit points u are
identically zero.

Proof. Let x € D(R*' x Q) be any divergence-free test function. Multiplying (1.1) by ex and
integrating with respect to all variables leads to

// U (0px + eue-Vx 4+ evAx + x A B)dxdt = 0.

Because of the bounds coming from the energy estimate, we can take limits in the previous
identity as € — 0 to get

/u A B-xdzdt = 0.
This means that there exists some p such that
u A\ B = Vp.
As u, satisfies the incompressibility relation for all € > 0,
V-u=0.
Then u(t) € Ker(L) for almost all ¢ € R*, and we conclude by Proposition 2.2. O

2.3. Remarks concerning the regularity.

2.3.1. Comparison with the gyrokinetic approrimation. As mentioned in the introduction, the
study of the asymptotics for an inhomogeneous penalization is a natural question in the
magnetohydrodynamic framework, when B represents the magnetic field. Such a study has
been performed for the gyrokinetic approximation [10], that is for a kinetic model perturbed
by a singular magnetic constraint :

e in the case where B = b(x},)es, the singular limit is exactly the same as in the constant
case : the fast rotation has an averaging effect in the plane orthogonal to the magnetic
lines;

e in the case where B has constant modulus but variable direction, extra drift terms are
obtained due to the curvature of the field.

A simplified version of this result can be written as follows.
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Theorem 4. [10] Let f° be a function of L>°(2 x R?), and (f.) be a family of solutions of
Oife +v-Vpfe + %v/\B-VUfa =0, teR%, (z,v) € QxR

with initial condition

fa\t:O = fO’

Then the family (f.) is relatively compact in L (R, x Q x R3), as well as the family (g.)
defined by

g.(t, 2, w) = f.(t,, R(x, —é)w)

where R(z,0) denotes the rotation of angle 6 around the oriented axis of direction B(x).
Moreover,

e if B = bes with b € C'(Qy, R%), any limit point of (g.) satisfies
Org + v30,,9 = 0;

e if B € CY(Q) with V, - B =0 and |B| = 1, any of its limit points satisfies
1
Otg+ (w- B)B - Vg = FWA (3(w.B)(B AVB) — BAVyB — VrwB) - Vg

with the notation Vi ® d:dV - V.

The result obtained in this paper is very different because of the incompressibility constraint,
which imposes a lot of rigidity to the system. In particular, the kernel of the penalization is
much smaller and the limiting system has less degrees of freedom.

2.3.2. A remark in the inviscid case. The weak compactness method used here allows to
study the singular limit without regularity with respect to the time variable. However it uses
crucially the strong compactness in z given by the energy estimate (1.2). Implicitly we have
actually considered the penalization

L.:u €V PluAB) —eAuc H Q).

That rules out the possibility to manage an analogous study for inviscid rotating fluids, the
first obstacle being to prove the existence of solutions for

1
Opue + (ue-V)ue + JUe AB+Vp=0, V-u.=0

on a uniform time interval [0,7]. Indeed it is not at all clear that the operator exp(tL/e) is
bounded on H*(Q2) for s > % (which is the regularity required to apply usual techniques for
hyperbolic systems). Actually even a bound in H*(Q2) for s > % seems ruled out, although we
will not pursue this issue here.
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3. THE CASE OF A CONSTANT VECTOR FIELD B :
THE 2D NAVIER-STOKES LIMIT

In the previous section, we have obtained a constraint equation on the limiting velocity field,
which expresses that u belongs to the kernel of the singular perturbation L. This comes from
the fact that the projection of u, onto (Ker L)+ has fast oscillations with respect to time, and
consequently converges weakly to 0. In the case where {23 = R, this characterizes completely
the weak limit v = 0.

Then it remains to get an evolution equation for u in the case where {23 = T. In the case of a
constant vector field B, the action of the Coriolis operator on vector fields depending only on
the horizontal variables is identically zero. It follows that all such, mean free vector fields are
in the kernel of the Coriolis operator, hence oscillations are essentially due to vertical modes
(and depend on b of course). The first step of the proof of the convergence result consists
in proving the compactness of the vertical average of u.. The second step then consists in
proving a compensated-compactness type argument to show that there are no constructive
interferences of z3-dependent vector fields. This involves a precise description of the waves
(see Lemma 3.3 below), which allows to derive formally the following limit (see Proposition 3.4
for a precise statement):

P/ div (us ® u.) drs — divy(u @ up),
T

where 0su = 0. The proof of that result requires a preliminary smoothing in space, and is
written in Sections 3.2 and 3.3.

The convergence result established here is not so precise as the ones given in [2]-[4], [8] or [12],
since it does not describe the oscillating component and consequently does not provide any
strong convergence. Nevertheless the proof is interesting in the sense that it does not require
any knowledge on the spectral structure of L, which allows to consider more general cases in
the sequel.

