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On global infinite energy solutions to the
Navier-Stokes equations in two dimensions

ISABELLE GALLAGHER, FABRICE PLANCHON

Abstract

This paper studies the bidimensional Navier—Stokes equations with large ini-

. . -2_1
tial data in the homogeneous Besov space By, (R?). As long as r,q < +o0,
global existence and uniqueness of solutions are proved. We also prove that weak—

.d_
strong uniqueness holds for the d-dimensional equations with data in B;, ! (RN
L*(R?) ford/r +2/q > 1.

1. Introduction

We are interested in solving the 2D incompressible Navier-Stokes system in
the whole space, say

%:Au—u-VU—Vp,
viu=o (1.1)

u(x,0) = ug(x), v € R2, ¢ > 0.

The vector field u(¢, x) stands for the velocity of the fluid, the scalar field p for its
pressure, and V - 4 = 0 means that the fluid is incompressible.

Recall that global existence for large data in the energy class is well-known;
that result goes back to J. Leray [19], and states that for any divergence free ini-
tial data ug in the space L?(R2?), there is a unique, global solution u to (1.1).
If H' (R?) is the homogeneous Sobolev space then the solution w is in the energy
space C¥(RT, L2(R?)) N L*(R+, H' (R?)), where C?(R*) stands for the space
of functions which are continuous and bounded on Rt . Moreover, the solution u
satisfies the energy equality

t
vt >0, [[u(t)7ege) + 2/0 IVu(s)l72ps) ds = [luollz2(ge2)-
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More recently, global existence for large data was proved for measure-valued
vorticity (G.-H. Cottet [9] and Y. Giga, T. Miyakawa and H. Osada [14]); unique-
ness is only known under a smallness assumption on the atomic part of the measure
([14,16]). In this situation, the initial velocity field uq given by the Biot-Savart Law
is known to be at least in the Lorentz space L?°°, which is strictly larger than L?;
but not all ug € L> can be paired with a measure-valued vorticity. On the other
hand, global existence holds for almost every conceivable function space under a
smallness assumption. The most recent and almost final result is for data which are
first derivatives of BM O functions (see the work of H. Koch and D. Tataru [17]);
we will call that space BM O~ in the sequel.

In 3D the situation is a lot more complex, and little is known between the
weak L? solutions (Leray’s solutions, in L (R*, L?(R3)) N L2(Rt, H'(R?)),
which are known to exist with no uniqueness result) and the strong small L3
solutions (Kato’s solutions [15], which exist and are unique in C°(R*, L3(R?))
(see [11] for uniqueness) for small data). One has however weak solutions for a
large class of initial data: weak LP solutions for 1 < p < oo were constructed
by C. Calderén in [4] and more recently, P.-G. Lemarié extended those results to
“locally L2” data ([18]). Uniqueness is of course an open problem. We refer to the
work of P. Auscher and P. Tchamitchian [1] for the presentation of a large class of
function spaces in which the Navier-Stokes equations can be solved uniquely and
globally, for small data (or locally for large data).

On the other hand, in 2D one expects the small data existence to extend to
large data, even beyond L? data, as long as one works with a functional space
which scales like L. Recall that the scaling of the Navier—Stokes equations in R?,
with d > 2, is as follows: for any real number A, u is a solution to the Navier—
Stokes equations associated with the data ug if the same goes for u) associated
with ug,x, with

uy(t, x) def Mu(N?t, \x) and  ugp x () def Aug(Ax).

The space L*(R?) is clearly invariant under the transformation ug — g, .

In order to achieve global existence results, we will follow Calderén’s proce-
dure [4] and perform a (non-linear) interpolation between Leray’s solutions and
Kato’s solutions (or more accurately, their extensions to Besov spaces). Hence,
one expects to get any data which fits into any interpolation space between 2

and BMO~!. The Besov spaces B,«%,q_l(]Rz) appear very naturally in this con-
text, for r > 2,2 < q¢ < oo (the case where r < 2 is essentially easy, as the
regularity is then positive). We note that by using the different techniques devel-
oped in [18], one could get another class of initial data (roughly the density of the
Schwartz class in the Morrey-Campanato space M (R?)), but still miss homoge-
neous data. We emphasize the fact that the most interesting case is for r and ¢

.2
large, for which By, ' (R?) is close to BMO~". Indeed, as soon as one gets a
global existence result for r, ¢ large, it automatically implies global existence for
. %,1 .2
all 7" < rand ¢’ < g, because of the embedding B,/ ,, < By "
Before stating our result we recall what Besov spaces are, through their char-
acterizations via frequency localization (see [2] for details).
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Definition 1. Let ¢ € S(R?) be such that ¢(¢) = 1 for |¢| < 1 and ¢(&) = 0 for
|¢] > 2. Define, for j € Z, the function ¢; (z) def 24 $(272), and the Littlewood—
Paley operators S; def ¢j %+ and A; def i+1 — Sj. Let f be in &'(R?).
Ifs < g then f belongs to the homogeneous Besov space B;q (R?) if and only if
— The partial sum )" ~A; f converges towards f as a tempered distribution;
— The sequence €; def 27%||A; f||L» belongs to (4(Z).

Theorem 1.1 (2D global existence). Let r and q be two real numbers such that
2 <r < +ooand2 < q < +oo. Let ug € Biq_l(]R2) be a divergence
free vector field. Then there exists a unique global solution to (1.1) such that
u € C([O,oo),BT%,qil(]W)). Moreover, lf% + 2 > 1, then there exists a con-
stant C,. o such that

Vi >0, ||u(t)| < Crygllu ||1 &
2
- Br; w2y = 0 B'%fl(Rz)

™q

(1.2)

REMARK. Note that previous results recalled above, on data whose curl is a
measure, do not include this situation. Indeed such results correspond heuristically
to cases when r < 2 and ¢ = oo, whereas in our case the interest lies espe-
cially when 7 and q are close to infinity. Note moreover that examples of functions
precisely in such Besov spaces can be constructed, either simply by using the def-
inition presented above, or more explicitly for instance as in the book [22]. To get
a sense of perspective, one may imagine plotting spaces in the interpolation square
(L, %), for1 < r,q < oo. Global existence was previously known only at the point
(1, %) (. Leray [19]) and (for a subset of) the segment [(3,0), (1,0)] (Y. Giga, T.
Miyakawa and H. Osada [14]). As the result at one point yields the result for the
upper—right square, that is materialized by a “Leray-square” and a “GMO-square”
on the figure below; the result proved here is the rest of the square, except the
remaining part of its lower side and its left vertical boundary (r = oo or ¢ = 0).

