BESOV ALGEBRAS ON LIE GROUPS OF POLYNOMIAL
GROWTH

ISABELLE GALLAGHER AND YANNICK SIRE

ABSTRACT. We prove an algebra property under pointwise multiplica-
tion for Besov spaces defined on Lie groups of polynomial growth. When
the setting is restricted to the case of H-type groups, this algebra prop-
erty is generalized to paraproduct estimates.

1. INTRODUCTION

1.1. Lie groups of polynomial growth. In this paper G is an unimodular
connected Lie group endowed with the Haar measure. By “unimodular” we
mean that the Haar measure is left and right-invariant. Denoting by G the
Lie algebra of G, we consider a family X = {X;,..., X} } of left-invariant
vector fields on G satisfying the Hormander condition, i.e. G is the Lie
algebra generated by the X/s. In the following, although not stated, all the
functional spaces depend on the field X.

A standard metric on G, called the Carnot-Caratheodory metric, is natu-
rally associated with X and is defined as follows: let ¢ : [0,1] — G be an
absolutely continuous path. We say that ¢ is admissible if there exist mea-
surable functions ¢y, ..., ¢ : [0, 1] — C such that, for almost every t € [0, 1],

k
one has ¢'(t) = Zci(t)Xi(ﬁ(t)). If ¢ is admissible, its length is defined

i=1
k

! 1
by (| = / (Z |c;(t)[ dt)®. For all 2,y € G, define d(z,y) as the infimum
0 =1
of the lengths of all admissible paths joining x to y (such a curve exists by

the Hormander condition). This distance is left-invariant. For short, we de-
note by |z| the distance between e, the neutral element of the group, and x
so that the distance from x to y is equal to |[y~'z|. For all » > 0, denote
by B(z,r) the open ball in G with respect to the Carnot-Caratheodory dis-
tance and by V' (r) the Haar measure of any ball. There exists d € N* (called
the local dimension of (G, X)) and 0 < ¢ < C such that, for all r €]0, 1],

cr? <V(r) < Cr?,
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2 I. GALLAGHER AND Y. SIRE

see [NSW]. When r > 1, two situations may occur (see [G]):

e Either there exist ¢, 0, D > 0 such that, for all r > 1, cr? < V(r) <
CrP where D is called the dimension at infinity of the group (note
that, contrary to d, D does not depend on X). The group is said to
have polynomial volume growth.

e Or there exist ¢, ¢y, C1,Cy > 0 such that, for all » > 1, ¢;e®” <
V(r) < C1e®?" and the group is said to have exponential volume
growth.

When G has polynomial volume growth, it is plain to see that there exists a
constant C' > 0 such that for all » > 0, V(2r) < C'V(r). In turn this implies
that there exist C' > 0 and x > 0 such that for all » > 0 and all § > 1,
V(0r) < CO"V(r).

k
We denote Ag = Z X? the sub-laplacian on G.

i=1
1.2. Nilpotent Lie groups. A Lie group is said to be nilpotent if its Lie
algebra G is nilpotent: more precisely writing G! = G and defining induc-
tively GHT! = [G*, G¥], then there is n such that G* = {0}. It can be shown
that such groups are always of polynomial growth (see for instance [Dul]).

1.3. Stratified (Carnot) and H-type groups. Stratified groups are a
particular version of nilpotent groups, which admit a stratified structure
and for which V(1) ~ 7% for some positive @, for all » > 0. One advantage
of this additional structure is that such groups admit dilations. Important
examples of such groups are H-type groups, a particular example being the
Heisenberg group.

More precisely, a stratified (or Carnot) Lie group G is simply connected
and its Lie algebra admits a stratification, i.e. there exist linear subspaces
Vi,..., Vi of G such that G = V} @& ... & V, which satisfy [V},V] = Vi
for i = 1,...,r — 1 and [V4,V,] = 0. By [V4,V;] we mean the subspace
of G generated by the elements [X,Y] where X € V; and Y € V,. Carnot
groups are nilpotent. Furthermore, via the exponential map, G and G can
be identified as manifolds. The dilations s (0 > 0) are then defined (on the
Lie algebra level) by

Ys(x1 + oo+ x) = 62 + g + ...+ 62, 35 €V

We define the homogeneous dimension ) = dimV; 4+ 2dimV, + - - - +rdimV;.
If G is a Carnot group, we have for all r > 0, V(r) ~ r% (see [FS]). We
shall say that the ()—dimensional Carnot group is of step r: for instance
the Heisenberg group H¢ is a Carnot group and @ = 2d + 2.
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The previous abstract definition of Carnot groups is not always very prac-
tical. It is however possible to prove (see [BU]) that any N-dimensional
Carnot group of step 2 with m generators is isomorphic to (RY, o) with the
law given by (N =m +n, ) € R™ 2® € R")

