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1 Introduction

1.1 Setting of the problem
It is well-known that the solution to the free Schrédinger equation on R"

01— Au=
(9) {1 U _u 0,
Ujt=0 = U0

can be explicitly written with a convolution kernel for £ #0

u(t, ) =ug*x———- (1.1)

The proof of this explicit representation stems by a combination of Fourier and
complex analysis arguments, from the expression of the heat kernel on R". More
precisely, taking the partial Fourier transform of (S) with respect to the variable
x and integrating in time the resulting ODE, we get

i(t,§) ="' 9),
where for any function ¢ € L' (IR") we have defined

def

SO F@@Y [ et Og(x)dx

The heart of the matter to prove (1.1) then consists in computing in the sense of
distributions the inverse Fourier transform of the complex Gaussian

(F et ) (x) = (1.2)

(—4rit)
The proof of formula (1.2) is based on two observations: first, that for any x in
R", the two maps

ZGC — Hl(Z)d:efﬁ/ ei<x/§>e_z|§‘2dgl

1 x|?
zeC — Hz(z:)dgf -5
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are holomorphic on the domain D of complex numbers with positive real part.
Accordingly with the expression of the heat kernel, these two functions coincide
on the intersection of the real line with D, and thus they coincide on the whole
domain D. Second, if (z,),en denotes a sequence of elements of D which con-
verges to —it for t #0, the use of the Lebesgue dominated convergence theorem
ensures that Hy(z,) and Hy(zp) converge in S’(IR"), as p tends to infinity, which
achieves the proof of (1.2).

Formula (1.1) implies by Young's inequality the following dispersive estimate:

1
VE£O,  [Ju(t )| e wn) < ¥ [0l 1 (rr)- (1.3)

(47(t|

Such estimate plays a key role in the study of semilinear and quasilinear equa-
tions which appear in numerous physical applications. Combined with an ab-
stract functional analysis argument known as the TT*-argument, it yields a range
of inequalities involving space-time Lebesgue norms, known as Strichartz esti-
mates’. When u is for instance in L?(IR"), the above dispersive estimate (1.3)
gives rise to the following Strichartz estimate for the solution to the free Schro-
dinger equation

2]l L (r;Le (R)) < C(P.4) [0 12 (), (1.4)

where (p,q) satisfies the scaling admissibility condition

%+%=g with g>2 and (n,q,p)#(2,2,0). (1.5)

The interest for this issue has soared in the last decades. We refer for instance to
the monographs [4,30] and the references therein for an overview on this topic in
the Euclidean framework.

In the present work, we aim at investigating this phenomenon for the Schro-
dinger equation on the Heisenberg group H? involving the sublaplacian. Recall
that in [9], the first author along with Gérard and Xu proved that no dispersion
occurs for this equation, and in particular exhibited an example for which the
Schrodinger operator on HY behaves as a transport equation with respect to one
direction, known as the vertical direction. More precisely they established the
following result which shows that a global dispersive estimate of the type (1.3)
cannot be expected on H?. We refer to the coming paragraph for the notation.

tFor further details, one can consult the papers of Ginibre and Velo [22], Keel and Tao [24] and
Strichartz [29].
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Proposition 1.1 ([9]). There exists a function ug in the Schwartz class S(H?) such that
the solution to the free Schridinger equation on H? satisfies

VieR, Y(Y,s)eHY, u(tY,s)=ug(Y,s+4td). (1.6)

This result rules out an estimate of the type (1.3) in the setting of the Heisen-
berg group but does not exclude a degraded estimate: for instance in the case
when ug is compactly supported, then the solution remains compactly supported,
in a set transported along the vertical line, so a local L* norm decays to zero with
time. Inspired by the Euclidean strategy displayed above, we shall indeed be able
to establish local decay in the spirit of (1.3). The precise result is stated in the next
paragraph. As in the Euclidean case, such a local dispersive estimate stems from
the explicit expression of the Schrodinger kernel S; on H?, which turns out to be
of type (1.2) in a horizontal strip of H* (see Theorem 1.2).

Note also that a lack of dispersion was highlighted for the Schrédinger pro-
pagator (associated with the sublaplacian) in the framework of H-type groups
[12] or more generally in the case of 2-step stratified Lie groups [8]. More pre-
cisely, if p denotes the dimension of the center of the H-type group, Del Hierro

proved in [12] sharp dispersive inequalities for the Schrodinger equation solution
(with a ]t]_@ decay). Concerning the more general case of 2-step stratified Lie

groups, the authors along with Fermanian-Kammerer [8] emphasized the key role
played by the canonical skew-symmetric form in determining the rate of decay
of the solutions of the Schrédinger equation: they established that if p denotes
the dimension of the center of a 2-step stratified Lie group G and k the dimen-
sion of the radical of its canonical skew-symmetric form, then the solutions of the

Schrodinger equation on G satisfy dispersive estimates with a rate of decay at
kip-1
most of order |t~ 2

1.2 Basic facts about the Heisenberg group

Recall that the d-dimensional Heisenberg group H? can be defined as T*RY x R
where T*IR? is the cotangent bundle, endowed with the noncommutative product

lawt

(Y,s)-(Y',s") def (Y+Y',s+s"'+2(ny")=2(1",y)), (1.7)

where w = (Y,s) = (y,1,5) and w' = (Y',s') = (y/,’,s') are elements of H?. The
variable Y is called the horizontal variable, while the variable s is known as the
vertical variable.

FWe refer to the monographs [7,17,18,28,31,32] and the references therein for further details.
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The space H is provided with a smooth left invariant measure, the Haar mea-
sure, which in the coordinate system (Y,s) is simply the Lebesgue measure. In
particular, one can define the following (noncommutative) convolution product
for any two integrable functions f and g:

def
= Jipe

frg(w) fw-o g(v)do= ]de(v)g(v_l-w) dv, (1.8)

and the usual Young inequalities are valid
Hf*gHU(]Hd) < HfHLP(]Hd) ||g||Lq(]Hd)r

whenever
1 1 1
1<p,gr<oo and —-=—-—+--1. (1.9)
P r-p 4

The dilation on H is defined for all 2> 0 by
&l(l/,s)dzef (aY,azs). (1.10)

Since for all 2> 0 and any f € L' (H?),

w w:a_( ) w)dw
] f Galw)) dw=a=C2) [ gy,

the homogeneous dimension of H is Qd:ede +2.

The natural distance on HY compatible with the product law (1.7) is called the
Koranyi distance and is defined by

def -1

dy(w,w') = ppg(w™ ') (1.11)

for all w, w' in H?, where pH stands for the distance to the origin

def

om(w) =pp (¥,5) % (|Y[*+52) 1. (112)

In the following Byi(wp,R) denotes the Heisenberg ball centered at wy and of
radius R for the distance dp defined by (1.11), namely

B]H(ZUO,R) d:ef{w E]I—Id/d]H(w,wo) <R}
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Observing that the distance dyy is invariant by left translation, that is to say
V(w,w'wo) € (HY)?,  dpg (Twy (W), Twy (@) =dp (w,w'),
where T, denotes the left translation defined by

Ty, (W) d:efwo-w, (1.13)
one can readily check that 7, (B (0,R)) = B (wp, R).