]/qA

1

Leray

12 4+

G-M-0

0 12 1 1/r
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. S 2 2 .
Let us note that in the situation where — + — > 1, for » > 2 nothing prevents
roq
from choosing ¢ = oo. Indeed all estimates in this situation can be made indepen-

1
dent of ¢, and thus one would recover the bottom line result between — and 1. We

elected not to do so, at this requires some non-trivial form of limiting procedure,
in the same spirit as for measure-valued vorticities.
Let us sketch the procedure leading to the result:

1. take uy € Bi;l(]RZ). Split ug = vy + wo where vo € L?(R%) and
wp € BMO™!(R?) with small norm (actually, taking wo € B; 6_1 with small
norm will do, assuming ¢ > ¢ and & > r).

2. construct the small data solution w to the Navier-Stokes system with initial
data wy.

3. write down the equation for © = v + w. This becomes a Navier-Stokes-like
system for v, with additional terms containing w, which we then solve to obtain
local in time L2(IR?) solutions.

4. obtain an a priori bound for the energy of v. In order to do so, we need to
control the additional terms containing w, by the energy of v. We then extend
the local solution v to the desired global solution.

5. local existence and uniqueness are known to hold in such a Besov space

52-1 . . . .
By, (R?), hence the solution u = v + w obtained is unique.

The crucial point in the procedure described above is to obtain estimates on
the additional terms in the equation on v containing w (points 4 and 5). Actu-
ally some of those estimates will turn out to be very similar to estimates use-
ful in higher dimensions. As recalled above, if one considers an initial data ug
in B;;l(IRd), ford > 3and2 < r < 400,2 < ¢ < 400, then there is a
unique maximal time 7 and a unique solution u to (N S) associated with ug, in

d_
the space ([0, T], Bry ' (R%)) and such that
13
207 | pr gy € L([0,T))

with T < T™. Note that one has in fact continuity in time, except at time zero. A
natural question one can ask is then the following: if the initial data is additionally
in L2(IR?), then it is not difficult to see that u is also a Leray solution associated
with ug; but does uniqueness hold in that larger class of Leray solutions? In other
words, as long as one has a “strong” solution to (NS), which is also in the energy
space

£ EF o (rt, L2(RY) 0 L2(RT, B (RY)),

do all Leray solutions coincide with that one?
We have called “Leray solution” any weak L? solution v of the Navier—Stokes
equations in R?, with d > 3, satisfying the energy estimate

t
W20, Ol +2 | IV0 s ds < Iolfags (1)
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The answer to that question is given through the following stability theorem. Be-
fore stating it, we will need the following proposition, which will be proved in the
last section.

Proposition 1.1. Consider d > 2, and let v and q be two real numbers such
that 2 < r < 4+00,2 < q < +00. Then for any divergence free initial data

.d_
up € B, ! (R?), the unique solution u associated with ug satisfies, for all T < T*
and all p € [q, 0],
.42 g d
u € Lp([O,T],B;:q i (]R ))

Theorem 1.2 (Stability). Consider d > 2, and let r and q be two real numbers
such that 2 < r < 400,2 < g < 4+00. Suppose additionally that

d 2
—+=>1.
rooq

Let vg and ug be two divergence free vector fields in L?(R?), and suppose that ug
. i—l

is also an element of Br, (R?). Let v € L be any Leray solution associated

with vo, and let u be the unique solution associated with uy,

. N i P . def
withu € LI([0,T], Brq * (R*)) N L for some time T > 0. Thenw = v —u
satisfies, for all timest < T,

t
(G +/0 IVw(s)lI72gay ds < llvo = woll72(ga)

t
% oxp c/ la@I 4., ds).
0 BT Ry

d
Actually, the result holds with — + — = 1 as well, with the Besov norm
r q

.44 2 9
B;;;" (R%) inside the LY norm above replaced by an L"(R?), when 7 > d. In-
deed this can be seen somehow as a consequence of Serrin’s criterion [23] and inte-
.d_ d 2
grability properties of strong solutions with data ug in B74 ! (R?) with —+= = 1.
r o q

Thus, our theorem is really of interest when r < d, for which one can go up to
g = oo. Another reason which makes the result worth stating is its proof, which
divides the crucial trilinear estimate into three different pieces of which only one
requires the restriction on 7 and ¢; it does not seem possible to improve on the
continuity Lemma 1.1 below without using in a much deeper way the fact that not
only a and b are in the Leray class £ but also solutions of the equation.

That theorem yields in a direct way the following corollary.

Corollary 1.1 (Weak-strong uniqueness). Let vy be a divergence free vector
d_
field in L*(R?) N By, 1(]Rd), with the same restrictions as in Theorem 1.2, and
L
define the associate solution u € C°([0,T], Br, 1(]Rid)) N L, which is unique

Sd_
in C°([0,T), Bq 1(]Rd)). Then all Leray solutions associated with vy coincide
with u on the time [0, T].
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Before going on with the proof of the results presented here, let us state the main
lemma for the proof of Theorem 1.2.

Lemma 1.1. Let d > 2 be fixed, and let r and q be two real numbers such that
2<r<+400,2<q< +o0andd/r+2/q > 1. Then for every T > 0, the
trilinear form

.4y
(a,b,c)eﬁxﬁqu([O,T],B{q '(RY) l—)/ / (a-Vb) - c(t) dedt
Rd

is continuous. In particular the following estimates hold:

- V) - cdrds| < [lal72 i po 1Vall 2l s o) VBl 22+ 12)

Rd
><||C||L‘1([0 .85 Ry " “vaHLQ(RﬂP)HbHi/"Z(RﬂLZ)
VB mlell a1Vl
La([0,T], B:q ) ’
1/q 1-1/q
X“Mhﬁ%RtL%Hvb“L%RﬁLﬂHd|quT]B?:2757 (1.4)
and
t
‘/0 /Rd(a-Va) cededs| < ||Valllag+ 2 (e (1.5)

t
e / () 2 aguay I g,a,  ds.
0 Brg T (R9)

The rest of the paper is organized as follows. In the first section, we prove
Theorem 1.2, as some of the estimates will be useful in the 2D case as well. Then
in Section 3 we proceed with Theorem 1.1. The last section consists in the proof
of various estimates used in the previous sections.