() L
1 .2 L @\ _ +y; j=1..,m
v, ) o , = ‘ _ 7
( Jo () y?) ( ()+y(2)+%<x(1)7U(J)y(1)>7 j=1,..n

where UU) are m x m linearly independent skew-symmetric matrices.
With this at hand, one can give the definition of a group of Heisenberg-
type (H-type henceforth). These groups are two-step stratified nilpotent Lie
groups whose Lie algebra carries a suitably compatible inner product, see
[Kal. One of these groups is the nilpotent Iwasawa subgroup of semi-simple
Lie groups of split rank one (see [Ko]). More precisely, an H-type group is
a Carnot group of step 2 with the following property: the Lie algebra G of
G is endowed with an inner product (-, -) such that if Z is the center of G,
then [Z+, Z1] = Z and moreover for every z € Z, the map J, : 2+ — Z+
defined by (J,(v),w) = (2, [v,w]) for every w € Z* is an orthogonal map
whenever (z,z) = 1. If m = dim (Z+) and n = dim (Z), then any H-type
group is canonically isomorphic to R™*" with the above group law, where
the matrices U satisfy the additional property UMU®) + USUT = 0
for every r,s € {1,...,n} with r # s. Whenever the center of the group
is one-dimensional, the group is canonically isomorphic to the Heisenberg
group on R™*!. We shall always identify Z+ with C* with 2¢ = m and Z
to R"™ thanks to the discussion above. Note that the homogeneous dimension
of a H-type group so defined is ) = 2¢ + n. On an H-type group G, the
vector-fields in the algebra G are given by

K= At = LAy

k=1 i=1 2 0S
forj=1,...0, z = (z,y) € R* and t € R". In the following we shall denote
by X any element of the family (Xi,..., X, Y7,...,Y,). The hypo-elliptic
Kohn Laplacian on H-type groups writes

(s)
252 _||Zﬁ+zz UZ] 81583:]

s=11i,5=1

1.4. Main results and structure of the paper. In [CRT], the authors
investigate the algebra properties of the Bessel space

= {f € L?(G), (-Ag)i f € L(G)}

and their homogeneous counterpart, where G is any unimodular Lie group.
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Our first theorem considers Besov spaces in the general setting of groups
with polynomial volume growth. The case s € (0,1) is obtained, both for
inhomogeneous and homogeneous spaces, by using an equivalent definition
in terms of differences (see [S]). The general case is only proved in the case
of inhomogeneous spaces and uses the fact that local Riesz transforms are
continuous in L for 1 < p < oo (whence the restriction on p below), along
with an interpolation argument to obtain all values of s.

Theorem 1.1. Let G be a Lie group with polynomial volume growth.
For every s € (0,1) and 1 < p,q < oo, the spaces By (G) N L2(G)

and B;,q(G) N L>*(G) are algebras under pointwise multiplication.
The same property holds if s > 1 for By (G) N L>(G), with the additional
restriction that 1 < p < oo.

Remark 1.2. We shall give a generalization of Theorem 1.1 to the case
when the space L*(G) is replaced by L"(G) (see Propositions 3.3 and 3.4).

One can recover the full range of indexes p, as well as homogeneous Besov
spaces, in the context of H-type groups thanks to the paraproduct algorithm.
Before stating the result let us give an intermediate statement in the case
of nilpotent groups. Its proof requires the continuity of Riesz transforms, as
well as a result which is to our knowledge new even in the context of the
Heisenberg group (see Proposition 4.1) and which links B; ,(G) and B;’j‘;l (G)
in terms of the action of X; and not only powers of the sublaplacian.

Theorem 1.3. Let G be a nilpotent Lie group.
For every 1 < s < d, the space B3 (G) is embedded in L=(G) and is an

algebra.

Moreover for every 1 < s and every 1 < p < oo, if f and g belong to the
space B;,% N L>*(G) then fg belongs to B;J N L>*(G).

Finally if 1 < p1,ps < 00 with 1/p = 1/p1 + 1/ps, if 1 < q < 00, and if f
belongs to B;hq N LPY(G) and g belongs to B;M N LP2(G) then fg belongs
to By N LP(G), for any s > 0.

Remark 1.4. Unfortunately we are unable to recover, in the case of nilpo-
tent groups, the full algebra property due to the (technical) fact that Besov
spaces do not interpolate very well when the integrability indexes are dif-
ferent. The second property in Theorem 1.3 is almost an algebra property,
except for a loss in the third (summation) index. As to the last property
this time the integrability index is changed in the product. The reason for

those losses will appear clearly in the proof of the theorem.
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Finally, in the context of H-type groups, thanks to paraproduct techniques,
one can enlarge the range of admissible spaces and prove the following result.

Theorem 1.5. Let G be an H-type group. For every s > 0 and every p and q
such that 1 < p,q < oo, the spaces B, (G) N L>(G) and B;q(((}) N L2 (G)
are algebras under pointwise multiplication.

Besov spaces are defined in the coming section, and Theorems 1.1 and 1.3 are
proved in Sections 3 and 4 respectively. We present the proof of Theorem 1.5
in Section 5.

We shall write A < B if there is a universal constant C' such that A < CB.
Similarly we shall write A ~ Bif A < B and B < A.

Acknowledgements. The authors are very grateful to L. Saloff-Coste for
comments on a previous version of this text. They also thank the anonymous
referee for questions and suggestions which improved the presentation.
The first author is partially supported by the ANR project ANR-08-BLAN-
0301-01 ”"Mathocéan”, as well as by the Institut Universitaire de France.
The second author is supported by the ANR project "PREFERED”.

