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LONG-TIME DERIVATION AT EQUILIBRIUM OF THE FLUCTUATING
BOLTZMANN EQUATION

THIERRY BODINEAU, ISABELLE GALLAGHER, LAURE SAINT-RAYMOND, SERGIO SIMONELLA

ABSTRACT. We study a hard sphere gas at equilibrium, and prove that in the low density
limit, the fluctuations converge to a Gaussian process governed by the fluctuating Boltzmann
equation. This result holds for arbitrarily long times. The method of proof builds upon the
weak convergence method introduced in the companion paper [8] which is improved by
considering clusters of pseudo-trajectories as in [7].

1. INTRODUCTION

In this paper, we prove that dynamical fluctuations in the empirical measure of a hard
sphere gas at equilibrium are governed, in the low density limit (Boltzmann-Grad limit), by
the fluctuating Boltzmann equation, and this for arbitrarily long kinetic times. In particular,
we show that the limiting process is Gaussian. The fluctuating equation is a stochastic equa-
tion given by a linearized Boltzmann collision operator, forced by a Gaussian noise, white in
space and time, whose structure can be predicted by a fluctuation-dissipation argument [33].

The convergence of the covariance of the fluctuations was proved for short times in [2]
and extended to non-equilibrium states in [31]. Moreover, the Gaussian character of the
limiting field and the fluctuating equation were conjectured in [14, 31, 32]. This conjecture
was reconsidered and proved to be true in [6, 7], where the convergence of the full fluctuation
process was obtained by using cumulant techniques, away from equilibrium, together with
(much stronger) large deviation bounds.

All these results are severely limited to a small interval of time, exactly in the same way
as for the validity of the nonlinear Boltzmann equation, as proved in [24]. This short time
limitation was removed first for the covariance of the fluctuation field in [4], in the case of
a two-dimensional gas of hard disks at equilibrium. The limiting covariance is governed by
the Boltzmann equation, linearized around the Maxwellian distribution. In the companion
paper [8], a more robust weak convergence method was introduced: taking advantage of the
invariant measure, we discarded atypical dynamics (preventing the convergence) by localizing
pathological behaviors and using a time decoupling. This allows to extend the previous result
to arbitrary dimensions. The present paper elaborates upon the same strategy: we study the
higher order moments of the fluctuation field and prove that they asymptotically factorize
according to Gaussian rules.

1.1. The model. We consider here exactly the same setting as in [8], of which we recall
the notations. The microscopic model consists of identical hard spheres of unit mass and of
diameter €. The motion of N such hard spheres is ruled by a system of ordinary differential
equations, which are set in (’]I‘d X Rd)N where T¢ is the unit d-dimensional periodic box
with d > 2: writing x§ € T? for the position of the center of the particle labeled by i and v; € R?
for its velocity, one has

avs

dx; R
=v, L =0 aslongas [x;(t)-x5(t)|>c for 1<i#j<N,
v as bE(0) - x(1) j

(1.1)
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with specular reflection at collisions:

(Vi) =i = 5 (v = v3) - (6 = 5) (o - x)
(1.2) N T o if |x5(¢) —xj(t)| =c.
(vj) =Vt ?(vl —vj) (x5 —xj) (x5 —xj)
This flow does not cover all possible situations, as multiple collisions are excluded. But one
can show (see [1]) that for almost every admissible initial configuration (x5°,vé%);;cn, there
are neither multiple collisions, nor accumulation of collision times, so that the dynamics is
globally well defined.

We will not be interested here in one specific realization of the dynamics, but rather in
a statistical description. This is achieved by introducing a measure at time 0, on the phase

space we now specify. The collections of IV positions and velocities are denoted respectively

by Xy = (21,...,2x) in T and Vy := (vy,...,vy) in R and we set Zy := (Xn, Vn),
with Zy = (21,...,2N), 2zi = (x;,v;). A set of N particles is characterized by a random
variable Z50 = (25,...,2%0), 20 = (xfo7vfo) specifying the time-zero configuration in the
phase space

(1.3) Dy ={Zn e (T xRN [ Vi, |v;-a;>e},

and an evolution according to the deterministic flow (1.1)-(1.2) (well defined with probabil-
ity 1)
b Z5(t) = (25(1), . 25 (D), £50,
with z7 (1) = (x7 (¢) ,v; ().
To avoid spurious correlations due to a given total number of particles, we actually consider
a grand canonical state (as in [23, 2]), living on the phase space

D°:= | Dy
N20
(notice that Dy = @& for N large). This means that the total number of particles is also a

random variable, which we shall denote by N. In the low density regime, referred to as the
Boltzmann-Grad scaling, the density (average N) is tuned by the parameter

pe=e @0
ensuring that the mean free path between collisions is of order one [18].

More precisely, at equilibrium the probability density of finding N particles in Zp is given
by

1 . 1 pg
(1.4) VAN = o % 1ps (ZN) M®N(Vy),  for N=0,1,2,...
with
1 [of? ®N N
M(U) = d eXp(__) ) M (VN) = HM(UZ)a
(2m)2 2 i=1

and the partition function is given by

N N
He QN He
(15) 2Z=1+ 3 He f MEN (V) dXydVy =1+ 3 e f 1 0o )dXy -
szzl N! Jps, 1\722:1 N! TdN(g e x]|>€)
Here and below, 14 will be the characteristic function of the set A, and we will also use the
symbol 1, for the characteristic function of the set defined by condition *. Notice that, for
notational convenience, we work with functions extended to zero outside DY.
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In the following, the probability of an event A with respect to the equilibrium measure (1.4)
will be denoted PE%(A), and EE? will be the expected value. Definition (1.4) ensures that

p ESL(N) > 1

as e — 0o, as required.

1.2. State of the art. Consider the empirical density of the hard-sphere model:
1 N

(16) 7Tf = — Z(Szf(t) .
He ;=1

Under the initial grand canonical measure

1l

(1.7) 0 N

1p (Zn) (f)®N (Zn), for N=0,1,2,...

where f0 is a smooth and fast (Gaussian) decaying density and Z¢(f°) the corresponding
partition function, it has been proved by Lanford in [24] that, in the Boltzmann-Grad limit
e = oo, m; concentrates on the solution of the Boltzmann equation

(1.8)
of +v-Vaf = [, [ (S f(ta ) = Fw) () (0= w)-w), dodw,
1(0,2,0) = f(z,v)

where the precollisional velocities (v’,w") are defined by the scattering law

(1.9) vi=v-((v-w) w)w, wi=w+((v-w) w)w.

More precisely, there exists a short time 77, > 0 depending only on f°, such that for any test
function h: T? x R? - R and any § >0, t € [0, 7],

(1.10) ]P’E(wf(h)—dex]Rd d2f (£, 2)h(2)| >5) — o0,

ME—>OO
which can be interpreted as a law of large numbers; see e.g. [20, 33, 12, 15, 28, 13, 5, 16, 17].

Using the invariance of the equilibrium measure (1.4), it is not hard to see that in our
setting m; concentrates on M, which is a stationary solution of the Boltzmann equation: for
any test function i : T% x R > R and any 6 >0, ¢t € R,

- [, d=M@h(z)| > 5) ——0.

Our purpose here is to study the fluctuations of the empirical density 7y from its equilibrium
value. In this regime, the collision operator in Eq. (1.8) is expected to reduce to the linearized
operator (according to f =M + g)

(1.12)

Lg:=-v-Vag

+ Adxgd—l [M(w')g(v') +g(w" YMOW") = M(w)g(v) - g(w)/\/l(v)] ((U - w) -w)+dw dw .

Moreover, such fluctuations should be of size 1//p_, which leads to define the fluctuation
field (**? by

(1.13) G (R) = i (5 () ~ B (1))

for any test function h.

(1.11) }P’gq(
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Making the analysis of (1.11) slightly more quantitative one easily proves that, for any
given t, ¢;°! converges in law towards a Gaussian white noise ¢ with zero mean and covariance

(1.14) E(¢(hM)¢(h®)) = fT DR M)z

Much more interesting is the analysis of time-correlations, i.e.of time-dependent products
such as EZ (¢ ’eq(h(l))cg’eq(h@))), which involves an accurate understanding of the colli-
sional processes in the hard-sphere dynamics. A local-in-time result for the covariance of the
fluctuation field was obtained in [2], by a direct application of the method of [24] (as discussed
below, this was extended in [4] and [8] to large times close to equilibrium). The techniques
of dynamical clusters introduced in [7] allowed then to extend this short time convergence to
moments of arbitrary order, as well as to establish the tightness property of the fluctuation
process (see also [6] for a less technical presentation of this method).
Recall that (1.12) is well-defined in L?. We also introduce

1
2
L?vl = {g :T?xRY > R, HQHwa = ([ﬂ‘ded lg[? ./\/ldxdv) < oo}
and the Hilbert space indexed by k € Z
HE = {g ‘T x R R, lglar = H(Id - A, + |v|2 - Agc)kgHLg\/1 < oo}.

Theorem 1.1 (Short time convergence of the fluctuating field, [2, 7]). Consider a
system of hard spheres at equilibrium in a d-dimensional periodic box with d > 2. There exists
a time T* > 0 such that, in the Boltzmann-Grad limit pu. — oo, the following properties hold
true.

(a) Let g° and h be two functions in L%\/t' The covariance of the fluctuation field (Cf’eq)te[o 7]
converges:

(1.15) B¢ (g") ¢ (h)] - f Mg(t) hdady ,
where Mg is the solution of the linearized Boltzmann equation 0;Mg = LMg, with gy-o = q°.
(b) There exists k > 0 such that the family of processes (Cf’eq)te[o 7] U8 tight in the Sko-
rokhod space D ([O,T*],’H_k). More precisely,
lim lim P sup 7= ¢ 2d]=0,  vo'>o0,

50 pre—>o00 |s—tl<
(1.16) e
lim lim ]P’gq[ sup Hgte’eqH_k 2 A] =0.
te[0,7*]

A—00 lg—>00

(¢) The fluctuation field (Cf’eq)te[O’T*] converges in law to the (weak) solution of the fluc-
tuating Boltzmann equation
(117) d(t :Lgtdt-i‘d’l’]t,

with initial datum (1.14), where dn(x,v) is a stationary Gaussian noise.

The noise in the above equation is explicitly characterized (see [32]). It has zero mean and
covariance (for all T'> 0)

B [ [ anh® o) [ it [ dmh® G e)

(1.18)
1 rT
:gfo dtfdu(zl,z2,w)M(vl)M(UQ)AhmAh(z)

denoting
dp(z1,22,w) = Ogy—a ((vl ) ‘w)+dw dvy dvadxidzs
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and defining for any h
Ah(z1, 29,w) = h(z1) + h(z5) = h(z1) = h(22),

where 2] := (z;,v]) with notation (1.9) for the velocities obtained upon scattering. Note that
this noise is white in time and space, but correlated in velocities.

Weak solutions of Eq.(1.17) have been discussed in [7]. They are martingale solutions
defined according to a classical procedure [19].

Remark 1.1. Theorem 1.1 has been generalized out of equilibrium (see [31] for part (a) and [7]
for parts (b)-(c)) for initial measures of type (1.7). The fluctuation field is still defined by
Eq.(1.13). The fluctuating Boltzmann equation is the linearized Boltzmann equation around
the solution f(t) of the Boltzmann equation with initial datum f°, forced by a noise with a
time-dependent covariance of the form (1.18), with M replaced by f(t).

For more discussions on physical aspects of the fluctuation theory at low density, and on
related mathematical results, we refer to [14, 22, 25, 29, 31, 32] (see also [7] and the references
therein).

Using the invariant measure, it was shown in [4] in two space dimensions, and [8] in higher
dimensions, that the convergence result (1.15) actually holds for all times.

Theorem 1.2 (Long time convergence of the fluctuating field, [8] ). Consider a system
of hard spheres at equilibrium in a d-dimensional periodic box with d > 3. Let ¢° and h be
two functions in L%\/t- Then in the Boltzmann-Grad limit u. — oo, the covariance of the
fluctuation field ((°Y),,, converges for all times

Vt>0, Eiq[ (g% cf’eq(m]» f Mg(t) hdzdv

where Mg s the solution of the linearized Boltzmann equation 0:Mg = LMg, with g;—o = q.

1.3. Statement of the result. Our goal in this paper is to build upon the techniques
introduced in [8] to extend the validity of Theorem 1.1 to arbitrarily large times. To reach
longer time scales, we devise a method of proof different from the one in [7]: we actually
combine the cumulant technique of [7] (controlling locally the small correlations induced by
the hard-sphere dynamics) with the weak convergence method introduced in [8], allowing to
make an efficient use of the invariant measure and thus providing the long time convergence
of the covariance of the fluctuation field.

We remark preliminarily, that at equilibrium, the tightness property (1.16) can be readily
generalized to arbitrary times. Indeed splitting an arbitrary time interval [0, ©] into subin-
tervals of length T, using a union bound and the time invariance of the equilibrium measure,
we get

(1.19) Piq[ sup HCf’eq - C:f’eqH_k > 5’] < Q%P?[ sup HCf’eq - (;"eqH_k > 5'] .
sligft(l)f@] S,Lsefél,}*]

Thus the short time fluctuations in [0,©] can be controlled by (1.16), and the same is true
for the norm |.|_x of the field.

Our goal here is thus to extend the result (¢) of Theorem 1.1, and this will be done by
going one step further in the weak convergence method of [8] looking at clusters of trajectories
to identify the fluctuation structure, and to combine it with a suitable iteration procedure,
allowing to extend the convergence result (1.15) to moments of the fluctuation field of or-
der P > 2. We shall prove that such moments are vanishing for P odd, and converging to sums
of products of covariances for P even, in agreement with the Wick rule. This, together with
the tightness property, will imply the convergence to the fluctuating Boltzmann equation.
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Theorem 1.3 (Long time convergence of the fluctuating field). Consider a system
of hard spheres at equilibrium in a d-dimensional periodic boxr with d > 3. Then, in the
Boltzmann-Grad limit p. — oo, the fluctuation field ((f’eq)tzo converges in law for all times
to the solution of the fluctuating Boltzmann equation

(120) dCt =£Ct dt+d?’]t,
with initial datum (1.14).

Remark 1.2. For simplicity we have chosen to state and prove the result in dimension d >
3 only: the geometric arguments needed to control pathological trajectories require indeed
a specific treatment in the case of two space dimensions and we prefer to leave out these
additional technicalities in this paper.

Remark 1.3. The moments of the fluctuation field remain actually under control on time
intervals with size diverging slowly with €, as O(log log |log €|), as will be made clear by the
quantitative convergence estimate in Proposition 2.1. Note that in this regime the hydrody-
namical limit holds true as shown in [4]. The derivation of the fluctuating hydrodynamics of
a Boltzmann gas is the subject of the third companion paper [9] (see also Chapter 7 of [33]
for the general structure of the fluctuation theory).

The proof of Theorem 1.3 requires several iterative steps, involving different time scales. A
generalized fluctuation structure will first be obtained on a very small time scale § in Section 3,
and iterated to reach intermediate (small, of size 7) and macroscopic times in Sections 4 and
5. This requires in particular an elimination of small remainder terms encoding unlikely
events, namely recollisions at scale § and superexponential growth at scale 7. The main term
of the iteration will be finally shown to converge to a Gaussian pairing in Section 6.

This intricated time sampling will be discussed first informally in Section 2 : we will
see that at each time scale, remainders of very different nature are identified. It will be
very important that all these remainders share a structure of products of fluctuation fields
(as defined in (3.23)), for which we can establish general estimates on the expectation and
covariance (see Sections 7-8).

2. ELEMENTS OF STRATEGY

The aim of this section is to provide an informal description of the procedure necessary to
extend a convergence result of type (1.15), to arbitrary moments

P
(2.1) I5%:=EH¢ !H g;jq(h@)) , P>3,
p=1

where (01,...,0p) is a collection of times with 0 =60, <0y <---<0p = O, and (), ... )
a collection of test functions. We shall restrict to L* test functions from now on.

Our main result is the following. Here and in what follows we use the notation A «< 1 to
indicate that A goes to zero when u. goes to infinity.

Proposition 2.1. For any P > 2, denote by 6‘1’3&1“ the set of partitions of {1,..., P} made
only of pairs. Then asymptotically when p. — oo, the moments are determined by the covari-
ances, in the following sense: for © > 1 and 7 > 0 satisfying

(2.2) O Nr <1 and O/ (rlog|loge|) « 1,
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there holds uniformly in 61,...0p €[0,0]

P | |
qu [Hl (;;eq(h(p))] — Zairs H qu [Cg;equl(z)) C;J’,eq(h(]))]
(23) p= T]EGI; {i,jyen

P
< (TTIh@) 1 ) (Cpr'2O@PDR 1 (Cpe) > e!/3)
p=1

or some constant C'p depending only on P. Notice that if P is o en TS s empty an
tant Cp depending only on P. Notice that if P is odd then &%" pty and
the product of moments is asymptotically 0.

As the limit of the covariance has been computed in Theorem 1.1 and extended to the
time interval [0, ©] in [8], Proposition 2.1 fully determines the limiting moments which turn
out to coincide with the Gaussian moments of the solution to the fluctuating Boltzmann
equation (1.20). By the ‘Moment Method’ (see [3] Section 30, Theorem 30.1), this fully
characterizes the limiting distribution. Combined with the tightness of the process (see
(1.19) and (1.16)), this completes the proof of the convergence to the fluctuating Boltzmann
equation stated in Theorem 1.3.

2.1. The global pairing scheme. For simplicity, we will assume that all evaluation times
are different

0=01<0y<---<0p=0.

The idea is then to design an iteration scheme decreasing the parameter P, where each
elementary step uses the weak convergence method introduced in [8], and which realizes
progressively the pairing (Wick rule), up to small remainder terms.

Let us focus on the moments I3 defined in (2.1) and consider the first step of our
iteration procedure. Our goal is to reduce the number of evaluation times by transforming
the fluctuation at time fp into a sum of (more complicated) fluctuations at time 0p_q

e = e,e (p) e (P)
(2.4) Ip%= E (}):[1 Cor (PP ))Cn{pq,ep,l (‘%p—ep,l) ;

mp
where Cf,jg{ep_l (gbéi)_ep_l) is a fluctuation of an observable involving mp particles at time 0p_;

(the notation is defined below in (2.5)). The function ng(P) = (;S(P) (W) (Zp,) of mp

Op—-0p_1 Op—0p_1
particles is given by the elementary test function h") pulled back, along the flow induced
by the Duhamel formula, during a time p —6p_1. We refer to Section 3 below for a detailed
discussion, and focus now on the iteration procedure.