Most classical analysis tools of R" can be adapted to H?, resorting to the fol-
lowing left invariant vector fields:

def  def - -
&; = dy;+217j0s and &, = Iy —2y;0s with je{l,...d},

known as the horizontal left invariant vector fields. In particular, the sublaplacian
is given by

def &
Ap = 2(95]2—1—372)
=1

For instance the Schwartz space S(IH?), which is nothing else than S(R***1), can
be characterized by means of Ay and pp.

1.3 Main results

The main goal of this article is to establish local dispersive estimates for the free
linear Schrodinger equation on H? associated with the sublaplacian

101 — A\ =0,
(Sp) ¢ o omH
u‘tzozuo.

As in the Euclidean case one can readily establish that the Cauchy problem (Syy)
admits a unique, global in time solution if 1 € L2(IH?), by resorting to Fourier-
Heisenberg analysis tools or to functional calculus of the self-adjoint operator
— Ay (see Section 4 for further details). Denoting by (U(t)):cr the solution op-
erator, namely U (t)up is the solution of (Syy) at time ¢ associated with the data
up, then similarly to the Euclidean case (U(f))er is a one-parameter group of
unitary operators on L?(IH?).
The first result we establish states as follows.
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Theorem 1.1. Given wy€HY, let ug be a function in D (By (wo,Ry)). Then the solution
to the Cauchy problem (Syy) associated to ug disperses locally for large |t|, in the sense
that, for any positive constant k <+/4d, the following estimate holds for all 2 < p < co:

M\ 7
[[2Ct ) | 2 By g x1172)) < (ﬁ) ([ (1.14)
2

for all |t| > Ty r,, where

def Ry 2 def 1 2T d K>T
TK,RO—<\/4—d_K> , MK_(47T)§/1R<sinh2r) exp| - dt (1.15)

and p’ is the conjugate exponent to p.

Remark 1.1. The counterexample (1.6) due to Bahouri et al. [9] is given by

u(t,Y,s)= / el S+ =AIYP o (1) Ad g\ (1.16)
R

with g in D(]0,00[). Although 1 does not belong to D(H“), one can easily check

that for any 6 >0, as soon as |s+4dt| >4 |t| then for any integer N there is a positive

constant C depending on N and uy such that

C C
t < < .
[t )< g < GTw

(1.17)

On the other hand estimate (1.17) fails, for any integer N >1, in the case when

s = —4td. This shows the sharpness of the bound on the constant x appearing
in Theorem 1.1. More generally it was established in [3] that for any integer ¢,
(d—1)

denoting by L, the Laguerre polynomial of order ¢ and type d—1 (see for
instance [13,23,27]), then

u(é) (t,Y,S) _ /]Rei(s+4t(2€+d))/\e—|)\Y2Lgd—1) (2|M |Y!2)g(/\) /\dd)L
is a solution to (Spy), and this solution satisfies (1.17) when |s+4(2¢+d)t| > J|¢t]|
and |t is large enough.

As in the Euclidean case outlined above, the (local) dispersive estimate (1.14)
stems from Young inequalities (1.9) using an explicit formula of the type (1.1)
for the Schrédinger kernel on H?. However, the study of the kernel S; of the
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Schradinger operator on H is more involved than in the Euclidean case, because
on the one hand the Fourier transform on IH is an intricate tool and on the other
hand S; does not enjoy a formulation of type (1.2) globally on H“. In fact, as
will be seen in Section 4 (see Proposition 4.1), one can compute S; in the sense of
distributions, using the Fourier-Heisenberg analysis tools developed in [5], and
also it turns out (see Theorem 1.4) that S; concentrates on quantized horizontal
hyperplanes of H”. Tt follows that the explicit formula of the type (1.1) that we
obtain here is only local. More precisely, our result states as follows. Its sharpness
is discussed in Paragraph 1.4.

Theorem 1.2. The kernel associated with the free Schrodinger equation (Syy) reads for
all t#0

1 2t \* s . |Y[*t
St(Y'S)_(_4int)§/]1a<sinh2T) exp <_E_172ttanh2r>dT (1.18)

provided that |s| < 4d|t|.

Remark 1.2. Theorem 1.2 highlights the separate roles of the horizontal and ver-
tical variables of H?. Note that in [26], Miiller already emphasized the distin-
guished role of the horizontal variable in the study of the Fourier restriction the-
orem on H,

Even though the dispersive estimate (1.14) we establish for the Schrédinger
operator on H is only local, we are able to prove that the solutions of the Schré-
dinger equation (Sy1) enjoy locally Strichartz estimates in the spirit of (1.4). More
precisely, we have the following result.

Theorem 1.3. Under the notations of Theorem 1.1, given x < /4d and (p,q) belonging
to the admissible set

Ad:ef{(p,q)/%—l—%zg with 2§p§oo}, (1.19)

there exists a positive constant C(q,x) such that, for all ug € L2(H?) supported in the
ball By (wo,Ry), for some wy € HY, the solution to the Cauchy problem (Syy) satisfies
the following local Strichartz estimate:

e “Lq(]_oo,—cKRg}u[cKRg,Jroo[,-m(BH(o,K\/H))) < C(qm)[uoll 2By, (wo,re)s  (1:20)

where C,e = (v/4d —x) 2.
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Note that the Strichartz estimate (1.20) is invariant by scaling (through the
scaling u(t,w)—u(At,6,w)). Let us underline that there is a duality between the
size of the support of 1y and the time for which the Strichartz estimates holds.
Indeed, letting Ry go to zero, we find that for an initial data concentrated around
some wy € H", the Strichartz estimate is almost global in time. Conversely, letting
Rp go to infinity, the time from which (1.20) occurs is close to infinity. Let us also
emphasize that the counterexamples introduced in Remark 1.1 show somehow
the optimality of our result, since for these counterexamples a global integrability
both with respect to t and s independently is excluded.

1.4 Refined study of the Schrodinger kernel on H”

Theorem 1.2 asserts that Sy, for t #0, is a decaying smooth function on the strip

|s| <4d|t| (with a decay rate of order ]t]_%). One may wonder if S; (t #0) which,
according to Proposition 4.1, belongs to S’ (IH?) can be identified with a function
on the horizontal hyperplanes s =£4d|t|. The answer to this question is negative
as asserted by the following result.

d
Theorem 1.4. With the previous notations, for all w, :ef(O,i4(2€ +d)|t|), where t 0

d
and ¢ € N, there exists an initial data uoi’e € S(H") such that u*'(t,") :efbl (t)u(jf’é
satisfies

w(t,+w)) =ul(0) = <5O’u6t’é>8/(]Hd) < S(HY)" (1.21)

Remark 1.3. Actually, the above theorem can be easily generalized to any element
of the horizontal hyperplanes s=+4(2¢(+d)|t|, t#0 and /€N, namely (Yy,£4(20+
d)|t|), where Y is some fixed element of T*R?. The Cauchy data generating
a solution which concentrates on hyperplanes s = +4(2¢+d)|t| are linked to the
counterexamples introduced in Remark 1.1.