3.1. Compactness of vertical averages. Let us start by proving the following proposition,
which shows that the defect of compactness of the sequence of solutions u. is due to functions
depending on the vertical variable. In the following we normalize T so that / dxs = 1.

T
Proposition 3.1. Let u® be any vector field in H. For all € > 0, denote by u. a weak solution
of (1.1), and define

— def 1

U (zp) d:d/ ue(x) des and u. = m A (Te,p(x),0) da.
T hXT

Then the sequence (T — Ug)e=o is strongly compact in L?([0,T] x Qy,), for all times T.

Remark 3.2. Note that in the case when Qj = R? then of course T, = 0.

Proof. Let us take the vertical average of (1.1). In the case where b is constant we have seen in
the previous section that horizontal mean free, xs-independent vector fields are in the kernel
of L. We infer that

/P(uEAB)dacg—/ P(u. A B)dx = P ((u. —u.) A B) = 0.
T QpxT
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It follows that
(3.1) O (U — W) — VARTU: + P/Tue(:v) - Vue(z) deg = 0.
First one notices that the energy estimate implies clearly that
7. is uniformly bounded in L*([0,T], H')
for all times 7', which provides regularity with respect to space variables.

The second step consists in getting regularity with respect to time. We claim that u. - Vu, is
bounded in L*(R*; H=3/2(Q)). Indeed since u, is divergence-free, we have

Ue - Ve = div (ue ® uye)

and by Sobolev embeddings we can write

V- (ue ® u€)||H—3/2(Q) < ue® u€||H—1/2(Q)
< Cllue @ uell 3720
< Cllucllz2@ylluellzs @)
< Clluclizz@)IVuell 2 )

which proves the claim.

Since of course Au. is bounded in L2(R*; H~1(Q)) c L*(R*; H-3/2(Q)), we infer finally
that ;(T. — T.) is uniformly bounded in L*(R*; H=%/2(Q,)), which provides the expected
regularity in ¢.

Aubin’s lemma [1] then gives the following interpolation result
(W — Te)esp is strongly compact in L2 (RT; L2(Q,)),

which proves the proposition. O

3.2. Description of the oscillations. In the previous section we proved that mean free,
xr3-independent vector fields are compact. So the oscillations are due to z3-dependent vector
fields, and to prove Theorem 2 we need to show that such vector fields do not interfere
constructively in the non linear term of the equation.

The proof of that result requires some preparation, which this section is devoted to: we will
rewrite the equations in a convenient way for the algebraic computations of the next part,
by introducing a regularization of the equations and getting a control of the source terms in
some strong norm.

In the following for any vector field f we will write

(@) = Flan) + f(z), where Flwn) % /T f(2) das.

It will be useful to notice that fhas a zero vertical average, hence can be written, for some F ,

f(z) = 05F(x) with /T F(z) dxs = 0.
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Lemma 3.3. Let u° be any vector field in H. For all € > 0, denote by u. a weak solution
of (1.1) in L®(R*,H) N L?(R*, H'). Then, for all ¢ > 0, there is a family (ul)s-o of smooth
vector fields in L*(R™*,N,H*(Q)) such that

%imo uwl =u. in L} (RY,LP(Q)) for allp € [2,6], uniformly ine,

loc

and such that the functions
5 def 5 5 ~s5 def ~§ . s
we = O1ugg —Ohugy  and 038, = (rot ug L with Q2 p(z) dzg =0
T

satisfy the following equations (in the distribution sense):

—§ _ =0
O, = ey,
02 — bdivy il j, = €72,

and €0, +bul;, =R,

é

where for all § > 0, the function r® = 72 + 72 and the vector field ]Aég,h are uniformly bounded

in € in the space L*(RT, L?(Q2)).

Proof. The first step of the proof consists in taking the rotational of the equation and in
computing the source terms, and the second step consists in the regularization of the equation
obtained.

Taking the rotational of the equation is of course an easy matter. Let us define

def ~  def ~ 1~ ~1
we = O1uco — Oouey  and 058, = (rotug), = Ve 3 — dzu p,

with as usual / flah(x) dxs = 0.
T

Equation (3.1) derived in the previous section implies that
€0, = 5(817572 — 82F5,1)

where F. denotes the flux term

(3.2) FY Y Au — PV (e @ ).

As in the previous section (91 F. o — 92 F. 1) is bounded in L2(R*, H=5/2(Q)). So we can write
(3.3) £0,w. = eT., whereT. is uniformly bounded in L2(R*, H/2(Q)).

Similarly an easy computation joint with the above bounds yields the following equation
for w,:

(34) 0. — divplie b = 7., where7. is uniformly bounded in L2(R*, H=5/2(Q)).
For the other components of the vorticity vector, the computations are similar: since

V A (uAb) = bosu,
we find after integration in the vertical variable

(3.5)  €0:Qup + bli., = eR., where R, is uniformly bounded in L>(R™, H%/2(1)).
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Now let us proceed with the regularization: let x € C°(R3; R¥) such that x(z) = 0 if |z| > 1
and / kdx = 1. We define

1 .
Ks:x— —=K|=
’ 53 (5)
as well as
def _ ~ ~6 def =
wg:ewg*/@;:wg—l—wg, and Qg:eQE*/@(;.