For this it is convenient to use the following extension of Definition (1.6) of the empirical
distribution: for any integer m > 1, any time ¢ and any test function H,, defined on (de]Rd)m,
we set

7 ()= — S Ho(5, (1), 7, (1)),
e (i1,mrim)
where the symbol ¥.(;,  ;.) indicates a sum over m-tuples of labels running from 1 to N
which are all mutually different (i; # 4 for k # j). Note that 77, = 7§ according to (1.6),
but 75, , # (77)®™ for m > 1 since indices cannot be repeated. It will still be convenient to
maintain a product notation by introducing a product symbol, the so-called “®-product”,
which by definition takes into account non-repeated indices, so that we can write

ot = (75) 7
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Finally we introduce the shorthand notation
B[ Hpn] = B (Hm)],
and extend Definition (1.13) of the fluctuation field:

(2.5) Gt (Hon) 1= /e (i o (Fon) — B [Hi])
Returning to (2.4) let us consider the product
Cgeq(h(P l)) €,eq (¢(P) )

mP Op_1 \"0p-0p_1
and look at the repeated indices to decompose it into two contributions, with the above
notation:

a “@-product”, which by definition takes into account the non-repeated indices,

Gea (Y@ ey, (96, 20,,)

mp,0p_1 \70p—0p_1

3 P-1 P-1 (P) (P)

- ME( Zh( - Eeq[h( ) ) ( mp Z:<Z59P—9P—1 _qu[¢9P—GP—1])
P o ear (P

= e op, (BT @05 )+ B[R DIES [0, ]

Op-0p_1

BN (687, ) = pems,  (RPD)ES6S,

0p-0p_1 Op-0p_1
which will be a new fluctuation to be analyzed at time 6p_q;
e a “contracted product”

mp
7_‘_6 (¢(P,P—1))’ Wlth w(P,P—l) - ¢(P) (Zmp) Z h(P_l)(Zj),
=1

mp,0p_1 Op-0p_1

which will essentially decouple from the rest of the weight and sum up to give the
covariance

B¢ (RG] = Y B w5, g, (057 7D) ]+ 0(1).

We obtain
75°d Z N Red = e.ed () e.eq (1 (P-1) €,eq (P)
P - Z 3 IIl Cap ( ) C@p_l( )®<mp,9p_1 (¢0p—0p_1)
mp p=

+EQ[GE (W) GE(hIN]IEES + o(1).

Op-1
From the above discussion, one can guess the structure for the general term to be iterated
at time 0,

(2.6) H qu[ng’_eq(h(j))C;’_?q(h(j,))] % Zqu [( H Cs eq(h(u))) @Ce eq ( (z )]
{3.3"}ep ! M u<p
where :
e B is a subset of {p,... P}, pis a partition of {p,... P} \ B in pairs {j,7'};
e M = (mz)zeB records the number of variables; qﬁ(()p ) - h®) and the other dual func-

tions d)e Zo, have been pulled back from A" : each qﬁéj)%p is a function of m; variables

containing the information on the backward transport of A(*) on [6p,6;];
e the ®-product is defined as previously by avoiding repeated indices

07 @G, 00)) = 3w, (®4),) T1 E-6),,)
jeBNA
where My := ¥ ;c4 m;.
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As before, the fluctuation at time 6, is first transformed into a sum of fluctuations at time 6,1,
so that (2.6) can be rewritten :
(2.8)

H E?[c;f%h(”)cg;fq(h“ ))] x Z ES4 [( H gg;fQ(h(“))) @C;%fgni,ep,l( éz)_epl)]
{35 }ep M,N u<p icB

where N = (n;);ep records the number of particles added when pulling back further the test
functions indexed by i € B during the time interval [6,-1,60,]. Then (by looking at repeated
indices), either p—1 is added to B, or an element of B is randomly chosen and paired with p—1,
adding a new pair in p. Finally going back down to p = 1, the dominant term turns out to
correspond to B = @ and p € 82", describing all possible pairings of the fluctuation fields
in (2.3).

2.2. The pullback of test functions on a time § «< 1. By definition, the “block” gbéz)_gp
will be obtained by pulling back A according to a Duhamel series on [0p,0;]. We shall see
that a proper definition of qbéj)_ep requires to describe all possible forward-in-time dynamics
starting from a configuration Z,,, at time 6,, respecting suitable connection constraints. We
encounter here a first difficulty due to an uncontrolled number of collisions in this forward
dynamics. This issue appears already in the study of the covariance in [8] (I5°! with the
above notation), where we showed that the construction of dual functions is efficient if one
performs a conditioning of the invariant measure: this conditioning ensures that all micro-
scopic configurations have a controlled dynamical behaviour on an elementary time step of
size §, with ¢ « § « 1.

Given an integer v € N, we call microscopic cluster of size v a set G of v particle configu-
rations in T% x R? such that (z,2') € G x G if and only if there are z; = 2,2,...,20= 2 in G
such that

\xi—xiﬂ\é?n/’w&, Vlﬁiﬁg—l,
where V € R" is related to an energy truncation. To fix ideas, we choose from now on the
microscopic time scale J, the intermediate time scale 7, the macroscopic time ©, the energy
cut-off V and the size of the cluster v as follows:
(2.9) £KI<T<1x0O=0(oglogl|logel) , v=4d, V=|logel, §=el2a
Definition 2.2. Given v € N, we define the set T as the set of initial configurations Zi\(f]
in Dy such that for any p € {2,...,P} and integers k,r such that 1 < k < (6, — 6p-1)/7
and r € [0,7/0], the configuration at time 6, — (k—1)T —rd satisfies

VI<j<N, |yl<V,
and any microscopic cluster of particles is of size at most 7.

On each elementary step, the hard sphere system will be shown to behave in essence
as a collection of independent clusters of small size, and in particular the total number of
collisions is under control. Note also that with the previous choices (2.9) of parameters, the
conditioning by Y4, is typical in the sense that the complement satisfies

(2.10) PLI(“T5,) < ©e? .
We refer to [8, Section 6.1] for the proof of this result.

In the following, we shall mostly restrict our estimates to the sets Y%, so it is useful to
introduce the following notation: the probability of an event A with respect to the (unnor-
malized) conditioned measure is denoted by P.(A)

Pe (4) =P (Yy) P (A | Thy) =P (Yy n 4)
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and [E; is the corresponding expected value. The moments of the fluctuation field under such
conditioning are written

P
I5 = E: [H c;,,<h<p>>]
p=1
where (¢ is the non-centered field defined by

HOENHECAORACADIE
Furthermore we use the notation
Ee[Hyn] = Ee[my, (Hm)],
and
(2.11) Gt () = /(5 o (Hin) = B[ Hi] ).
For future convenience we notice that
(2.12) Gt (Hm) = Gy (Hm) + /e BE [Leys 7wy, (Hom) ]

The pairing mechanism described in Section 2.1 will be achieved with I} rather than I3,
and the difference between I5 and I35 will be shown to be of subleading order in (2.3),
thanks to the estimate (2.10) (see Proposition 2.3 below).

The conditioning ensures that the pullback of the test functions can be performed effi-
ciently, on very small time intervals of size § = O(g!71/??) (see Section 3). Each pullback
will involve combinatorial factors, counting the number of trajectories compatible with a
given Z,,, which cannot be iterated O(1/) times without leading to strong divergences.
The idea is therefore to iterate only the principal terms, removing at each time step O(9) all
“non minimal correlations”, up to reaching an intermediate time scale 7 such that 0 < 7« 1
(see Section 4).

2.3. The factorization defect on a time 7 > §. The second difficulty is that the pullback
does not preserve exactly the factorized structure

. [ (TT6. ) @65, (452, | * T2 [ (TT 6 0) @6 i (662,

u<p u<p

Let us start from an observable which is a product of blocks

(2.13) Om(Zm) = [169(2).
ieB

denoting M = (m;);ep with m; > 1. On an elementary time interval of size §, these blocks gb(i)
are transported dynamically, which can lead to some dynamical correlations. Blocks are then
connected into “packets” according to the dynamical correlations. Then, in order to keep a
fluctuation structure, all variables have to be centered. The trivial packets containing only
one block have already the fluctuation structure so no additional term appears. The other
packets are called “clustering” since they contain at least two blocks, and their centering
provides a contribution of the expectation. The goal of Section 3 is thus to establish the
following identity, relating the fluctuation structure at time 6 to that at time 6 — § (with 6
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chosen such that 6 and 6 - § belong to (6,-1,6,)):

Eg[(ﬁégu(h(“))) ® Co(0)]
17"’72,(}‘

(2.14) =2 2 [T ne * Eef0™]

N nquny partition of B q<|n2|
no clustering

1 ‘nl,ql

-1
(TG ® w6y orslef™))].

q<m|

where Mr(zi,q is the total number of particles in the packet 1y, at time 6 -9, and ¢((5771,q) is

supported on configurations obtained by backward pseudo-trajectories forming a cluster 1 4
(in a sense to be made precise in Section 3).

It will be useful in the sequel to interpret (2.14) by the following recipe (see Figure 1
page 11): between time 6 and 6 — ¢

e some observables are grouped into clusters by dynamical constraints, which leads to
the partition into packets n1,72;

e observables are pulled back according to the Duhamel pseudo-trajectories compatible
with the previous clustering conditions;

e some non trivial clusters (containing at least two packets) encoded in 7, are expelled
from the fluctuation, their expectation remaining as an independent factor in the
product.

To iterate this procedure down to time 6 — 7 with 7 = R§ < 1, we need to extend for-
mula (2.14) starting from packets and not only from blocks. We will therefore construct
iteratively on each time step [0 — 10,0 — (r—1)d] for r = 1,..., R a sequence of nested par-
titions 11 < 77 unh with 7} corresponding to packets which are expelled from the main
factorized structure, contributing only via their expectation, and 7] corresponding to packets
contributing to the factorized structure via their fluctuations (see Figure 1).

L0000Q00000C00,
n?@ Q_/OQ Qng

-
Nh_ -

FIGURE 1. At time 6, the set B contains 12 blocks. The nested partitions are
depicted and the dashed parts represent the expelled clustering cumulants.
After 3 iterations, blocks 8 to 12 (numbered from left to right) have been
expelled and the other blocks have merged into a single packet connected by
dynamical constraints.
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As assumed in (2.8) and as becomes apparent in view of the powers of p. in (2.14), we
expect that the leading order term corresponds to the single block type factorized structure,
i.e. to Uf': 1M = @ and 7752 is the trivial partition in singletons. However, discarding clustering
terms at each time 6 — 76 (r < R) would generate diverging remainders since 1/6 > 1. We
will therefore need to perform the full iteration (discarding only non minimal correlations as
explained in Section 2.2) on some intermediate time scale 7 < 1, and then to combine all
remainders due to clusterings on [f — 7,0] in a rather subtle way (see Section 4) to recover
the single block type factorized structure (see Section 5). We refer to Figure 2 for a summary
of the procedure.

Remove superexponential

Decompose growths, and high order -
. . - . Remove non minimal
products to identify cumulants (preventing .
- . © collision and overlap graphs
the pairings tensor factorization)
p—1 9,7—|/<27 0,—kr—ré p
III|IIIIIIII|IIII|IIII|IIII|
LI |I LI LI |I LI |I LI |I

FIGURE 2. Double time-sampling of the interval (6,-1,6,) into pieces of size T
(in green) and subpieces of size § (in red). At each time step of size 9§, all
non minimal correlations are discarded; at each time step of size 7, all other
remainder terms are discarded (exponentially large collision trees, higher order
clusters). Pairings are identified at each macroscopic time step 6,,6,-1, etc.

2.4. Control of the remainder terms. All the remainder terms coming from these two
samplings (at scales § and 7) are controlled by decoupling the different times thanks to
Hoélder’s inequality. This will rely on the moment estimates on the fluctuation field stated in
the following proposition.

Proposition 2.3. Let h be a function in L= (T x RY). Then for all 1 < p < oo and for €
small enough, the moments of the fluctuation field (at equilibrium and under the conditioned
measure) are bounded:

(2.15)

ES((¢(m))’)| < Collnl
E((¢(W)")] < Cplnl

where the constant C, > 0 depends only on p. Moreover under the assumptions of Proposi-
tion 2.3

(2.16)

¢ L dy1/2
(2.17) |15 = 15| < (TT 1A o= )Cp (07)
p=1
uniformly in 6y, ...0, € [0,0].
The standard result (2.15) can be found in Proposition A.1 from [8], from which (2.16)
and (2.17) will be derived in Section 8.

The key argument to implement the strategy is therefore to obtain estimates for the ex-
pectation and variance of ® products defined by (2.7), proved in Sections 7 and 8. To derive
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these estimates it is necessary to have a precise description of the structure of the test func-
tions qb(gz_)_ep(Zmi). As will be made precise in Section 4, they are supported on “dynamical

clusters” of m; particles, called forward clusters below. This means that there exists a graph
with m; vertices, constructed by adding one edge each time two particles find themselves at
a distance (equal or) less than e during the time interval [6,,0;].

A

L)

P

Ficure 3. Forward cluster of qﬁéi)_gp associated with the pullback of A dur-

ing a time 6; — 0, case of m; = 5 hard spheres. The function #»(D is supported
on a configuration Z,,, such that, starting at time 6, and going forward in
time, particles encounter, and are progressively removed from the dynamics,
until only one particle is left at time 6;.

In particular they will be shown to satisfy roughly an estimate of type

SCM

. 1
|¢§:)_,9p (Zml) K Z 1Zmi forward cluster >
i

where we sum over all possible forward dynamics starting from Z,,, as in Figure 3. Note
that the size of the typical volume spanned by one particle in a finite time is ,ugl, so that
the volume of a cluster is typically p-"™*!. The 1/m;! is due to the symmetrisation by
permutation of the particle labels. This estimate in turn will imply that

E. [(@ G (¢>“‘>))2

<(eyM, M= m;.

i€B i€eB

Moreover using the fact that error terms are supported on clusters with additional constraints,
we will get some additional smallness, providing the expected control on the error terms at
arbitrary times.

3. PRESERVING THE FLUCTUATION STRUCTURE ON SMALL TIMES

In this section we detail one part of the discussion of the previous section, namely how to
transport the fluctuation structure between two time steps, thanks to the Duhamel formula.
However in order to make sense of the Duhamel formula and its dual form uniformly in €, we
will actually not connect directly time 6, to time 6,_1, but rather introduce an iteration on
infinitesimal time intervals (much smaller than Lanford’s convergence time). This consists in
transforming a weight at a time 6 € (6,-1,6,) in a (more complicated) weight at a time 6 - §
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in (6p-1,0,), for some very small 6 > 0 tuned in (2.9). In what follows, we shall therefore
focus only on the interval (0 -0, 0): the precise statement requires some notation and is given
at the end of this section (see Proposition 3.9 page 26).

The procedure relies on three ingredients: we fix 6 = 6, — 6 for some 7 € [0, (6, —0,-1)/6].

o We first introduce the family of correlation functions (G5;),, at time t € [0 - 9,0],
defined for any test function Hj; of M variables by

(3.1) / Gyt Zar)Hy(Zar)dZ g = Ea[( Iiji Ca, (h(u))) W}sw,t(HM)] :

These correlation functions satisfy a hierarchy of linear evolution equations, the so-
called BBGKY hierarchy, so that G5,(6) can be expressed as a Duhamel sum involving
the correlation functions at time 6 — 0 (see Section 3.1)

(3-2) wm(0) = NZO QN (6)Girin(0-96),

where the operator M N encodes transport and collisions.

o We then use a graphlcal representation of the elementary operator ~(6) in terms
of “pseudo-trajectories” to define an “adjoint” operator (see Section 3.2).

e We finally recombine the contributions of the different correlation functions to identify
a fluctuation structure at time 6 — 6 (see Section 3.3).

Note that the last time interval when r = [%J may be a little smaller than d§, but the
very same arguments can be applied.

3.1. The Duhamel iteration and its graphical representation. In the grand canonical
setting, (3.1) is equivalent to

Gt Zng) = — w2 dede) donror - dongon Wigan(t Zaren),  £€[0,0],

E

where the (signed, non-normalized) measure (W5 (t)) ., is defined as follows.
On [6y,62], Wi solves the Liouville equation
(3.3) 6thV +Vn - VXNWJE\I =0 on D5 R

with specular reflection on the boundary (and extending W5, by zero outside D%;) and with
initial data (see (1.4))

Wﬁ,(@l, ZN) = 1T§V

1 N
V= (Z WV (=) —ugEe[h“)]) .

i=1
Inductively for p > 2, one solves again Eq. (3.3) on [6,_1,0,], with perturbed initial data

L (S 1) (r-1)
\/,U«_E(Zh (Zi)_NsEs[h ]) )

i=1

ng\f(eg—b ZN) = WJSV(G;—D

where + indicate the limits from the future/past.

3.1.1. The Duhamel iteration. By integration of the Liouville equation (3.3) for fixed ¢, one
obtains formally that for any integer M, the M-particle correlation function G, satisfies

(3'4) atG‘]E\/[ + V- VXMG?\/[ = CiJ7M+1G§:\/[+1 on D?\/[ )

with specular boundary reflection as in (3.3). This is the well-known BBGKY hierarchy
(see [11]), which is the elementary brick in the proof of Lanford’s theorem for short times [24].
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The operator C5; ,,,; describes the collision between one “fresh” particle (labelled M + 1)
and one given particle i € {1,..., M}:

M .
€ € L €,% 5
CM,M+1GM+1 = ZCM,MH M+1
i=1
with
£,1 £ .
(CiirenGi)Zan) = [,
- '[Sd_l .y Gy (Zar, i + aw,u)((u - v;) -w)_ dw du
X
% I /
= de . Gf\/Hl(Z](\/},xi,vi,:ri +Ew,u )((u—vz) -w)+dwdu
X
- éd’lde Gy (Zag, i — ew, u)((u - v;) -w)+ dw du,

where (v],u") is recovered from (v;,u) through the scattering law as in (1.9), and with the
notation

G§W+1(Z]<\2>a i, vj, i+ ew,u) ((u—v;) - w), dwdu

Z]<\’L4) = (zlv‘"7z’i—17zi+17"'7ZM)‘
Now let us fix 6 = 6, — 76 for some 7 € [0, (6, — 0,-1)/]. Denote by S5, the group associated
with transport in D5,, with specular reflection on the boundary. By iteration of Duhamel’s
formula

0
31(0) = S5 ()G (0-0)+ [ S50~ 1)1 a1 Gira () dta
the solution G, of the hierarchy (3.4) can formally be expressed as a sum of operators acting
on the data at time 6 - §:
(3.5) u(0) = > Qun(0)Gin(0-9),
N>0
where we have defined

0 iy tn-1
Quun(OGin@=0) = [ [ [ 55,0 - 1)y S (1 = 1)

We stress that formula (3.5) is valid almost everywhere for a large class of measures (Wg (%)) 1>
in spite of a collision operator being defined as a trace (see for instance [15, 30]).

3.1.2. Backward pseudo-trajectories. It is a standard procedure to translate the iterated
Duhamel formula (3.5) in terms of (backward) pseudo-trajectories. We first encode the com-
binatorics of collisions in a graph a = (a;)1<j<n Where a; € {1,..., M +j -1} denotes the label
of the particle colliding with particle M + j at its creation time. Note that the set of graphs
a is a collection Ajps n of M binary trees with a total of N branchings. We define AM N
the set of such collision trees, where each a; is equipped with a sign s; € {-1,1}. Then,
given such an a, as well as a configuration Zj; and collision parameters (tj,wj,u;)1<j<n
with ty1 =0-0 <ty <---<t1 <0 =1y, we define iteratively the pseudo-trajectory

S = Wirw(Zan, 0, (.05, 05)541,n)
as follows (denoting by Z5,,,(t) the coordinates of the pseudo-particles at time ¢ €]t;1,t;]):
e starting from Z,; at time 0,
e transporting all existing particles backward on (¢j,t;-1) (on Dj, +j-1 With specular
reflection at collisions),
¢ adding a new particle labeled M + j at time ¢; at position xij (tj) + esjw;, and with
velocity u;,
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e applying the scattering rule if s; > 0.