2. Proof of the weak—strong uniqueness result

The aim of this section is to prove Theorem 1.2. Let us recall the situation: we
consider two divergence free vector fields vy and ug, with

. Sd_
vo € L2X(RY) and wo € LN B,  (RY).
The space dimension here is d > 2, and we have chosen 2 < r, ¢ < +00 with

d 2
—+=>1.
rooq

We associate with vy and ug two Leray solutions v and u, in the space £, with
additionally according to Proposition 1.1,

.d_ Ldy 2
¥p>q, uwe CO0,T), By "(R) N LA([0,T], Bry * ' (RY)).
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If w def v — u, then we wish to prove that for all p > max(2, q),

t
Iy + | 1T sy d < oo = ol

t
X exp C/ lu(s)I* a0, ds).
0 Bl (RY)

The method of proof of that type of stability result goes back to J. Leray [19],
and can be found in the book of W. von Wahl [24] (see also the more recent

works [12] and [13]). The idea is as follows: since the vector field w def v—u
isin L>°(R*, L2(RY)) N L3(R*, H'(R?)) by assumption, we can write

t t
()15 2 / V005 [ gy s = [1(8) 2 sy +2 / V() 2 sy 5

()2 +2 / IV 0(3)1[3 2y ds—2 (w(8) u(t)) —4 / (Vo(s)|Vu(s)) ds,

where (- | -) denotes the scalar product in L?(R?). The energy estimate (1.3) re-
called in the introduction then implies that

t
w172 gy + 2/0 IVw($)[[72(ma) ds < [luollF2@ay + llvoll72pay

~2 (w(t)|ult) —4/0 (Vo(s)|Vu(s)) ds.

Let us prove the following result.

Lemma 2.1. Under the assumptions of Theorem 1.2, we have, for all timest < T,

(v(t)|u(t)) + 2/0 (Vu(s)|Vu(s)) ds = (vo|uo) +/0 (w - Vw(s)|u(s)) ds.

PROOF OF LEMMA 2.1. A formal computation yields the result with no difficulty;
in order to prove it, let us consider two sequences of smooth, divergence free vector
fields (v,,) and (u,,) such that

lim v, =v in L*RY, H'(R?))

n—oo
and
: : 2t 77l (d R
lim w, =uw in L*(R7,H (R*))NLY[0,T],Brq * (RY)).

n—oo

Taking the scalar product with v,, and u,, of the Navier—Stokes equations on u
and v respectively yields, after integration in time and and integration by parts in
the space variables,

/0 ((5’su|Un)-|-(Vu|an)-|-(u.vu|vn))(8)d8:07
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and .
/0 ((8sv|un) +(VU|V“n)+(v-Vv|un))(s) ds = 0.

It is now a matter of taking the limit in n, and of summing the limits found. Since
both Vu,, and Vv, convergein L2(R*, L?(R?)) towards Vu and Vv respectively,
it is clear that

lim (/Ot (Vu | Vo) (s)ds—l—/ot (Vv | Vuy) (s)ds) =2 /Ot (Vu | Vo) (s)ds.

n—oo

Then Lemma 1.1 implies that
t

lim (v Vv |uy)(s)ds= /0 (v-Vu|u)(s)ds.

n—oo 0

Similarly, since the divergence free condition on u yields

/Ot<u-w|vn><s>ds:/Otw-wn|u><s>ds7

we have, still by Lemma 1.1,
t

lim (u-Vu|wvy)(s)ds= /0 (u-Vu|v)(s) ds.

n—oo 0

But ;v = Av—P(v- Vo) in D' (R?), where P stands for the Leray projector onto
divergence—free vector fields, so those limits imply in particular that
¢ ¢
lim (Osv | up,) (8) ds = — lim ((VU | Vug) + (v- Vo | uy) ) (s) ds
0

n—oo 0 n—oo

‘/ot(<W|Vu>+<v-WIU>)<S> s

=/0t (050 | ) (5),

and similarly

t

¢
lim (Osu | vy) (s) ds = / (Osu | v) (s) ds.
0

n—oo 0

Putting everything together, we find that the limit of

/0 ((5su|vn) + (Vu| Vo) + (U'Vu|vn))(s) ds

+/0t (@0 1) + (Vo | Tun) + (0 Vo [ un) ) (5) ds
is

/0((8su|v)+(8sv|u)+2(Vu|Vv)+(u-Vu|v)+(v-Vv|u))(s)ds.
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Then we just need to notice that

/0 (@l v) + @0 ) )(s) ds = (u(t) |v() = (0 | v0)

and on the other hand

/Ot((U~Vu|v)(3)+(U~Vv|u))(3)ds:/Ot(w~Vw|u)(s)ds,

and Lemma 2.1 is proved. O
Now let us go back to the proof of the theorem. Recall that we have obtained

t
w172 gy + 2/0 IVw ()72 (may ds < |luoll72@ay + llvoll72pay

—2(u(B)lut)) — 4 / (Vo(s)|Vuls)) ds,

so with Lemma 2.1, that means that

t t
0O +2 | [T e ds < ool e +| [ 0+ Tl 5 s
But Lemma 1.1, and in particular estimate (1.5), then yields
t
(O ae + [ 19006 xqee) ds < ool
0
t
[ NolBaapllull s 5, (s)ds,
0 Bl, % (RY)
and since [|u(-)|| a,2_,  is an element of L4([0,T1]), the result follows by a
B, 7 (R
Gronwall inequality, and Theorem 1.2 is proved. O

d 2
Let us make some additional remarks on the case — + — = 1: from the prop-
r

q
erties of w, namely w € £ and V - w = 0, it is well-known that

—d_,
w-Vw € LX(RY,HYn LY (RY, LT, @2.1)

where H! is the Hardy space. The first part was proved in [8], while the second
follows from (sharp) Sobolev embedding and Holder. Hence, in order to make
sense of the trilinear form in Lemma 1.1, a sufficient condition would be for the
strong solution u to verify

u € L*(R",BMO) + L>®(R", L4>). (2.2)

By interpolation, one is naturally led to the (stronger) Serrin condition

d 2
ueLq(IR+,L;)with;+g =1, r>d. (2.3)

.d_ d 2
Such a condition is automatically verified for data uy € By Ywith = 4+ = =1,
roq

see e.g. [6].



10 I. Gallagher and F. Planchon

3. Global 2D existence

The aim of this section is to prove Theorem 1.1. In the whole of this section,
all space norms will be taken over R?, which we will omit to specify from now

. 521 . - .
on. We start by splitting the data ug € B/, into two distinct pieces, vy € L2

-2 . . - .
and wo € Bf; ", with a small norm. We suppose that # > r and ¢ > ¢. This can
always be achieved since our Besov space is an interpolation space between L? and

21 ..
the larger Besov space By ;. We remark that the worst case scenario is clearly
for r, ¢ large, and thus we implicitly assume from now on that ¢, > N for some
large IV, unless explicitly mentioned.

3.1. Small solutions in the Besov space

This section corresponds to Part 2 of the procedure explained in the introduc-
tion. In order to simplify notations, we relabel 7 and ¢ to be r and ¢: that should
not lead to any confusion, as we will not be considering the function u any longer.

All known results apply to solve

0
X~ Aw-PV - (w e w),
V-w =0, 1)
w(z,0) = wo(x), v €R?, £ >0,

where P stands for the Leray projector onto divergence free vector fields. The
interested reader may consult [5,7,21] for results of this type by different methods.
What we will use is the following result.