The above result shows the optimality of the bound 4d|t| in Theorem 1.2.
However, we are able to improve this bound when we restrict (Sg) to some sub-
spaces of Cauchy data as in the next statement.

Theorem 1.5. There exists an orthogonal decomposition of L*(H*)

L2(H?) =@,,cpe L2 (H?) (1.22)
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d
such that the restriction Sgg) of Sy to the subspace ¥;(H*) éf@‘m‘z L2 (HY) is well
defined as soon as |s|<4(2(-+d)|t|, and satisfies for any positive constant k<+/4(d+2¢),

sup sup %}Sgé)(Y,S)}SC(E,K).
|s|<w2|t| yeT*R [¢] 2

Remark 1.4. Decomposition (1.22) is strongly tied to the spectral representation
of the sublaplacian —Ay;. In order to give a flavor of the above result, let us point
out that, as we shall see in Section 2, the Fourier-Heisenberg transform exchanges
—A with the harmonic oscillator. Then in some sense, (1.22) consists in a de-
composition of L?(H?) along Hermite-type functions, via the Fourier-Heisenberg
transform.

1.5 Main steps of the proof of the main results and layout of the
paper

Since the Schrédinger equation on HY is invariant under left translations, one
can assume without loss of generality in the proof of Theorem 1.1 that wy = 0.
By Young inequalities (1.9), Theorem 1.1 readily follows from Theorem 1.2 (re-

ducing the assumption |s| < 4d|t| to the fact that ppy(w) < \/4d|t|). To prove The-
orem 1.1, we are thus reduced to establishing Theorem 1.2. Roughly speaking
the proof of Theorem 1.2 is achieved in three steps. In the first step, using the
Fourier-Heisenberg analysis on tempered distributions developed in [5] (see also
Section 2.2 in this paper), we establish that the kernel S; of the Schrodinger oper-
ator on H? belongs to S’ (H) (Proposition 4.1). It is well-known since the paper
of Gaveau [19], that the solution to the heat equation on H? associated with the
sublaplacian writes for all £ >0

1
u(t, )= t—%uo*(hoé\/;),
where Vi is the dilation operator defined in (1.10) and # is the function in the

Schwartz class S(IH?) given by

d 2
def 1 27 Ts Y|t
h(Y,s) = (4m)$ /1R<sinh2r) P (Z 2 2tanh2r>dT‘ (1.23)

Then the second step is devoted to the proof of the fact that the fundamental so-
lution of the heat equation on H? coming from Fourier analysis on H” coincides
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with the explicit formula (1.23) established by Gaveau [19] (see Proposition 3.1).
This step uses Melher’s formula, along with the Fourier approach developed
in [5,6]. The last step concludes the proof following the general method of the
Euclidean case via complex analysis, described above (see Section 4.2). It is in
this final step that the restriction |s| < 4d|t| appears.

As usual, the proof of the local Strichartz estimates stated in Theorem 1.3 is
straightforward from the local dispersive estimate (1.14) thanks to standard func-
tional analysis arguments.

Finally, the refined study of the Schrodinger kernel on H? (through Theo-
rems 1.4 and 1.5) is derived by a combination of Fourier-Heisenberg tools and
the spectral analysis of the harmonic oscillator.

Let us describe the organization of the paper. Section 2 is dedicated to a brief
description of the Fourier transform Fy; on HY and the space of frequencies H,
as well as the extension of F to tempered distributions — which is at the heart of
the matter in this paper. In Section 3, we recover the explicit formula of the heat
kernel on HY established by Gaveau in [19], using Fourier analysis on H?. In
Section 4, we investigate the kernel of the Schrédinger operator on H? and prove
Theorem 1.2, while Section 5 is devoted to the proof of Theorem 1.1 thanks to
Theorem 1.2. Then, we establish the local Strichartz estimates (Theorem 1.3). In
Section 6, we undertake a refined study of S; and establish Theorems 1.4 and 1.5
making use of the Fourier-Heisenberg approach developed in [5, 6].

To avoid heaviness, all along this article C will denote a positive constant
which may vary from line to line. We also use A < B to denote an estimate of
the form A<CB.

2  Fourier analysis on IH*

2.1 The Fourier transform on H

The Fourier transform on IH? is defined using irreducible unitary representations
of HY. It is thus not a complex-valued function on some “frequency space” as
in the Euclidean case, but a family of bounded operators on L?(IR“) (see for in-
stance [2,11, 14, 15,28, 31, 32] for further details). Recently, in [5, 6] the authors

introduced an equivalent, intrinsic definition of the Fourier transform on H? in
. . ~ 4 def
terms of functions acting on a frequency set denoted H? = IN2? x R\ {0}. More

precisely, denoting the elements of this set by zﬁdzef(n,m,)\), the Fourier transform
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of an integrable function on H is defined in the following way:
T def A
v e, Fuf(@) L /HdeZS)‘W(w,Y) F(Y,s)dYds 2.1

with WV the Wigner transform of the (renormalized) Hermite functions

W(@,Y) % /]R @M H, ) (y+2) Hyp (—y+2)dz

. (2.2)
Hy (x) € A Hy (7] 2)

with (Hy),,ene the Hermite orthonormal basis of L(R?) given by the eigenfunc-
tions of the harmonic oscillator

—(A—|x|*)Hp= (2|m|+d)H
We recall that
14

Hy(x) % <L> TT(—3;Ho(x)+xHo(x))" 2.3)
i=1

m] 131
21Mim! i=

def - x| def def
WlthH()( ) = 4e_xT m! Eml md! and ’m| :em1_|__|_md

In [6], the authors show that the completion of the set H for the distance

A(@,@) (A (nm) = A (0 -+ oy | (1= 1) = (0 =) 1 gy + A= |
is the set
H U with IR <7z and REE(ROIUR, )L

In this setting, the classical statements of Fourier analysis hold in a similar way to
the Euclidean case. In particular, the inversion and Fourier-Plancherel formulae

read
241 iSAYVAY (77 PO
flw) = /]ﬁde W(@,Y) Fy f (@) da 2.4)

and
7Td +1

(}—Hﬂng)y(]ﬁd) = F(f’g)Lz(Hd)r (2.5)
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where the measure d@ is defined in the following wayS: for any function 6 on H,

~ o ~def d
/~d9(w)dw—/]R Y 0(nm,A)|A"dA.