2. LITTLEWOOD-PALEY DECOMPOSITION ON GROUPS OF POLYNOMIAL
GROWTH, AND BESOV SPACES

This section is devoted to a presentation of the Littlewood-Paley de-
composition on groups of polynomial growth, together with some standard
applications. A general approach to the Littlewood-Paley decomposition on
Lie groups with polynomial growth is investigated in [FMV]. We also refer
to [BGX] or [BG] for the case of the Heisenberg group. We recall here the
construction of the homogeneous and inhomogeneous decompositions. For

details and proofs of the results presented in this section we refer to [C2],

[FMV] and [H].

2.1. Littlewood-Paley decomposition. We first review the dyadic de-
composition constructed in [FMV]. Let x € C*(R) be an even function
such that 0 < y <1 and x =1 on [0,1/4], x = 0 on [1,00[. Define ¢(x) =
x(z/4) — x(x), so that the support of ¢ is included in [—4, —1/4] U [1/4, 4].
The following holds:
vreR, ) w2 ¥r)=1 and x(r)+ > ¢(2¥7)=1, VreR.
JEZ 320

Introduce the spectral decomposition of the hypo-elliptic Laplacian

—AGz/ AdE).
0
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Then we have
(=8e)= [ XONE, and w(-280) = [ w2 NdE,
0 0
We then define for j € N the operators

Sof = x(—=Ag)f and A;f =(—2"YAg) /.

The homogeneous Littlewood-Paley decomposition of f in S'(G) is f =
> jez A f, while the inhomogeneous one is f = Sof + > 277 A, f.

Theorem 2.1 ([FMV]). Let G be a Lie group with polynomial growth
andp € (1,00). Then u belongs to LP(G) if and only if Sou and /37 |Ajul?
belong to LP(G).

> 1
Moreover, we have ||ul|zr@) ~ ||Sou| rr@) + H (Z |Ajul?)? .
=0

In the following we shall denote by ¥; the kernel of the operator 1)(—27% Ag).
One can show that ¥; is mean free (see Corollary 5.1 of [C1] for Carnot
groups, and Theorem 7.1.2 of [C2] for an extension to groups of polynomial
growth). In the context of Carnot groups, ¥; satisfies the dilation property
() = 2990y (2x).

J

In the more general context of groups of polynomial growth, this does not
hold but one has nevertheless the following important estimates: let « € N

and I € U {1,...,k}? be given, as well as p € [1,00]. The following result

BEN
is due to [FMV]:

o d
(2.1) Vi>0, [(1+]- DX o S 27T,

where 1/p + 1/p’ = 1. We have denoted X! = X, ... X

ig

and |I| = 5.
Moreover as proved in [C2], Theorem 7.1.2, one has

(2.2) Vi€Z, [IX¥lne S2.

Finally putting together classical estimates on the heat kernel (see [CRT]
or [VSC] for instance) and the methods of [FMV] allows to write that for
any o > 0,

(2.3) Vj € Z, H' ) |a\11j||L1(G) S 2.
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2.2. Besov spaces. As a standard application of the Littlewood-Paley de-
composition, one can define (inhomogeneous) Besov spaces on Lie groups
with polynomial volume growth in the following way: let s € R and 1 <
p < +ocand 0 < ¢ < oo, then By (G) is the space

> 1/q
{f € S'(G), Ifllzs, @) = 1Sof o (@) + <Z(2]S||Ajf||m(@))q> < 00}

=0
with the obvious adaptation if ¢ = co. When p = ¢ = 2 one recovers the
usual Sobolev spaces (see for instance [BG] for a proof in the case of the
Heisenberg group). Note that when s > 0 one sees easily that ||.Sof||Lr(c)
may be replaced by || f||z»(c). Using Bernstein inequalities (Proposition 4.2
of [FMV]) one gets immediately that if 0 < s then

d d

5+ -
(2.4) p1r<ps= Bp 4" P NLP?— B NL"

p2,9

where recall that d is the local dimension of G.

One can also define the homogeneous counterpart of the above norm:

. 1/q
1025 0 = ( D@14 New(e))*)

JEZ

but proving that this does provide a (quasi)-Banach space is not an easy
matter, and is actually not true in general, even in the euclidean case (see
for instance [BCD, Chapter 2] for comments on that subject). To recover
a Banach space in the context of Carnot groups, the homogeneous space
B;q (G) can be defined as the set of functions in §’(G) modulo polynomials,
such that the above norm is finite (see [FM]). In the present study however
this will not be an issue, even if the group is not stratified: we define B;q(G)
as the completion for the above norm of the set of smooth functions such
that A;f — 0 as 7 — —o0, and we shall always be considering the intersec-
tion of B;(I(G) with a Banach space (such as L*).

Note that Bernstein inequalities imply as in (2.4) that

d d

. s+ .
p1<ps= Bp 4" ” =B, .