.2

Proposition 3.1. Let wy € Byf, " with small norm. Then there exists a unique
.2

global solution w of (3.1) which is such that w € Cy(R*, Bfq 1).

We remark that the uniqueness part does not follow from the construction of the
solution and is in fact a recent result, [11]. As explained in the above references,
the unique solution w satisfies many additional properties, of which the following
estimate will be the most useful:

sglyt%_%+%||vaw||Ln < ||w0||Bg,1 forao =0,landr <n <oo. (3.2)
™q

In what follows we will assume that |Jwp]| .2, < &g is very small.
B,

3.2. L? solutions to a modified Navier-Stokes system

We shall deal here with points 3 and 4 of the procedure sketched in the intro-
duction. We aim at getting a solution of
ov
5 Av—PV-(v@w) -PV-(w@v)—PV- (v®@v),
v2 o, (33)
v(x,0) = vo(x), z € R?, ¢ >0,
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where recall that vy € L2, and w satisfies the estimates of Section 3.1.

For this step, many different choices are possible. One may proceed by mol-
lifying the data and/or the equation as it is customary for the weak L? theory.
Though this can be easily accomplished even with the addition of the w term, we
proceed differently and simply get a local in time solution by fixed point on the
integral equation

t
v=e Ay — / e EDAPY . (v w+w v+ v©uv)ds. (3.4)
0

That local solution will be made global in time by proving an energy estimate in
the next section.

The result we shall prove is the following. Before stating it, note that we are
going to use Lorentz spaces LP>%, which as far as we are concerned may simply be
seen as the real interpolation spaces [LP Lp+](9,q) (see [2]).

Proposition 3.2. Let us define the space Er, for T > 0:

Er Y {5 e S®)|1£(,0)lr < 0},

where

d. 1
)l % sup 141115 + 11 fllz2(o,71.02) (3.5)

+ 4 4) + 2r .
IF 220, 71,29) ||f||L2T_2([O7T]’L:,1)

Then there exists a time T' > 0 and a unique solution v to (3.3) in the space Er.

PROOF OF PROPOSITION 3.2. This follows readily by contraction in E7 (note
that the choice of Er is of course one out of many). As we are going to perform
computations on Lorentz spaces, we refer to the last section for the equivalent of
Holder and Young’s inequalities for those spaces, which we shall refer to as O’Neil
inequalities.

We will denote by |u||r1, |ul|T2, |ul|7,3 and |u||74 each part of the norm
defined in (3.5). Note that the introduction of Lorentz spaces will turn out useful
to obtain the L2(H ) estimate on v.

Before proceeding with estimates, we perform the following reduction: we can
replace the bilinear operator in (3.4) by its scalar counterpart, which reads

def ! 1 :
BUr.o) & [ gl fals) ds (.6
where G € L' N L (as CA}’(f) ~ 5’é#g’“e"’z‘g). Thus every function is now a scalar
function which should be understood as any coordinate of the velocity field.

We proceed now with proving contraction properties for B for all the norms
of (3.5). We begin with the first one, which is Kato’s weighted norm. If v; and v
stand for two successive iterates in a fixed point scheme, then we write

vy — vy & B(vy,v1) — B(va,v3) — B(vy — va,w) — B(w,v1 — va),
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and we have

llor — wval[a(t) <

t _
A (t—s)% G(\/t—s

But by Young’s inequality,

ds.

) * ((v1 —v2)(v1 +v2) — 2w(v1 — v2))(s)

L4

\/m)“LAL/a“Ul _v2||L4
X (lvillzs + llvzllze)
3
S (t=5)% v —vallpa

X ([lvrllps + llvallze),

|G( ) % (v1 — v2) (01 +v2)]| L4 < [|G(

t—s

and similarly, using (3.2) for w with @ = 0 and n = o0,

1G(

) *w(vy — v2)|lrs < ||G( )| 1 llvr = vl pallw] -

] |

t—

]

—s
<(t—s 172,

~

~

||Ul — U2||L45087

So we have obtained

t
1
||’U1 — ’U2||L4(t) 5 50‘/0 W“Ul — ’U2||L4(S)d8 (37)
t
1
+/ — llvr = va2llpa(s)([[villza + [[v2ll24)(s) ds.
o (t—s)2

We now use the generalized Young’s inequality for the second term while for the
first, we use O’Neil inequalities ([20]) for Lorentz spaces, which we recall in the
last section for the reader’s convenience. Thus, we get

[or = a1 S lor = ool (g0 + foillm + [lvafl7,1)- (3.8)

The control over the third and fourth parts of the norm are along the same lines:
using O’Neil inequalities again, we get for any pair 1 < v, u, A < 00

o1 = vall gy ey S Mlor = vallprn gy (€0 + [vallza + [[o2llr). (3.9)

We postpone dealing with the second part of the norm and recover first v €
L$°(L2), which follows readily from (3.7) with L? replaced by L2:

lor = val[L2(8) S llor — vallz2 (8) (20 + orllrn + llvall7,1)- (3.10)
We are left with proving v € L?(H'). We deal with the true non-linear term
first, namely B(v) = B(v,v), distributing the gradient on the product: similar
computations to the case of the | - ||r,1 norm yield

t
IV(B(v1) — B(v2))lr2(t) S /0 %HV(M —va)lzz([[v1llze + [[v2]lra)ds

3
t—s)*

t
1
4 [ V0l + [9llzo)llon = vllseds,
0 (t—s)4
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for which another application of Holder and Young allows to conclude.

Hence it remains to deal with B (v, w) which as one would expect turns out to
be the most annoying term (remark that we already have an L{°(L?) solution, and
we are looking for the additional property on its gradient). We write

VB(v,w) ~ B(Vv,w) + B(v, Vw),

of which the first term is the easiest (using (3.2) with @« = 0 and n = oo again):
we get

1 ||V(U1 _U2)||L2(8)d3 3.11)

IB(V (01 = v2), w)l2(#) < 2o / ;

—3) 3 g3~
for which O’Neil inequalities give the desired result. Now, the fourth part | - |74

of the norm is crucial, together with (3.2) fora = 1l andn = r:

t
1
|1B(v1 — v2, Vw)||2 550/ —
0 (t—s)

2x_(s)ds, (3.12)

r

sl lor = UZHL
for which one last application of O’Neil inequalities gives the L? estimate. We
now have the desired contraction property for the | - || norm. All is left is to check
that the quantity |S(#)vo||7 is finite and can be made small enough depending
on T'. For the first three norms it follows directly from well-known properties of
the heat equation with initial data in L. The last one is however slightly more
complicated and will be proved in the last section, Lemma 4.1. Up to that result,
Proposition 3.2 is proved. |

Thus, we got a solution v € L>([0, T], L?) N L2([0, T], H'), for some T' > 0.
Now we just need to prove it extends globally in time. That is simply due to the
energy estimate we are about to prove in the next section: the solution cannot
explode in finite time due to Lemma 3.1.