H ( ) IN24
Straightforward computations give
Fu (=0 f) (@) =4[A[(2[m|+d) Fu (f) (@) (2.6)

According to (2.4)-(2.5), one can easily check that
L*(H?) = ®,,cna Ly (HY) (2.7)
in the following way: any function f € L?(IH?) can be split as

f= Z fm with
e d (2.8)
Fn(Y,5) = 2d+1 2/ MW ((1n,m,A),Y) Fiaf (n,m,A) A dA,

nelN4

and

gy = L 1l

meN4

Let us also note that if f and g are two functions of L'(IH") then for any @ =
(n,m,A) in H¥ there holds

def

Fu(f*)(@)=(Fuf - Fug) @)= Y, Fuf(npA)Fuglp.mA). (29

peN

As we shall see, the heat and Schrédinger kernels on H? are radial, in the sense
that they are invariant under the action of the unitary group of T*R“. In addition,
being functions of —Aypy they are even. In fact, the Fourier transform of radial
functions turns out to be simpler than in the general case: if f is a radial function
in L1(HY), then for any (1,m,A) € HY,

Fu(f)(n,m,A) = Fu(f)(,1,A)00,m = Frr(f) (In], [1],A)n,m (2.10)

$As shown in [5], the measure d@ can be extended by 0 on ]ﬁg
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with for all /€N
Fu(f)(ELA)
= <“”é‘1) B /Hde—lsA e MIYPLIY A Y 2) £(Y,5)dY ds, (2.11)
where Lgd_l) stands for the Laguerre polynomiall of order ¢ and type d —1.

Obviously the inversion formula writes in that case

2d lS
Flw) = 2/ MV Y) Far(F)(6,6,A) A4 dA, 2.12)
leN
where
WEA)E Y WA, Y)=e MYEPLED oA v2).  (@213)
(T
nl=

2.2 The Fourier transform on S'(H*)

The new approach of the Fourier-Heisenberg transform developed in [6] enabled
the authors in [5] to extend Fp to S’ (I[—Id), the set of tempered distributions:
note that since the Schwartz class S(H?) coincides with S(IR%*1) then similarly
S'(H") is nothing else than S’ (R>**1). Roughly speaking, the first step to achieve
this extension consists in characterizing S(IH?), the range of S(H"), by Fy. It
will be useful to recall in the following that according to [5], the space S(H?) can
be equipped with semi-norms |||y ¢y and that in particular, for all 6 € S (H?)

and N €N, there exists Cy such that for all &= (1,m,1) € H?
. -N
0(0)| < Cn (1+4[A|(2|m|+d)) HOHN,S(]ICI”I)' (2.14)

We refer to [5] for the definition of S(IH?) and further details. Then the result fol-
lows by duality, as in the Euclidean case, once shown that the Fourier transform

F is a bicontinuous isomorphism between the spaces S(H") and S(H¢)'"

IThe interested reader can consult for instance [1,10,13] and the references therein.

INote that a first attempt in the description of the range of S(IH) by the Fourier-Heisenberg
transform goes back to the pioneering works by Geller in [20,21], where asymptotic series are
used. One can also consult the paper of Astengo et al. [2].
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The map Fy; can thus be continuously extended from S'(H?) into S’(IH?) in
the following way:

S'(HY —  S'(HY),
AT d T,0 — (T,! Fii @1)
— [ '—><IH , >S’(]Hd)><8(]Hd)_< ,f]H >S’(]Hd)><5(]Hd) ’
where according to (2.4),
+1
def 77 —
FFub(y,1,5) = AT (Fg'0) (v, —1,—s). (2.16)
In particular one can compute the Fourier transform of the Dirac mass
Fr(00) =L{(nma)/n=m}
that is to say, for any 6 in S(IH¢)
(Fur(00)0) g 0, gt = L / 1,1, A)[A|2dA. 2.17)

nelN9

It will be useful later on to notice that S’(IH) contains (after suitable identi-
tication) all functions with moderate growth, that are defined as the locally inte-

grable functions 6 on H? such that for some large enough integer N, the map
(n,m,A) — (14 |A|(ntm|+d)+|n—m|) " 6(n,m,A\) (2.18)

belongs to L®(H?). It is proved in [5] that any such function can be identified
with a tempered distribution on H.

Let us end this introduction on Fourier analysis on the Heisenberg group by
recalling that if T is a tempered distribution on H?, then for all f in S(IH?) and
all win HY,

(T*f)(w)= <TffOTw*1>S’(Hd)><S(Hd)’
and
(F*T) (@) = (T, f o) o111ty w5ty (2.19)

where
def

flw)=flw™), (2.20)
and T, denotes the left translation operator by w defined in (1.13) while 7, is the
right translation operator by w defined by

T

Tw(w’)d:efw’-w

(2.21)
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3 On the kernel of the heat operator on IH”

A striking consequence of Fourier analysis on H? developed in [5] is that it pro-
vides another proof of the fact that the fundamental solution of the heat equation
on H? coincides with the explicit formula established by Gaveau in [19]. First
note the following representation coming from Fourier-Heisenberg analysis.

Proposition 3.1. If u denotes the solution to the free heat equation on TH®
(Hg) {atu—AHu =0,
Ujt=0 = Uo,
where ug is a given integrable function on HY, then for all t > 0 there holds
u(t, ) =ugxhy,
where hy is defined by

def 2d4-1

he(Y
)

Z/ 1SAW 1’11’1)\) )—4t\/\|(2\n\+d)|/\|dd/\.

nelN4

Proof. Applying .FH to the heat equation and taking advantage of (2.6), we get
for all (1,m,A) in HY,

{ %(t,n,m,m — _4|A|(2]m]|+d) T (£ 1m0,
U |t—o = FHMUo-
By time integration, this implies that for all (1n,m,1) in HY,

iy (t,n,m,\) :e_4tW(2‘m‘+d)}"Huo(n,m,/\). (3.1)

According to (2.9), we deduce that

7

g (tn,m,A) = (Fapo-0;) (n,m,A) - with  8(n,m,\) e 4tM@nl+d)g
where 6, ,, denotes the Kronecker symbol, which implies that
u(t,)=uoxhy with (Fght)(n,m /\)dEf —4t|A|(2In|+d) 5

This concludes the proof thanks to the inversion formula (2.4). O
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Remark 3.1. Performing the change of variable tA+ A in the heat kernel given by
Proposition 3.1 readily implies that for all >0

o= (1)

with

54 f 201 ~
h( 1e nd+1 ZNd/ zs)\W n n )L) ) 4‘/\|(2‘m‘+d)5n,m|)\’dd)\- (3.2)
me

The following remarkable result due to Gaveau [19] asserts that the heat op-
erator on H? has a convolution kernel in S(H%).