We discard non admissible parameters for which the above procedure is ill-defined; in
particular we exclude values of w; corresponding to an overlap of particles (two particles
at mutual distance less than ) as well as those such that w; - (u; — Vg, (t;)) < 0. In the
following we denote by G (a,Zar) the set of admissible parameters (t;,w;,u;j)i<j<n and
by Z5;.n(0—0) the configuration at time 6 — 6. With these notations, one gets the following
geometric representation :

CINED DY f dTndQndUn
NaneAMN gN(“vZM)

N
x(ns](( £ 00) ) )Giw+N<e—a,z;4+N<e—a>>,
j=1
where (TN, Qn, UN) = (tj, wj, Uj)]_gjg]\[.

We recall the following classical notions of collision and recollision in a pseudo-trajectory.

Definition 3.1. A collision is the addition of a fresh particle at distance € from an existing
particle (see the third item above), while a recollision involves two particles transported by the
backward flow S® (in between two collision times).

3.1.3. Blocks and packets. As mentioned in Section 2.3, when pulling back the product of
fluctuation fields, various structures are involved. We refer to Figure 4 for a schematic
description of the following definition.

Definition 3.2. Given a particle labeled j € {1,..., P} and the number m; of particles in the
collision tree of j at some time, the associate block of particles is the set of all particles in

the collision tree at that time. We denote by Zr(,ij) the corresponding configuration.

A packet of particles is a union of different blocks which have been connected dynamically
at time t. These packets aggregate as the iteration described in Section 2.3 progresses. Given
Bc{1,...,P}, a partition s of B and i < |s|, we call C; the packet of M, := Z m; particles

Je€si

with configuration (Zfr{j))jegi, connecting all the blocks j in ;.

For the elementary step of the iteration, we then have to consider functions of the form

(3.6) On(2Zm) = [1 6 ({28} e,

1<[s]

where the functions ¢() will be assumed symmetric within each block j € ;. We have
written M := (m;) . p-

For a given a € AM N With M =3 g m;, we denote by n; the number of branchings in the
collision tree issued from the block j on (6 - 6,0). Note that the cardinal of the blocks and
the packets vary with time. We also denote N := (”j)jeB so that ¥ ;cpn; = N. Finally we
denote by a'?) € Ap, n, the restriction of a to the block j. Then starting from (3.6) we can
define

(0, Zn) = f ATndONIUN
N aE.Ai (a Znm)

(Il“ (- gn(téj)*))'wﬁ”k) v (0= 6, Zipn (0-06))
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F1cUrRE 4. Three blocks indexed by 41,492,493 consist of m;, = 2, m;, = 3
and m;, = 2 particles at time 6, at which time blocks i1 and 72 have merged
into one packet. The remaining block merges with that packet to build one
packet at time 6 — 9.

where (TN, N, UN) = ((tgj),u)éj),uéj))lgmj )jeB and each of the |B| sets (téj))lgggnj is or-

dered; recalling (3.1) and (3.5) and using the symmetry of correlation functions, one has
(3.7)

Es[(ﬁczu(h‘”))m,e(%)]
= [ G306, 202 dZn = ¥ [ (Qaun(0)Giran (0 - 6))(Zar) @ra(Za)dZnr.
N

Remark 3.3. By the Fubini identity, one may equivalently prescribe an order on all the
collision times (tj)1<j<n corresponding to the trees a € .AX/LN, or a partial order on all the

times (tEj))lgﬁgnj for each j € B, corresponding to the trees a € AlivI,N-

3.2. Pullback of observables. The idea now is to take advantage of the geometric repre-
sentation to construct the “adjoint” of the operator Q5 n(6), rewriting (3.7) as

EE[(ﬁggu(h(“)))wj/[ﬁ(@M)]“=”%ij/HN(Q—(S)( EAZ,N(5)‘I’M)dZM+N

p-1
<=7 Y[ (T1 6., (")) 75rswo-s( Qi n(8) Pna ) |
N u=1
In other words, this means that we would like to change variables

Unfortunately it is not true that the

where (Tn,N,UN) = ((téj),wlgj),ugj)hggnj),
change of variables (3.8) is admissible in general, due to the presence of recollisions. Ac-
tually only recollisions involving particles of the same block are an issue, which leads to the

following classification :

Definition 3.4. A recollision is said to be internal if it involves two particles of the same
block. It is said external if it involves two particles of different blocks.
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3.2.1. Duality in absence of internal recollisions. Let us first describe the duality argument
in the case when there is no internal recollision, which is simpler. Setting M := (m; )j g the

number of particles in the block j at time # and N := (n; )j g the number of particles added
to the block j between times € and 6 — J, we denote by i(/)[N the restriction of Q3 to
pseudo-trajectories without internal recollisions. We set, recalling (3.6) and (3.7),

Ben= [ (Qftn(0)Girn(6-9))(Za) @na(Zan)dZun

Given a € AK/I’N, consider the change of variables :
(3.9) (Zan, TN, N, UN) — Zygn(0-0) € RY,

where the configurations in RO have to be compatible with pseudo-trajectories satisfying the
following constraints on (6 -4, 6):
(i) there are n; particles added to the block j;

(ii) the addition of new particles in the block j is prescribed by a(9);

(iii) the pseudo-trajectory has no internal recollision.
Note that pseudo-trajectories compatible with RY may have external recollisions (recall Def-
inition 3.2). This change of variables is injective since the forward flow underlying (3.9)
starting from Zypn € RO at 6 — § can be defined in a unique way on [0 - §,60] as explained
below.

Definition 3.5. We say that two particles encounter when they approach at a distance € at
some time, in the forward flow.

If two particles encounter at time ¢, their resulting configuration at time ¢* is then obtained
as follows:

(a) if they belong to two different blocks, then their velocities are deflected according to
the scattering law (1.2);

(b) if they are in the same block j, the collision is prescribed by the tree a¥, and
one of the two particles disappears (it is removed) from the flow. The velocity of
the remaining particle is updated by scattering, or not, according to the parameters
S; = (32]))(§nj encoded also by the tree a().

One can prove recursively that the jacobian of the inverse map (3.9) is

1 j . . .
— [111 ((Uéj) - UZEJ')(tEf])Jr)) 'WLE]))Jr

He jeB (=1

Denoting by Z3;(0, Znm+n) the configuration of the M particles at time 6 starting from Znp.n
in RY at time 6 - §, one can therefore write
(3.10)

Rin= > ul /7;0 AZaNGiren (0 = 8, Zaren) Paa( Z3a (0, Znaiw) ) T sign(S;)

aeA N jeB

where the factor 2 comes from the jacobian, and sign(S;) is the product of all scatterings
signs attached to the block j

nj o
sign(S;) =[] séj) .
=1

Referring to (3.6), since ®pp is symmetric within blocks, we get a complete symmetrization
within blocks by performing a partial symmetrization on the added particles : we will denote
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by Gm -+n; the partitions of n;+m; particles in n; (ordered) singletons and a block of size m;.
Then we can set

Oy N (Zman) = pl > > om(Z3(0, Zo))1iz,er0y [ ] (—Slgn(S ))
(0]66 j ) ac A, jeB (mj +n;)!
J+mj ]EB ’

where we have denoted for simplicity Z3;(6, Z,) for the M remaining particles at time 6, and
as a consequence (3.10) can be rewritten by duality, recalling (3.1),

(3.11) 11(3/[71\1 = Ee[(ﬁCgu(h(u)))ﬂi/HN,e—(S(q)%/I,N)]'

Note that on each configuration Zyp,N, there exist at most 4N different (0,a) such that Z,
belongs to RY. Indeed at each encounter in the forward dynamics (recall Definition 3.5),
the particle which disappears has to be chosen, as well as a possible scattering. To fix

these discrepancies, we introduce for each index j € B two sets of signs Sj = (Eéj ))1Sg§nj
and S; (SEJ ))1<g<nj which determine respectively which particle should be annihilated
(say S(J) () _

there is scattering

= + if the particle with largest index remains, 5, — if it disappears) and whether

( (J) ( ) _

+) or not = —). Note that the signs (ng))lgjgni are encoded

in the collision tree aU) while (sf )1S[Snj are known if o; is given. We stress the fact
that if two particles in different blocks encounter, there is no ambiguity on the dynamics: it
corresponds to a recollision in the backward pseudo-trajectory hence there is always scattering
(see Case (a) page 18). If we prescribe the sets (S,S) := (S;,S;)jen, then the mapping

(3.12) (a,(05)jeBs Zv, TN, ON, UN) — Zypn (0 - 0)

restricted to pseudo-trajectories compatible with (S,S), is injective. This leads to defining

(3.13)  Pzo(Zvin) = il Lz nere ) PM(Zaa(0, Zain) T sign(S; ))

mj |
jEB((m] )'

where ’RO is the set of configurations such that a forward flow with n; annihilations in the

block j and compatible with (S, S) exists, and where
(3.14) =%:= (M,N,S,S).
Our final result is then (3.11) with

0 0
MN =, Pao
S,S

where the sum over S,S runs in {-1,1}?% j e B.

Remark 3.6. The symmetrisation over the labels of the particles, which was already an
important argument in [8], is a key step of the procedure: it is not apparent when looking at the
expectation since the sum over the partial permutations compensates exactly the combinatorial
factor m;!/(mj +n;)!, on the other hand since the supports of the test functions are disjoint,
it will be a true gain when computing the variance.

3.2.2. Duality: general case. In the case when internal recollisions are allowed in backward
pseudo-trajectories, the change of variables (3.8) is no longer injective and, in order to apply
our strategy, we need to control the number of internal recollisions. The important fact
is that thanks to the conditioning Y%, introduced in Definition 2.2, the configuration at
time 6 — ¢ has no microscopic cluster of more than = particles, and the total energy of each
microscopic cluster is at most YV?2/2 so that the variation of the relative distance between
two particles from different clusters is at most 2,/9 V4, which prevents any collision during
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the time lapse §. Each cluster evolves therefore independently from the other clusters on the
time interval [6 - 4, 0].

Furthermore the recollisions in each cluster cannot be due to periodicity since Vi « 1.
Since the total number of collisions for a system of « hard spheres in the whole space is finite
(see Theorem 1.3 in [10] or [21]) say at most k., each particle in a pseudo-trajectory cannot
have more than K, = ZZ:Q k¢ recollisions during the short amount of time §. This crude upper
bound on the number of recollisions takes into account the fact that the number of particles
in a cluster may have varied on [6 - ¢, 0] due the creation of new particles. We then associate
with each particle ¢ an index &; (less than K) which is zero at time 6 and increased by one
each time the particle undergoes a recollision in the backward pseudo-dynamics. We denote
by Kman the set of recollision indices (/ﬂéj )) t<m+n; at time 6 —0. This new set of parameters
enables us to recover the lost injectivity of (3.12). The construction of the forward dynamics
starting from a configuration Zyp,n is slightly more intricate. Fix a tree a ¢ Ali\/[,Nv a set

of indices Kpyyn and the starting configuration Zyp.wN = (Zy(,{j)mj )jeB. The forward flow is
uniquely defined based on the following three possibilities, each time two particles encounter :

(a) either the two particles belong to two different blocks : in this case the particles are
scattered and their indices are unchanged (this corresponds to an external recollision
in the backward pseudo-trajectory);

(b) or the two particles belong to the same block and have a positive index: in this case
also the particles are scattered, and their indices are decreased by 1 (this corresponds
to an internal recollision in the backward pseudo-trajectory);

(c) or the two particles belong to the same block and one particle has zero index: one
particle (with zero index) is annihilated and the other one is possibly scattered, as
prescribed by the collision tree a. The indices are unchanged.

Finally we define, for each a ¢ AK/LN and each K (we drop the index M + N in Kniyn
for the sake of readability in the sequel), the set Rk , of configurations compatible with
backward pseudo-trajectories having the following constraints:

(i) there are n; particles added to the block j;

(ii) the addition of new particles is prescribed by a);

(iii) internal recollisions are compatible with (Kéj )) t<m;+n; (coded in K).

Notice that, denoting by K = 0 the set of all null recollision indices, Ro, = RY. The change
of variables, as in (3.9),

(315) (ZM,TN, QN, UN) —> Zli/I+N(0 - (5) € RK,a

is injective. Denoting as previously by Zy,(0, Zma~) the configuration of the M particles at
time 6 starting from ZniN € Ri o at time 6 — 0, one can therefore write
(3.16)

han = [ (Qhan(®)Girn(0-9))(Za) @na(Zan)dZan

= Z Zué\/[ dZM+NG§:\/[+N(9_5a ZM+N)(I)M(ZI€\/[(972M+N)) Hsign(Sj).
aeAi, K RK.a jeB
M,N J

As in (3.13), we can use the exchangeability of G5,, 5 and d)“i) to symmetrize partially the
particles in each block j at time 6 -, by summing over o; € GZjﬁnj. The mapping

((17 (O-])_jGB) ZM)TN, QN, UN) g ZIEV.[+N(0 — (5)
is injective for any fixed K and (S, S), so one can define the d-pullback of test functions

(3.17) fs®M(Zmen) = Pm(Z34 (0, ZnaN))
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where the configuration Zg;(0, Zm.N) at time 6 is obtained by the forward dynamics de-
scribed above from the configuration Zyg,n at time 6 — 6. Finally we set

m;!
1 o= (Z = 2 §sPm(Z 1 —
(3.18) =(Zmin) = 1 §5Pm(Zpain) {ZM+NERKSS}J1;£((mj+nj)!

where R g g is the set of configurations such that a forward flow with n; annihilations in
the block j and compatible with (K,S,S) exists. We have denoted as in (3.14)

i)

(3.19) =2:=(M,N,K,S,S).
For K =0, note that Ry g g = ’Rg 5

Finally set

(3.20) Punc= Y, D=,
K,S,S
where the sum over S, S runs in {~1,1}?%, j € B and the sum over K runsin {0, ..., K. }™i*"%

with j € B. Identity (3.16) can be rewritten by duality
p-1 p-1
(3.21) E.[( I1 G, (1) )i 0(Pn) | = % E.( ljlcgu(h<u>))m+N,9_5(@M,N)].

3.3. Clustering structure. Our aim is to study the transport of the factorization structure
on an infinitesimal time interval [0 - J,0]. We are interested in

(3.22) Inm = EE[(ﬁggu( (u))) ® Cu ) (¢(<Z )]

i<[<]

for a partition ¢ in packets of some B c {p,..., P}. Asin (3.6), the function gb(gi) is evaluated

at the configuration (ZT%) )jec, at time 6. We recall that M, := >* m;. By analogy with (2.7),
FEY

we define the ®-product for the conditioned fluctuation fields by discarding repeated indices

(3.23) ® Cir o(6)) = Y w5 o( @0 TT Ec[-6]

i<ls] ac{l,...,[s|} e jeac

where My =Y ;4 M.

After using a pullback as in (3.21), we would like to recover a factorized structure with
centered observables. This means that we need to decompose the functions ®= defined
in (3.18) into products, and take care of the counterterms corresponding to contributions
of different correlation functions. The technical procedure implementing this program is
a cumulant decomposition of trajectories as devised in [7] (which we apply here to dual
functions).

Let us first of all decompose the product

(3.24) In = Z”(HE W) [(Hcau( ) )i 0(®a) ]

ac{l,..., e’

denoting here M, = (m;),., e and &, = ®¢(§"). To simplify notation, given the fam-
12

ily Na =(1));c0 je, Of added particles on [0 - 6, 6], we set M? = M, + N, for the number of
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particles in the sets (C})ieq at time 6 — 0. As in (3.21), we can write
p-1
E.| ( I—IICEU(h(“)))WM,e(‘I’a)]

=2 (bt )Gt o, (0= 0))(Zr0.) @2, Y2,

- 1\; Ea[(ﬁCgu(h(U)))w%gﬂ_é((pMmNa)],

u=1
where as in (3.20)
(I)MO”N& = Z (I)E& .
Kao,Sa,Sa
From now on to lighten further the notation we omit the dependence on the number of
variables and set

Dy 5= PM, N, s
so that

) E[(TTG0)r 0] = 5 & [(TT6, )i s(20)]

Note that in particular there holds
(320 o) = Eefri o(0)] = DRy o5(057)] = T B[],
3 Ngl

N,
where as above ¢§<i) is defined after a summation over K,, S, S,

Let us analyse @, 5. Setting M‘; =M, + N, one has
(3.27) ‘Pa,é(ZMg) = Z ‘I’EQ(ZMg)a

KO( 7sot 7SO£

and the function ®, 5 is supported on configurations at time 6 — ¢ of the backward pseudo-
trajectories corresponding to the packets (C;)ieq. We stress the fact that the variable decom-
position among the blocks is still encoded in 2 - If these pseudo-trajectories were evolving

independently, then each of them would lead to a dual function ¢§Ci) and the product form

would be exact. Even though this product form is the main part, there are further contri-
butions due to dynamical correlations between the packets (C;)ieq which we are going to
analyze below.

We are going to group packets (C;);eq Which are connected by (external) recollisions. De-
note by P, the set of partitions of a. Given \ € P,, we restrict the change of variables (3.15)
to the pseudo-trajectories such that a chain of recollisions occurs in each set (A¢) |5, meaning
that the graph with packets C; as vertices and recollisions as edges has connected compo-
nents specified by A,. In particular, the pseudo-trajectories from two different connected
components Ay, and )y, do not approach, which we will denote by 1) 0Py Each connected
component Ay will be called a forest. By extension, the blocks (and particles) of the associate
packets will be said to belong to ;. Denoting by R} s the corresponding restriction

KOé7sDt7SOé
of Rk  s..5.» We get the change of variables

(3.28) (Zma> TN, NG UN, ) — Ziag(e -4) € R?{Q,SQ,SQ )

which is injective: by construction when two particles meet in the forward flow, they have
to belong to the same forest A\, and the rule upon encounter (disappearance of a particle
or not, scattering or not) is given by Definition 3.8 with parameters K,,S,,Ss. In the
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. A
following we shall denote by RKZM’SMSM the set RK Su.S

definition (3.18) can be extended to dual functions with the constraint above:

(3.29)
b= (Za) = 10T, O T My T (00055

restricted on a single forest. The

AePq (1%
jes;
Al
= 2 ]I ((I))‘Z(ZIEVIAZ(9’ZMAK*'N)%))@)\Z(ZM/\Z*'N)\Z)) < 1 Ly, pag, (ZMa+N,)
)\GPQ /=1 41#42
Al
= E H((H(S(I))\e)&)\e) x H 1A¢1%A¢2(ZMD¢+NQ)7
AP, £=1 01405

denoting by (§5®»,) the d-pullback of ®,, by the dynamics as in (3.17), and where the
contribution of a forest is

~ Ny m; !
(330)  Bn(Zany ) = i1 8 (— sien(S, >)
‘ e {ZMM*NM ERKAZ Sag S/\e} V) (m] n])
JE€S4
We have used the fact that the pseudo-trajectories associated with different forests do not
intersect in order to decouple the ®,,. The function &), encodes in particular the correlations
due to encounters between particles of different packets.