3.3. Energy inequality

We will prove the following lemma. We define

def
IFOIZE sup 172 + IV FlIF20,9,22):
0<s<t

Lemma 3.1. There exists a time ty > 0, arbitrarily small, such that the function v
defined in the previous section satisfies for all t > tg

. ) t\°°
(% < 2lo(to)|s (t—) ~ (3.13)

PROOF OF THE LEMMA. Formally, we may multiply (3.3) by v and integrate over
x and ¢ to get, using the fact that v is divergence free,

t t
lo(t)]132 + 2/ IVo(s)||32 ds +/ / (v V)ow drds < ||Jvg|[32.  (3.14)
0 o Jr2
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2 2

Then, if we suppose additionally that — + — > 1, applying Lemma 1.1 proved in
roq

Section 4.1 yields

t t
lo(®)II72 +/0 IVo(s)lI7> ds — 0/0 IIU(S)IIizIIw(S)IIZ%+§,1 ds < ||voll7,

(3.15)
which gives us a uniform bound after applying a Gronwall lemma. In particular,
Lemma 3.1 is proved in that case.

However we do not wish to restrict ourselves to such (r, ¢), hence we need to
proceed differently. One simple (though rather inelegant) way to obtain a global
bound is to use the energy inequality on a time interval (¢9, T') with a small tq > 0.
Indeed the previous section showed that one has a local solution up to, say, 2tg,
and at time £, the small rough solution w has been smoothed out. However it does
not seem straightforward to get good bounds on the norm of the solution with such
a method (as one does not have good bounds on the time ¢, of local existence). Let
us turn to the details: the small rough solution w verifies

sup Vi|[wl[z < eo,
t

which allows to write by Holder’s inequality,

t
/ / (v - V)vw dxds
to JR2

and that yields the expected bound after applying Gronwall Lemma. We conjec-
ture that a stronger (uniform) bound should hold for all times, but it does require
significantly more work and we postpone this issue for later work.

So Lemma 3.1 is proved. Note that the formal computation (3.14) is justified
since we apply the energy inequality from a time ¢ > to > 0, all terms are smooth
and there is no difficulty in defining the various quantities.

However, it is worth noting that one can in fact write the inequality (3.14)

t t 2
< e < IVu(s)||32 ds + % ds> ,
to

to

from ¢ = 0, in the case when r and ¢ are restricted to — + — > 1, and we
r q
present the proof here for the sake of completeness. This can be done in a variety

of ways, either by smoothing of vy, wp and the associated solutions, as well as
the equation through a Friedrich mollifier. We take the opportunity to proceed
somewhat differently and use the localization operators A;: let us consider the
equation

6Aj?)
ot

with smooth initial condition A;vs. We can multiply the equation by v;_; +v; +

—AAjo=-AP(V-(vow)+V - (wev)+ V- (vewv)), (3.16)

. def .
vj41, withv; = Ajv, and sum over j € Z. We have

t

t t
/ (831}]' | Uj—1 + Uj + 1}]'+1) ds = / 83 (’Uj | 1)]'_1) ds —/ (’Uj | 851}]'_1) ds
0 0 0
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t
0

t
+/ 0s (vj | vy) ds—/ (vj | Osv;) ds
0

t t
+/ 05 (vj | vjy1) ds —/ (vj | Osvjt1) ds.
0 0

Then we notice that

5 /Ot (05 10505-1) + (05 1 0505 + (v | By0141) ) ds

JEL
t
=3 [ (1900 + (03 10,05) + (0511 8uvy) ) s,
jez’0
which implies that

¢ ¢
1
Z/ (0svj | vj—1 +vj + vjp1) ds = 3 Z/ 0s (vj | vj—1 +vj +vjp1) ds.
jez”’0 jez’0
Finally we get
¢ 1 1
2 2
/ Z (0svj | vj—1 +vj +vjq1) ds = §||U(t)||L2(R2) - §||U0||L2(]R2)7
0 jez

where we have used the fact that for any function f,

S il ficr+ Fi+ fir1) = 11722

JEZ

A similar computation enables us to write

t t
| X 0y oyt vy ) ds = [ 1900 e s

JEZ

It follows that

t
[o(O)I72@2) = llvollZ g2 + 2/ V(I (2 ds
¢ 0 (3.17)
= —Z/ (AP(wev+v@v+v@w)) |vi_1 +vj +vj1) ds.
jez /0
Now we shall estimate the right—hand side of that equality. To simplify the nota-

tion, let us define v def v + w, and let us start by proving that
def ! ~
1= Z A;(0- Vo) - (vj1 +vj +vj41) deds = 0. (3.18)
jez’0 JR?

Note that the operator I’ has disappeared, because v;_1 + v; + v;41 is divergence
free. By the support properties of the Littlewood—Paley operators, we have

Aj(vjm1 +vj +vip1) = vj,
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so shifting the operator A; to vj_1 + v; + v;41 yields

I:Z/Ot/RQ(ﬁVv)-vjdxds.

JEZ
Now define

t
I, dgf/ Z Z/ (U - Vog)v; dads.
0 R2

lil<n keZ

Then we have

t
In:/ >y / (¥ - Vg )vj deds (3.19)
RrR2

0 |jl<n [k|<n
t
+/ / (V- Z Vo) Z v; dads,
0 JRZ k> lil<n

and integrating by parts in the first term, using the fact that ¥ is divergence free,

yields
t
I, = _/ / (¥ Vvj)vy, deds (3.20)
O |kl<n ljl<n’®
t
+/ / - Z Vo) Z v; dxds.
0 JR2 [k|>n ljl<n

So finally, summing (3.19) and (3.20), we get

t
QIn:0+2//(5.Zm)zvjdxds,
0o JR2

|k|=n lil<n

and the last integral may be bounded using Lemma 1.1 which yields

7o) < Z vell 119l Z vj — 0 as n— 400, (3.21)
E. lil<n  lpaprra—
by Lebesgue’s theorem. So we have obtained (3.18).
Now we are left with estimating the last term in (3.17), which in fact can be
bounded exactly as in (3.21). The same estimate indeed implies that as n goes to

t t
infinity, the quantity / Z (v - Vuj)w ds converges towards / (v - Vo)w ds,
0 |i<n 0
which completes the pr0(|)f| of Lemma 3.1. O
Now to complete the proof of Theorem 1.1, we just need to prove the result
on the bound (1.2) of u in terms of ug. But that in turn follows from an abstract
interpolation result, which will be proved in Section 4.4.
That ends the proof of Theorem 1.1. O
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4. Some important estimates

4.1. The trilinear estimate

The aim of this section is to prove Lemma 1.1, which was stated in the intro-
duction and used several times in the proof of the theorems.
Let us recall that we consider a trilinear form

d2_ T
(a,b,¢) € £ x £ x LI([0,T], Bra * 1(]Rid))»—>/ /(a~Vb)~c(t)dxdt,
0 Rd
2

d
withd > 2,2 <7r < 400,2 < ¢ < +o00 and — + — > 1, for which we wish to
roq

prove the continuity as well as the estimate

t t
/ / <a~w>-cd:cdt\s||Va||%2<R+7L2)+C / )2 eI 4o, dt.
o Jrd 0 Bl

We are going to separate the trilinear form in three, according to the respective size
of the frequencies of each of the factors: in other words, we are going to use the
paraproduct algorithm introduced by J.-M. Bony in [3].