Theorem 3.1 ([19]). There exists a function h in S(IH?) such that for any ug€ L' (H?),
the solution to (Hyy) writes for all t >0

u(t,")=ugxhy,

where hy is defined by

1 Y s
he(Y,s)=—=h{ —=,~ 3.3
HY:5) £3 <\/f t) 3
and the function h is given by the formula
d
def 1 2T s |Y]Pt
h(Yos) = (471)% /]R (sinhZT) P (ZE 2tanh27 ar. (34)

Proof. Our purpose here is to establish that the formula coming from Fourier anal-
ysis given by (3.2), namely

241 1SA+21A z) ,—4|A|(2|m|+-d
W8 = L /MW (1.2) =4I| 2lm+4)

melN

X Hy A (y+2)Hyp A (—y +2)dz|A|2dA

coincides with the explicit expression of the heat kernel (3.4) given by Theo-
rem 3.1. The proof relies on Melher’s formula (see [16])

S (2 | 22\,2
Y Po(x) Py (R = —— zexp<2m L ) (3.5)

melN 1—r —r?
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that holds true for all x,X in R and r in |—1,1], where P, denotes the Hermite
polynomial of order m defined by

%12
P (%) & 7t Ho(x)e T

with H,, the Hermite function introduced in (2.3).
To this end, we shall use the following lemma.

Lemma 3.1. Under the above notations, there holds for all (y,z) € R? and all positive
real numbers A and t,

Y e M H, A (z—y)Hya (z+Y)

melN
A %ex —/\zz’canh(if/\)—/\731'2
T i\l ) OF tanh(tA) )

Proof. Applying the Mehler formula (3.5) to the rescaled Hermite functions (2.3)
yields

Y e ™A H,, A (z—y)Hu (z+Y)
melN

1
= ie_)‘(zz'i_yz) <L) ’
7_(% 1—e—4tA
1 _ _
><exp (1_e7—4t)\ (2/\(22—]/2)6 Zt/\—ZA(ZZ-l-yZ)e 4t)\)) )

The result follows from the following identities:

—MZ2+y*) +
:_H%M(ZZ(1_e—2tA)2+y2(1+e—2tA)2)I
(1_e—2tA)2 (et/\_e—t/\)z etA_e—tA
1—e4A  Q2A_o=2tA T otA L o—tA
(1+e—2tA)2 _ (etA+e—tA)2 _ etA+e—tA _ 1 .
1—e—4tA e2A _e=2tA — ofA_e—fA " tanh(tA)

1_ o 4th (2/\ (zz _yZ)e—zm —ZA(ZZ Jryz) e—4tA)

=tanh(tA),

The lemma is proved. O
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Let us return to the proof of Theorem 3.1. In order to establish that the two
formulae (3.2) and (3.4) coincide, it suffices to consider the case when d =1: (3.2)
becomes

isA+2iAnz _ —4|A|(2m+1
h(y,,5) NZZ/ 1244 (2m+1)
melN

X Hy A(Y+2)Hy A (—y+2)dz|A|dA. (3.6)

Then applying Lemma 3.1 with t =4|A|, we find that

1
1 isA+2iAnz—4|A| Al 2
h(y,n,8)=— /Rz S Eee Ty

A 2
X exp (—|)\|zztanh(4|)\|) - %) |A|dAdz.

Performing the change of variables |A| 221z, this gives rise to

Aly2

h(y,n,s):%/e“A R
712 /R

1
ta 2 1
< F (eI P (o[} 17)( A |16M) AbdA.

Since ,
- 2 T _ A
}—( tanh (4|A|)|-] )<2|M ;7) me Tanh(4TAT) |

we discover that

_1
Wy, 17,5) = — /]Re“A - Sy ) (tanh (41]) (1-e711) ) [AjdA.

2
But
tanh (4]A]) (1—e 161Ny = 4e~81Msinh? (4]A]),
which ends the proof of Theorem 3.1. O

4 On the kernel of the Schrodinger operator on H*

4.1 Representation of the free Schrodinger equation

Contrary to the heat equation (and as in the Euclidean case recalled in the intro-
duction), the kernel of the Schrodinger operator does not belong to the Schwartz
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class S(H). Nevertheless, one can solve explicitly the Schrodinger equation
(Sp) by means of the Fourier-Heisenberg transform introduced in Section 2, in
the following way.

Proposition 4.1. The solution to the free Schrodinger equation
iatu — A]Hu =0,
(Sm)
Ujp=o=Uo

reads for all t #0 and all ug € S(HY)

”(t/'):uo*stl (41)
where Sy denotes the tempered distribution on HY defined for all ¢ in S(H?) by
<5tz€0>5/(Hd)xs(Hd <e4lt|)“(2|n|+d 9>3/ )xS(H4)

with ¢ ="'Fu6, according to notation (2.16).

Proof. Arguing as for the proof of Proposition 3.1, we start by applying JFp to
(Sp ), which thanks to (2.6) implies that

dt

P (n A) = —a|A| (2] )i (8,0,
UH |0 = FHUo,

and leads by integration to
g (t,n,m, A) = MMM By (n,m, 1) (4.2)
for all (1,m,A) in HY. Then taking advantage of (2.9), we find that

fpr(t,n,m,A) = (Faito-©r) (m,m,A) - with O (,m,A) S ehitlAlC@nl+d)s

7

One can easily check that ©; is a function with moderate growth in the sense
of (2.18), and thus as it was proved in [5], it is a tempered distribution on IH.
This ensures that the Schrédinger kernel S; belongs to S’(H?).

Finally combining (2.16) together with (2.19), we readily gather that for all ug
in S(H?) and all w in HY,

(uo%St)(w) = (St, 00Ty & (H7)xS(H7)
Al( d
= (et |2\n\+ om0 1510y )

-y / 4itM@nl+d)g 1y 1 A)[A|9dA, 4.3)

nelN9

where 1igo T, =!F6, which completes the proof of the proposition. O
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4.2 Computation of the Schrodinger kernel on Heisenberg strips

Our goal now is to establish Theorem 1.2. As already mentioned, the proof of
formula (1.18) goes along the same lines as the Euclidean proof, though more
involved. Thanks to Theorem 3.1, the solution to the heat equation (Hyy) writes

f(t,)=foxh,

where ; is given for all t >0 by

1 2t \* s |Y)*T
he(Y,s)= S bl M I
((Y0s) (4m)%/m<sinh2r) eXp( 2t 2ttanh2r) ‘

2d—1

Y /e e~ HIMCIMDWY ((m,m,1),Y) |A|dA.