A correlation remains through the dynamical exclusion condition expressed by the con-
straint
ZEQ Ly, ire, (ZMo+NG)
encoding the fact that no encounter should occur between the particles in different forests Ay,
and Ay,. We will expand this exclusion condition writing 1) e, = 1-15,, ~x, > and defining
the following notion.

Definition 3.7. An overlap occurs between two forests Ao, , Ae, (which is denoted by Ay, ~ Ap,)
if two pseudo-particles from \o, and Ay, find themselves at a distance less than € one from
the other at some time.

Note that an overlap between two forests is a mathematical artefact to analyze the dynamical
correlations. In particular, it does not modify the dynamics in the forests.

Definition 3.8 (Extended encounter rules). Given a set of k-indices K, a set of signs (S,S)
and a partition X\ in forests, the forward flow starting from some configuration ZyiN =
(Zq(#ﬁn] )jeB is reconstructed according to the following rules each time two particles en-
counter:

e cither the two particles belong to two different forests : they do not see each other.
The k-indices are unchanged;

e or the two particles belong to two different blocks but to the same forest : they are
scattered. The k-indices are unchanged;

e or the two particles belong to the same block and have a positive k-index: they are
scattered. Both indices are decreased by 1;

e or the two particles belong to the same block and one particle has zero k-index: one
particle (with zero index) is annihilated. The label of the particle which is annihi-
lated, and the possible scattering of the other colliding particle are prescribed by the
signs (S,S). The other indices are unchanged.
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In order to identify all possible correlations, we introduce now a cumulant expansion of
the non overlapping constraint

ol

(3.31) [T Lup,=2 II Lya)= 2 [1en:

1ot G BB PP
where G| is the set of graphs G with || vertices, E(G) denotes the set of edges of a graph G,
and the cumulants are defined on the connected components p, of {1,...,|\|} by

(3.32) Ppq = Z H (_1)‘21”')‘42) ’
G'eCpq {L1,02}eE(G")

denoting C,, the set of connected graphs with vertices p,. In particular, the function ¢,, is
supported on clusters formed by overlapping forests.
Combining (3.29) with (3.31), we get

Al lel

Pz, = 3 2 [T @) [T, -

AePo pePpy| £=1 g=1

denoting by (f5®),) the 6-pullback of ®,, by the dynamics as in (3.17). Exchanging the order
of the sums, we end up with the following (scaled) cumulant expansion

[l

(333) (I)E Z H:ul ‘nq|¢(’77hq‘n

nePq q=1
where the (dual) cumulants are defined for any subset 7, of {1,...,[s|} by

1
(3.34) ¢((577‘j?7 = |77q\ Z (H o ®x, WAZ(ZMAﬁNAZ ))SO{AL ST
APy, - =1

Recall that @ encodes the external recollisions between packets in each forest and keeps track
of K,,S),,S),, while ¢ encodes the overlaps between forests. Finally we set

(3.35) ¢§’7q)(Zng) L

6,50,
Ko :Snq:Snq

so that, plugging (3.30) in (3.34) and denoting sign(S;,,) the product of all scattering signs S, ,
we obtain

PRI [ L > 2 sign(Sy)em

: . )1
(3.36) i (i 1! i, S5 s, 06,
Al

x (g(néq)kf)l{zM eR

K, 8,85,

As a consequence of (3.27), (3.33) and (3.35), we finally obtain a cumulant decomposition
for any collection « of packets

ul
(3.37) Pos(Zpts) = o [Lme ™™,

n€Pa g=1

where M? = M, + N,.
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By definition, gb(%) corresponds to the contribution of packets (C;);ep, which are completely
connected dynamlcally by encounters. From the definition (3.24) of Zyp, identities (3.25)-
(3.26) and the cumulant decomposition (3.37), we arrive at

P (HE (cz)

N ac{l,...,|s|} \ieac

7]

« Z Ea[(ﬁ@u(h(u)))ﬁ\@,g (®/~L; |"7q‘¢(77q)):|

7797)&

Note that qﬁgg) is indexed by a single set ¢; so that it is constructed without resorting to
forests or overlaps. Moreover we can decompose each cumulant in the sum of its expectation
and its fluctuation

_1
(3’38) W?\/ng,e—é((ﬁgnq)) = e ? C]E\/[gqﬂ_g((ﬁfgnq)) + Es[¢§nq)] .
We obtain (cf. (3.23))

By ¥ 3 (MTEL)

N ac{l,...,[s|} nePa \ieac

YT Hui"”q'Ea[¢§"”]Ea[(ﬁééu(h(“)))(%u?"f"%qﬁ5(¢>§’“)))]-

N€Pa Ic{1,...,|n|} qel¢

For a given «, we denote by I the set of observables contributing to the fluctuation field, and
by I¢ the set of observables contributing via their expectation. We then split /¢ into two
parts

IT={qel)|ngl =1}, I3:={qel/Ing>2}.
We also define
B—:aca B+:Unqa /Blzunqa 52:U77q7

qelf qel qels
and we denote (abusively) 7; and 79 the restriction of n to $; and [ respectively. By

definition, 79 has no singleton: recall that as defined in Section 2.3, such a partition is called
clustering. Then by Fubini,

l-
(3.39) In = 2y > >0 Y T Ef-{]
N .[3.1,52,[37,B+ 171673'51 77267’[32 l_ef_
partition of {1,...,[s]} ng clustering

~ H EE[¢§€+) H Ml |772q\E ¢(W2,q)]

lrefy 1<q<|n2]

S{(TTG.0) ® ™y 4. er)]

1<q<|m |

Fixing 81 and (33, we see that the sum over 8-, 3, is zero as soon as $1U 3y # {1,...,|s|}. We

find
Im = MLCVZ Z Z Z Z H M;_|n2,q‘E6[¢gn2,q)]

N B1:82 mePg,  m12€Pg,  1<q<|n2]

partition of {1,...,[¢|} ny clustering

EE[(ﬁggu(h(u)))( ® /é_lm’q‘C;/Igl’q,e—é((bt(sm’q)))]-

1<q<im|

Finally given 7, and 72 we decompose [| = ¥, [11,4| + X, 72,4 and we arrive at the following
identity.
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Proposition 3.9. Consider a partition ¢ of a set B c {p,..., P}, indexing the test func-
tions ((b(gi))ig‘d as in (3.6). Then for any 0 = 0, —ré with r € [0, (0, — 6,-1)/5], there holds
with notation (3.36)

. [(T16,0)) @ i, o)

i<[q]

2] 2, gl

(3.40) = %ﬁ > [Tu: 2

n1Ung partition of {1,...,|c|} ¢=1
no clustering

ES[(rb((SnQ,Q)]

1 |771,q‘

i G (6]

g=1

71

< [(TT6.00)(

The algebraic identity (3.40) extends formula (2.14) to take into account the structure
of packets at time 6. The length § of the time interval is limited only by the fact that

we need to control the number of internal recollisions uniformly in e (so that the sums

over K, —defining (Z)((Sm’q) are finite). Extending this time interval would require to modify

the conditioning, but then Lrs,)e would not be a negligible correction.

4. EXTRACTING MINIMAL CUMULANTS

In this section, we aim at iterating Proposition 3.9 to pull back the fluctuation structure on
an intermediate time scale 7 such that § << 7 « 1. For the sake of simplicity, we choose 7 such
that R :=7/d is an integer. Let 6 = 6,— k7 for some integer k be such that [6-7,0] c [6,-1,6].

4.1. Backward iterated clustering. Let B = {b;| £ =1,...,|B|} be a subset of {p,..., P}
indexing the test functions (gb(i))iE B at time 0. As explained in Section 2.3, the strategy is to
iterate R = 7/6 times the formula (3.40) down to time §—-7. We therefore construct iteratively
on each time step [0 - 75,0 — (r—1)§] for r = 1,..., R nested partitions n]~! < n} un} with n}
corresponding to (non trivial) packets which are expelled from the main factorized structure,
contributing only via their expectation, and 7] corresponding to packets contributing to the
factorized structure via their fluctuations.

Keeping track of all the intermediate " for 1 < r < R would imply rapidly growing com-
binatorics. Therefore, at time 6 — rd, we are going to identify cumulants of the form (;Si?,
with A c B by taking into account all possible clustering dynamics leading to a given cluster
indexed by A, whatever the successive partitions n%, ...,n] : the identification of packets of
packets with the union of these packets is therefore essential to gather all contributions. This
identification will be key to control the combinatorics.

On the other hand, the combinatorics encoding all possible elementary pullbacks on [0 —
79,0 — (r — 1)6] leading to a given configuration at time 6 — rd, is also quite bad and by
iteration will be out of control. Indeed, ‘(cshe number of possible K describing the forward
dynamics on [ — rd,0 — (r — 1)d] is K,]YMJT3 (recalling MY = Mg_l)d + Ng). In particular,
we do not expect that formula (3.40) can be iterated brutally O(7/d) times without having
a strong divergence. The strategy to avoid this divergence will consist in retaining at each
time step [0 — (r —1)6,0 — rd], only “local minimal cumulants” defined by pulling back the
observables along backward pseudo-trajectories such that

(i) internal recollisions (inside any block j) are forbidden, i.e. K; =0;
(ii) recollisions between blocks in any given packet are forbidden;
(iii) the graph encoding the recollisions between packets of any given forest has to be
minimally connected;
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FIGURE 5. The nested partitions are depicted and the dashed parts represent
the expelled clustering cumulants. By summing over all the possible interme-

diate decompositions of 7719’,1 ={b1,..., b7}, we will recover the cumulant ¢(771 v,

The expelled cluster will be collected in the set p3 = {77271, 77271}.

(iv) the graph encoding the overlaps between the different forests has to be minimally
connected.

We then define

N +ngl-1 m;! . _
¢(77q =pe H ’ | Z Z Slgn(an)@{hwﬂ\,\\}
ieng (mJ + n]) an,an >\6an
(41) JES;
() )
x (ﬂéq))\ 1 Ag ;
=1 LUV ERS,\Z 5,\4}
where Rgi 5, is the set of configurations compatible with pseudo-trajectories in a forest
L7

satisfying (i)(ii)(iii), and @ is the restriction of ¢ to minimally connected graphs according
to (iv). In particular, denoting by RS R the resulting set of configurations, there holds

" . = (=)t i,
(42) SO{AI""’)\lM}l{ZMA+N)\€Rg/\,§/\}_( 1) 1{ZM)\+N>\€R§ASA}

Only the contribution of such local minimal cumulants in (3.40) will be iterated. Starting
with |B| blocks at time 6, we therefore obtain with this partial iteration “minimal cumulants”
defined by pulling back the observables along backward pseudo-trajectories such that

(i) internal recollisions (inside any block j) are forbidden, i.e. K; = 0;

(ii) the |B| blocks are dynamically connected according to a graph with exactly |B| -1
edges representing all encounters (corresponding to external recollisions and overlaps
in the backward pseudo-trajectory). This graph is therefore minimally connected
(meaning there are neither multiple edges nor cycles).

Remark 4.1. Note that, by definition, particles which are in different packets at time 0 —rd
are independent on [0-16,0]. In particular, even if they approach at a distance € on [0-16,0],
this is neither a recollision nor an overlap.

4.2. Tterated forward dynamics. For minimal cumulants, the forward dynamics can be
encoded by simpler combinatorics. Indeed to describe the partition in forests A, it is enough
to prescribe a sequence of signs £ € {—1,+1}|B|_1 encoding whether the |B| — 1 encounters
between particles within different blocks have scattering (sign +1) or not (sign -1). Since we
further assume that there is no internal encounter without annihilation, we end up with a
“minimal forward dynamics” which is parametrized only by the sets of signs (S,S) and &.
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Definition 4.2 (Minimal forward dynamics). Given 1 < r < R, let B be any subset
of {1,..., P}, and consider integers Mp := (m;) ep and

(4.3) MY = Mp + Np i= (m; + 1) jep-

representing the particle numbers in the blocks respectively at times 8 and 6 —ré.

A minimal forward dynamics on [0 —rd,0] starting from ZMgs 1s completely prescribed by

two sequences (S,S) = (S;,S;)jep with (S;,S;) € {~1,+1}%%, and & € {~1,+1}/B1. Moving
forward in time, each time two particles approach at a distance ¢,

e if they belong to the same block j: the particle to be removed and the possible scattering
are encoded by Sj, gj;

e if they belong to two different blocks: a (signed), minimally connected graph Gp
with |B| =1 edges is constructed iteratively by adding an edge decorated with a sign
according to & if the two particles are not already in the same connected component
of the graph. If the two particles are in the same connected component of Gp, then

— if the before-last edge in this connected component was created in a different time
interval [0 —1'0,0 — (r' = 1)8], the particles are unaffected (this is actually not an
encounter, see Remark 4.1);

— if it occurs in the same time interval, the configuration is not admissible (by
definition, the graph representing all encounters has to be minimal).

We say that ZM? is a minimal forward cluster associated with (S,S,€) if the Np annihila-

tions occur, as well as the |B|—1 encounters making the graph Gp connected. This is denoted

by ZM%‘S € 'R,gusns

The case when B = {i} is reduced to one singleton is stressed by the denomination single
minimal forward cluster. Notice that a single minimal forward cluster is simply parametrised
by S,S (as € becomes irrelevant) and we will write I € R3S

Remark 4.3. Note that the time intervals [0—1'8,0—(r"=1)d] (with r' < r) when the different
encounters happen are not prescribed in the definition above.

With this definition of minimal forward dynamics, we obtain the following representation
of minimal cumulants at time 6 — r¢:

(4.4) (B)(ZM 5) = pNe+IBl- 1(1—[ m_]') > 81gn(5)31gn(S)1Z SRR S (s @ ¢7),

§
jeB MJT' S.S.E S8 i€B

where Rg“éls imposes that ZMTB5 is associated with a (unique) minimal forward dynamics

on [0 -1, 0] As in (3.17), the pullback during a time r¢ is given by
s @ 00 (Zag) = @ 0 (Ziay (0: Znay)

B
Remark 4.4. Note that it is possible to prescribe a priori the numbers (n;/)jeBJ"Sr of particles
annthilated at each time step in each tree, in which case there are additional “sampling”

mln
conditions on 7?,8 S5

After iterating Proposition 3.9 up to time 8 —r¢ for 1 <r < R, we expect that the main con-
tribution will be given by minimal cumulants of the form 57("?). There are however additional
terms at each time step 6 — 9, for 1 <’ < r, which will not be iterated; their contribution
will be shown to be negligible in the limit. In order to analyse these error terms recursively
for each r, we need a more general notion of forward cluster on [0 - rd, 8], such that in the
first interval [0 — 10,6 — (r — 1)d] the forward dynamics is not necessarily minimal but it is
minimal starting at time 6 — (r — 1)4.
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Definition 4.5 (Forward dynamics). Given 1 <r < R, let B be any subset of {1,..., P},
and consider integers Mp = (m;j)jeB, Mg_l)‘S = N3 + Mp := (mj +nj")jep and M7y =

Np+Ng +Mp = (m;+n;"+n’) e representing the particle numbers in the blocks respectively

at times 0, 0 — (r —1)0 and 6 —r§.
A forward dynamics on [0 —1,0] starting from ZMgs is completely prescribed by the fol-

lowing parameters :

e for each j € B, a sequence (Sj,Sj) € {~1,+1}%" encoding the particle to be removed
and the possible scattering at each encounter between two particles of the same block j.
The restriction to the time interval [0 —18,0 — (r—1)d] of these parameters is denoted
by (S;,S;) € {-1,+1}*" and the other parameters by (S;T,S;T) e {-1,+1}%";
a partition < of B, defining packets (C;);ciq at time 0 — (r —1)d;
a partition \ € Py in forests on [0 - 16,0 - (r—1)d];
a multi-index K € {0, ..., KW}MES encoding the number of internal encounters without
annihilation per particle on [0 — 18,0 — (r — 1)d]. Note that within the packet Cj,
particles in different blocks are always scattered when they encounter during the time
interval [0 — 16,0 — (r —1)0];
for each i <|¢|, a sequence & € {~1,+1}51=1 encoding the types of encounters in the
packet C; on [0 — (r —1)0,0].
We say that ZMTBa is a forward cluster associated with (S,S,s,\, K, (€i)i<l)) if all encounters
occur in such a way that the graph coding these encounters is completely connected, modulo
the identification of the m; particles of each block j at time 0 as a unique vertex.

Remark 4.6. The forward cluster s associated with (S,S,s,\, K, (&i)i<ls|) is recovered

by creating |s| independent minimal forward clusters indexed by each g; up to time - (r—1)0.
The corresponding packets are linked dynamically to form a forward cluster at time 6 —rd.

Remark 4.7. Note that the partition into packets and the subpartition into forests are only
prescribed on the first time interval [0 —rd,0— (r—1)d]: thanks to the minimality assumption
there is no need to prescribe those objects at each intermediate time step. All possible diver-
gences are therefore concentrated on the first time interval, whose size § was chosen for them
to remain under control.

Fix n} < M]’f‘s for any block j in B. Going back to the definition (3.36) of cumulants, the
forward dynamics are related to a cumulant ¢£f) which is obtained in terms of the minimal

cumulants gEEf}}D s defined in (4.4) as follows

() My Np+lel-1
B j : =t+s|— .
b5 (Zag) = (T] =) 3 e % sien(8M)ep
jeB i sePp K,S7,S" .\
(4.5) soA
ﬁ( 0SS 7(si) )
X u6 ¢ 1_ 1 Apss )
=1 SiCAg (=12 {ZMS\(ZGRKZM’SK@’SKZ}

where for any 7 < ||, the minimal cumulant &Eff_)l) 5 is coded by the parameters & and

(S;T,S;T)jegi, and Ri\é; g g 18 the set of configurations compatible with packets ¢ and
TARS VLSV

forests ()\¢) in the first time interval (cf. (3.28)).
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4.3. Discarding non minimal dynamics in the iteration. Starting from general func-
tions {¢()};cp at time 0, we have explained how they can be aggregated in (4.5) to form
cumulants at time 6 — 6. In what follows, the structure of the functions {¢(?};cp will be-
come relevant. For ¢ > p, we will assume that gZ)(i) = qg(i) is built from a single minimal
cumulant obtained by the pullback of the test function A®) during the time interval [0, 6;]

. m;—1 .
(4‘6) (ﬁ(l)(Zmz) = B | Z Sign(s?)lZm.eRmén’g (Hei—eh(”)a
My s9,8¢ b8

where the signs (S?,S?) e {-1,1}2("~1 prescribe the encounters in the time interval [6, 6;]
in the same way as in Definition 4.2. From now on, we shall write ¢() instead of ¢(?) to
emphasize the minimality of the cumulant. This structure will be crucial for the geometric
estimates in Sections 7 and 8.

The goal of this section is to prove the following approximate preservation of the fluctuation
structure on the generic time interval [0 —7,0] (or on a possibly smaller one), discarding non
minimal dynamics.