So let us write

t t
//(a-Vb)-cdxdtzZ/ Aj(a-Vb -¢) ddt
0 JRrd jez 70 JR?

=T+ IT+1II,

where, using the localization properties of the Littlewood—Paley operators recalled
in the introduction, we have

t
A=Y //(Aka~VAk/b)~Ajcdxdt
Rd

|k—k'|<1
k>j—1
def t
= Z ; Rd(A]'a'VSj—lb) - Apedxdt
|i—k|<1
def t
and [I] = Z A ‘/Rd(sj_la.VAjb)_Akcdxdt.
li—k[<1

The terms I and I 11 are paraproduct terms, whereas [ is a remainder—type term.
Let us start by estimating the term /. We can write

t
I= Z Ijkk’ with Ijkk’ dgf/ / (Aka . VAkrb) . Ajc dxdt
a
ko<1 oo
k>j—1
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and we have, by Holder’s inequality,

t
T 5 [ Mbvalzagen 2 |4 blzzgeallAsell oo dr

‘We have also used the fact that

IV Apbllrzgay < 28 | Awbl| 2R a).
But Bernstein’s inequality implies that

||Ajc||L°°(Rd) S de/rHA]’CHL’“(Rd)a
So we get

t ! .
Tuel S [ 1 Akalliagen2” 130l 21 Asell ey .
0
Now by interpolation between L>°(R*, L2(R?)) and L?(R*+, H' (R%)), one has
for every 2 < p < +o0,
a € LP(RY, B2/ (RY)),

with .y Y
||a||Lp(R+,H2/p(Rd)) < ||a||L00(]Rp+7L2(]Rd))||a||LZlER+,H1(Rd))7

and similarly for b. Recall moreover that by Proposition 1.1, we have
Ldyz
ce L(0,7), By " (B)
for every ¢ < p < 00. So we have

t
|I| S’ Z Z / ||Aka||L2(Rd)2k/q’||Ak’b”Lz(Rd)le/q’2kl(1*2/‘1’)
0

[k—k'| <1 k>j—1
x2i(d/r+2/q=1) ||A].C||Lr(Rd)21'(1—2/q) dt,

where 1/q + 1/q' = 1. Here we have used the fact that |k — k'| < 1. Finally we
have

t
1] < Z /ak(t)bk,(t)z(j*“(l*?/q)cj(t)dt,
0

lk—k'|<1
E>j—1

where ay, and by are sequences of time—dependent functions in Lf ¢ (¢?), with
1 1/¢
lax(®)llez < Nal) 2 1V a1}l
and similarly for by (¢), and where c; satisfies

llej ()llee < IIC(t)IIBEIg_l(Rd)-



Infinite energy solutions to the Navier—Stokes equations 19

The result for I now simply follows by summation in j, k and k' using Young’s
inequality (and the fact that ¢ > 2), and by integration in time: we get

1-1/
|I| S ||a||Loo(R+ LZ(Rd))”va’HLZ Ri L2(R4)) ||b||Loo (R+,L2(R4))
||Vt Y9 ¢ )
|| ||L2(R+7L2(Rd))|| || La(0,T], B:j:—g I(Rd)
Furthermore, in the case when a = b, one can also write

t
115 [ o) I e

L2( Rd B; %_1(Rd) ds
S IVallfees, pogay + O/O la(s)Iz2@aplle@)” uya,  ds.

ma T (RY)

Now let us consider the term II. The computations are quite similar to the
case [: we write

S Ly, with II dif/ (Aja-VS;_1b) - Age dudt
k—jl<1 R

and we have

t
[Tk | < / 1551Vl reay |Ajall L2 Arell L ma) dt,
0
with 1/2+ 1/7 4+ 1/r = 1. But we can write

I1Sj-1 Vbl rrre) <

> 145 Vbl ra)

J'<j—t

< Z de’(l/Z—l/?)Qj’(l—WE)||Aj,b||L2(Rd)22j’/E

J'<j—1

by Bernstein’s inequality. It follows, as in the case of I, that

s Y / by (£)272 /12" /22104 (1)27 || Agel | ey .
j'<j—1
with

bjr € LE(R+ s €2)

and a; € L*(RT,(?),
and

lbgr ()lle> < 1B 1200 VB 17T

L2(R4)’ “aj ®llez < ||va(t)||L2(Rd).
That can also be written as

| SC Y / b £)27(@/2=d/T=2/a+1) gk(~d/r=2/q)

§1<j—1

x 2R(=14d/r+2/D) || Ay || 1 pay dt,
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using the fact that |j — k| < 1. The result follows by summation, since
d/2—d/F—2/G+1=d/r+2/q> 0.
We get
]S bl 1y IV Bl 12

x||Va c .
IVallz2@+ L2 @ayl ||L S AT

Furthermore, in the case when a = b, one can also write
t
1-2/g 142
1] < / la()Ize b IV b lle) gz ds
,q

< [[Val?. R+L2<Rd))+0/ (@l maplle@? g1, do

So we have found the result for 1. As claimed in the introduction, note that to
estimate the integrals I and I1, we have not used the restriction on ¢ and r stated

in the proposition. That restriction is going to appear now: let us consider the
term I11. We have

IIr= Y Iy, with ITI def// _1a-VA;b) - Ape dadt,
lk—jl<1 R

so Holder’s inequality yields

t
1Ll < [ 1S)1all ey 14; Vbl 2 e | Arell ey dr.
0
But clearly by Bernstein’s inequality,
I1Sj1allmmay < D Ay allpaga2? /2
J'<i

< 3 N4y allpagey22 /727 @220,
7'<i

Then writing a; (t) for a function in L7(R™, ¢?), with

laj (Dllez < llal) = cam IV a )17l 50,

we get

[II1;| < Z/ aj ( 2] (d/2—d/T=2/q) I|A4; vb“LZ(Rd)z k(d/r+2/q—1)
<
|| Apel| rpay2F(@/rH2/a=1),
Now to conclude, one just needs to notice that
d/2—-d/F-2/g=d/r+2/¢q—1>0,

and the result follows.
So the lemma is proved. O
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4.2. A Lorentz spaces estimate for the heat flow

We aim at proving the following result, which we had postponed in Section 3.2.