— i
T meN4

To achieve our goal, the first step consists in observing that the maps

z — HX(Y,s) and z —— HZ2(Y,s)

with
1 def 24-1 isAg —4z|A|(2|m|+d) d
HA(Y,) & E ) / W((m,m,A),Y)ASdA, (44
T meN4
d 2
2 def 1 / 27 ;T8 Y|*T
H(Y,s) = (472)3 ]R(sinh2r P \'% " Zztanhar ) T° *5)

are, for all (Y,s) in HY, holomorphic on a suitable domain of C.
Actually on the one hand, performing the change of variables = A(2|m|+d)
in each integral of the right-hand side of (4.4), we get

2d-1 1
ra+1 = (2|m|+d)d+1

B
18 3 o — 421 Bl P d
X/]Re 2[m|+d @ W((m/m/2’m|+d>ly) |ﬁ’ dﬁ’

where obviously in each term of the above identity the integrated function is
holomorphic on C. Moreover, using the fact that the modulus of the Wigner
transform of the Hermite functions is bounded by 1, we obtain for all z in C
satisfying Re(z) >a>0

is— P
1S 3]+ —4z|B| :B d / —4alBl|g|d
/]R e m+e W((m,m,2’m|+d>,Y)‘|ﬁ] A< RC |B17dp < oo,

Hi(Y,s)=
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Jy

which by Lebesgue’s derivation theorem ensures that the map z+— H} is holo-

morphic on the domain D d:ef{z €C,Re(z) >0}.
On the other hand, we have by definition for all z in C*

1 2t \* T |Y[Pt
H2 Y, = / R B d ;
:09) (4712)% ]R<Sinh21’) =P (ZZZ Zztanh27> ‘

where of course the integrated function is holomorphic on C*. Now our aim is to
apply Lebesgue’s derivation theorem to establish that H2(Y,s) is holomorphic on
some domain of C.

Writing

B
153 Td o —42| Bl L dig < / —4a|B|| g|d+1
3. (e e W((m,m,2|m|+d),Y))’|,B| ap<4 | e Plpi1ap <oo,

YPr P
2ztanh27  2|z[2tanh27

and setting z = |z|e’8(2), we readily gather that

I O A (e
exp< 2ztanh27 )| OF 2]z|tanh2*[COS (arg(z)) (4.6)

and

Y2 Y P
J T oztanh2t /| . 4.7
zeXp< 2ztanh27 2|z|2’camh2*texp 2|z|tanh2T cos (arg(2)) (4.7)

Along the same lines, one can easily check that

exp<i2izs) ’ —exp <%sin (arg(z))),

its\| _|t]ls| TS5
azexp( > ) ‘ L exp<2|z| sin (arg(z))).

We infer that for all T€R, w=(Y,s) € H? and all z in C satisfying Re(z) >a>0,

and

TS Y|*t IT||s|

Z__1 - )< .
P <122 2ztanh2r) ) _exp( 2|z| ) (48)

s |YPT Tlls] (1, |T]ls]
T )< - . .
9z (exp(zzz ZZtanhZT))‘_eXp( 2|z| a+2|z]2 (49)

and
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Fix 0<C<4d, then combining formula (4.5) together with the Lebesgue derivation
theorem, we deduce that the map z+—— H? is holomorphic on

f)|5d:ef{zeD,|z| >%} (4.10)

Since by Gaveau’s result (see Section 3), the maps H} and H? coincide on the
intersection of the real line with D‘ s, we conclude that they also coincide on the

whole domain f)‘ of-

Choose a sequence (zp)pen of elements of D) which converges to —it, t€R*,
and consider hmp—wo<H;p’q0>8’(]Hd)><S(]Hd) and hmp—m<H§p'¢>8'(Hd)x$(Hd) for ¢
in S(HY).

Let us start with lim, <Hzlp,qo> 51 xSty BY (2.15), there holds

1 1
<HZPI§0>S’(]I-I‘1)><S(]I—I’1) - <FHHzp/9>31(ﬁd)X3(]ﬁd) (4.11)
with ¢(y,7,5) =cq(Fg 0) (y,—1,—s) for some constant c. But according to (4.4),

1
<]:HHzpf9>5/(ﬁd)xs(ﬁd)
— ]ﬁde_4zp‘/\|(2‘m‘+d)5n,m9(w)d@
Y / e~ 42 A @mI+Dg 1y 1 AV A[9dA.
R

meN4

Besides since § belongs to S(IHY), it stems from (2.14) that for any integer N there
exists Cy such that for all @ = (m,m,A) € H?

) -N
10(0)| < Cn (1+4[A|(2m|+d)) 1101l 5(70)-

Then performing the change of variables f = A(2|m|+d) in each integral of the
right-hand side of the above identity and choosing N >d+2, we get

Z /’e_4zl”|)‘(2|m|+d)9(m,m,/\)}’/\|dd/\
meN4 R

1 _
<Culbllseey L mrorpa J 0480 Bl <ce
me
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Applying Lebesgue’s dominated convergence theorem, we infer that™

lim <H;pf9”>3/(Hd)xs(Hd) - <H1—it'9”>8/(Hd)xs(Hd) - <St’¢>8’(Hd)xs(H‘i)' (4.12)

p—00

In order to deal with szp, recall that by definition

d
1 2T . TS Y|>T
2 __ et A L L
Hzp(Y’S) - (4nzp)% /]R (sinh2r) P (ZZZP 2zptanh27) at.

By hypothesis, (z,)peN is a sequence of D satisfying |z, | > ‘ic|’ with 0<C<4d, and

this implies that
/ 2 deX i2—7|Y’2T dt
r|\sinh2t ) “P\'2z, " 2z, tanh2r

d
27 C|t|
<[ = bl 0.
_/]R(SiDhZT) exp( 2 )dT<

We deduce that for all w=(Y,s) satisfying |s| <4d|t|, there holds
lim HZ (Y,s)=H2;(Y,s)

p—o0

B : / 2t dex —E—iim% dt
29 Jr\sinn2r ) CP\ T2t T "2rtann2r )T
(—4irtt)

which of course ensures that, for all ¢ in S(IH?), we have

;71520<H§pf¢>sf<ﬂd> xS(HY) ~ <H3it'¢>s'(Hd> xS(H)’

This ends the proof of Theorem 1.2. O

5 Proof of the local dispersive and Strichartz
estimates

5.1 Proof of Theorem 1.1

Since the linear Schrédinger equation on HY is invariant by left translation, it
suffices to prove the result for wy=0. Let ug be a function in D(Byz(0,Rp)). Then

**Let us underline that formula (4.11) holds true for any sequence (zp),en of D which converges
to —it with t € R*.
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invoking Theorem 1.2, we infer that the solution to the Cauchy problem (Sp)
assumes the form
”(t/'):uo*stl (51)

where

d
1 27 s . |YPPt
Si(Yos)= (_41'7.”)% /IR (sinhZT) =P <_E _ZZttanhZT) at ©:2)

on any Heisenberg ball Byy(0,%x+/|t|) with x < +/4d, since
on(w)<my/lt] = |s| <kJt] <4d]t].