Proposition 4.8. Fiz 0 = 0, -kt for some integer k such that [0 —7,0] c [6,-1,0,]. Consider
a set Bc{p,... P} and observables (qg(i))ieg supported on single minimal forward cluster at
time 0 as in (4.6). There is a constant Cp depending only on P such that for 6 < 7= R < 1
the following holds, as pe — o

(4.7)

2 [(T16.0) @66

lol - _legl

SNV D QEE[ip”]an[(ﬁczu(h(”))( i G 0 (60)]

N nup partition of B g=1
p clustering

<@ (T 1hDp=)es,
i1eBU{l,...,p-1}

with notation (4.4), and with M,;q the total number of particles in the packet ng at time 6 —7.

The proof of this proposition is the content of the next two sections and proceeds in two
steps: starting from

. p-1
(4.8) JIm = E. [Ep_l & 4511-,0((5(1))] with the short notation =, := [] ¢§, (h"),
1€eB u=1

we first extract iteratively the remainder terms (for which the minimality condition is vio-
lated), and identify the main part. This procedure produces a sum of R := % error terms,
which are estimated in Paragraph 4.4.

Proposition 4.9. The fluctuation structure (4.8) is transported on [0 —T,0] according to

— R .
(4.9) I =TI+ )R,
r=1
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where the principal part is given by
|pR‘ ‘pq R
(pg)
FE[o"]

(4.10) VYEDY 2 [T
N% nRupR partition of B g=1

pB clustering

In"| ;_M
2 CM"G 7-( (nq)))]

X Es I:E.p,l( g e

]\4"‘S for the total number of particles in n, at
,0].

with notation (4.
time 8—-rd, and NB
The remainders are defined, with notation (4.5), as the sums of

fj -rd [(T)]

4), the short notation M’"‘S
= (nj)jen the number ofpartzcles removed in each block during [0—10,0]

RE-Y S
- =
N79 n"up” partition of B ¢

p" clustering
"l 1 "lq‘ "l 1 "5' (T
xmgl_pl(@)ﬂa G gns( @27 ) - @ 2 @gg,w(d’;q)))],
q=1
et H e )

(4.11)
. Pl _legl
R =3 2 (1‘[ R [o0] - [T
Nr& nTup” partition of B =1 q=1

p" clustering
|77 ‘ 1 MQ‘ T

3772 g€ (ng)

x Ee I:‘—‘P 1(®M5 MT5,0—T6(¢7“5 ))] :

Proof. Proposition 4.9 is proved recursively. More precisely we start with a decomposition

of Jm at step r — 1 under the form

r—1
-1 int
+ Z R,,,/ 5

r’'=1

where the main term is defined by
leg ™!l

> Hﬂi_ ’ [‘% 1)5]

jr—l .
M =
N(’V‘ 1)8 nm=1upr=1 partition of B ¢q

p™=1 clustering
B[ (@ (D))

r 1 r—1
For each ¢, we pull back the cumulants (b( 1)25 and qﬁETq 1)25 on a time step § and extract
minimal clusters and remainder terms. A Fublni equality will enable us to replace the nested
partitions by one partition " U p” thus completing the induction.

We first consider the expelled cumulants. As in (3.26), we have
(pZ D) (pZ .t
Be[ 0t 1ys] = 2 [
(o)t stands for cumulants transported by the forward dynamics

where the superscript t in ¢, s
in the sense of Definition 4.5, Wlthout any clustering in the last time interval [0—rd, 0—(r—1)J]
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By construction

(r-1)6
Mj ! )

LT
{ZMgtsER z ’}

K,S,S

> sign(S") (1007,

K,S",S"

(py~ Ng
@12) o T
jepy 1 J
denoting for simplicity by N, the number of particles annihilated in p’”_1 on [0-r0,0—(r-1)0]
so that the number of particles in pg~ Lat 0-rdis ]\4”s M(: 11)5 +Ng.

We turn now to the product of the fluctuation fields. The packets at time 6 — (r —1)d are
prescribed by 77!, and we will temporarily keep track of this fact by an additional superscript

7! in the pulled back observables :

1 g I
EE[Ep_l (@u? ’ wau—l)é 9_(,,_1)5(¢Ezq1)25))]
. ,

"’72 q| 1 "’71 q|

-y D T TR g (@

N7 nr=lonfunl
3 I clustering

Groans 65

where 7] U n5 is a coarser partition than n"~!, and each part of 1, contains at least two
components of 7"~ !: this term only appears if [" | > 2.

Our goal is to sum over all 7! compatible with a given coarser decomposition ", in order
to retrieve cumulants at step r (see Figure 6). Let us first introduce

(r-1)0,
(n7 ) j i <l i
Grs ::( [ W) >y SIgn(S") P a1 A}
s, T K78
»q
A
xH|(5 ® 951
G tz ”seRKMz 5,0
(4.13) ) 218
n < . . r _ .
b = (I =) % Y sign(S)epn
P I K78
|§‘>227q
(9
Xn(ﬂé Dr 1)5)1 5eRK s}
= A S,

denoting by N" the total number of particles annihilated on [0 — rd,0 — (r — 1)d] in the
packets. Observe that, with respect to Eq. (3.36), this definition contains an additional sum
over previous packets ¢ at time 6 — (r — 1)0. Now we can apply Fubini’s equality to sum
over n"~! thanks to the above definitions. We define indeed p" := pr Lunt and 77 =1y

(pq )7 d ¢(’72 q can be

The sets p"~! and ny play symmetric roles and the cumulants ¢,

(pq)

combined into one cumulant ¢ _*". Now we sum (4.3) over 1"~ 1 and use (4.13) to recover

g | r
T = 1\; nrUpT Pdrztltlon of B (I;I N;_ 2 E [¢(pq)]) X Ee[Ep—1( @Mé_?c%ﬁﬂ—ré(égﬂ))] :
o7 clustering

We finally extract from the main term the minimal cumulants. We restrict the support of

the cumulants ¢7(fg) (with o = or p}) to configurations such that the graph recording all
the encounters on the time interval [0 — rd,6 — (r — 1)d] has no cycle (nor multiple edge). In
particular there is no internal encounter without annihilation inside the blocks so that the



LONG-TIME DERIVATION AT EQUILIBRIUM OF THE FLUCTUATING BOLTZMANN EQUATION 33

sum over K in (4.13) disappears, and by definition, all “admissible” partitions ¢ = (G; )<«
of o into packets are characterized by the graph recording the encounters between the ¢;
which must be minimally connected. This local minimal dynamics in [ — 76,0 — (r - 1)d]
is then entirely prescribed by the signs S”,S" encoding encounters between particles of the
same tree on the time interval, and signs " € {-1, +1}|<|‘1.

A

St S 3 o4 &
2 3 1 7 s 9 10
O~ —~ o~

0 —rd -+ %

FIGURE 6. A schematic picture of generic contribution to the minimal cu-

mulant g?)ﬁa), in the case of a o consisting of 10 blocks (for simplicity
o={1,2,---,10}) grouped into s = 5 packets. An admissible partition ¢ is rep-
resented in red : it imposes some dynamical constraints after 6 — (r—1)3. The
dynamics in the depicted time interval is prescribed by £7,8",S". Note that
two blocks of the same packet ¢; should not collide or overlap on [0 — 74,0 —

(r-1)0].

For such an admissible ¢, there is a unique partition A in forests and (4.2) holds. Thus the
restriction of ¢7(,g) to minimal local forward dynamics is given by

(U) Z ,UJN +s-1 Z sign(ST) sign(Sr)
8<|O’| ET,ST7ST
(4'14) M(r 1)6 “
X Z ]_ZMNSERlocmmq HH MT5| (ué(b(r 1)6)

admissible ¢ ET,8T,S" =1 Jesi
Isl=s

where R}SOTC ?Tmsi is the set of all configurations leading to minimal forward dynamics on the
time interval [6 — 8,0 — (r — 1)d] compatible with £" € {-1,1}*71, 8", S and .

Now by the induction assumption, (Z’(f«i—n s 18 a minimal cumulant given by formula (4.4)
at time 6 — (r—1)d

(gz N +‘§7‘| 1

m;!
0015 (Zyyns) =he [T—2

jeo M(r 1)(5!

> sign(&7)sign(S;7)1, ey <Ry (H(r—l)(s X d’(j)) )
S?',S;T',SQ ..... j€§i

where N5" denotes the number of particles annihilated on the full time interval [0~ (r—1)d, 0]
and £, S;", S5" is the collection of all signs on that same time interval. Plugging this formula

into (4.14) (and using again Fubini’s identity to pass from the parametrization in terms of
(ET,ST,ST (S“” S 5“’)1) to a global parametrization (E,S,S)), we recover formula (4.4)

1 0
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at time @ — rd. Thus we obtain the expected decomposition at 8 — rd:

g Ing|

-y X (mizmg[qzig’”])&[ap_l(@uéw;MM(@izﬂ”))] SR
NG o T\ ‘ "

Proposition 4.9 is proved. ]

4.4. Estimates of the remainders. We now establish the following estimates for the re-
mainders, which thanks to Proposition 4.9 imply Proposition 4.8 as an immediate corollary.

Proposition 4.10. Under the assumptions of Proposition 4.8, there is a constant Cp depend-
ing only on P such that the remainder R™ defined in (4.11) satisfies the following estimate :
R

Z R;ﬂt

r=1

<@o)( TT 1hee)es,
ieBu{l,...,p-1}

with R=7/6 and Mp = ¥;cgm;.
In our argument, the specific form of the function =, 1 (see (4.8)) will be irrelevant. Only
the following two features are needed :

p—1 depends on the particle configurations before (and at) time 6,_1;
p—1 has a uniformly bounded variance.

[1] [1]

[ ]
[ ]
Notice indeed that by Holder’s inequality,

1

—2 e N P [ () 20-D 7D 2
(115)  E(= )= E(TT 6, (h)) |« TG, (1) 2] <6, T IR

and thus Z,_1 is bounded in L?, by Proposition 2.3 which ensures that the fluctuation fields
are bounded in L2(P~1),

The key ingredient will be the following lemma controlling the expectation and variance
of cumulants based on their clustering structure. It will be proved in Sections 7 and 8: see
Section 7 for the proof of (4.16), Paragraph 8.1 for the proof of (4.17) and Paragraph 8.2 for
the proof of (4.18).

Lemma 4.11. Let Bc {p,p+1,...,P}. Consider observables (¢)icp, supported on single
minimal forward clusters as in (4.6) at time 0 = 0, — k7. Let 0 = (0;);| be a collection of

packets in B, and the corresponding cumulants qﬁffgi) defined by (4.5). Denote by M,, the
number of particles in o; at time 6, by N, the number of particles to be removed in the last
time interval [0 — 19,0 — (r = 1)6], by N5 the number of other particles to be removed in
[0-(r-1)6,0] and by Mgf = My, + Nj + N5 the total number of particles in o; at time 6-14.
Then there is constant Cp >0 depending on P and K. such that such that

(4.16) E.[|o'5”

| < Cr( T 10D |1 ) (Cpo) Mool (CpoyNes (Cpr)Nai ot

Jeoi
and
Ee[ & Ciryoo-ra(6157)]| < e IT (TT 109]2)
(4.17) i<lo] ’ i<lo| * jeo;
_ r <T 1o | 1/2
x (Cp@) Mo ((Cpa)™o (Cpr) M) T
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as well as

(4.18)

E[( @ Girrs(05”)) ] 2 O T (TT 10 s)’

i<|o| i<lo|  jeos

y ((CP@)QMUﬁN];ﬁN;:—lUH(CP(;)N;i (CPT)N§:+|01-|—1) .

The same estimates hold for the minimal cumulants éigi) defined by (4.4).

Recall that the remainders R™ in (4.11) are due to the non minimal dynamics. The
smallness will come from the fact that at least one factor in the product of expectations, or
one fluctuation field involves a dynamical graph with a cycle (or multiple dynamical edge)

(419) ¢£§i)7cyc = gb(Uz) d)(o'z) .

We will therefore also need the following lemma, proved in Section 7 for (4.20) and Section 8.2
for (4.21).

Lemma 4.12. Consider observables (qg(i))ieB at time 0 supported on single minimal forward

cluster as in (4.6). Define gi)?(fg")’cyc by (4.19). Then, with the notations of Lemma 4.11, we
have that for any i <|o|

Ea[ ¢£g¢),cyc ] < CP( H “h(j)”Lm)
(4.20) jeoi
x e8| loge|(|log e[ ©)**(Cp@) Mri7l7 (Cpg) o™V (Cpr) Hoi 20,
and

Ee[ (G 0-rs (015 ) @(@cm (5]

. 2 T <r
(421) <Cp [T (TT 1A9] 1) edllogel(|logel@)**(Cp@) Mo Mai il (Cpr) Vot Hord=2):

i<lo| " jeo;

x (Cpo) NV T ((Cp@) Mo e ol (Cps)Nes (Cpr) o 17D

J#

The same estimates hold when replacing the cumulants quE? ) by the minimal cumulants éigj)
defined by (4.4).

Proof of Proposition 4.10. Using the homogeneity, we can assume without loss of generality
that AL~ < 1 so we do not keep track of ||h(l)HLoo in the estimates. Recall the defini-
tion (4.11) of R™. The fluctuation terms in R™ can be decoupled from the function E,_;

by using the Cauchy-Schwarz estimate, leading in the case of R ¢

lo"| IPT\

=5 NED W § Vs AP

N7S n"up” partition of B g=1
B p" clustering

In"| L |"q| r In
i )
[(@ Me CM;5,9—T5(¢TZLI ) -

oy v fefil|(

Nré nTup” partition of B g=1
p" clustering

"]

2
Gt o-rs(915) - B i Ta(aﬁfl}”)) ]
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thanks to (4.15) and the fact that pu. -mal < 1. Then, since there is at least one factor
qb(nq)’cyc = (l)(nq - ¢£Zq), using (4.16) and (4.21) we find that R i hounded by
Cp(ed]loge|)/?(|loge|©)*2 (Cpd)No (Cpr) D Ipfl—lpr|(CP@)Mprfzi o7 ]
y (CP@)(MM—ZZ- |7IZ|+M;7‘§)/2(CP(;)(N;T—1)+/2(CPT)(N7<,I+ZZ- I} 1=Inl=1)+/2

The reasonmg is similar for Ri"™?, using (4.18) and (4.20). Summing over (N""),c,, then
over r < R =%, we get

(4.22) | Z R < (CpO)YME (5] log ] ) 2(| 10g6|@)d+2§ < (CpO)Mocsa
r=1
with the choice § = £ in (2.9) and 7 satisfying (2.2). This concludes the proof of Propo-
sition 4.10, and thus of Proposition 4.8.
Notice that the choice of the parameter § is an optimisation between the fact that § has
to be small so that T4 is a typical event and the necessity for § to be larger than e for the
estimate (4.22) to converge to 0. O

5. ALMOST-PRESERVING OF THE FLUCTUATION STRUCTURE

5.1. Subexponential clusters. In Proposition 4.8, we proved that the fluctuation structure
at a time 6 can be pulled back to time 8—7 up to small error terms. We now want to iterate this
formula to pull back the fluctuation on any macroscopic time interval [6,-1,6,] (2 <p < P).
For this, we choose the parameter 7 so that for all i € [1, P], (6; —6,_1)/7 is not an integer.
Each time interval [91-,1, 92-] is cut into k; = [(6; —0;-1)/7] + 1 slices (of size 7, except for the
last slice [Gi_l, 0; — (ki - 1)T] which is smaller due to this assumption on 7). This leads to a

P
decomposition of [0,0] into Kp := Z k; slices, denoted I = [71441,7¢] (in decreasing order):

1=2
thus [; ;== (0@ -7,0),l,=(0-27,0-7)....
In particular, we introduce the decreasing sequence of integers {£,}p<p such that

(5.1) Op =Tx, and weset Lp={rp,...,K5p-1-1}.

k, intervals of size 7

I I B § Ll

4

0, 6, 0,_ =7 0,=1 0y

pP— p—1 )4 K

FIGURE 7. The time interval [61,0p] is split into Kp intervals of smaller size
7 denoted by I1,...,Ik, and ranked in a decreasing order.

In the next definition, we are going to strengthen the notion of single minimal forward
cluster introduced in Definition 4.2.

Definition 5.1 (Subexponential cluster). Let i € {1,...,P} and 174 < 6; = 7, be given. We
consider a single minimal forward cluster during the time interval [1y,0;], originating from
a single particle. This cluster is said to be subexponential at Ty if on each time interval I
for ki <k <€ the number of annihilations nf’ in the forward dynamics is less than 2F.

The corresponding single minimal cumulant ¢@ is defined as in (4.6) as the pullback
during [14,60;] of the function R with the appropriate subezponential restrictions on the
annshilation numbers.
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Note that the reference time for the subexponential growth is chosen to be © rather
than 6; as one might have expected (since the backward flow only starts at time 6;). As will
be apparent later (see Proposition 5.6), the reason for this choice is that the contribution of
one single superexponential cluster must be small enough to compensate the size of all other
subexponential clusters, so the reference time has to be the same for all i € {1,..., P}.

The main result of this section is the following: it shows that the fluctuation struc-
ture involving single subexponentials cumulants is preserved on any macroscopic time in-
terval [0,-1,0,]. Its proof is the goal of the following paragraphs.

Proposition 5.2. Given a subset B of {p,..., P}, consider for each i € B a single minimal
cumulant ¢ of m; variables, supported on a subezponential cluster at time Op = Tx, as in
Definition 5.1. Then denoting by N* := (n})iep the number of particles annihilated in each

block on the time step £, and by pr"l =m; + YL, nf the number of particles at time 0,_1,
there holds

=[5 (@G @] X BlE(Bhir, )]
' N Lellp
subexp
< CP( H Hh(Z)HL"") ((CPG)P.QNP 58%1 + (CP®2P_1T)2NP71) |
ieBu{l,...,p-1}

where g?)éi)_ep_l is supported on a (single minimal) subexponential cluster at time 0),_1.

Using the homogeneity, we can assume without loss of generality that |2 |z« <1 so from
now on we no longer keep track of |h(?||p~ in the estimates.

5.2. The main term and the remainders on a small time step. Let us start by con-
sidering one time step Iy = [7p+1,7¢] € [0p-1,6,]. Given a subset B of {p,..., P}, consider for

each i € B a function é(i) of mf variables, supported on a (single minimal) subexponential
cluster at time 7. Define

Il = E. [z,,_1 ® c;%(as(i))] |
€B v

Let us apply Proposition 4.8: we are going to show that asymptotically as pu. — oo, the
fluctuation structure at time 7,1 is similar to the fluctuation structure at time 7,. For this,

consider the principal part 7:-1{/12 defined in Proposition 4.9, but now on the time interval I,
o - T30 ] g [ 3-t! (n
Thpe = Z Z [Tue 2 E [(Z)lIT ] x Es[ﬁp—1(®”5 CM“1 Te+1(¢\fel\1 ))]
N¢ nup partition of B ¢ q

p clustering

where

(5.2) 1T 0 = Tope| < (CpO)MBesa

by Propositions 4.9-4.10, and split in turn fﬁ/ﬂz into different contributions
Tie =Tt + Il‘ij[‘p’f + va’f + IK/’IK

which are defined below. We have written Mg;'l for the number of particles in 7, at time 7441,

and N? the number of particles annihilated on [74,1, 7¢].
The main contribution is a product where each of the |B| terms has evolved indepen-
dently (|p| = @, n consisting only of singletons) in a controlled way

Iﬁ%—#l = Z EE[HP 1( ®Cm[+nl,7’z+1(¢|l«ﬂ|))]

N subexp
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where the sum is restricted to subexponential N¥, meaning that for all i € B, nf < 2!, The
function q§| 1 is thus supported on a (single minimal) subexponential cluster at time 7,1 as

in Definition 5.1. We stress the fact that Z. ﬁ}H has the same product structure as If;/lé

The remainder fg I“e+1 is split into the following three terms:

— the higher order cumulants

(5.3)
Li= % zrnu;'%"E [0 ] S [m (@0 7 G (67)]:

nup partition of B NZ N£ q
p clustering 7]

where 1~ indicates that either at least one 7, has more than one element, or at least one p,
has more than two elements;
— a term collecting pair cumulants in p

=Y SIIE[]x ZEH (@ Crgo (9111)]

nup partition of B NZ q
n singletons, p pairs

— a term with only single minimal cumulants but at least one has a superexponential
growth

xp,l . _
(5.4) L' Y ElE( ®Cmé+nzﬂ+1(¢|fe|))]
Nfsuperexp
where the sum is restricted to superexponential N¢, meaning that at least one i € B satisfies
that nf > 2°.