Lemma 4.1. Let 2 < p < 00, ug € L*(R?) and v = S(t)ug. Then

lullpp2gy S lluollpzay- 4.1

2 d o d
with — + — = —-
P q 2
The proof is based on real interpolation: let ¢ > 0 be fixed, and let us consider an
initial data ug € B;; (R%). Then by interpolation, we have for each dyadic bloc,

st +ej 1-= o
29| 238 (Ol = ) S 2N Ajully ) VAl @2
with s* — pl; = 4¢, forall 1 < pT < oco. Hence further restricting p™ > 2 we
can sum up the (square of the) dyadic blocs, use Minkowski for the left-hand side

and Holder for the right-hand side, to get

2 2
7 -F def
IS0l = s S Nl s V150l 7 € B ). @3)
Next, we choose s~ = s™ and then perform real interpolation, to get
||S(t)u0||Lf‘2(B§‘2) S HUOHLgv (4.4)

which gives the desired result through Sobolev embedding. Remark there is no
need to compute all indices since scaling ties them up. In addition, we point out
that the real interpolation step can be performed only because on the left the space
inside the Lebesgue norms in ¢ is the same at both endpoints ([10]). Finally, keep-
ing the E,(u) quantities all along allows good control over the time norm when T'
goes to zero. a

4.3. Proof of Proposition 1.1

This section is devoted to the proof of Proposition 1.1. Let « be the solution of
the Navier—Stokes equations in d space dimensions, associated with an initial data

in B%T_l (R%). As recalled in Section 3, we can write
u(t) = e"Yuo + B(u,u)(b), (4.5)

with as stated in (3.6),

B(u,u)(t) = /0 =94 Pdiv(u @ u)(s) ds,

and we shall estimate both terms of (4.5) separately.
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The heat flow satisfies classically the following estimate:

_192)
Vi >0, [|4je ol L@y S e (1A 0l gay,s

which implies by an immediate computation that for every p > 1 and every T' > 0,

1 A€ %0l Lo (0,7, Ly < 27 /P(| Ajuo]| - (s -

Taking the 41. norm, Minkowski’s inequality yields the result for ¢ < p < 4o0.

Hence all we are left to deal with is the bilinear term. We shall start by proving

the result in the case when
d/r+2/q> 1.

In that case, the result follows from Littlewood-Paley type estimates. Note that
the restriction above holds in fact throughout this article, due to the trilinear esti-
mate (1.4) which we were only able to prove in that case. However Proposition 1.1
is true with no restriction on r and ¢, and the proof of the other case is given below
for the sake of completeness. Moreover, it is enough to prove the result for p = ¢,

as the others are obtained by interpolation with the known result when p = oc.
We have

¢
(t—8)2% o
14Ul ma S [ P DAL © 9)lurpa ds.
0
But Bony’s paraproduct algorithm implies that

Ai(fog=24; Y (Spafoldig+4; Y (S99 A4;f)

3" —il<1 3" —il<1

+4; Y (AfAwg),

|k"—k|<1
k>j

which we shall note

Ai(f ©g9) & AT+ 11+ 110).

Let us estimate all three contributions separately: one can write
t ;
A2 A B, 9) (Dl ey S / e (=92 gild/r42/0)
0
% (15Tl ey + 13T gy + 4TI T v ey ) s

def _
= 22/ =D (| A By || oy + 147 Bitll ey + 1147 Biatll ey,
In the first case, note that
1A Tl ey S D I1Si—1 fllpo eyl Az gl - gy
[7'—41<1
S Z 1470 fllpr@ay2” /1| Ajegll o (gay,

li'—il<1
§'<i' -1
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using Bernstein’s inequality. It follows that

t
. P _ L (f_<e\927
21 /r+2/9=D|| A; By || 1r (g 5/ e =2 N A £l e gy
0
17" —il<1
J<i—1

x2S Aj gl (a2 (02T ds,
where we have used the fact that |j' — j| < 1.
Now let us define
def i'"(d/r— 00 00
fir S 1Ay fllpr@a 2’ @D e L*2([0,T], )
and gj’ dgf ||Aj/g||Lr(Rd)2j’(d/r+2/p_1) S Lq([O, T],Eq)

Then taking the L? norm in time yields, by Young’s inequality,

212/ A By || pago, 10, 00 20y S Z I £ 1| oo (0,77
I3 —jl<1
J<i—1

x 2072 | g pago,m)) -

Then the result follows from Young’s inequality in the summations.
The second case is proved symmetrically, exchanging f and g, so let us now
deal with the third case. One can write

NAGTTT | ey S 27 > 1 Akf Awgllirrogea)
|k —k|<1
k>j
SYYT N A @l Ak gl @
|k —k|<1
k>j
Then one just needs to notice that

QRS (8)]| rray < 27HHTH2/071) £ (5),

where

Fi(s) oM@/ 420D A £l 2y € L0, T), ),

and similarly for g. So we get

t .
2j(d/’”+2/q_1)||Ajan||L’*(Rd)5/e_(t_sp%y(m/r“/q) > )
0 K —k|<1
k>j

X2—2k(d/r+2/q—1)gkl (8) ds.
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Then we use the fact that both fj and gi are in L4(]0,T], ¢9), so the prod-
uct frgr (s) is in L2/? in time; we will note hy ks the result of that product after
time integration, with

hk,k’ € ngq,.
Now getting the L norm in time for ||A; Brr1l| - (w4 requires taking an L9/(a=1)

norm in time for e~(t=92%_ So finally

D UTONA; Brr ooy ey S D huae 2 MR/

[k'—k|<1
k>j

x 27(2d/r+2/a)9=2i(1-1/0)
and the result is proved by Young’s inequality, under the condition that
d/r+2/q¢> 1

Now let us prove the result in the other cases. In fact one shall only need to
suppose that d/r — 1 < 0. Recall that using a continuous characterization of Besov
spaces, one has (for s < 0)

s dt
| R 150wl F <

q
e (4.6)

. . . d
Thus, it makes sense to ask whether a solution w satisfies (recall s = — — 1 < 0)
r

T a s q q
(55 S hullze) dt S o, _, - “.7)
0 B

™q

In order to achieve this, we simply need to check a continuity property for the
nonlinear part. We are going to use the notation (3.6) presented in Section 3. So
what we need to check is that if f and g are two scalar functions satisfying

d 1

1_d_ 1
2 () e ey € L([0,T]), and #2733 lg||prma) € L([0, T]),

then

def [* 1 ) q
O e v =) R L A

In order to do so, let us write

2

||fg(5)||Lr(Rd) ds.
)