Besov spaces are often rather defined using the heat flow (the advantage
being that it does not require the Littlewood-Paley machinery). In [FMV],
the authors prove that if s € R, then f € B, (G) is equivalent to: for
all t > 0, the function e'2¢ f belongs to LP(G) and
1
dt\1/a

(25) ([ eomie-aanmes i )" < oo

0

for m > 0 greater than s. We shall not be using this characterization here.
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3. PROOF OF THEOREM 1.1

3.1. The case s € (0,1). We start by dealing with the case s € (0,1),
and use an idea of [CRT] which consists in representing the norm on Besov
spaces by suitable functionals. More precisely, we introduce the following
functional, writing 7, f(w’) = f(w'w) (note that it differs slightly from that
used in [CRT]):

Sty = Lot Ao

Proposition 3.1. Let G be a Lie group with polynomial growth. Then for
any s € (0,1) and p,q € [1,+00], we have

111550 ~ I flee +1Ssnfl L,

l\y\Sldy)
> V(D

and

/]

Once Proposition 3.1 is proved, the algebra property follows immediately in
the case when s € (0,1). Indeed, let f, g belong to the space (B; ,NL>)(G)
for s € (0,1). It is easy to see that

(3.1) Ssp(f9) <[ flle Sspg + ll9llLoe Sepf;

hence the result using the equivalence in Proposition 3.1. The same holds

Bg,q(G) ~ HSs,prLq(G’VEi‘z;D).

in the homogeneous case.
Remark 3.2. One can extend (3.1) to the following, with 1/a;+1/b; = 1/p:
Ssp(f9) S flle1Ss009 + |9l o2 Ssp, f -

We now prove Proposition 3.1. Note that this result was already proved
in [S] using the characterization (2.5). We choose to present a proof using
the Littlewood-Paley definition here, which is inspired by the proof of the
euclidean case in [BCD] for instance. We need to prove that for s € (0, 1)

; Hwa_f“qu(@
25A o)) ~ | FI1% + | 1p
S 1A o) ~ 1A+ [ Nper i

JET

with the obvious modification if ¢ = oo. Compared to the euclidean case,
one is missing the usual dilation property, which will be replaced by esti-
mate (2.1). The classical proof also uses a Taylor expansion at order one,
which we must adapt to our context in order to use only horizontal vector
fields (which alone appear in (2.1)). Let us start by noticing that

1A% < D714 fllire)

J<0
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Next let us bound the quantity ||7,A;f — A;f]lLre) - Recalling that A; =
Z A;Aj, we have

l7'—jl<1

Tlif = DAif = ) Apfr (Tl - 0y),

' —41<1

where ¥, is the kernel associated with ¥(27%Ag). It follows by Young’s
inequality that

17l f = Aiflve) < D 1A Fllelm®s — .

l7'—3jl<1
Now let us estimate ||7,U; — ¥,||,:. We have

¥y = %)) = [ Wl ds

= 3 [ el Xilrpl) ) wets) ds.
¢=1"0

where ¢ is an admissible path linking e to w. It follows that

k 1
[y — W < / 3 / lee(s)] | (Xe(mp())¥,) (wp(s)| dsd

(=1

k 1
< 3 [ el ds 16w
/=1

by the Fubini theorem and a change of variables. Using (2.2) we get

k 1
vj e N, \|wa1/j—m1:j||L152jZ/ lce(s)| ds
¢=1 70

so by definition of |w| and by the Cauchy-Schwarz inequality we find
VieN, |19 — Yl < 27w

This implies that there is a sequence (¢;) in the unit ball of ¢? such that

(32)  VieN, [ml;f = Aiflwe S elw2C ]

Bg’q(G)-
On the other hand one has of course
(3.3) 17wl f = A fllr@) S €277 |1 fll B 40)-

Now let us define j,, € Z such that — < 2Jv < |27| Then using (3.2) for low

lw| — =
frequencies and (3.3) for high frequencies allows to write

Hwa - fHLp(G) 5 HfHBg,q(G) <Z cj2j(1—8)|w| + Z Cj2—j5> )

J<Jw J>Jw
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Let us first consider the case ¢ = 0o. Then one finds directly that
17w f = fllr@) S lwl[|f]

which proves one side of the equivalence. The case ¢ < oo is slightly more

Bs

technical but is very close to the euclidean case. We include it here for sake

of completeness. We have that

7w f — flle
| Arer = e <2 f, (I + 1)
|U)| Lq(G wSI)) B}
where (1)
: a |w]1 %) dw
11:/1w<1( C'QJ(l_s)> ——————— and
¢ M= Z ’ V(lw])
|w|~dw
[2:/1w<1< C2]S>—
| | J; J ’w’)

S

Holder’s inequality with the weight 271=%) and the definition of j,, imply

( S ngju—s))q < Ju 0@ §7 (a9,
~ J
J<jw J<jw
By Fubini’s theorem, we deduce that
dw
REY [ el S,
Z B(0,2—7+1) V(|w]) !

jEN

since ||(¢;j)||ee < 1. The estimate on I, is very similar. Note that it is crucial
here that s € (0,1).
The converse inequality is easy to prove and only depends on the fact that

the mean value of U, is zero. We write indeed

Ajf(w) = / o (1) U (0) dv = / (rof(w) — F(w))T, () du

so that
7o f — flle

275 v|*| W ;(v)]| dw.
vl / !