Note that

1 2T d K2|T| def My
< - 1 = . .
HStHL“(BH(OrK\/TD)_(4n’t’)%/m<sinh2”f) exP( 2 )dT PEREA

But by definition of the convolution product on H?, we have

(g*St) (w) = /]Hd up(v)Se (v ! w) do. (5.4)

Thanks to the triangle inequality, we have for any w in By (0,x+/|t|) and any v in
B]H (0/ RO)

o0~ w) =dy (w,0) < p(w)+p(0) xy/ |f|+Ro < /4]t
provided that

Ry \?
’t’>TK’R0:<\/E_K) 7

which by Young’s inequality completes the proof of estimate (1.14) in the case
p = oo.
Furthermore by the conservation of the mass there holds

[u(t,) ||L2(B]H(O,K\/|T’D) <lu(t,-) HLZ(]Hd) = ||u0||L2(IHd)'

So resorting to a real interpolation argument, we get for all 2 <p <co and any
|t| 2 TRQ,K

M\ 7
Hu(t")HLP(BH(O,K\/I_ﬂ))S <ﬁ> ||u0||Lp/(]Hd)/

where p’ denotes the conjugate exponent of p. This finishes the proof. O
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5.2 Proof of Theorem 1.3

As already mentioned, the Strichartz estimates are straightforward from the dis-
persive estimates. Actually, Theorem 1.3 readily follows from the mass conser-
vation and the following proposition, which can be seen as a corollary of Theo-
rem 1.1.

Proposition 5.1. Under the assumptions of Theorem 1.1, the solution to the Cauchy
problem (Syy) associated to u satisfies, for all 2< p < co and all q such that %—i—% < %,

—Q(3—p)+

2
Hu“Lq(]—oo,—CKR%]U[CKR%,oo[;LP(B]H(wO,K\/M))) <C(q,x)R, ol 2 gy -

Proof. Since uy is in supported in Byy(wp,Rg), combining the Holder inequality
with (1.14), we infer that, for all 2 <p <o,

r2G»)
0
||u(t,.) HLP(BH(ZUO,K\/H)) < C(K)W ||u0||L2(]I—Id) (5.5)

for all || > T g,. The proposition follows after time integration, and Theorem 1.3
is a direct consequence. 0

6 Concentration properties of the Schrodinger kernel
on H

6.1 Proof of Theorem 1.4

The proof relies on Fourier-Heisenberg analysis recalled in Section 2.1.
Denote w; = (0,—4dt). Then, making use of formula (4.3) and recalling that S;

is even, we get, for any 1y € S(H?),
(0% Se) (wr) = (St,U00T,1) 51 st 5 1)

-y /Re‘“”l@”+d>9t(n,n,A)]A|ddA, 6.1)
nelN4

where T _1 is the left translation operator by w;” ! defined by (1.13) and
t

; 7Td+1 1
Fub:(y,1,8) = F(}—H 0:) (y,—1,—s) =1UpOT, 1. 6.2)
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Notice that, for all f € L'(IH?) and all go= (0,s0), we have
FH (fnggl) (n,m,A) =e =M F f) (n,m,\).
It then follows that
Fr (upo th_l) (n,m,A) = e Fyr(ug) (n,m,A).
Combining (2.1)-(2.2) together with (6.2), we deduce that

2d—1

0:(n,m,\)= por e

e HUA T (ug) (m,n,—A).

Consequently, we have

2d—1
(uo*St)(wt) = W Z

nelN4

In particular, if we consider 1 so that

Fra(uo)(n,n,A) = Fuz(uo)(n,n,A)0,01r<0,

we obtain, thanks to (2.17),

(uo*St) (wy) = (50,u0>5/(Hd) x S(H7)*

Theorem 1.4 follows.

6.2 Proof of Theorem 1.5

/ AN A2l +) o (410) (11, A) | A| A
R

27

Let £ >1 be a fixed integer. We revisit the proof of Theorem 1.2: recall that the
restriction over s comes from the fact that the function H2(Y,s) given by (4.5) is

holomorphic only on the set |z| > |s|/(4d). Now let us define

def
Yo(HY) = @),5L5,(HY),

where L2 is defined in (2.7)-(2.8). In the case when the Cauchy data uq belongs to

the set S(HY)N¥,(H"), our goal is to write

u(t)zuo*Sgg),
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where Sy) is a tempered distribution obtained, for |s| <4(2¢+d)|t|, by the same
complex analysis argument as in the proof of Theorem 1.2, where the function to
be analyzed, arising from the heat equation, is now

d—1
hge) (Y,s) def Zd+1 / QiSA+2iA(1,2) g —4|A| 2]m| +d)t
7T m|>¢ RxIR

X Hyp (y+2) Hup (—y+2) dz|A|PdA.
()

According to Gaveau'’s resulted recalled in Theorem 3.1, the function h;
reads

also

d 2,
s = [ () e e
) R

(47t) 2 sinh2t
pd—1
_ Z / eiSA+2iA(1,2) o —4|A|(2[m|+d)t
d+1
7T m|<0—1 R x R4

X Hy p (y+2) Hy o (—y+2) dz|A|dA.

But in view of (2.13), we have, for any integer k,

A42iA( —4|A|(2|m|+d)t d
7Td+1 Z /XW el Do~ dN@mI iy (y 4 2VH,, ) (—y+2)dz|A[YdA

|m|=k
2471 —4A|2k+d)t —\/\||Y|2 d
— [ e D (IANYP) ALK,
where L(d_l) denotes the Laguerre polynomial of order k and type d—1. Then,

performmg the change of variables A = 75;, we readily gather that

d
1 2T ;I8 |v|2z
h(é) Y, — / 2t an 'rd
0 (Y,s) (4m)% - Snhaz e'2l ~ Zanhat dT

2'1,'
1 . /(4|T|)d _2|T\(2k+d)Lkd 1) <!Y| !T’) N
(4rtt) 2 k<i—1/R t

Returning again to the strategy of the proof of Theorem 1.2, our first aim is there-
fore to prove that the maps

z —> Hz(é)’l(Y,s) and z — Hz(é)’z(Y,s)
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with
A def 2471 o
Hz( ) (Y,S) 1€ o Z /]R 15/\e 4Z\A|(2\m\+d)w((m’m,A)ly) ’/\|dd/\

|m|>¢€

sinh2|t|)4

LY o2k (i1 (MZIT!) Y27>dﬂc (6.3)

k<i—1 z

1 ;TS 1 2T
e K] (e
5 JIR

are, for all (Y,s) in HY, holomorphic on a suitable domain of C*. The same rea-

soning as in the proof of Theorem 1.2 enables to check that the function Hy)’l

is holomorphic on the domain D = {z € C,Re(z) >0} so now we concentrate on
0,2

a2,

We shall prove that the function Hy)’z is holomorphic on the domain

~¢ def E
D= {zeD,|z|> (2€+d)} (6.4)

Let us start by re-writing (6.3) in the following form:

1 15 Y|?
H2(Y5) = Q/(4|T|)de’z‘2'”¢e(mfe_“')d'f with
7 JR

(47z) 2 z 65)
def _z( e 1 kg (d-1) ‘
Dy(x,r) =e" 2 A= Y, LT (%) ).
k</—1
From now on we set'" )
xd§f7|Y| |T|, r 3ol (6.6)

z

Recalling that the generating function for the Laguerre polynomials is given by
(see for instance [1,13,14,23,25,27])

YA ()= S, <, 6.7)

= k (1—r)d

1t will be useful to point out that |x| = %Z‘M and Re(x) = ‘Z‘T cos(arg(z)).
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we notice that the e2®;(x,r) is nothing else than the remainder of the Taylor

expansion of the function f(x,r) def -1 7(1—r)~% at order /—1, near r =0. We

shall therefore argue differently depending on whether r is close to 1 or not. So

let us fix 7p>0, and start by analyzing the case when | t| >1p, since this implies that

r<rp defe~4% < 1. The case |T| <19 will be dealt with further down. Considering

1 TS 2
HOP ) [ eyt e (REEL et ar, os)
(47tz) 7 Itz z

we are thus reduced to investigating, for |t| > 1y, the function
d,—2|7|d YP[T| 4
(4]7]) e ez @, e 7] (6.9)

and its derivative with respect to z. We shall actually restrict z to the domain

[ e s |
D‘S|,a,A_ {ZEC/|Z’>W}HQ&A with
def

Oaa = {z€C,Re(z) >a,|z| <A},

where 0 <x <4 and a4, A >0 are arbitrary fixed constants.
Recalling

_rx
def € 1

Hen =
and applying Taylor’s formula, it readily follows from (6.7) that

rt

Dy(x,7) :e_ﬁm/ol(l —s)1 (aff) (x,rs)ds.

After some computations we infer that there is a positive constant C(¢,7y) such
that, for all r <rg=e %0, we have

Re(x)

2 (1+x]),
Y, _ Re(x) )
0x@(x,7) | <C(€,10)r"e™ 2 (1+]x|)".

|@(x,7)| <C(6,70) e (6.10)

Observing that
_ Y2
=e 2[z]

_ Y

’e u cos(arg(z)) (6.11)
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with
f >w(a,A)>0,
Ze1&”{(:05 (arg(z)) >wa(a,A) >
we deduce that there is a positive constant C(¢,1,a,A) such that, for all (Y,s) in
H?, ze D|S‘ ,,4 and |7 > T, there holds

Y|? —(4=x) 20+d) 1]
]<4|r|>de152 Zfld@("zﬁ,e—hl)]gcw,fo,a,mwe gt

and similarly

j 53 YZ (4—x)(20+d)|T
82(4’T’)de12—2|ﬂdq>€ (%, e—4|r) ' <C(lw,a, A)]T]d %

This readily ensures that the function HZ( .20 is holomorphic on the domain D| g,
defined in (6.4).

To deal with HZ(-é)’2 — HZ(QO’Z, let us first observe that according to (6.3), we have

1 : TS 1 ‘Y‘ZT
O = [ el (e s
Z10 (4rz) % JItl<m (sinh2|7|)

~ Y 2fe —2\T|(2k+d)Lk <|Y! |T|) Yzz,f)df
4

k</—1

Then invoking (6.11), we infer that for any integer £ and all positive real numbers
a and A, there exists a positive constant C(¢,a,A) such that

2 2
sup Lk (|Y| |T|) - <C(l,a,A),
ZGQu,A Z
k<t—-1
d B Y 2 2/
sup —<Ll(<d 2 <’ | ’T’) - )'<C(£a A).
260, 4 dz z
k<t—1
We deduce that for all (Y,s) in H?, z ¢ D‘S| o4 and |T| <19, there holds
2 (+d)
Z (4|T|)d —2‘T|(2k+d)Lk <|Y’ ’T’) ‘ <C(€61A) 2+ (6 12)
k<l—1 z
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and

2 s TS 2T
G ( Y (4]r])te2tl@ra) (@-1) <!Y|Z|T| ) elwyﬁ) '

k</—1

1ok (20+d)
<C(t,a,A)e ™5 <1+w). (6.13)

This obviously implies that the function

1 5 Z / (4|T|)de15§e 2|T\(2k+d)Lk (’Y| ’T’) ZZT‘dT
(471z) 2 p<i—1/1tI<70 z

is holomorphic on the domain D| SaA° The part

My

1 / 2T de ize™ z‘tyfhz dt
(47TZ) IT|<7 \ Sinh2T

can easily be dealt with, which achieves the proof of the fact that the function

Hy)’z is holomorphic on l~)|és‘.
Finally, let (z;),en be a sequence in 5|és‘ which converges to —it with f € R*.

Then arguing as in the proof of Theorem 1.2, one can readily gather that for any
function ¢ in S(H?)N¥;(H*), we have

<H(€) 1

lim <HZ it 190>3/(]Hd)xs(lHd)

poveo \ 12 '90>8' HY) x S(HY) —

_<St 190>3/ HY)xS(HY) — <Stf90>3/(Hd)xs(Hd)'
To show that

(0)2
plgrc}o<HZP "/’>s/ (HY)xS(H) — <H—it f€0>3/(]Hd)x3(JHd)

we shall as above investigate separately H§Qoz and HZ(Z)’2 — H§Qoz Let (zp) peN be

a sequence in 5|€s‘ which converges to —it with t €R* and let us start by studying

the part corresponding to Hé%’z. One can assume without loss of generality that
Ll < k(2¢+d) with 0 <x <4, and also that (1—0)[t| < |zp| < (1+0)][t| for some

Tzpl =

small . Then taking advantage of estimate (6.10), we readily gather that

- L Y?|T| _
(Y,5)||(4]7])%e 2= @, (%,e “')‘
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l
Y[? ) de  =nEerd)]
SC 6/5170 Y,S (1—|— T e 5 ,

which implies that

: (0)2 _ /02
Plg%o<Hz;ﬂor‘P>s’(Hd)xs(Hd) - <H—itlfo’(/’>8’(Hd)xs(Hd)‘

Now to study the part corresponding to H§€)’2 —HZ(,Q(;Z, let us first observe that it
stems from (6.11) that |exp(—%2;‘f|)| <1. Consequently, there exists a positive

constant C(¢,6,7p) such that, for all (Y,s) in H? and |7| < 19, there holds

2 i TS ZT
p(Y,5)|| Y (4]r])de2rl@kra) (41 (M) o LE

k<t—1 Zp
|Y|2|T0| )g ;c(zuz—d)TO

— | e

(1-0)l¢]

<Cl5,)|p(Y,5) (1+

Since the first part can be easily dealt, we readily gather that

lim <H“)'Z— H§f);§,¢> _ <H“)'Z ~H'2 ¢

p—oo \ ¥ ' S'(HY) xS (HY) —it —it >5f(Hd)xs(Hd)'

This ends the proof of Theorem 1.5. O
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