1B(.0) Ollen < | t (t_i)w ¢ (=)

L' (R?
Then we get

1_4d_1 a1 ! 1
55| B(f, )0y S 5 / o
— g3

28 2r " q
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where @(t) def y1—51 -3 lfg(s)|lzr(r4) is a function of LI([0, T]), due to the as-
sumptions on f and g. Setting s = ¢, we have

tdf,

so we come up with

1 d

1_d_1 ! to
AE B ) Ol S [ A b
o (1-6

do
—— . <C.
0 )2 91— 3=
So estimate (4.7) is proved.
Finally, in order to prove Proposition 1.1, we shall estimate

mﬂfﬂvﬂgﬂyd& (4.8)

where we took advantage of the power of | V| to substitute to G a function H such

that ﬁ(f) = |§|%+%e"£‘2. Subsequently using (3.2) for f and (4.7) for g gives
the desired estimate using O’Neil inequalities again. Actually we get better since
we have

di2_ t 1
V153 B0l 5/0 (

B(f,g) € L{ EET, (4.9)

With a little extra work one may prove that the same holds for the linear part as
2

S 2421 . .
well, and even replace the Sobolev space by B,’; * , but we will not pursue this
matter here. The result is proved. O

4.4. An abstract interpolation result

The aim of this section is to prove an interpolation result, which will yield the

a priori estimate on w given in Theorem 1, which we have not proved yet. Note

that in the case of small initial data ug (say, smaller than some constant ), the

result is well known, so we shall suppose in the following that ||u0||B 4_, is larger
”q

than &g.

Let us start by recalling a basic definition of the real interpolation method (we
refer for instance to [2] for an extensive presentation). Let F/, F'; and E> be three
Banach spaces, with

E =[E1,Es)pq, with #€[0,1] and 1<¢ < oo.
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Then for any f € E, we have

1/q
Iflle= | D 29K (£,5)7] (4.10)
JEZ
with
K(£3) € g (1f = glle, +27llgl,) -

In our case, in the context of Theorem 1, the spaces F;, E and E, stand respec-
L2 .2

tively for B} ; "(R?), By, ' (R?) and L2(R?). In particular we have the following

embedding, which will be very useful:

We shall keep that abstract notation in the following study, as the result stands
independently of the underlying spaces: the only properties from the nonlinear
setting which will be used are the bounds (4.12) below.

Our goal will be to prove the following statement: if ug € E is written as

ugp =g+ wo, vo € B2, wo € By, and ||lwpllg, < eo,

then the associate solution u = v + w, where the functions v and w were con-
structed in Section 3, satisfies the a priori estimate stated in Theorem 1. Note that
the key point is the two uniform estimates

lw(®)l|z, < 2l|lwolle, and  lv(t)]|z, < Cleo)llvolle, - (4.12)

As a prerequisite we prove a well-known property of the interpolation norm, when
we have (4.11).

Lemma 4.2. With the notation presented above, there exists a constant C(0, q)
such that for any integer jo > 1 and any function f in E, the following equivalence
holds:

1/a 1/a
S PUK(EHT] < Nflle < CO,92° | > YUR(f,)
Jj=jo Jj=jo
PROOF OF THE LEMMA. The first inequality is obvious due to (4.10), so let us
prove the second one. We claim that for any j € Z and any jo > 1, we have

Vi€ E, K(fj) S2°K(f,jo). (4.13)

That result is due to the following easy sequence of computations: taking g = 0
in the definition of K presented above enables us to write, using the fact that E is
embedded in E,

K(f.3) <lflle, -
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Then for any function g in E» C Ej, we have

I{(faj) < ||f - g||E1 + ||g||E17

hence, using F» C Fj,

K(f,5) S2°01f = glle, +27"lgllE,)-

The result (4.13) follows directly by taking the minimum over g € Es.
Now let us finish the proof of the lemma. Recall that

171 = D2 K (f,5)",
JEZ
so separating the sum according to the relative size of j and jp, we get
£ S Y 2709209 K (£, jo) + D 29K (£, )",

J<jo J>jo

where we have used (4.13). Then one finally has
1£1f S 2002000 K (£, Go)? + Y 279K (£, )
J>Jo
< 200 3 2 (1),
J>Jo

and the lemma follows. O

To obtain the final result, we note that the left inequality of the equivalence
above implies that

ol > ||27 (gl +27Iledll ) (4.14)

)
£2(j>jo)
where we have noted wg and vg the functions of F; and E> respectively realizing
the minimum for K (f, 7). In particular we get

. . j —i0f
Vizjo, llwglle, <2777 uolle,

and we choose for the remaining computations jo such that
€o

9—jof — .
lluolle

(4.15)

Recall that we have supposed the initial data u to be large enough in E.

Finally we construct v/ and w’ associated with v} and w} as in Section 3
above, which satisfy (4.12) with initial data wé and v{); combining this with (4.14),
we get

1, . . o
lollr > = 127U e, + 27900 |

Since we have u = v/ + w7, we infer that

1 o .
l|luollz > 5“2701‘ (s ) leai> o)
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and the upper bound in Lemma 4.2 yields finally, with (4.15),

Jullp < C(8,q)||uol|*5. (4.16)

2
One may easily check the best possible # to be —» which would be the interpolation
r

parameter were we allowed to use interpolation between L? and BMO~'. Since
we chose to use a smaller Besov space instead of BMO~!, we lose an epsilon,

1
getting 5= g + ¢ instead. Since the constant C'(6, ¢) blows up when & goes to

zero, we elected to state the theorem with ¢ = 1/2. One should remark anyway
that various constants blow up when r gets close to 0o, unless one is using Koch
and Tataru’s result for existence in the given Besov class to provide (small) bounds
on the w part independently of r.

4.5. O’Neil inequalities

Let f € LP*% and g € LP>92. Then Holder inequality generalizes to

1 gllzea S S llzrvan llgllzreas, 4.17)
1 1 1 1 1 ) ) )
where — + — = — and — + — = —, while Young’s inequality becomes
b1 P2 p q1 a2 q
1 * gllzea S Iflleva[lgllLrzas, (4.18)
1 1 1 1 1 1
where — + — = — + 1land — + — = —, provided we avoidp = 1l or p = o0

pPL P2 @ 92
except when p = ¢. Their direct proof may be found in O’Neil ([20]) using rear-

rangements, while a more modern proof would proceed by bilinear interpolation
between the usual inequalities for Lebesgue spaces.

Acknowledgements. The authors are grateful to Albert Cohen for providing the abstract
interpolation argument in Section 4.4.
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