2| A f||» < sup
veG

Then (2.3) implies that

28,1 < sup I2L =S
o]
e Inf — /I
p Wl = Fller oy 5y,
|v|>1 | |
we get finally
sup 27, 1 < sup I7ef = Flee o fi1n

v|< | |
the result follows in the case ¢ = oo. The case ¢ < o0 is similar though a

little more technical, as above.
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The homogeneous case is dealt with in a similar fashion. We leave the details

to the reader. This proves Proposition 3.1. Il

Using Remark 3.2, the same proof provides the following result, which will
be useful in the next section.

Proposition 3.3. Let G be a Lie group with polynomial volume growth.
For every 0 < s <1 and 1 < p,q < oo one has, writing 1/p = 1/a; + 1/b;

191z, < WS llzerllgl

p,q —

5y, + lgllieallf

S
Bbgﬂl

and

/9]

s, < fllzerllg]

5+ lgllees ] f

By, .

3.2. The case s > 1 (inhomogeneous spaces). We shall first deal with
the case when s is not an integer. We use the well-known fact that the “local
Riesz transforms” X;(Id — Ag)~2 are bounded over LP(G) for 1 < p < oo

(see for instance [Du]). This implies easily (see the next section where the
same result is proved in the more difficult homogeneous case) that

s+1 s s .
feBy, < feB,, and X;feB,, 6 Vi=1,..k

q

We can then follow the lines of [CRT], by writing || fgl| st ~ [|f9]
Y I1Xi(f9)l
1+ ¢ with 0 < ¢/ < 1. On the one hand we know that for all 1 < p,q < oo
and if 1/a; + 1/b; = 1/p,

By, +

B;, and by arguing by induction: let us detail the case s =

1fallsy, S Wfllzeallglizy  +lglpelfllgy -
? 1.9 2,9

Then we write, by the Leibniz rule,

Xy, < 1 Xellsg + I9Xf s

and we have, by Proposition 3.3,

(3.4) 1f Xigllgy, S I fllear [ Xigll gy + 1 F sy I Xigll 2o
> 1:9 2,9

The estimate on gX;f in B;:q is similar so we shall not write the details for
that term.

The first term on the right-hand side of (3.4) is very easy to estimate since

HXz'9|

S lallsg, -
By~ giis;

So let us turn to the second term. Let us first estimate f in Bj;’q. We have
clearly, since s’ < s,

r< s

1fllsg . < 1£l;

2:q°
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Now let us turn to the estimate of X;g in L, choosing 1 < by < co. We
use the fact that

1Xig] e S 11Xo(Id — A)72(1d — A) 2 g]| 12
< )(1d = A)zg]

by the continuity of the local Riesz transforms. Since [A;, Ag] = 0, Bern-
stein’s lemma (see Proposition 4.3 of [FMV]) implies

l .
1A;(Id = A)2gll e S 22[1 A9l e

[l

This implies that

1(1d = A)zg]l e S 1So(Id — A)2gll e + > 27 2]l oo

Jj=0
< llgllze- + ZQjSHAngL’DQj(PS)
Jj=0
S gl

since s > 1. This gives the required estimate for the second term in (3.4)

S
Bbqu

and that allows to conclude the proof of Theorem 1.1 in the case when s
belongs to R™ \ N. The general case s > 0 is then obtained by interpolation:
we recall indeed that the following complex interpolation is true (see [BL,
Theorem 6.4.5], whose proof only relies on the dyadic decomposition and
may be easily adapted to our situation)

= B!

1 P

1—e. 1+e
(3.5) (B Bpi; ]

p,q

The multilinear interpolation result of [BL, Theorem 4.4.1] provides the
case s = 1 and the other integer cases are obtained similarly. U

Note that the above proof actually gives the following result.

Proposition 3.4. Let G be a Lie group with polynomial volume growth.
For every s > 1,1 < ¢ < o0 and 1 < p < oo one has, writing 1/p =
1/a; + 1/b; and choosing 1 < a;, b; < 00,

/9]

Bg, < Ifllzerllg]

p,a —

5, + gl 1]

BS .
bo,q

4. PROOF OF THEOREM 1.3

As in the previous case the idea is to argue by induction for the noninte-
ger values of s, and then by interpolation. To do so, we need the following
result, which is new to our knowledge, even in the context of the Heisenberg

group.
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Proposition 4.1. Let G be a nilpotent Lie group and let s > 0 and p €

(1,00) be gz'v.en. Then f € BstY(G) if and only if for all i = 1,....k, we
have X;f € B, ,(G).