We clearly have wd = (‘31u‘;2 - 82u‘;1 and 8352 h= (rot 1755>h, where

ug = Ug * Kg.

Let us prove the strong convergence of ul towards u. in L2 (R*, LP(Q)) for any p € [2,6]

as d goes to zero, uniformly in €: by the energy estimate, for all T > 0, the sequence u. is
uniformly bounded in L2([0, 7], H'(Q2)). It follows that

[ud (£) = e (8) || 20y < lil‘lfa | Thue(t) — ue ()|l 20

where 7, denotes the space-translation operator Thu.(t, x) = us(t, x4+ h). In particular we can
write that

Ve >0, [lud — ucllr2qor1xa) < Ol Vel 2o 1<)

and the result follows for p = 2. The result for p € [2,6] simply follows from the fact that u?
and u. are both uniformly bounded in ¢ and in §, in the space L%([0,7], H'(R2)) which is
continuously embedded in L2([0,T], L%(Q2)). So for all p € [2,6], we can write

3_1 3_3
Ve > 07 ”Ug - ué‘”Lz([O,T],Lp(Q)) < C(p)”ug - u6||[p/2([20,T]><Q)||ug - u6||12'12([p07T],H1(Q))
< C(p)sr 2.

That proves the convergence of ud towards u. in L? (R*,LP(Q)) for any p € [2,6[ as § goes

loc
to zero, uniformly in €.
Regularizing (3.3), (3.4) and (3.5) leads to
satwg = £T¢ * Kg,
ec‘)@f — bdivhﬂg,h = T * K¢,
E@tﬁgvh + ba’f;h — R, * Ky,
because b is homogeneous. Then we notice that for all 7' > 0 and for § small enough,
1721 L2 o0, 22()) = e * Kl 2 (o,77,02(0)
< C||/‘56||W5/2,1(RS)||7“e||L2([o,T],H—5/2(Q))
C
< sz rellcaomy-520)-

And, in the same way,

IR L2071, 22(0)) < m||R€||L2([0,T],H—5/2(Q))‘

For any fixed §, the uniform bounds derived above on r. and R. provide the expected con-
vergences. Lemma 3.3 is proved. U
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3.3. Computation of the coupling term. Equipped with this preliminary result, we are
now ready to study the coupling between the oscillating terms and to prove the following
proposition.

Proposition 3.4. Let u® be any vector field in H. For all € > 0, denote by u. a weak solution
of (1.1), and by (ul)sso the approximate family of Lemma 3.3. Then for any ¢ > 0 and
any § > 0, the vertical average of the nonlinear term in (1.1) can be decomposed as follows:

s 6 2
1 s~
/(ug.vu) dwg =8 (@ ) 4V el v, 3' +—sat/w§(fzgh)w3+apgh,
T T 2 b T ’ ’

and
/ (ug . wﬁ)g dxs = djvh(ﬂggﬂg,h) — —E(?t/ (e e B3(22 )L) dxs + spg,g,
T
where the vector field p? satisfies

Vo >0, VT >0, SU,IS ||pg||L1([07T]7L6/5(Q)) < +o0.
£>

Proof. Since ul is divergence free, we have

ul - Vul =V - (ul @ ud) :V@ —ud A (V AUS),
so we shall now restrict our attention to the term ul A (V A u?).
That term can in turn be separated into three different types of terms :
WA (VAWS) =T A (VAT) + (ﬂﬁ/\(VAa’ﬁ)Jrﬂﬁ/\(V/\ﬂﬁ)) + WA (VAT).

Obviously the second term in the decomposition is of vanishing vertical mean, and therefore

(3.6) /Tu AV AW deg =0 A(V/\H)—F[FU A (VAT das.

Let us concentrate first on the first term in (3.6). A direct computation gives
=0 =0 =0 —0 =0
/\(V/\ue) = —V‘Ua 3‘ +w6 h( 5h) _dlvh( Ug 3Usg, h) €3-

To compute the second term in (3.6), we will use the equations derived in Lemma 3.3. Indeed
we have

(3.7) SNV AT = ( (ﬂgh)l&g — 05(u? 3(66,h)l) + divhﬁg,h(ﬁg,h)l >
) %) = )

(~g h) : a3§g,h
Let us study first the horizontal components in (3.7): by Lemma 3.3 we have
(Ng h)l&g - dthﬂg,h(ﬁg,h)l = —%Eat(ﬁg,h)lag + €(Rg,h)LC~Ug - divhﬂg,h(ﬁg,h)l'
Now on the one hand we can estimate the remainder term in the following way :
IR 1) @2 L ory.zorscay) < IR N2 o, 2 182N 22 o1y, p20)) -

By Sobolev embeddings we have H&gHLg([O,TmeD < CHGSHLQ([O’T]’H1/2(Q))7 hence by the
regularization kernel and the energy estimate we infer that

”(Rg,h)l&gHLl([O,T],L6/5(Q)) < 05_1/2“(Rg,h)l”LQ([O,T],LQ(Q)) < C(9)
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where the constant depends on § but is uniform in €. The term (R‘g’h)L@g can therefore
generically be written pg’h as in the statement of the proposition.