The following Paragraphs 5.3, 5.4 and 5.5 of this section consist in proving that the
terms I;/’IZ, Il2vf and IeMXp £ are small. As a consequence of Propositions 5.4, 5.5, 5.6 and
of (5.2), we deduce the following result on the time step [711,7¢]-

Proposition 5.3. The following estimate holds:

21’.—1

By il £ (€107 4 (€017

Proof of Proposition 5.2. Using repeatedly the results of (5.2) and Proposition 5.3, which
transports the fluctuation structure on any intermediate interval I, we can recover the fluc-
tuation structure on the longer time interval [6,-1,6,].

Recall that 6, = 7, with the notation (5.1). We consider the following fluctuation structure
at time 6,

Bt = B[ (@60.0, (5|

where B is a subset of {p,..., P} and for each i € B, ) is a function of m; variables,
supported on a subexponential minimal cluster at time 60,,.

Using repeatedly Proposition 5.3 on I, for £ in L, we get that

Inm = Z E['—'p 1(®CMp19 (¢9 epl)]-’-ezﬂ;ﬁﬁ/b

Nt
(N®) geLLy,
subexp

where for each i € B, &gi)_e ) is a function of pr'l =M+ Y, nf variables, supported on
p p—
a subexponential minimal single cluster at time 6,_1.
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The remainders Rﬁ/[ come from the terms which are neglected at each step : big clusters,
vanishing pairings, and superexponential terms, as well as the remainder terms ¥, RI"*. By
Propositions 4.10 (see Eq. (5.2)) and 5.3, we get at each step ¢

£-1
Rip < (CpO)2 T v + (Cp@*F17)’

Note that the exponential factor takes also into account the sum over all choices of (N*);<,
since 21+ < 2¢°, O

5.3. Removing big clusters. We treat here the high order cumulants collected in I;/’f

(see (5.3)). These cumulants describe dynamical correlations which are negligible at the scale

of the fluctuations. More precisely, we have the following result.

Proposition 5.4. The remainder accounting for big clusters satisfies the following estimate:
_1

< (CpO®)2'P 42 73

N4
(5.5) uagh

fPT)
I
cluster and the product of the expectations can be estimated by Lemma 4.11:

(56) I:gb\(IpT)“ <C (OP@)Mﬁq*‘Pq‘ (CPT)Np[q+|pq|717

Proof. By construction each cumulant ¢ appearing in (5.3) is supported on a minimal

where N ﬁq is the total number of particles annihilated in p, during I, and M ﬁq = Yiepg mf

The functions ¢ at time 7, are supported on (single minimal) subexponential clusters whose
sizes are bounded by

Z 14 l 14
(5.7) m; <2° sothat ) M, <2°P.
q

In the inequality (5.6), the power of T keeps track of the total number N f;q of annihilated
particles and of the |pg| — 1 clusterings in the time interval I,. Since 7 <« 1, the sums with
respect to Nf,q converge and a factor 7lPal=1 remains. We get

(5.8)

2L )

¢
Nj 4

\Pq|

¢ 1-24 _

<(CpOY? P pe 2 7lPalt
q

[SIES

If one of the p, is not a pair then |p,|/2 > 3/2 and this leads to an additional decay in 7. 2.

We turn now to the estimate of the part of I;/’f which is weighted by a product of fluctuation
fields. By Holder’s inequality and Lemma 4.11, we have that

Sl (@0 i ()]

59) SEEE [Ce(h(u))Q(pl)]z(pll) [(@u? Q\CMM m(#ﬁ? ))2]
Ing|

¢ Mgl _1
<Cp H (Cp@)M£q+%N£q_%|77q‘ (CPT)% (OPT) 2 2 7
? Jhe

=

where the moments of the fluctuation field are bounded by Proposition 2.3. Summing over Nf]
gives

\”7q|
\nq| —

Tz (@ % G ()]s oo T (E2)

D=

(5.10) Y |E

0
Ny
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In particular if one 7, satisfies |n,| > 1, we gain at least one power of s, 12, Combining
(5.10) with (5.8), we recover

_1

>€ <(CP®)2P -3 7_%

and (5.5) follows thanks to the fact that 7 < 1. We stress that the combinatorial factors arising
from partitioning B c {1,..., P} into p,n depend only on P. Proposition 5.5 is proved. [

5.4. Control of pair cumulants at equilibrium. If p is made only of pairs and n of
singletons, then (5.8) and (5.10) do not provide any decay as a power of p.. In fact out of
equilibrium, these pairings contribute to the covariance and they were first analysed in [31]
in terms of a recollision operator (see also [7]). Instead at equilibrium, these terms vanish in
the limit py. - oo due to a symmetry property of the limiting measure. Thus to avoid the
bookkeeping exercise of tracking these terms in the iteration, we prefer to show that they do
not contribute in the equilibrium regime considered in this paper.

Proposition 5.5. The remainder accounting for pair cumulants is estimated as follows :
(5.11) T3] < (CPO)* P e5a

(pq)
2]

limit when g — co. To fix ideas, we consider a clustering p, of the form {1,2} connecting

Proof. The key estimate is to show that for pairs the expectation E. [qﬁ ] vanishes in the

the single minimal cumulants ¢!, ¢ supported on subexponential clusters at time 7, by
an encounter on Iy = [74,1,7¢]. Let us show that

(5.12) | > E[of ]| < (Ccpoymimiena

N{1 2
from which Proposition 5.5 follows immediately by summing over the partitions and taking
into account the size (5.7) of the subexponential clusters at time 7.

Using Proposition 4.8 with |B| = 2,p = 1 on the time interval I, leads to the explicit
decomposition

(5.13) E€[é¢r€nf,n(é(i))] - Z [d)|{1 2})] Z £ [élcfn +nf Tﬁ+l(¢|lé|):|
N

+O((Cpo)™itmiesa).

In this way, estimating the expectation of the pair correlations ¢({| 2D can be achieved
by controlling the two @-products : one at time 7, and the other one at time 74,1. By
construction qSl I)I is supported on a single minimal cluster, thus by (4.17) in Lemma 4.11, the
expectation is small

(5.14) Z E. [@gmgm ml(‘bm)] < (Cp©)™i+ms Z (Cpr)mi+n2)/2 .
£
{1 2} nl,n2

The expectation IEE[@?:l Cfniﬂ(qg(i))] can be estimated in the same way. Since 7 « 1,

summing over n{,n% completes the proof of (5.12). O
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5.5. Removing superexponential collision trees. In this section, we estimate dynamical
flows exhibiting a superexponential number of annihilations, namely Z3 " * defined in (5.4).
The result is the following.

Proposition 5.6. The remainder corresponding to superexponential clusters is estimated as

follows :
-1

‘Zizpj‘ﬁ (CIP()QP_lT)Q

exp,l
1 M

Proof. Compared to the previous sections, the control of requires a more careful de-

scription of the functions qb(i), taking into account the time sampling. They are supported
on subexponential clusters at time 7, (see Definition 5.1). As a consequence each function
depends at most on 2¢ particles and the total number of particles at time 7 is at most | B| 2L,

By definition of IeMXp’z, there is i € B such that on I, the number n¢ of annihilated particles

associated with i is larger than 2¢. This means that on a time step of size 7, at least half of
the particles (up to the factor |B|) are removed.

By Holder’s inequality as in (4.15) and by (4.18) (without microscopic time splitting), we
then have that

DY

N¢ superexp

i HE ¢ (h(U))Q(p_l)]Q(;l)Es[(®Cme+n D) ]é

N superexp u=1

<cp Y TI((cpoyrmizniztzni)

N superexp t€B
o \292
< (CP@2IB| 17’) .

Proposition 5.6 follows using that |B| < P. O

[“P 1 (®Cm£+n T/+1(¢(Ile)|))]‘

1/2

6. ASYMPTOTICS OF THE PRINCIPAL TERM

As explained in Section 2, our goal is to pull back the test functions in time in order to build
pairings and establish the Wick factorisation of the moments. In Section 5, we have been
able to pull back minimal cumulants from one sampling time ), to the next 6,_1. In order to
proceed to the next step and reach ¢,_2, one has to take into account the new structure of
the expectation at time 6,1 after the multiplication by the function R(P=1) | This will induce
the pairing mechanism identified in Section 2 which will be quantified in this section.

In Section 6.1, we analyse the repeated indices at time ¢,_1 when taking the product of

the fluctuation field Cgp_l(h(p‘l)) with the @-product obtained in Proposition 5.2 from the
iteration. The induction for the derivation of Proposition 2.1 is completed in Section 6.2.

6.1. Asymptotic pairing. Recall that at time 6,1, for any i € {p,..., P}, the function qbe Z0,1
is the pullback of the test function A() on [#,_1,6;] (in the sense of Definition 5.1). We now
study the product

G D) (@G, 0,)

DR i (100) w0 00) (5 T B~ i, (®90,.)),

AcBieB\A €A
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where

(6.1) m; Pt < 28t

7

as by definition, the number of particles added in a subexponential cluster on I, is smaller

than 2°. In particular, the following crude bound holds : MZP’I = Yieam;” "t < 2%71|A|. For
the sake of readability, we will omit the superscript ,-1 in the rest of this paragraph.
We split the sum in 7T§p_1 (h(p_l)) according to the repeated indices : when the index does

not appear in the sum Wi& 6,.1> We get a ®-product, else we get a contracted product:

Gy 00 % (@G0, (5,.,))

= plBED2 3 I [ ¢9 “0, 1]) TTM a0 1(®¢9 ~0p- 1)

AcB \ieBu{p-1}\A

u£|B|+1)/2 Z H Ea[ - (Zséj)_gp_l]) 71-MA+1 Op— 1(h(p Y ®¢0 —Op- 1)

AcB \ieB\A

oo 5 (T B, .]) i (500 @),

AcB \ieB\NA

i#]

where gE(()p_l) := b1 and

. iy m;
(6.2) WOP(Z) = 85y (Zn,) SR (1)
(=1
Using the definition of the ®-product, we get the identity
A G R (>T-APAN CRPND) B> IR AN C Py

ngu{p—l}

plBEDR S S ( I [ ¢9 4. 1]) T 5 +m; .6, 1(¢(Jp 1)®¢§1)9p_1)'

JeB AcB\{j} ie(B {j})\A
Decomposing iz Zw(j’p_l) in its expectation plus a fluctuation as in (3.38)

‘ , B |
Trfﬂj,@p,l (w(g,pfl)) =E. [¢(]:p*1)] + 2 C;j,ep,l (w(j,p—l)) 7
we finally obtain, using again the definition of the &-product,

(6.3)
G (BN x (R Ga (002 V)= B Cuo (002, )
ieB ieBu{p-1}
+ S ELOTII®C, (057, )
jeB 1£]
5 Gy (07 N® (B Cro, (652, ))

1¥]

As the function U1 has the same cluster structure of gb(] ) (With only a slightly dif-
ferent weight), the inequalities of Lemma 4.11 apply also for 1p(3 P 1). Proceeding as in (5.9),
we apply Holder’s inequality and Lemma 4.11 to show that the last term in the previous
decomposition has a vanishing contribution in the limit

B (5, VB, il )]

'l

<z (Cpe)
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. —_ -2 . .
with M = Y,cpm; <2 P and 25 := [IV_] Cgu(h(“)) was introduced in (4.8).
Thus we obtain the following result.

Proposition 6.1. For any j > p, let qﬁ(]) be the generic subexponential dynamical cluster

from the expansion of R and denote w(J p‘l) its contraction with hP~1) defined by (6.2).
We set gi)(()p_l) = hP=1) . Then

l_|

(®< p19 1(¢9 —Op- 1))] EE[Ep_z( @ C NPIQ 1(¢9 —Op- 1))]

i€B i i€B
(6.4) € u{p-1}

- DRI VIEE (@ iy (0)))]| < Cruz (PO

jeB €B {5}

The second term in (6.4) has the required structure to be pulled back up to time 6,_2 by
considering cumulants indexed by the larger set Bu {p—1}. The sum in (6.4) involves the
product of E, [¢(j ’p_l)], which will be linked to a covariance in Corollary 6.2, and a @-product
which has the right structure to be pulled back up to time ¢,_o by considering cumulants
indexed by the smaller set B\ {j}.

Corollary 6.2. For any j > p, denote by qﬁ(j) the subexponential minimal cumulants

1ssued from R and denote by P~ D their contmction with hP~1 defined by (6.2). Then,
one has

> B [pUr D] =BG, (WD) G (hD)] | < (CpO)era + (CpOP )T
N
subexp

In particular, one has the uniform bound

Z E. [w(]@p—l)] <C.
N
subexp

Proof of Corollary 6.2. Using repeatedly Proposition 5.2 with only two test functions 2~ p(9)
but with the same time sampling I,, we get

Bo| G, (h )G, ()| =BG, (0N e, (0, )]

subexp

< (CpO)2"edi + (CpO°r)Y™

Then, from Proposition 6.1 with B = {j}, we get

EE[CS (h(p 1)) iy, 1(¢§j)9p—1))]

B[ G (BB (G5, )] - EeLwUP ] < O i (CO)
J P
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It remains to sum over the subexponential annihilation numbers N; = (nﬁ) kj<b<rp -1 Since Nj

21+~-~+2"“P

takes at most values, the error terms remain under control and we get

Be| G, (WD), (M) = 3 B0 ] 3 G (M) B, (0, )]
j i i
subexp subexp

< (Cp©)27esi + (Cp@3T)2™" " .
By (5.14), we find that the first term in the right-hand side vanishes in the limit :

< (CpO)¥" ¢,

> E[G, () B, (8, )]
J
subexp

This completes Corollary 6.2. g

In the following section, we are going to iterate these propositions in order to decompose
the moments of the field as a product of covariances and some remainder terms.

6.2. Proof of Proposition 2.1 : convergence of the moments. We are now going to
combine the previous results to prove Proposition 2.1. We proceed by induction and at
time 6,,, we assume that the following decomposition holds, with notation (6.2):

) .
il BuB¢={p,...,P} npeGhe™ {i’ﬁ;"” sullngP

(6.5) o |
x Y EE[(EICEU(W)))( ® Gt g Bol, )]

Np
subexp
where ~ means that the difference is bounded by (C’p@)P'anszld + (CpO?P-17)1/2 . Notice
that the decomposition is valid at time © with B = {P} and B¢ = @.
Given B, 1, € G%TYS, we are going to apply the procedure described in the previous sections
to expand the expectation in the second line of (6.5) and to derive the induction relation at
time 6,_1. Combining (6.4) and (6.5), we obtain

. .
b} BuB¢={p,...,P} nPEG%aclrs {i,z’<};71p sul]jerP

2 (TG0 Gy, 6,)]

Np ieBu{p-1} *
subexp
(6.:6) ()
T > I (X R
BUBeSp o P) ppeatu (ke © Ny
, p=2 —(i

< ¥ R Y E[(TTGEE))( ® Cray, (652, )]
seB\ Mo Moy B T

In the first contribution, since there is no new pairing, we set 1,-1 = 1, and the product form
holds now on the set Bu{p—-1}c{p-1,...,P}. For the second contribution, we define the
new set 1,1 =1, U{(p—1,5")} with the additional pair. The @-product at time 6, holds
on the reduced set B~ {j'}.
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Thus the induction assumption (6.5) is also valid at §,_; and it can be iterated up to
time 0;:

(116, 0)
Y (D R T E[®(Gn, 05))]

Be{l,..,P} yegpirs (idyem N Np ieB
B¢ i<j subexp subexp

1
VP2 e8a +

As the induction is applied only P times, the difference remains bounded by (Cp©
(CP@2P717_)1/2.
By (4.17) in Lemma 4.11, the terms for which B # @ can be neglected. Thus the only

pairs |

remaining term is B = @ and 7 is an element of &5 :

67 w1160 T T (T =)

nleellj)airs {ivgj;nl sul:gxp
Recall that ~ means that the difference is bounded by (Cp@)P'QKPei +(CpO-1n)12 5o
the factorisation estimate (6.7) is quantitative and remains valid for (slowly) diverging times.

Identifying the covariances with Corollary 6.2 concludes the proof of Proposition 2.1. [

7. GEOMETRIC ESTIMATES

In this section, we adapt previous results from [8] to the present context, allowing to
prove the first parts of Lemma 4.11 and Lemma 4.12: we control the cluster functions by
establishing the bound on the expectation (4.16) as well as the smallness estimate (4.20) for
non minimal clusters.

In this section, since we will consider only one packet ¢;, we will drop the index i to
lighten the notation, as well as the time dependence in the test functions. We thus consider a
collection (gE(j )) jeo Of single minimal cumulants originating from single particles at times 6,
as in (4.6). These cumulants are aggregated on [0 —rd, 0] as in (4.5) to form the cumulant
qS(U) at time 0 — rd supported on forward clusters as in Definition 4.5.