Proof. On the one hand we need to prove that forall:=1,... , kand j € N,
18 X5 fllee S 218 fl o

Y

Using Bernstein’s inequality and by density of polynomials in the space of
continuous functions it is then actually enough to prove that for all inte-

gers m,

(4.1) I(=A) % (—Ac) 2 X fllr S 1(—Ac) % fz0-
Indeed if (4.1) holds, then one also has, multiplying both sides of the in-
equality by 2/™,

1(=29Ac) % (—Ac) 2 Xpflle S [1(—2Y Ae) % fllo

so for smooth compactly supported function ¢, we get by functional calculus

(42) (=29 Ae)(=Ae) = X fllir S llo(—2% Ag) fl| o
But recalling that A; = ¢(—2%Ag) we have
1A Xk fllr = 10(—2% Ag) X f | v
= [¥(~2% A¢)(=A¢)2 (~Ag) "2 X fI|L» -
Then we can write
1 (—2% Ag)(—Ag)2 (—Ag) 2 Xi fllze S 2[|v(—27 Ag)(—Ag) 2 Xp f| o
S 2NA; flze
due to Bernstein’s inequality

18, (=A6)2 fllee < 2718 f|eo

~Y

along with (4.2). So let us prove (4.1). Actually according to [LV] the oper-

m

ator £F = (=Ag)"2 Xp(—=Ag)~ % is bounded over LP(G) for 1 < p < .
That property is false if the group is not nilpotent (see for instance [A]) so

it is here that the assumption that G is nilpotent is used. So writing

m

(—Ag) % (~Ag) 2 Xif = (—Ag)% (~Ag) 2X4(—Ag) % (~Ag)% f
= Ly (-Ac)% f,

the result follows.
On the other hand, using again the fact that polynomials are dense in the

space of continuous functions, we also need to check that for all f,

m—+1

I(=Ae)™=" fllz» < sup I(=A¢) % X flls.
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To prove that we simply use again the fact that £* is bounded over LP(G)
for every index 1 < p < oo. Indeed we can write

1(=26)"F flle < 3 I(—Ag) ™ X2f| 1o
k
=Y (=26)"T Xi(~A6) "% (—Ac) % X f v
k

= ILh(—Ag)? Xif| o
P

whence the result. Proposition 4.1 is proved. Il

Proposition 4.1 allows to obtain rather easily Theorem 1.3 when s € R\ N,

using also Proposition 3.3. Let us give the details.

The fact that B L(G) is embedded in L>*(G) simply follows from the easy

calculations:

Ifllz=@ < DA f =)

JEL
< I5||A

JEZL
by the Bernstein inequality (Proposition 4.2 of [FMV]).
Now let us prove that B? ,(G) is an algebra, and then let us prove that for
every 1 < s and every 1 < p < oo, if f and g belong to ng N L>*(G)
then fg belongs to B;}l N L>®(G). We follow the lines of the inhomogeneous
case treated above, but we need to be careful that the norms are now ho-

mogeneous. Let us define s = 1+ ¢ with ' € (0,1). We write as in the

inhomogeneous case, by the Leibniz rule,

1Xi(fo)ll sy, < IfXigllpy, + l9Xifll 5y,

and study more particularly the first term on the right-hand side, which
satisfies due to Proposition 3.3, for 1/a; + 1/b; = 1/p (and choosing from
now on 1 < a;,b; < 00),

(43) I/ Xiglgy, S 1flle 1 Xig]

On the one hand

By + ||f|
q

1

Bg . X9l oo -

1Xigllge < gl
b1,q

Bs
b1.,q9

so it suffices to estimate || f|

Bg;quXigHLbz'
In the case when ¢ = 1 and p = d/s we choose ay = d/(s — 1) = d/¢

and by = d and use Bernstein’s inequality which states that

1lge . S )
ag,

Bs -
d
5ol



BESOV ALGEBRAS ON LIE GROUPS OF POLYNOMIAL GROWTH 15

Then according to [CRT] we have

s 1 1—1
[ XigllLa S H(_AG>SQHZ%H9HL°°S
and moreover

I(=2c)5gll, g < D114 (—Ac)3g]l, 4

JEZ

S D 2NNl

JEZ
S llgllz

by Bernstein’s inequality, so we infer that

||Xi9||Ld ~

s
1

1 1-1
;Sé . ||g||L°OS
<,

and the result follows in the case 1 < s < 2. The other noninteger cases
are obtained by induction. To prove the result in the integer case we use a
nonlinear interpolation argument as in the inhomogeneous case above: let
us detail the case s = 1 for instance. We have indeed (as pointed out in [BL],

the interpolation results hold in the homogeneous case):

B2,

1+e
B 1]

1
1+s’ 2

—_pnt
_Bd,l

so the result follows. The other cases are obtained similarly.

In the case when f and g belong to B;’ .., then we use as above the fact
that )

[ f1 Lo (| Xig]

and in particular we can take a1 = oo and b; = p, and we choose ay, =

P P

ps/(s — 1) and by = ps. Then Holder’s inequality gives
IV

< (29125 f )

Since as above
s 1 1—1
[ Xigllzes S N1(=26)29l s ll9ll o

1 1—1
< lgll, gl

the result follows in the case 1 < s with s non integer. Let us detail for
instance how to recover the case s = 2: we write for instance
[345,35 |s = B2,
p79 79 9 p72
so the result follows by bilinear interpolation. The other cases are obtained

similarly.



16 I. GALLAGHER AND Y. SIRE

Finally let us turn to the last statement of the theorem, namely the fact that
if 1 < pp,pe < oo with 1/p=1/p; + 1/ps, if 1 < g < o0, and if f belongs
to B;"Lq N LP(G) and g belongs to B;’M N LP2(G) then fg € B;q N LP(G).