On the other hand, still by Lemma 3.3 we have

—divpug ), = yTeh gsatwa.

0O L

1
Noticing that exactly as above, the term grg,h(Qe,h) can generically be written pg p» We have

therefore
5.1~ P S 1 ~ ~ 1 ~
/ (ug’twg — dlvhu‘aS th’i) drg = ——gat/ Qgﬁ dxgwg + Ep‘g I —E@t/ wg dxs.
T o b T vob T
Finally we have proved that
5 L~ Lo~y = 1 ~ -
/ (ug’ﬁwg - dlvhugh(Qg’h)l) drs = —gsat/ (Qgh)ng dxs + epgh.
T T
Now we are left with the last term in (3.7), which is the third component: we can write, by
Lemma 3.3,
~ 1 =~
ug,h = ERf;h — gsatﬂgh,
SO
~ 1 ~ ~ ~
~ é é
(Ug,h)L 0380 ), = —gf'fat(Qg,h)L 0380 ), + 5(Rg,h)l : 8395,}1'
As before, the term (Rf;h)L . 83?2‘;,1 is a pgh-type remainder term. Moreover we notice that
~ ~ 1 ~ ~ 1 ~ ~
<"3at(Qg,h)L : 83Qg,h = —558t (Qg,h : (83Qg,h)l) + 583 (Qg,h ’ (53th,h)L) .
Putting those computations together yields finally

N ~ 1 ~ ~
/ (u‘;h)l '83927;1 drs = -3 / 0, (21 - 0502 5) das +sp§7h,
T T

and the proposition is proved. O

3.4. Passage to the limit. Now we can prove Theorem 2. In order to do so we need to
take the limit of Equation (3.1). The nonlinear term will be dealt with using the following
proposition.

Proposition 3.5. Let u® be any vector field in H. For all € > 0, denote by u. a weak solution
of (1.1). Then for any vector field » € VN Ker(L), we have the following limit in W ~11(]0, T)):

e—0

i ([ V- e o) do = [ O @ om) o) dan) 0,

Qp
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Proof. Let us use the same regularization procedure as previously and split the integral in the
following way:

/Q V- ue @) o) do = [ i (@@ w) - 6on) day

:/v.(u§®u§).¢(xh) de — [ V- (@ @) - ¢(xy) dry,
Q Qp,

+ /Q V- (e —ud) @ ue) - p(xp)dr — /th . ((ﬂ6 —a0) ®U5) - ¢(xp) dxp

+ /Q Ve (ul @ (ul —ue)) - ¢lan) da — / Vi (W ® (W — W) - ¢(wn) du.
Q
Let us start by noticing that the four last terms converge to 0 as § — 0 uniformly in ¢ :
indeed, a Holder estimate yields

/ V- ((ue —ug) ® ue) - pdx
Q

< IVl 2o el 2 qo.r),@)) 148 — uell L2(0.71.23(0)
L([o,1)

and Lemma 3.3, along with the energy bound on u., implies the result.

Now let us compute the difference between the first two terms. We can use Proposition 3.4
to find that

(3.9)
/ V(W @ud)- pande — [ V- @ @) $an) don
Q Qp,

— [ (o 0@ @) - ontonda+ [ (b= gpe0u@, @602, - ealon)de
Q Q

where we have used the fact that ¢ is divergence free and does not depend on the third
variable.

The terms involving the remainder p‘g are easily proved to go to zero, simply as

| /Qﬂg < p(@n)dzl| 1 o,7) < €l Dl o2l Lo Lorsy < C(O)e.

We now just have to consider the two remaining terms, which we can easily prove go to zero
in the space W~11([0,T]). A Holder estimate in space gives for instance

“1 /s 2

The result follows. U

1 ~ - - -
/Q—Qﬁ,h (050 p)" - d(an)da| < Celld]l 1o [|Q2] 11050 2 < C(S)e.