We therefore have |o| blocks of cardinalities M™ = (M}"‘s)jeg at time 6 — 9. We denote by

e N” the number of annihilations in the different blocks on Zjs := [0 — 16,0 — (r — 1)d];
e N the number of annihilations in the different blocks on Z, := [0 — (r - 1)4,0];

and define N" = ¥, NI, N7 = ¥, N7, M™ = M + N" + N<" = ., M7°.
To determine the forward dynamics on [6 —7J, ©], we also need to fix as in Definition 4.5

e Ke{0,...,K,}M " counting for each particle the internal encounters without annihi-
lation on Zj (recall that the number of such encounters is under control by construction
of ¢));

e (S,S)¢{1, —I}Q(MM’M) prescribing the encounters with annihilation on Zs U Z, U Zy,
among which we denote by (S”,S") € {1,-1}*" the signs prescribing the encoun-
ters on Zs, (S<",8<") e {1,-1}?N"" those prescribing the encounters on Z, and fi-
nally (S?,8%) e {1, —1}2(M‘|”|) the signs prescribing the encounters on Zy;

e a partition ¢ of o prescribing the packets at time 6 — (r — 1)d, as well as a partition A
of these packets in forests, prescribing the external encounters on Zg;

o £=(&) where for each packet ¢;, & € {1, -1}1%I"! prescribing the external encounters
onZ,.
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With this notation, plugging (4.4) into (4.5) provides

M-(T_l)él )
O (Znes) = (T1 =) 20 w20 5 sian(8")ppn
JE€o 7 sePs K,s;;ir,x
ﬁ( ® o s)1
x s & &,
s & Pt s R, ox s

m' T <r ol— . . r
= (H Mz(;!)uév D) >, sign(€)sign(S )¢,

Jjeo j ¢ePy K,S<T S<T g\
S
Al )
_ J
x 1{ZMT5 forward cluster associated with (S<7,8%", ¢, \, K, &)} H H (H(T*l)(s ® (ZS )
/=1 CiC)\,g j€§i

where we wrote (S",S*") = (S<",S",S<",S"), and sign(S*") for the product of all the com-
ponents of S. On the other hand by the assumption (4.6) on the structure of the test
functions, one has

mj;—1

—y . ’L[/ . .
(7.1) ¢(;>(ij):# D SIgn(s§)1Z ermin. (ho;-0n)
J* S?,S? ] J

Recall that we can assume without loss of generality that [h)|s < 1 for all j € o.
Since 1y, <1, inequalities (4.16) and (4.20) follow from their counterparts at equilibrium

(72) ES[|6'|] < Crllol k)™ (CO)M o)V (Cr)V T,

and
(7.3)

qu[‘¢(0),0yc

| <edllogel(Oflog ey Cp(loli )M (COYM ()N D ()N 2

which we now prove.

Estimating roughly the L* norm of the cumulant @y, by [Al! (note that |A|! < |o]!),
and using that

MT(;' M'ré
jeo Mg
we infer that
Mm-1
rd . 1%
(75) ’¢(U)(ZMT6)’ < ‘U’M (Jl:[ Hh(J) HOO) W Ss I; N ’)\“ 1{ZMT5 forward cluster} »
g b Y 7<7 b

where the forward cluster in the indicator refers to the dynamics in [ - rd,©] constructed
as described above and depends on the whole set of global parameters S,S,K,¢, \,£. Note

that the cardinality of such parameters is bounded by Cp(CK., )M " for some pure constant
C, and Cp depending only on P.
We now need to describe more precisely the support of gb(") ,1i.e. to extract from the cluster

structure some “independent” geometric conditions. To show Inequality (7.2) on qu[‘qﬁ(")”
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it is enough to prove that the size of the support is controlled by

ré
sup / 1 {ZM“S forward cluster } M®M (VM”S ) d‘XvM”S—Id‘/M“S

IMM eTd

(7.6)

M M—lo|((rs\N" ( 1\ N<" 4|1
<C—=—(CO) (CHY (C1)
i M73-1
€
for some pure constant C' > 0, uniformly in (S,S,K,s,\,&). Indeed, assuming (7.6), we
deduce from (7.5) that
(7.7)

B |6)] ] = [ G5t 16 dZyges
ré_

M™-1
MM j ,
<o TRl 3 [ G35 Lz ottt} s

jeo S,S, K ¢,\E
ré_
M IO Y [ Mo g
S MT5! ‘ oo . {ZMrtS forward cluster} M
Jeo S,S, K ¢,\E

<CploM” (CK)M™ (COMT(Co)N' (Cr)V ot

where the sums over the parameters S,S,K,¢, A\, € have been bounded by (CK,Y)MM and
combinatorial factors depending only on P. Notice that, to compute the expectation, we
have made use of the correlation functions of the invariant measure (1.4), which we recall:

€,eq M®M - 'LL? N
GM (ZM) = Z H.[(’I[‘dxlkd)" dZM+1...dZM+n 1Di{+n(ZM+n)M 5 M=1,2,---
n=0
with Z¢ given by (15) Since 1D§\/I+n(ZM+n) < ]-'D‘IEM(ZM)]-D%(Z'M#—L R ZM+n)7 these correla-

tion functions satisfy the pointwise bound G737 (Zyr) < M®M which justifies the third line
of (7.7). This concludes the derivation of inequality (7.2) and therefore of (4.16).

The proof of (7.6) follows the strategy of Lemma 4.2 in [8]. We adapt it to this new
framework.

Definition 7.1 (Forward tree). A forward tree T« = (gi,Gi)1<i<prrs—1 1S constructed by record-
ing in increasing order of times, denoted by t;, the encounters of the forward dynamics (recall
Definition 3.5) which do not create any cycle (nor multiple edge). These encounters are said
to be clustering.

Note that g;, g; are generic notations for the indexes of the two particles involved in the i-th
encounter, they can of course take several times the same value.

Even though the encounters can be of different nature, they lead to similar geometric
constraints in the forward dynamics and they are coded in the same way in terms of the
dual variables. The type of each link (¢;,@;) (with or without annihilation, with or without

scattering) is encoded in the set of parameters ¢, \,S,S, K, E. Then,

Z 1{ZMT5 forward cluster} — Z Z 1{ZMT5 € R;f;mp}v
ASSKE CASBKE T, s

where R is the set of configurations compatible with (g, A, S, S,K,&,T%), and T},s stands

for the set of all ordered trees with M7 — 1 edges. The above sum over ordered trees corre-
sponds to a partition, meaning that for any given Zy;-s, at most one term is non zero. Note,
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for future reference (see Section 8 below), that (7.5) implies

r(S_l
,LL
(78) 6ol < Cplo ([T ) e 8 S L erse) -
jeo SSKeAE T<eT< s

We then need to integrate over the variables Zjrs restricted to the set Ry’™ . This
set is a collection of constraints which are not independent one from the other However,
exploiting the ordering of edges in 7%, we can identify a sequence of “independent” variables
(see Definition 7.2 below). The basic idea is that, when we follow the dynamics forward
in time, each new edge corresponds to an encounter involving at least one new variable. A
convenient way to proceed is by using as new variables the relative positions between particles
realizing encounters, keeping all velocities fixed. More precisely, given an admissible tree 7%,
let us define the relative positions at time 6 — rd
(7.9) Tj = Lg; = T, -

7

Given the relative positions (a;s) - and the velocities Vs, we fix a forward flow with clus-
tering encounters at times t; < - < t;_1. By construction, ¢; and g; belong to two forward
pseudo-trajectories that have not interacted yet. In other words, ¢; and ¢; do not belong
to the same connected component in the graph G;-1 := (¢j,q;)1<j<i-1- Inside each connected
component, relative positions are fixed by the previous constraints, and one degree of freedom
remains. Therefore we can vary Z; so that an encounter at time ¢; occurs between ¢; and ¢;
(moving rigidly the corresponding connected components). This encounter condition defines
recursively the sets Br_;(Z1,...,%i-1, Vysrs ) prescribing the constraints on ;.

Definition 7.2. We say that the sets (Br.i);<pmrs_1 are sequentially independent if for all i
the set Br_; is defined by constraints depending only on 1,...,&i-1, Vyrs.

Suppose that the time ¢; belongs to the set Z € {Z5,Z,,Zy}. If the particles ¢; and §; move
in straight lines, then the measure of Br._; can be estimated by

(7.10) \Br.i

< 1o (50 =05, (0] L L st

Thus, by a Cauchy-Schwarz inequality there holds

(7.11) > |Br.l < (V?WHW‘s M"‘Sflt o7 Lyt dti .

qi,G;

Note however that, by definition of the forward tree, particles g;, §; may encounter on [t;_1,;]
with other particles from their respective connected component in the graph G;_;. In this
case the particle trajectories are piecewise affine but a bound similar to (7.10) is obtained by
summing over all the portions of the trajectory and the upper bound (7.11) still holds (see
Section 8.1 of [7] for details).

At this point we proceed as in [8] (the proof of Lemma 4.1 therein contains the same
computation that follows, except for the time sampling condition ¢; € Z appearing in (7.10)-

(7.11)).
We first apply the change of variables

XMr6_1 —> XM’"‘S—I

and observe that, for any fixed x5, this is a map of translations with dX,;s_; = dXMré_l.
The constraints, imposed by the M™ — 1 encounters, can be evaluated one after the other
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following the order prescribed above. Hence by Fubini’s theorem

M™0-1

> [dSaen IT tee, s X [ dints,, [ dive [ digpsils, .,
T<€T]\(4M i=1 T<€7;\</,n$
(7.12)

C Mré—l - Mré_l 5 _
< (M_) (V]\24r5 + M 6) (Mré)M ! f dty ...dEprs_1 Lsamps
€

where 1g,mp is the constraint on the encounter times respecting the sampling. Retaining only
the information on the number of encounters in each time interval, we get by integrating over
these ordered times an upper bound of the form

SN N o1 @M“s 3M“§—1
— <
Nl (N<" +|o|-1)! M! = (M -1)!

where we used the inequality

(713) 5N7‘TN " +lo|-1 @M'rts ’

(MT(S - 1)' < Mré_l
NTU(N< +|o| - DIM! '

Up to a factor CM" the factorial (M™ —1)! compensates the factor (M”S)M”S in (7.12).
Furthermore, in any dimension, for any R, N

(7.14) sup{exp(—1|V|2) (|V|2+R)N} <CNeft NV,
% 8

After integrating the velocities with respect to the measure M®MT6, we deduce from the

. . . M r
previous inequality that the term (V]\Q/ﬂ(S +M ”5) gives another factor of order (M™)M ’

which leads, up to a factor CMN;, to the term M™! in (7.6). This completes the proof of (7.6)
and therefore of the inequality (7.2). O

We turn now to the proof of Inequality (7.3). We proceed as for (7.6) and our purpose is
to show that

®MT?
sup / 1{ZM7'5 non minimal forward Cluster}M (‘/M'”s ) d‘XvM'r‘s—ld‘/M’"‘S

Tprrs eTd

(7.15) 5

: C%eél loge|(Ologe[)*** (COYM7l(Ca) N1+ () VT Hlol=2)
3
for some pure constant C' > 0, uniformly in (S,S,K,,\, &).

By construction, there is at least one encounter violating the minimality, and therefore
at least one clustering in Zs. The support estimate (7.6) can be refined by using that the
graph encoding all encounters has strictly more than (M7 —1) edges (i.e.it strictly contains
the forward tree 7<), which means that there will be at least one cycle in this graph. This
reinforces one of the geometric conditions on the sets Br. ; (see (7.10)), leading to the following
estimate

s R Mr6_1
> [ MO W) Vi [ ARy ilegee T] 1a
T.eT~ i=1

(7.16) e
MmOt s [O-(r=1)8 ©
< (g) €| 10g €|(V@)2d+4(MT6)2+2M g / dtl [ dtM'r(;_l ]-samp :
Je 0-réd t]ur6_2

We refer to [8] for the proof of this estimate (see Eq.(5.12) in [8], which is derived under
the same assumptions on the sets Br_ ; except for the minor difference in the time sampling



50 THIERRY BODINEAU, ISABELLE GALLAGHER, LAURE SAINT-RAYMOND, SERGIO SIMONELLA

condition ¢; € Z). We recall the choices (2.9) for V and ©. Then integrating over the simplex
in time represented by lgamp leads to (7.15), where the contribution § comes from the first
edge of the forward tree. Since we did not track the nature of this edge, the terms (N"-1),
and (N<" + |o| — 2); have been adjusted to take into account all the possibilities.

This concludes the proof of (7.15), hence of (7.3). O

8. EXPECTATION AND VARIANCE OF @-PRODUCTS

The aim of this section is to control the expectation and variance of ®-products in order
to complete the proofs of Lemma 4.11 and Lemma 4.12.

Without loss of generality, we suppose from now on that the sets o; are indexed by ¢ €
{1,...,q}.

We start by proving the estimates on the equilibrium measures (in Paragraphs 8.1 and 8.2),
and then show in Paragraph 8.3 how to conclude to Estimates (4.17), (4.18) and (4.21).

8.1. Expectation of centered ®-products. In this section, we prove the following in-
equality:

(8.1)

1 £,el i
52| ()|

k3

q ré - T <yl |—
< Coe [Tl K,) M x ((Co)M ()N (0Nl ).
i=1

Inequality (8.1) follows from the control on the structure of the test functions ¢(°9) given
by Eq. (7.5). Notice that in the latter estimate, the function on the right-hand side is in-
variant by translations (simultaneous of the M 9 particles in the space T%), and bounded in
an L'-weighted norm (by (7.6)). Using these two ingredients we shall now prove that

M1
)

L (Cloglpe )™
<Cye [0
R Mo

4 ‘
| (o)

k3

(8.2)

M]?
x Z sup l{ZMT‘s forward cluster}M ! d‘)(MZT‘Sfld‘/M[‘S
Sus7K1§7>\75 m]VIT(sETd !
1

where the sum is taken over the collection (g, MK, S, S € ) parametrising the clusters and Mf‘s
codes the cardinalities of the blocks in o; (as in (7.5)). The small factor ¢ will be obtained by
a cluster expansion of the invariant measure, tracing the small correlations between different
fluctuation fields. Eq. (8.1) follows then from (8.2) and (7.6).

In order to establish (8.2), we first use the definition of @-product given by (2.7) and write

o1 (01) _ zear j(o:) g [T ES[-¢)
@ MO Z¢ ' _]EE [¢ ’ :| = 77]\/[25 ((I)Mff) Es [_¢ J :|’
i=1 fe Ac{l1,....q} jeAe

with MZ‘S = Yjea ijjé’ Mg‘s = (M;"d)jeA and ‘I’M;f = ®jeA¢(aj) and where A° is the comple-
ment of A in {1,...,¢}. Then,

E?[écjﬁi(&”i))]:iuz/? > T RS-
1=1 '

[
! Z AC{L“-’q}jEAC

p
H 7 ~ X _
<205 | gl b Lo (2 MO Vi V).

p20 £+ A
We decompose Z Mrs in |A| subconfigurations (Z](\?_NS )ica (each one containing possibly several

blocks). We then use a cluster expansion of the exclusion 1ps , - representing each Z](\f[)ré by
]M:1 +p i
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one vertex, and (Z;)1<j<p as p separate vertices. We denote by d(y,y*) the minimum relative
distance (in position) between elements y,y* € S|4, = {(ZM)ra)zeAa Z1,..Zp}-
We define the cumulants

QO(ZMXS)Zl?" gp) = Z H (_1d(y,y*)36) )
GECSIAH;D {y,y*}<E(G)

and more generally for any subpart of ¥ c 5|44,

(8.3) p(Y)= > [T (lagyne)

GeCy {y,y*}eE(G)
denoting by Cy the connected graphs with vertices in Y and by E(G) the edges of the
graph G. Notice that this definition is analogous to the one used to treat the dynamical
correlations in (3.31), but now the exclusion is static

ol

[T layse= > TI  (Flagy<) = 2 [Telrg),

yEy* GeGy {y,y*}eE(G) pePy q=1
y,y¥eY

where ¢(pgq) is defined by (8.3).
We then have the following cumulant expansion

1oss, (Zas %) = (Hl@gm(z(zw)) [T taarse | (Zay %)

€A YY* €S| Alp
y#y*
G B Ul _
(M, 200) ¥ 10, Z) T8 etz 7).
A M oc{Lup) 0 nEPa  Tiefly il

Inl -
Ui:oai:{lz"'7p}
GiNG ;=@ i+i’

where P4 is the set of partitions of A, and Z,, (ZJ(\Z)“S
J
(in particular all ; are empty if |59 = p). Using the symmetry in the exchange of particle

labels, we get, denoting n; := |5y,

(p)(]?—no) (P—no—”'—n|n\-1): p!
g ny Ny no! ... nyy!

choices for the repartition of the background particles Zp.
Then, using the definition of the partition function Z¢, we obtain

) . Note that the &; may be empty
Jen;

S fdz 1o:, (Zsss. Zp) M (V)
p>0 P A

1 10 _ _
=g(H1DeT<Z“Ta>)ZZ > (e (2)d2,,)
ed  MP° it ] 9ePa p20n0,...np 20 \ 1000
> ni=p

||

XH”E fM%ga( Lo+ Zon YA,

(8.4) (HlD ](\2"5 ) D H(Z pet fM@me(p( WZW)dZm).

AIT§
i€A nePy £=1 \ne>0 T
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By Fubini’s equality, we finally get that

Eiq[éCﬁﬁ(cﬁ(ai))]:M?ﬂ ) (HE@Q[—W])
i=1 i

Ac{1,....q} \jeAe

Y1 InllzuE fM (My2+4my) (2. W)(

nePa =1 | ng20 !

I d)(aj)lpam (Z](\j)ﬁ)) ddeZm] .
J

Jene

By definition, if one part 7, is a singleton, say {j}, we find that the corresponding factor
of the product is (using again Eq. (8.4) with A = {j})

(8.5) WZ;O 'l:; [/\/l (my +W)S@(ZMT5 Zné)gb(o;)lps i (ZM'r&) dZnedZMnS —Eeq[¢(aa ]

We will therefore split any partition 7 of A in a union of singletons {j} for j ¢ A\ B,
and a partition 1 of B with no singleton. In particular, we have that 77 has a number of
parts |7] < %|B |. Thus absorbing the sum over singletons as in (3.39), we get that

(8.6)

qu[é@i%(wi))]:uz” > Z(—1)|36_|A(HEEQ[¢(Uj)])

i=1 Bc{1,....q} AcB¢ jeBe

[nl ' )
X Z [ Z :ue / M +n4 s0( e ng) (H ¢(Uj)1'DjW_~5 (Z](\f[])ﬂs)) dandZW]
J

ne(PB)*K 1| nes0 ne! Jjene

|| , _
_Ng/Q Z H[Z ,Us [M M +W)‘p( Zngs z)(H ¢(0])1D5‘ (Zj(\ffj)ré))dznzdzne]

1Pt )" =1 L0 7 e

where (P4)* stands for the partitions without singletons of a set A.
Recall that the cumulants defined by (8.3) can be controlled by the tree inequality (see
g-[26, 27])

(87) |<)0(Y)| < Z H ld(y,y*)gea

TeTy {y,y*}eE(T)
where Ty is the set of minimally connected graphs (trees) with vertices in Y. Thus inside

each connected component 7y, a tree connects the |n,| vertices Zgj)_”; and the ny background

J
particles (where each edge corresponds to the distance being smaller than ¢).
For a given tree T', let dy,...,d,|+n, be the degrees of the graph (number of edges per
Vertex) Integrating with respect to ZW, Zy, leads to

fM M”"‘;Jrng H 1d(yy )<€(H ’¢( ;)

{y.y*}eB(T) Jene
< Cq (C/E:d)‘ng|+né*1 H (M}"(?)dj

J EW

Ip: | (Z](é)é)) 42y, A7,
1 J

(Cloli)™ "
H — Z sup 1{ZMT5 forward cluster}M dXMT5 1dVMr6 y

7"6[
Jene M S,8,K,c,\E ansE'JT

where the constant C’ > 0 depends only on d.
To justify (8.8), we first notice that for each j in 7y, the subconfiguration X ( 25 covers a

volume of order M J’” 9@ Thus overlapping two such configurations indexed by j, j leads to
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a factor M; r(sM ¢l and overlapping the subconfiguration j and a single particle to a factor

d

M;° dgd, Whlle Overlapping two particles leads to a simple factor €. Therefore, overall each

edge of the tree brings a factor €%, and each subconfiguration X](\j)ré brings a factor M; 0