We recall the real interpolation result [BL, Theorem 6.4.5], which holds also
in the homogeneous case as indicated in [BL], according to which

(4.4) (B B2 1y, = B s=0s1+ (1 —0)sy, 517 89

p,q1’ p,q2 p,ro
so in particular
[BO . Bs

o S 5!
5%1,1 - Ba2,1 = Bam‘l'

We infer that f belongs to Bj;’q as soon as f belongs to L* N Bas%q —
BY N 3227(1. Similarly

az,00
[Bl?z,oo; Blfg,q]%,l - B;Q,l
so using the fact that
1 Xigllze2 S 11Xl o

b1

< llglls

bo,1
we infer that X;g belongs to L' as soon as g € L N By, C B . N B, .
The result follows for 1 < s < 2, and the theorem is proved by an easy

induction, and interpolation as in the inhomogeneous case. O

5. PARADIFFERENTIAL CALCULUS ON H-TYPE GROUPS

In this section, we describe several topics related to harmonic analysis on
H-type groups, which we recall are particular cases of Carnot groups where
it turns out that an explicit Fourier transform is available.

5.1. Fourier transforms. In order to construct para-differential and pseudo-
differential calculus on H-type groups, one needs to introduce a suitable
Fourier transform. This is classically done through the infinite-dimensional
unitary irreducible representations on a suitable Hilbert space since H-
type groups are non commutative. Two representations are available: the
Bargmann representation (see [KR] for instance) and the Schrédinger rep-

resentation (see [CG] for instance).

5.1.1. General definitions. Let us define generally what a Fourier transform
is on non commutative groups. Consider a Hilbert space H, (K*) of functions
defined on some field K (which can be R or C). The irreducible unitary
representations 7 : G — H,(K’) are parametrized by A € R™\ {0} where n
is the dimension of the center of the group. We have then the following

definition.
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Definition 5.1. We define the Fourier transform on G by the following
formula: let f € L'(G). Then the Fourier transform of f is the operator on
H(K*) parametrized by A € R™\ {0} defined by

F(HN) = /G F(o)ma(2, 1) dz dt.

Note that one has F(f x g)(\) = F(f)(A) o F(g9)(\). Let F, 5, a € N¢ be a
Hilbert basis of H,(K*). We recall that an operator A()\) of H, such that

Z |(A()‘>Foz,/\aFa,)\)7-[)\| < +00
a€EN?
is said to be of trace-class. One then sets tr (A(\)) = Z (AN Faxns Fa)nmy,

aeN?
and the following inversion theorem holds.

Theorem 5.2. If a function f satisfies Z / IF(F)N) Farllz, [ AfdN <
Rn

aeN?
oo then we have for almost every w,

2€—1

) = 2oz [ o (mle HFA) WA

Following [Y], the representation 7, on G determines a representation 7}
on its Lie algebra G on the space of C* vectors. The representation 73 is
defined by 7} (X)f = (%W,\(exp(tX))f) |li=o for every X in the Lie algebra
G. We can extend 73 to the universal enveloping algebra of left-invariant
differential operators on G. Let I be a left-invariant operator on G, then
we have

K(maf,9) = (mmy(K) f, 9)

where (-, ) stands for the H, inner product.

5.1.2. Bargmann representations on H-type groups. Given A € R"\ {0},
consider the Hilbert space (called the Fock space) H(C) of all entire holo-

morphic functions F on C* such that ||F||3_[A = <¥>e /CZ |F(§)|2e_|/\l\§|2d§
is finite. The corresponding irreducible unitary representation m, of the
group G is realized on H,(C’) by (recall that + € R™ and z,£ € C°) (see
[Do])

(ma(z, ) F)() = F(£ — 2)eM- NP +0)

It is a well-known fact that the Fock space admits an orthonormal basis

_ (V2"
Jal

property for us is the following classical diagonalization result (see [KR],
or [BFG] and the references therein).

given by the monomials F, »(§) , a € N°. A very important
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Proposition 5.3. Let Fp be the Fourier transform associated to the Bargmann
representation w. The following diagonalization property holds: for every f €
S(G),

Fe(Acf) (M Fax = —4A|@2la] + O Fp(f)(A) Fan

This allows to define the following formula, for every p € R:
Fu((=Ac)"[) (M Fax = (4A2laf + )" Fs(f)(A) Fa

5.1.3. The L? representation on H-type groups. Another useful represen-
tation is the so-called Schrodinger, or L? representation. In this case, the
unitary irreducible representations are given on LZ(RE) by, for A € R" (and
writing z = (2,9)): (Fa(z, ) F)(€) = MHAIEiz 258+ 325) B¢ 4 ). The
intertwining operator between the Bargmann and the L? representations is
the Hermite-Weber transform K : Hy — L*(RY) given by

2 1 0 >
K — o4 g [ D) kel
( A¢>(§) €| ‘ e 2 (b 2|>\| aé- e ?
which is unitary and satisfies Kymy(z,t) = 7a(z,t)K). Following [Y] and
the previous description, we have 7}(X;) = |A|§; and 7} (Y;) = € for
J
j=1,...,¢, and similarly for k =1, ..., n, ﬁf\(atk) = i\;. Therefore, we have
2|12
Z 852 + AP

Notice that this is a Hermite operator and the eigenfunctions of 7} (—Ag)
are ®X(€) = [N1D,(VINE), @ = (o, ..., ) where qD (,f) is the product
Ve, (€1)--Va, (§e) and g, (&) is the eigenfunction of — 652 + 52 with eigen-
value 2a;; + 1. This leads to the following formula, where \a| =+t

T(—Ae)®, = (2]al + O)|A\®).
As a consequence, one has the following lemma.