The proof of Theorem 2 follows in an obvious manner from the previous results: we have seen
in Section 2.2 that u. converges weakly in L2([0,T] x Q) towards a vector field u depending
only on the horizontal variable. Then in Section 3.1 we proved that ., — . converges strongly
towards u in the space L2([0,7] x Q). Finding the equation satisfied by the limit is therefore
a matter of computing the limit of Equation (3.1). The linear terms converge in the sense of
distributions of course, so

8t(ﬂ€ — 55) — 8tu and Ahﬂg — Ahu.
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Finally to find the limit of the nonlinear term we use Proposition 3.5 as well as the following
weak-strong limit argument: we have

V- (ﬂa ®ﬂ5) =V (ﬁs ® (Ha - i&)) +V- ((ﬂa - ﬁa) ®ﬁ€))) +V- ((ﬂa - i&) ® (ﬂa - i&))

The two first terms converge towards zero in D’(f2) since . — u. is compact and W, converges
weakly to zero, whereas the last term satisfies

V(W —0)® u.—u)) —V-(u®@u) in D(Q).
That gives the expected result: the limit u satisfies the two dimensional Navier-Stokes equation
Ou — vApu+ PV, - (u®u) = 0.

Theorem 2 is proved.

4. THE CASE OF A VARIABLE VECTOR FIELD B :
A TURBULENT BEHAVIOUR

In this section we shall prove Theorem 3 stated in the introduction, concerning the case when
the rotation vector B = b(zp)es is inhomogeneous. If Q3 = R, then v = 0 simply because
it is in L%(Q) but only depends on the horizontal variables. So from now on we can suppose
that Qg =T.

The strategy of proof is quite similar to the constant case : we have first to give a precise
description of the different oscillating modes, and then to prove that these oscillations do not
occur in the limiting equation.

As in the constant case, vertical modes generate fast oscillations in the system, meaning that
the whole part of the velocity field corresponding to Fourier modes with k3 # 0 converges
weakly to zero. The corresponding vertical oscillations depend directly on the order of mag-
nitude of b. The main difference comes then from the fact that, in the case of a heterogeneous
rotation, the kernel of the penalization is much smaller : restricting our attention to the hori-
zontal modes (k3 = 0), we see that the Coriolis term penalizes all the fields which are parallel
to Vb, which implies in particular that the vertical average of the horizontal velocity is no
longer strongly compact. The corresponding two-dimensional oscillations are then governed
by Vb, and possibly become singular if Vb cancels.

In the following we will therefore only be able to prove that the vertical average of the
vertical velocity is strongly compact, and the use of that information alone, coupled with some
compensated compactness argument, will enable us to establish the equation satisfied by the
weak limit of the velocity field, in a similar way to the constant case studied previously. The
additional difficulty due to the possible cancellation of Vb is dealt with by using a truncation
operator around those cancellation points, as well as the non degeneracy assumption (1.3).

4.1. Strong compactness of the averaged vertical velocity.

Lemma 4.1. Let u° be a vector field in H(S2). For all ¢ > 0, denote by u. a weak solution

of (1.1) and by . d:ef/ u-dxs3.
T

Then, for all T > 0, (@ 3) is strongly compact in L*([0,T] x Q).
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Proof. By the energy estimate, u. and consequently %, are uniformly bounded in L2([0, T],V).

The computation is similar to the constant case studied in Section 3.1, only for the fact that
one must restrict one’s attention to the vertical component only. Integrating with respect
to x3 the vertical component of the penalized Navier-Stokes equation leads to

8tﬁ573 + /V . (uguag)d:lig — I/Ahﬂag =0,

from which we deduce that 8. 3 is uniformly bounded in L2([0,T], H~3/%(%)).
Aubin’s lemma [1] then gives the following interpolation result
(Te,3)e>0 is strongly compact in L%([0,T] x Q),

and Lemma 4.1 is proved. O

4.2. Description of the oscillations and regularization.

Lemma 4.2. Let u° be a vector field in H(). For all ¢ > 0, denote by u. a weak solution

of (1.1), by u. = [u.dzs and by t: = u: — Ue.

Define as previously

We = alua,2 - a2“5,17 We = / wedry, W= we — W,
T

83557}1 = Vﬁﬂ&g — 83&5‘7;1, / Qahdﬂ:‘g =0.
T

Then, regularizing by a kernel ks, we get the following description of the oscillations

58@2 — ﬂg,h -Vb = —ETe§ — Se8

41 Vi T =
(1 Eatﬁg,h + bﬂg,h = —E€Te5 — Se,8
€0 — V- (bl ) = —eTes — Se s

denoting generically by r. s and s. s some quantities satisfying

V6 >0, VT >0, sup|resllreorxa) < +0o0,
€

vT >0, su(%) 5_1”85,5|’L2([07T]XQ) < +00.
g,

Proof. Denote, as in (3.2), by F; the flux term
F. = -V - (u: ®u.) + vAu,.
As in Section 3, the energy inequality and standard bilinear estimates yield

HFa”Lz([o,T],H*S/?(Q)) < Co.
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Using this notation, (1.1) can be simply rewritten

e0Ue + Uz ANb+ VP, = eFe,

vh . ﬂe,h = 07
eO4i. + . Nb+ Vp. = eFL,
V-u. =0,

splitting the purely 2D modes (k3 = 0) and the vertical Fourier modes (ks # 0).
Using the vorticity formulation for the horizontal component of ., we get
€0iwe +Ugp, - Vb = —EVh “Fep,
Vi e p =0.
Then taking the rotational of the other part of the equation
eV ANz + VA (e Ab) =eV A FL
and integrating the horizontal component with respect to x3 leads to

Eatﬁah + bﬂe,h =e(VA é )h,

(4.2)

(4.3) _ ~
s@twg + V- (u&hb) = _5vh : a h

where éa is just defined by 8365 = 17“5 and / égdxg = 0, and thus satisfies the same uniform
T

estimates as Fr.