J
per edge attached to the vertex j of the tree. Furthermore the integral in the last line is a
consequence of (7.5) and of the translation invariance of the indicator functions of forward
clusters. Indeed the tree T" encoding the static overlaps imposes a geometrical constraint only

on the position of a single particle in each X ( 35, say x( ) . Therefore by Fubini, we can first
] ]

fix the variables (X ](\25 X V]\(/[]r)a) defined by (7.9) in such a way that the dynamical constraints

are satisfied, integrate the variables (X'W, ( E‘JJ)T 5) ) according to the tree structure, and then
J

integrate with respect to (X](\ZIZ(s D VA(/[]T)(S) for all j. This leads to (8.8).
J

There are (n —2)!/TI; (dj — 1)! trees of size n with specified vertex degrees (see e.g. Lemma
2.4.1 in [7]), so that summing (8.8) over all trees leads to the combinatorial factor

M) rs
(Inel +ne=2)t 2 (H %) (H (d;—l)') < [rpeltmgt2le e (H MjPes )ew :

diy iy len, 21 \TENe Jéne Jene

Thus, enlarging the constants Cy, C,C” from line to line and recalling that M"™ = Y9 M,
we deduce that
(8.9)

E [@Cs eq ( (0’i)):| <C, C/Mrsugp 5 H(C'sd)m‘ LS (e edyne

ne(Ppr,.qy)” ¢ 20
(Cloi|pe) My 76
QM
H MN;' Z sup / l{ZMns forward Cluster}M ' CLX]\/[Z_N?_ldVMiﬂS
i=1 S,8.K,c,\,E Ty r5€TY g

S C CIMT(;( d)q/2

(C‘Uzlﬂe) a ®M7?
H Mré' Z sSup l{ZMm; forward cluster}M ¢ dXMZT‘s—ldVMZT‘;
i=1 SSKg)\SIMmSET

6
<C, "M

(Cloilue)™” ®M]?
H Mr(;' Z sup 1{ZMT5 forward cluster}M ¢ dXMiT"sfldVMZT'(; ;
i=1 SSKg)\EIMnSeT

where in the second inequality we used that e is small to sum the series and that for |n| < ¢/2,
q=>2

||

/21—[( )Inz\ 1 q/2( )q—\nl < (,U55d)q/2 '

Equation (8.2) is proved. O
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8.2. Variance of @-products. We aim at proving the bound (4.18), let us compute

B (@,(0) |- Ee(*[ug(q( NS [¢<w>]))]

fie

(810) mln(M”S M”S
= ) I E.[-¢(7)] x > Eaarg
Ac(L7a) jeACU(AT)® =0
Alc{1/,....q"}

where the joint expectation with ¢ repeated indices is denoted by

1
-~ ed 5 e e ¢
Ea g = g EZ CIJMXS (z“, e 7ZZA{25 )‘DM;\&/ (ZZ/I, ey Z )

‘ o P ‘ ; M;ﬁ
€ (i ,... =
(i1, 71]\/[25) (41, 721”:3 )

with notations introduced above, which we recall again: Mzé = Yjea Mj o M7 = (M}"é) jeA,
Prprp = ®jea $17) and M) = ¥ a MJ°, M = (M%) e, Prrs = @jen ¢(?3). Denoting

by A and A’ the subsets of indices selecting the ¢ contracted variables, we get

q-¢
lu’s IU’S —~ /
gA,A’,Z = e z Z dZMr6 d M7 de(;XZ (ZM’!‘6 5 ZM""; )
Z Al A Al
Ac{1,..., MT5} Xe: AHA’ p>0 p
(8.11) Ae(t,., M:ﬁ}
[Al=[AS]=¢
/ ®(M 7P+ M7 —L+p)
* Py (ZMZ(; )(I)M;x&' (ZM“S ) 1D?ﬂ§f+M}f e+pM ’

where the injective map yy: A = A’ encodes the repetition of the indices in Z M A Mg
0,
]I;IX Zi ZXZ(J)
A factor pZt is gained from these repetitions.

Step 1. A graph structure with Mz‘s +M£‘f — /¢ vertices, depicted in Figure 8, can be extracted
from the constraints q)MZ‘S’ Oppro s xe in (8.11) :
A/

e the dynamical constraints corresponding to (Z (9) o5 )jea and (Z M)M )jear, coded by the

functions ¢(?7) according to (7.5), lead to vertices forming |A|+ |A'| connected orange
packets;

e the constraint y, from the ¢ repetitions in the variables is represented by green lines
(contractions) in Figure 8. The vertices linked by green lines correspond in fact to
the same repeated variable, and are therefore identified.

We consider a partition n of Au A’ into s connected components 7y,...,7ns (represented in
blue in Figure 8): in each component 7;, all orange packets are connected by green lines.
Denote by ¢; the number of green lines in the component 7;. By definition

S
G2 | -1, Yt=t
i=1

where |n;| is the number of orange packets in n;. We denote by 5X4i the identification of
particles restricted to n;, so that

S
Oxe = H 5Xei J
=1

and recall that a green line can only join a packet j € A and a packet j € A’.
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FIGURE 8. A partition n with |A| = |A’| = 4 and s = 3. The first component is
m = {1,2,1,2'}, the second component is 7o = {3,3',4’} and the third component
n3 = {4}. The number of green lines is ¢; =4, o =2 and ¢35 = 0.

Recall that Z,, = ZJ(\Z;?; is the collection of particles in the connected component 7;, where
o
S _ 6 0
JjeAnn; JeA'nn;

We should keep in mind now that, as ¢; particles of A" are identified with particles in A, then
the total number of particles is actually M;f —4;.

Step 2. We need now to define new forward tree graphs to be associated with each component
n;. We denote by T for j € A (j € A”), the orange forward tree describing the cluster structure

of gb("j ) used in estimate (7.8), coding the geometric constraints on the configuration ZJ(\/?M

J
associated with the forward dynamics in terms of minimally connected graphs (we drop here
the index <, but remember that the graphs are equipped with an ordering of edges). We
recall that, in such forward dynamics, each configuration of M; 9 particles is partitioned in

blocks, and that the cardinalities of such blocks are coded in the notation M;(S in (7.8);
the component 7); inherits then a partition in blocks M;‘f In each connected component 7;,

we extract a minimally connected graph T;, on the set of vertices Zﬁ}} (equipped with an
ordering of edges) by means of the following procedure (see also Figure 92). We collect first all
edges coming from Tj for j € Ann; (note that this cannot produce any cycle by definition).
This will form the skeleton of the graph and will be denoted by TT}Z_A. Then we look in turn
at the edges in the remaining orange forward tree graphs T with j € A" n ;. Following the
ordering, we keep only edges that do not produce cycles after identification of vertices linked
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by green lines (note that this peeling is unique). We end up with a forward tree 7T, ,;? on the

§ §

_ L

Choice (a) Choice (b)

FIGURE 9. Two sets A (on the left in both cases (a) and (b)) and A’ (on the right
in both cases (a) and (b)) are connected by green lines representing identification of
particles. (a) The skeleton is the set of all orange edges in 1; N A, and the minimally
connected graph T,;? is obtained by discarding the orange edges in A’ which create
cycles in the graph (dotted orange edges). (b) The skeleton is the set of all orange
edges in 17; N A’, and the minimally connected graph Tnf}, is obtained by discarding
the orange edges in A which create cycles in the graph (dotted orange edges).

set of vertices Z (7’2; encoding some of the dynamical constraints of the orange forward trees,

which will produce small factors. We stress that by construction, the admissible tree graphs
T é depend on A, A’, x, and on the arbitrary choice of constructing the skeleton over A n ;.
The superscript A in T, é is a shortened notation reminding us of this dependence.

Thus in (8.11), for each component 7; we have a product of test functions controlled by
the following estimate, which extends (7.8) to the case of products with repeated variables:

240y, | TT 6] (Zay)

Jen;
711 —|mi|-¢;

(8.12)
MS M e
<Gy (H |‘7j| ’ )|77@| i Y T 5Xgi Z Z 1{ZM“s e REmPY
i ° 4 T3

JEn; © A8 8 K& TA
g’,/\’,S/,S,,K,,E’ ]

where (g, A S, S, K, 8) and (g’, N.S'. S, K',E’) are the whole collections of variables which
are necessary to parametrise the orange clusters in A and in A’ respectively. Here, R;fi%np is
the corresponding set of compatible configurations for a given ordered tree graph on ]\2,’7;5 -
£; vertices. Therefore for each orange edge in Tvﬁ’ there exist two particles which will be

dynamically constrained by encounters, according to the specified forward dynamics (and
respecting the time sampling).

Step 3. To control the background particles Zp in (8.11), we use a cluster expansion of the

exclusion 1pe as in (8.4). We consider now |Z (7”2; as s blocks represented
M7+ M7 —trp M7 N<ics
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each by one vertex, and (Z;)i<j<p as p separate vertices. We then have

1

,u,
Z€ >0 ; de 1DM7‘5+M7'6 L4+p (ZMXS Z, ’7‘67 p)M®p(V)

(8.13)

H Mr5 4 ( J(\Zié) Z H( Z ILLE fMgmusO(ZwuaZ’nu)dZnu) 9
Ny, >0

wePs u=1

;i

where 7, = (Z](\Zﬁ%) .
TEWq,

4

FIGURE 10. The s components 71, ...,7ns (represented in blue) are grouped in |w]|
parts (represented in black) according to the partition w, and each of these parts w, is
provided with an arbitrary number n, of background particles (black dots). In each
part, because of the tree inequality, all vertices are connected by a tree (represented
by the dotted black lines).

Step 4. By Fubini, we finally get from (8.10), (8.11) and (8.13) that

2
e & (@) _E_[o(e) (o))
EEq /’Lg Mr5 Z¢ J 5|:¢ J ] :/'[/g Z H ES[_¢ ’ ]
Jj=1 Le Ac{l,....q} jeAcu(A’)®
Alc{1/,..., q’}
“ B
Y OzE s sy
weP qua7 u=1 | 14,20 U NEPwy, Li2Inil-1 Ay AL X,
1<i<|n] 1<l<|n|
Ul
Mré_ Il fi “ = _éi . =
X [M®( Yty itn )80( Zyys Zngs - ’Znu)Q(lpf\ﬂs_[/‘a 59% qu(og)dZm)dZnu
i= i JE€n;

The set w,, corresponds to M/ ro Z'm {; particles, to which n, background particles are added,
as depicted in Figure 10. Here we denote abusively by n = {n1,... ,77‘,7|} the generic partition
of one w,. There are |n| components in the partition 7 and, in each component 7;, we recall
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that ¢; > |n;|-1 denotes the number of green edges and 5X@L- the identification of the ¢; particles
in A} with the ¢; particles in A;.

Using (8.5) and proceeding as in (8.6), we split any partition w of Au A" in a union of
singletons {j} for j € (AN B)u (A’ \ B’), and a partition & of Bu B’ with no singleton
(and at most %(|B | + |B']) parts). Compared with the previous situation, we cannot absorb
the sum over singletons due to the defect of centering, and we have (noticing that £; = 0 for
singletons)

2
e 1 1 o o
EX |l | @ | —75 201 —Ec[0(7)]

=1
T=\ pe

|l

=ul N (H (E?[&“ﬂ]—m[(b(“ﬂ])) > I X X X
(814) Be{l,....q}  \jecBu°B’ we(Ppypr)* u=1| n€Py,,| fiznil-1 A; ALy,

Blc{1/,..., q’} 1<i<|n| 1<i<in|

14,20 n“'

Ny
3 B[ MR e (7, 7, )

In| _
< [1(1p: , o, T10)d2,,)dZ0, | -
=1 Mnihi " jeni

To estimate from above the latter formula, some of the constraints on the clustering struc-
ture can be forgotten. Indeed we know from Step 2 that, to each component 7; and each xy,,
we can associate a minimally connected graph T,f , encoding dynamical constraints associated
with orange edges: see Eq. (8.12) and Figure 9. The next and final step will be to integrate
these dynamical constraints. At this stage, the assumptions from Lemma 4.11 on the cu-
mulant structure will become relevant to describe precisely the set R;)gl P including the time

i
sampling.

First of all, we proceed by estimating the integral over the background particles as already
done in Section 8.1. For each w, and n € P,,, the functions ¢ can be controlled by the
tree inequality (8.7), this time applied over the vertices (Zy,),; <) (considered as subconfig-
urations) and the n, background particles. Using (8.12) and the translation invariance, we
obtain (as in (8.8)-(8.9)) that the term in the last two lines in (8.14) is bounded in absolute
value by

M0 —|n;|-¢;
M° dy|n|-1 I He i
ot
= ni °

(M %—1;)
Y aew [l (G MO i, i,

<\, 8,8, K, & TB
o/ \,S S K! & 4

(8.15)

As in (8.8), (8.12), the first sum is taken over the whole collections parametrising the forward
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dynamics (and the sums over such parameters can be bounded by C’IJXI" and combinatorial
factors depending only on ¢ < P); moreover the supremum is taken over one single positional
variable and, for brevity, Z{h is the configuration Z,, deprived of such variable.

The remaining integral is now estimated in a similar way as in the proof of (7.6) above.
We may follow the same strategy devised in Section 7, ordering the orange edges in time in
a way to respect the sampling, and identifying a sequence of independent degrees of freedom
which can be progressively estimated; see (7.9)-(7.14). However, particles in the skeleton play
a special role, as explained in what follows.
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Recall that, by Step 2, the tree T, ,7]? is constructed asymmetrically so that the union of the

skeletons U; T,}iB records all the dynamical constraints in (¢(%)) jeB (Figures 8-9). For these
edges, we proceed exactly as in Section 7 and recover a bound of the form (7.12)-(7.13) taking
into account the time sampling. Instead, the orange edges which are outside the skeleton are
estimated more crudely, discarding the dynamical constraints associated with the sampling.
This leads to the estimate
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Note that one factor (M H 5) J is compensated by the factorial at the denominator in the

. . M b 1
second line, and the same can be said for one factor (M,’;fm B,) n;nB in the third line.
Hence, enlarging the constants, we get

(8.17)
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6
where the factor (M 7’5) " compensates, up to geometric terms, the factorial in (8.15). On
the other hand, the number of possible contractions at ¢; fixed is

Mr5 M" rd , ‘:
1= nﬁB)( niNB )€|<2 anB M , 4
(8.18) A“;X[ ( ?; ¢ ( n:NB )

1<i<|n|

which compensates the factor (M;me,)_ei in (8.17). Therefore by (8.14), (8.15), (8.17) and
(8.18) we deduce that (recalling ¥ ;|n;| = |B| +|B’|)
(8.19)
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for some constant Cp as in the statement of Lemma 4.11 and some pure constant C. As
7; N B can be replaced by n; n B’ by symmetry, we also deduce that

(8.20) )
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Recall that Ce?p, = Ce, so that we obtain a rough upper bound
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We are left with the cost of the conditioning in the singletons

(5:22) B Loy 0] = B9 [Loy, w0 (6))]

which, recalling that 73, 5(¢("J)) = eq[ 5(¢(03))] -2 Cirns (qb("ﬂ)), is bounded as fol-

lows:
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In the last step we used (2.10), together with (7.2) to bound the first term, and the estimate
(4.18) at equilibrium in the case of one single factor to bound the second term (this estimate
has been proved in [8] and follows also from the previous computation). Notice that the
second term is dominant for u. large (and © > 1). We will actually only keep the rough
estimate

(8.24)
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When inserting this into (8.20)-(8.21), we obtain the following power counting
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because the partition in w has no singleton. Notice from (8.24) that each contribution in
°B.° B has an additional factor %2 so that the leading order terms in the power counting
(8.25) are associated with |B| = |B’| = ¢ and with partitions w which are pairing of the sets,
as expected from the Gaussian asymptotics.
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In conclusion, we arrive to

2
q
qu ILLE M'r5 Z¢(J]) 5[¢(O—])]
(8.26) 9= 1 1
SCPH((CP@)QMj+N;;+N |O'J|(C 5) JJ (C ) +\JJ| 1) .
j=1
A similar proof leads to the estimate
(8.27)
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To obtain (8.27), we repeat the above argument leading to (8.26). In what follows, we only
discuss the main differences. In the derivation of the product bound (8.12), we used the
elementary estimates (7.4), (7.8) where the cluster structure is given by minimally connected
graphs. In the case of (8.27), one factor of type ¢(”i)’cyc is present which satisfies the different
estimate
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Here the set Rcomp ¢ is defined as the set Rcomp, with the additional constraint that the
graph encoding all encounters in the forward dynamlcs should contain at least one edge on Zs
and at least one cycle. The construction in step 2 proceeds then as before, but the set R™P
in (8.12) is replaced by R™P™ if the factor ¢(?)°¥¢ belongs to the skeleton (i € A). This
leads to a formula as (8.14) where, depending on B, B, we distinguish several possibilities:

e i belongs to B and B’. The estimates (8.16)-(8.17) are then improved by applying
(7.16) (instead of (7.12)), which uses the reinforced geometric condition on the cycle to
bring an additional small factor £6|loge|(0|loge|)2**. One gets then a contribution
as in the right hand side of (8.20) with such an additional smallness.

e i belongs to B and “B’ (or viceversa). Similarly, (8.20) is modified by a small factor
(e6|loge|(©]loge)?#*)1 /2. An even smaller factor (2¢10ed|loge|(O|loge|)2¢+*)1/2
is produced by the estimate of qu[lcyi/d)(”i)’cyc] (performed as in (8.23)), thanks to
(7.3) and (4.21) in the case of one single factor.

e i belongs to °B and “B’. Then we have two factors qu[lcyi/¢("i)’cyc] estimated as
previously.

In all the cases we end up with a gain 6| loge|(©]loge|)2¥**, which proves (8.27).

8.3. Conclusion of the proofs. In this section, we shall derive (4.17), (4.18) and (4.21)
from the analogous results obtained above under the equilibrium measure. Finally we will
prove Proposition 2.3.
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Proof of (4.17). Recalling (2.12) there holds
4 q
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The second line can be bounded by (8.23), while the first term in the first line is bounded by
(8.1). Finally the second term in the first line is bounded by
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where we used (2.10) and the analogue of (8.26) in the simpler case of centered fluctuations.
Using that (@5d)1/2 « ¢ for d > 2 we obtain that

[@ PGS )]

which concludes the proof. ]

(8.28)
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Proof of (4.18) and (4.21). Both estimates follow immediately as

EE[(é%a(qb(m))Q] < qu[(ég\@a@(ai))f] .

Proof of Proposition 2.3. Proceeding as before,
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for some constant C), > 0, where in the second inequality we used (2.15) (derived in Proposition
A.1 from [8]) and (2.10). This proves (2.16).
To prove (2.17), we write

E. [ﬁ Cgp(h(p))] Y E. [H ¢ eq(h(p)):| |Ac/2( I qu[lcT;\/ Ws(h(p))]) ’
p=1

Ac{l1,-,P} peA peAc
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from which we get

[ P P
15 = 1| = B TT G (h @) | - B | TT 65, (h )
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Using once again (2.10) and (8.23), together with Hélder’s inequality to bound the moments
of fluctuation fields, one deduces the estimate

159 - 15| < Op (0e9)/* |

This concludes the proof of Proposition 2.3. O
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