Lemma 5.4. Let Fg be the Fourier transform associated to the Schrodinger

representation 7. The following diagonalization property holds: for every f
in S(G),
Fs((—Ac) )@y = 2lal + OIAFs(f) P

Proof. We have by definition
Fol(-8a) /)8 = [ (-0 G008 = [ e 0(-A0)m (e
G

Using the definition of the dual representation, we have

Fs((—Ag)f)@? = / F (2 D)ma (2 ) (— D) B2
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and using the properties of the Hermite operator, this gives the result. [

5.2. A localization lemma. As in [BG], one can prove a localization
lemma (also called Bernstein Lemma), which we state here in the con-
text of the Bargmann representation. The proof is omitted as it is iden-
tical to the Heisenberg situation treated in [BG]. Note that using Propo-
sition 4.1, the last statement of the lemma could be extended to iterated
vector fields X!. We denote Cy the ring {7 € R 1/2 < |7| < 4} and by By
the ball {7 € R |7]| < 2}.

Lemma 5.5. Let p and q be two elements of [1,00], with p < q, and let u €
S(G) satisfy for all « € N*, Fg(u)(\)Fan = Lye(ojal+0)-122i8, F B (1) (A) Fax-

Then we have

VkeN, sup X7l Lo < OkQNj(%_é)+kj||u||LP(G)-
|Bl=k

On the other hand, if Fp(u)(\)Fax = Lic2jal+o)-122i¢,, then for all p € R,
CT12797 || (= Ag) 2ul| oy < Ilullzo) < Cp277||(—Ag) ul Lr(s).

5.3. Paraproduct on H-type groups. In order to develop a paraproduct

on H-type groups, one has to prove that the product of two functions is

localized in frequencies whenever the functions are localized. This is the

object of the next lemma, whose proof is the same as that of Proposition
4.2 of [BG].

Lemma 5.6. There is a constant M; € N such that the following holds.
Consider f and g two functions of S(G) such that

Fe() N Fax = Lie@ial+o2eme, (N Fe(f)(A) Fap  and
Fp(g) (AN Far = 1Ae(2|a|+z)22m’c0O‘)FB(Q)(A)Fa,A
for m and m' integers. If m’ —m > My, then there exists a ring C such that
Fo(fg)(A)Fap = 1Ae(2|a|+z)22vn’5()‘)f3(fg)()‘)Fa,/\-
On the other hand, if |m’ —m| < My, then there exists a ball B such that

Fe(fO) N Fax = Licopapnoem 5N FB(F9)(N) Fa.

Definition 5.7. We shall call paraproduct of v by uw and shall denote

by T,v the bilinear operator T,v = ZSj_lu Ajv. We shall call remain-

J
der of u and v and shall denote by R(u,v) the bilinear operator R(u,v) =

Z A]U Aj/’U.

li—3"1<1

Remark 5.8. It is clear that formally uwv = T,,v + T,u + R(u,v).
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One of the classical consequences of Lemma 5.6 is the following result,
which is obtained using the previous decomposition as well as localization

properties of the paraproduct and remainder terms.
Corollary 5.9. Let p > 0 and (p,r) € [1,400]* be three real numbers. Then

1£9llBg..@) < CUIfllz<llgllsg,@) + N9l 5g.)-

If p1+p2 > 0 and if py is such that py < Q/p1, then for all (pa,2) € [1, +00]?
writing p = p1 + pa — Q/p1,

1f9llBg, .p0) < CULA B Nollszz,, + 19l M lsz2,,)-

P1,00 P2,7T2 P1,0 p2,72

1 1
Moreover, if py + p2 >0, p1 < Q/p1 and — + — =1, then
™ T2

).

Finally if p1 + p2 > 0, p; < Q/p; and p > max(p1,p2), then for all (r1,72),

1f9llBg @) < CUAN B, N9llsgz,, + Ngllsgr, 171 g2

P1,71 p2,7T2 pP1:71 p2,7T2

If9llsz@) < Cllfllsg,, 9l

P1,71 P2,72 ’

1 1 1
with pra = p1+p2— Q(—+— — =) and r = max(ry,2), and if p1+p2 > 0,
pr p2 P
with p; < Q/p; and with — + — =1, then for all p > max(p1, p2),
T

19l 12,y < Clf sz, Ngllse

2 .
P1,T1 P2,72

The same results hold in the case of homogeneous Besov spaces. Once the
paraproduct algorithm is in place, one can obtain (refined) Sobolev and
Hardy inequalities (see [CX] and [BG] for Sobolev embeddings in the eu-
clidean case and for the Heisenberg group, and [BCG] for the Hardy in-
equalities — see also [C1] for recent extensions). One can also construct, in
the context of H-type groups, an algebra of pseudo-differential operators
exactly as on the Heisenberg group. We refer to [BFG] for details.
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