The second step of the proof consists then in regularizing the previous wave equations (4.2)
and (4.3). We therefore introduce - as in the previous section - a smoothing family s defined
by

ks(x) = 0 3k(6 1)
where £ is a function of C2°(R3,R™) such that x(z) =0 if |z| > 1 and [ kdx = 1.

By convolution, we then obtain

O+, - Vb= —eVi - Fop+ 7, - Vb — (W p, - V),

(4.4) —5

Vh . Ue’h = 0
and
(4.5) £, eh T bue n=e(VA Gé)h + bue n— (biicp)’,

e0@) — Vi - (W b) = —eVi - F2 )+ Vi - (W b) — Vi« (Ue pb)°
It remains only to check that the source terms satisfy the convenient a priori estimates.
From the uniform bound on F. and the definition of ég, we deduce that

Vi -F.pn, (VAG.), and Vi - F., are uniformly bounded in L2([0,T], H=5/2(Q)).
By a scaling argument,

—5/2
55 llwsr21 msy < 672 |Kllws/21 mo),
and consequently the terms generically called r. s satisfy a uniform bound for any fixed ¢ :

Vi - F. h, (VAG?), and Vj- - F. c 9, are uniformly bounded in L2([0,T] x Q) (of order §~%/2).
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We then have to estimate quantities of the form udt) — (u.4)? for smooth functions

() — () (@)] = \ [ rstwete =) wie) — e~ )y

< 8[|V oo ) (80 Juz) ().

In particular,

@2, - Vb — (Tep - V)|l 120,11 x6) < OIDb oo 0y el 20,77 x92)
1652 ), — (Bt )’ | 2o 11 x02) < S DB Lo () |1 | 220,77 x )
IVh - @2 3b) = Vi - (e 1) || 20,11 x62) < O(DB]| poo (@) + [1D?bl| oo o))t | 22 0,772 52))

meaning that the terms generically called s, 5 converge to 0 as 6 — 0 uniformly in e, according
to the bound

vT >0, su(%) 5_1”85,5|’L2([07T]XQ) < +o0.
&,

Lemma 4.2 is proved. O

4.3. Computation of the coupling term and truncation.

Proposition 4.3. Let u® be any vector field in H. For all € > 0, denote by u. a weak solution
of (1.1).

Define the truncation xs by
Xs(@) = x(67*Vb(x))
where x is a function of C°(R3, RT) such that x(z) =1 if || < 1.

Then, with the same notations as in Lemma 4.2, the averaged nonlinear term in (1.1) can be
rewritten

/ <V (uwd @ul) - V@> dz
€ € 9 3

=V - (Ug,hﬂg,:a)e?» -V

v
[Vb|?

+ EPes + Oe5

Vb
[Vo|?
vth
[Vb[?

€
(4.6) = SO (1 = x) (1= xs)(@p - VD)

<
20>

+ =0, / S (Q2,) das +
1
o

) / (22, - Vb)2dus
Vb € ~ ~
O Q_bat /(Qg,h (0592 )1 )dazes

where p, 5 and o, 5 are quantities satisfying the following estimates

/ (R, - V*0)(e0, 92, - Vb)das

Yo >0, VI >0, SU,I()) ||p575||L1([07T]7L6/5Q)) < +o00,
E—

and VT >0, lim sup o5l L1 0,77, L6/56)) = O-
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Proof. Proposition 4.3 lies on a proper decomposition of the nonlinear term V - (u‘ES ® ug) and
on the identities derived in Lemma 4.2, in a similar way to Section 3.2 (though the analysis
is more complicated due to the variations of b).

Let us first remark that

/V ®u Ydxs =V - ( ®u /V ®u )dxs
which allows us to consider separately purely 2D modes and vertical modes.
Because of the identity
V- (u®u) :V| 2|2
which holds for any divergence-free vector field u, we can further restrict our attention to

both quantities —a2 A (V A@2) and /ﬁ‘;?) AN (VA ﬂg,3)dx3.

uN(VAu)

(i) We start with the study of the purely 2D modes. A simple computation leads to
—a A (T ATE) =~ A (Tl + Ben)

(47) _§5/—5 L | 53|2 =0

- w(ah) - Vp—— 2 + V- (ahu53)3

0

We can decompose % ; as follows

Vb Vb
|[Vo[? |[Vo[?

as soon as Vb # 0, and we will actually do so, using the truncation x, only if |Vb| > s1/4,

ﬂg,h = (U, Vb)iss + (@ g,h - V)

Using the first identity in (4.1), we obtain
V-t
[Vb|?

Vb
ﬂg,h = (Eatwg + ETe$ + SEﬁ)W ( VJ_b)
and replacing in (4.7) provides finally

5 _s | 6|2 5 Vb
T, AN(VAT) =—(1—xs5) | €0r—=— + W2 (eTe5 + 5c.6) W
Vb
4.8 1—xs)(@, - V*+
Y 2
- Xéwg(ug,h)l =V 23 + Vi - (ug, hug 3)€3.
That concludes the first step of the proof since
_ I —Xxe _ 1 —Xs
Ewgra,é% o) < @2 20773 () lIETe.5 ]| L2 (0.7 %) ‘% )
S 065_13/4,
_ 1 —xs _ 1 —xs
‘ wgse,é( V0| ) LL(OT L)) < ng”LQ([o,T],Li%(Q))”35,6|’L2([0,T1x9) ‘% @)

< C§'/4,
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and

< x5l o 1@ L2 o.11x ) 1T | 2 0,77, 26 )

HX5 DT LY([0,T],L5/5(Q))

=

< O (e € 0/ 1V0(2)| < 61})°,

which goes to zero with § according to Assumption (1.3).

(ii) We have now to deal with the vertical modes. A simple computation leads to

WAV ATE) =~ A (0598, + Dles)
= @0l )" + U 308(Q ) + (@, - (592 ) es

so that
(4.9)

~ [@AT AT = [ (<FE @) T T) drat [ (@ (o5 daaea,

In order to determine the horizontal component, we then use the last two identities in (4.1)
- /(ﬁg A (V AT))ndas = /@g%(Eatﬁg,h teres + s05) das
+ / (fzgh)%(aa@g — ), Vb+eres+ s.g)das
S0 [ @@ ) ey
+ /(ﬁg,h) 0 (29,2 enteres+ses) Vbdrs
+ /&g%(sr&g + 5..6)Tdws + /(ﬁ‘;h)L%(sre,g + 5.5)dxs

We can decompose Qg , as follows

Vb
Vb2

Vb
Vb2

02, = (92, Vb) + (22, - Vo)

as soon as Vb # 0, that is almost everywhere by assumption. Finally we get

- - € 5 e’
~ @ AT Ry =50 [ GO oy + g0 [ (@, Vi
1 o Vb
b2 (Q -V b)(EatQé.’h . Vb)dwgw

(4.10)
+ / (VY b2(5T66+355) Vbdzs

51 1
+ /wgg(&‘?“&g + 36,6)J—dm3 + /(Qg,h)lg(greﬁ + 35,6)d=733
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which is the expected formula since

1 -
Ere 595 s Vol + |lere 5w§ + 57“5759‘2 W
0% |l L1 (jo.1,L6/5 () Ol L o), 2875 ) Sl L1,/ ()
. Vb 1 1
< Q9 it - ~6 1
< llereslirz(o,mx9) ( Shll L2 (o,m), 3 () (‘ b2 L (Q) Hb LOO(Q)> + H%‘ L2(]0,T],L3(£)) lb LOO(Q)>
< Ced3,
and
Se 6 5 h 79 |Vb’ + ||Se 6‘1}3 = + 58,6§g7h_
0% 1 o.17,26/50) Ol L jo,77, 26750 Ol Loy, 20750
- Vb 1 1
< 0 > 2 ~5 4
< ||Sa,6||L2([0,T]><Q) ( e,h L2([0,T],L3(Q)) ( b2 L(9) H b LOO(Q)> + ng‘ L2([0,T],L3 (%)) H b LOO(Q)>

< 082,

In order to determine the vertical component, we use the third identity in (4.1) and an
integration by parts with respect to x3

- = 1 = =
/ Wy - (059 ) Fdag = — / (0, +eres + 525) - (980 )" vy

/ S (E002,) - (3502 ,)* — (010508 ) - (92 ) s

-

~ = € ~ ~ 1 ~
(4.11) / U2 (0580 1) darg = — -0y / (2, (852 ) ") dars — / s (Ere s 5c,0) (050 ) " das,

(ETE 5+ S, 5 (83§g,h)Lda:3,

S =

from which we deduce

which is the expected formula since

1. ~ ~ 1
ere 520500 < |ler (EXox l— < Ced s,
7o  pa onzersca lerealizzozxan 05| oo 1y L2y | B L)
and
865183§gh < NIsesll 220,y x) Ha?’ﬁgh H1 < Co'2,
Tb "L (jo,1,L8/5 () ’ ' iz ((o,1,L3(9) || b L>(Q)

Combining (4.8), (4.10) and (4.11) gives finally the proper decomposition of the averaged
nonlinear term. Proposition 4.3 is proved. O
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4.4. Passage to the limit.

Proposition 4.4. Let u® be any vector field in H(S2). For all ¢ > 0, denote by u. a weak
solution of (1.1) and by u. = [ ucdxs.

Then, for all $ € H'(Q) NKer(L), we have the following limit in W ~51([0, T]):

(4.12) / V- (ue @ ug) - pda — / Vi - (Ue ple 3)p3dr — 0 as e — 0.
Q Q

Proof. We first introduce the same regularization as in the previous paragraphs, and split the
integral as follows

/V‘(ug®u5)'¢dx—/Vh'(ﬂe,hﬂ573)¢3dx
/v S @ud) d)dx—/vh al @ 5)padz
/v e —ul) ®ue) - gzbdm—/vh ((Tep — )0 3) P3da
/v (ud — ue)) - d)dac—/vh (U3 — U 3))psda.

From the energy estimate, we deduce that the four last terms converge to 0 as § — 0 uniformly
in € : indeed,

(4.13)

) @ ue) - pdx < IVl ey e ll 2 qo.1, ooy 14l — uell 20,1032

L([0,TT)

< WOVl L2 @ el 22 o1y, 11 ()

where according to Lemma 3.3, the function w(d) goes to zero as d goes to zero.

We are then interested in the difference between the first two terms. By Proposition 4.3, it
can be rewritten

/V S@ul) - pdx — / Vi - (g, hue 3 ) pada

VJ_
:/ ¢ (epes + 0c5)dr — —8t/ |w§\2(1 - Xs) 5 " ¢dz
(4.14) Q 2 Jo Vb
L 5,56 \L -~ 5 V4b
+ Eat gwa (Qe,h) ' ¢d$ + 68t 2b2 (Q A Vb) |Vb’2 . ¢d$
~ <0, / 2 (00 (05822,
because

030=0, V-¢=0and ¢ -Vb=0,
using as previously the notations p. s and o, s for quantities satisfying the following estimates

Vo >0, VI'>0, sup lloe.6l L1 (o, L8756y < +00,

vT > 0, %I_I)I(l] Slalp ||UE,5||L1([O,T],L6/5Q)) =0.
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In particular, the second term in the right-hand side of (4.14) converges to 0 as § — 0 uniformly

in € :
H/ 05 - ¢dx
Q

It remains only to check that, for any fixed § > 0, the other terms in the right-hand side of
(4.14) converge to 0 as € — 0 in the sense of distributions. We have

/ ¢ : (Epe,(g)dm
Q

< ”¢HL6(Q)H%,éHLl([o,T],LG/S(Q)) < 0§,
L([o0,17)

< €H¢HL6(Q)”/76,6HLl([O’TLLa/s(Q)) < 055—13/47
Li([o,11)

V+b

- x)
012(1 — - bd ( Xé
o [ 2P0 = o) - s

< el P s oy | S

w-11([0,T]) L= ()

< 055_3/4,

and the three other terms are bounded in W ~51([0,T]) by some constant Cj, (depending on
the L>-norm of b=1 and Vb) times

€||¢||L6(Q)||v A U‘SH%Q([O,T],LU/WQ)) < 055_1/4-

Taking limits as ¢ — 0 and then as § — 0 in (4.13)-(4.14) shows that, for all ¢ € H'(Q) N
Ker(L),

/ V- (ue @ ug) - pdx — / Vi - (T pTe 3)p3de — 0 as e — 0
0 0
in W=L1([o, 7).
O

4.5. End of the proof of Theorem 3. Theorem 3 is an easy consequence of the various
results established up to now.

From Corollaries 2.1 and 2.5 in Section 2, we deduce that, up to extraction of a subsequence,
u. — u weakly in L2([0,T] x Q)
where u belongs to L2([0, 7], H'(Q) N Ker(L)). And, by Lemma 4.1,
T3 — Uz = ug strongly in L?([0,T] x Q).

Let ¢ be any vector-field in H'(Q)NKer(L). Integrating the penalized Navier-Stokes equation
against ¢ leads to

8t/u5-¢dx+/V'(u5®u5)-¢dx—V/Aug'gzbda;:O,
Q Q Q
which can be rewritten

8t/ U - pdx + / V - (Te pUe 3) p3da — 1// Au, - ¢pdx
(4.15) @ @ @

= / V- (ﬂ&h ﬁ&g)(ﬁgdl’ — / V- (ug X ug) . (;5d33
Q Q



WEAK CONVERGENCE RESULTS FOR ROTATING FLUIDS 27

By Proposition 4.4, the right-hand side in (4.15) converges to 0 in the sense of distributions
as ¢ — 0. The weak convergence of (u.) and the strong convergence of (u.3) allow then to
take limits in the left-hand side :

(4.16) V¢ € HY(Q)NKer(L), Ot/ u - ¢pdx —i—/ V - (upus)psdr — 1// Au - ¢pdx = 0.
Q Q Q

Therefore any weak limit point of (u.) is the unique u € L2([0,T], H*(©2) N Ker(L)) solution
of (4.16). The whole sequence is converging, which concludes the proof of Theorem 3.
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